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as  viable  materials  of  construction.  Composite  Structures,  an  International  Journal,  disseminates 
knowledge  between  users,  manufacturers,  designers  and  researchers  involved  m  structures  or 
structural  components  manufactured  using  composite  materials. 

The  journal  publishes  papers  which  contribute  to  knowledge  in  the  use  of  composite  materials  m 
engineering  structures.  Papers  may  be  on  design,  research  and  development  studies,  experimental 
investigations,  theoretical  analyses  and  fabrication  techniques  relevant  to  the  application  of  composites 
in  load-bearing  components  for  assemblies.  These  could  range  from  individual  components  such  as 
plates  and  shells  to  complete  composite  structures. 
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Preface 


Herein  are  container!  the  papers  presented  at  the 
Seventh  International  Conlerence  on  C  omposite 
Structures  I('C'S.7  held  at  the  Ihiiveisity  iM 
Paisley  in  July  I  he  C  onrcieiiee  was  spon- 

sorert  b\  the  Ihiiversity  ol'  Ptiislev  with  eo-s|)on- 
stnship  kindK  provided  h\  Scottish  laiterprise. 
the  National  lineineerine  l  .ahoratorv,  the  I'S  .Air 
loree  l:urope;ui  Ollice  ol  Aerospace  Research 
and  DeNelopment.  the  LA  Army  Research,  deve¬ 
lopment  and  Standardisation  Ciroup  — I'K. 
Strathclyde  Business  I)e\elopment  and  Renfrew 
distiiet  Council.  It  forms  a  natural  aiul  ongoine 
progression  from  the  hiehK  sueeessfui  IC'CS  I  2 
,7  4  ."s  and  h  heki  in  Paisley  in  l‘>,sl.  Ht.S.t.  I'tsy 
I'-tS"’.  HkSd  and  I'idl  respectivelv. 

After  more  than  a  deearle  of  both  (  ompi'site 
Struetures'  Conferenees  ami  the  Joiinuil  ol 
(  (>inpo\itc  Sirudiircs  it  is  apprr'priate  to  renect  on 
the  rapid  growth  in  this  technology  and  the 
unisersally  accepted  maturity  it  has  aehieced  in 
that  period.  .At  the  time  of  the  first  Conference  in 
C^Sl  papers  pertaining  to  the  Space  Shuttle  I’ro- 
gramme  were  heralding  bloiKl-stirring  aehiexe- 
ments.  Likewise  the  Journal  of  (oinposuc 
'^iriH  Hires  has  blossomed  from  b  papers  puislisherl 
<il  its  meoption  in  Ib.S.i  to  70  publisheii  last  sear 
.Nowatlays  we  tend  to  accept  that  still  e.xistiiig 
technology  with  att  unfortunate,  almost  common¬ 
place.  acceptance.  I  wonder  how  the  prophetic 
.iuk's  Verne  would  have  reacted! 

Although  the  aforementioned  comments  are  by 
no  means  exhaustive  parameters  of  progress  Uiey 
do  nexertheless  underscore  feelings  of  a  rapidly 
expanding  adult  technology.  .Moreover  it  is  a  tech¬ 
nology  tliiit  is  becoming  increasingly  international 
and  mtcrdi>ciplinary  in  outlook  vsith  lead  times 
between  research  and  iiulusirial  implementation 
rapirlly  diminishing. 

What  of  the  future .’  If  this  rate  of  progress  is  to 
be  sustainerl  it  is  important  that  knowledge  is  effi¬ 
ciently  rlisseminated  by  the  written  and  spoken 


worth  1  he  present  Proeectimgs  Volume  \tiil  eo  a 
little  way  to  ailtlressmg  the  lornicr  anti  it  is  hofital 
that  the  latter  will  be  assistctl  by  both  open  lorum 
tliscussion  at  the  eonlercncc  aiul  siibsct|ucnt  IcctI 
back  lo  colleagues  throughoiii  ihc  worki 

lo  authors,  session  chairmen  anti  contnbui<>is 
go  our  sincere  thanks  for  their  efforts,  ttiihoiu 
which  there  woiiltl  he  no  conference.  As  alw.os 
an  International  ('onference  can  orii\  -uccetii 
through  the  w  illing  aiul  entluisi.isiic  assisuince  o!  a 
group  o!  inthxitluais.  In  particul.n,  gralelul  ihanks 
go  to  the  lollou  mu; 

////,  /\  ll.l<\  \  lli>\M  \n\  /S()/0  r  \  \l  I 

W  M.  Banks  (  Hocrsiiv  ot  Siruthi  h.dc.  I  A 
.\.  M.  Braiult  I’olish  o' Si  naa  ec 

roliiiui 

.A.  R,  Bunscll  l.(  o/fih'\  Milk's  tit  rarh.  htukt' 
\\.  S.  (  arsttell  I  no  ersiis  ot  l\iisk  \  .  !  K 
1,  Hay.ishi  .hipu/i  I'lusik  hispt  t  nan  .\s\,>i  uiitoii. 
Jupun 

R.  .M..l(  mes  I  iipniiii  I'olvict  ltni<  iiiul  'sun,- 
Insiinnc.  I  A  \ 

.\  Mil  avcie  I  nnvrsiis  Iff  /tirueoai.  S/smi 
.1.  Rhotk's  (  ni\\‘rsn\  of  S.nnlu  hilf.  (  k 

INI  I  (H  Al  (  OMMini  I 

,1.  S,  Paul 
.1.  M.  1  lumipson 

nil.  (  (  \(  /  SI  (  1^1  '  \H) 

Ms(  .  ,A.  MaeDoiiakI 

(iialcful  thanks  arc  due  to  main  oilier  iiuli- 
\itluals  who  contributeil  to  the  success  of  the 
ewent,  .As  always  a  final  thanks  to  Nan.  Simon, 
Louise  anti  Riehartl  for  their  support  throughout 
the  conference. 

I.  H.  Marshiill 
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The  ;ole  of  biaxial  stresses  in  discriminating 


failure  theories 


L.  .1.  Hart-Smith 

/  >  -(;:/■•'  1;'.  ',///  I  •  '“.V'li  •; :  1/.  /  ";/;c  I  i'ip‘  i'iPp  I  pki  i  H  n,:,  ■■  .p,:  /■■.;,  /;, 

11k  in^ Iv  ' aiKi.'  ul  mu'i  vi’inp<''Hi.  l.ultiK  >.iiK  ii.i  ^  iKi'  iMi 

alvi  pnhllK'l  v.Mlipi'MU'  !'■  ^l.lllIK'l  !'>  liluJiKiKil  pi  ■!•. 

!\  .aiNa  sIk  L\(vnmcnl' th.i!  call  i. iiIk  I  \ .iliJ.iU  ni  ..li^pnK^  ib,  inai..  JiKi.iii' 

'  [Kill  >111!.  I  iiMxiai  k  'N  .iri-  iiiik  iainl\  iiu  .ipal'k  ■  ihii.jaiK.  , 

laiuliim  .(’n  aiiiKjxiMU-  1  iiluia,  iIk"I\  i’caai.si.  s.'  insKli  "l  iIk  b'a.i  ■■ 

,  imail  l'\  ih^  IiIkis  ali'JiK'il  111  jIk- >liia>  ii>'ii  >>l  !aa>l  I  Ik  K  i;  IVIvviK  K'a.. 

,1 'Iinpk  MiU -i'l-mi\Uil\'' allal\Mv  iiK'.lufil  is  saal  !>'  k  ai  k  ».  !i  ■.■>/.,  I'lvacs,  ,s 
ihi'  pluH''nKiuiii.  ll  is  siali.ai  iliai  lailiiis-  ariKua  s.iii  I'a  ^.niuJ  I. a  tiui.'h 
H'mp.isiK's  ''iil\  l•'^  I'la'aal  tcs|s,  \\nh  nithtiaimai  m-plaiu.  sitissi-s  ,ii  ils  sair. 

■  IS  'Aoll  .is  .lilUrcnl  'itiiis.  hav.iii'i.'  iIk 'K  paiiKulai  'laK'  >>!  ^.anr!iu.J  - 
isisa!  suhs|,ii!i:,il  JilKisiKcs  iHiuasii  ilia  pK'ilKth'l’.s  ,.i  i.iniinaK  s!iii;„!i. 
ilia.,k.  i>\  \,in"iis  iIki‘IK'  IliKa  ss'K  iilllKallv  plausil'k  l.iiluia  mi.lj'  i.  i 
iil'K'Us  ai'inpo'ik's  aia  (.iinipai-avl,  .null!  is  sh.  m  n  ih.ii,  < 'iiK  iIk  iii-plaiK  slk.n 
K  s|  i>i  iliix^i  >iial  k  iisi,iii  .iiul  Ciiiiij'K'ssion  IS  ^  apabk  I'l  > li'l tnaiiishiri.'  i'l,  i'a  k  ,,  i 
likiii  I  his  |s  I'aaaus^  iiu’s',  iIkstu  s  .m.  \  ,ilii>i akal'  aa.iiiisi  ilk  nuasia,  i 
ij)ila\i,il  kilsh'i!  .Hill  C'liipisssiiiii  k'is  aiiii  a!i\  vioss  j>luvl  i.uraiiaK  a,  -;, 
ik  'iniiLik  ll  l'\  till 's,  sank  si, Ik  s  ,a  -Hass  111(1  si  ilk' \  n,ii'|\  \ .  >iiii  ,|i  ilu  lik  ■  a 


BA(  Kt.ROl  M)  (  oiixa'iiucniK.  iiiDsi  hi.iM.il  is-si  v'(iu]>ona  i,ti! 

prcmalurch  ihU'skIc  the  Ic-st  sceiii'n  iii  .iKai-s  I't 
i  nr  sakcnil  vears.  tha'  Jiilhni  has  tricil  lo  e\p(>sc  iinia\i,il  siipss  Ikkatisc  the  UiiLta't  husMal  siK'npih' 

ami  rca'titv  serious  tiiiulamental  iletieieiicies  m  ihe  base  been  tkulK  uni.ieiesiiiuatei.i, 

most  \Mtlel\  lauphl  lailure  lliei'iies' tor  foniposiie  Some  promoters  ol  .lisstraet  matlu  tiiaiiea! 

laminates,  I  his  has  jaro\ed  to  he  a  most  diltieult  lailure  models  lor  eomposue  materials  have  taken 
task,  mainlv  because  ol  a  w idespreai.1  reluctance  advaiitape  oT  these  cspcnmental  diliicultk's  i  hes 

to  use  an\  mcthoi.!  not  alrearlv  codcrl  on  a  com-  do  not  find  it  iiecessarv  to  conduct  cspeiimcnis  at 

puter  or  to  challeimc  an\  output  from  the  com-  the  structural  hinmuiu'  level  to  validate  predic 
puter,  Ihe  dilliculty  ol  generating  valid  lest  ilata  lions  made  b\  llicorv.  Instead,  thev  cliaracteri/e 

with  which  to  accept  or  rciect  any  theory  is  also  . I  tlie  material  by  a  senes  ol  tests  at  the  huuvin 

htetor.  coutnin  level,  relying  on  a  theory  vvnh  sutticient 

I  he  issue  ol  computer  codes  lor  the  new  theorv  adjustable  ami  sometimes  unmeasurable  para 

IS  being  addressed  in  another  p;ipei,  I  he  empha-  nieiers  to  match  the  lamina  test  results  Since  in> 

sis  here  is  on  the  need  to  validate  theories  by  tests  iiutiheinaiiail  approximations  are  made  in  the 

on  structural  laminates,  particularly  under  biaxial  derivations,  it  is  implied  that  there  is  no  need  tor 

in-plane  loails.  I'nlortunately.  there  is  onlv  a  lurlher  tests  which,  li  conducted  Inr  a  sutbeientlv 

limited  tippreciation  ol  dilliculties  with  the  rlesign  wiile  range  ol  stress  states,  might  expose  incon- 

and  execution  of  even  the  standard  uniaxial  tests  sisiencies  in  the  predictions  when  the  model  used 

on  cross-plied  laminates.  These  problems  are  for  the  theory  does  not  represent  phvsica!  realitv 

exacerbated  by  a  failure  to  recognize  that  gross  Conversely,  redundant  testing  vvoiild  mevitablv 

oversimplifications  have  been  made  in  the  model  validate  a  scientifically  sound  theory  unless  the 

used  to  formulate  most  composite  failure  criteria.  experiments  were  faulty.  If  10  successful  tests 

.y 

f  Slrll(lllre•i02f>^-X22^^‘)?l/‘y^)(^.^)i)<0  IWit  T.lsevicr  Science  Publishers  I  |<1,  I  nglanii  Prinicd  in  (treat  Britain 
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were  run  In  deduce  eight  unknowii  piopeiiies.  the 
same  properties  sliould  he  prerlieted  no  matter 
whieli  eight  tests  were  selecterl  lor  the  analysis, 
i  he  scheme  ol  ensuring  that  redundant  tests  will 
lU)!  he  eoiuluctetl  so  that  one's  theory  can  lu’vct 
Iv  ehatlengeri  has  also  been  used  in  hoiteil  eom- 
j-'osiie  joint  stuiiies.  The  teehniiiue  has  heen 
applieii  s(i  aril'uth  that  lew  would  ijiiestion  it. 

Sueii  thinking  has  not  only  led  mr>st  composite 
st.'uelural  analysts  to  relrain  Iront  cjueslioning  the 
loundations  ol  their  computer  codes  lor  strength 
prediction,  hut  has  also  deUklcd  some  v\ho  woukl 
apply  theories  of  anisotropic  elasticity  lor  h<>nu>- 
giVk'i'to  materials  to  elistinetly  /(c/crogcr/coio 
liher  polymer  composites  into  hclieving  that 
there  is  nothing  wrong  with  such  a  simplilying' 
assum|Hion.  merely  heeaiise  the  iiuli'. idiial  libers 
in  the  eompovUe  arc  microscopic. 

Others  have  lustiiied  the  need  lor  such  vintpli- 
lieaiions  by  the  complexity  ol  mieromechanics. 
suggesting  that  souk-  simpler  theory  had  t<r  be 
de\ eloped  lor  <ili  those  who  wnuld  not  use  iiny 
theoiw  lar  more  eompliealed  than  what  they  used 
lor  metallic  structures.  I'hi'  problem  is  not  hcipe'd 
In  the  nidespread  use  id'  finite-element  pro¬ 
cedures  without  ensuring  that  both  the  model  and 
the  bound. try  eoiulitions  simulate  reality.  Hut.  to 
be  fair,  the  most  potent  argument  against  micro- 
nieehanieal  analyses  is  the  large  number  of 
material  properties  th.ii  cannot  be  easily  deter¬ 
mined  experimentally  but  are  needed  to  imple¬ 
ment  the  more  realistic  failure  models. 

1  he  end  result  of  all  this  is  that  lew  if  any 
composite  failure  theories  ha\e  crer  been  prop¬ 
erly  verified  In  experiment, 

riiis  by  no  means  implies  that  all  composite 
structures  designed  and  built  so  far  arc  unsafe; 
typically,  less  than  T’.i  of  compirsitc  structures  on 
kirge  aircraft  is  actutilly  governed  by  uniumlu’d 
larninalc  strengths.  I  he  rest  is  dominated  by 
joints,  damage  tolerance,  and  stiffness  rec|Uire- 
meiits.  l.mpirieal  interpretations  of  data  are 
needed  for  joint  strength  and  damage  tolerance, 
while  the  laminate  stiffnesses  arc  mtt  in  doubt 
because  lamination  theory  works  for  even  lietero- 
geneous  materials.  At  least  the  predicted  elastic 
constants  are  right,  even  if  the  strengths  arc- 
wrong . 

f  urther,  nearly  all  composite  structures  built  so 
far  have  been  certified  by  test  rather  than  by 
analysis.  And  things  are  likely  to  stay  this  way 
unless  better,  more  realistic  theories  are  devel¬ 
oped. 


HOW  \1AN\  MF ASl  RKMKN  I  S  AKF 
NKFDK!)  I  ()  (  HARA(  I  FRIZF  THK 
STRKNC.  rH  OF  A  FIBROl  S  ( OMPOSl  l  F 
I  AVIINAIF? 

Considerable  confusion  exists  as  to  the  number  oi 
measurements  needed  to  eharaeteri/e  tlu'  snength 
of  composite  materials.  I  he  seemingly  reasonable 
position  that  it  is  necessary  to  eharaeteri/e  kinc!- 
tudinal  and  transverse  strengths,  m  'noth  the 
tensile  and  compressive  direetionv  and  to  have 
some  measure  of  the  shear  strength  would  suggest 
that  five  measurements  are  needed.  ,\!anv  compo¬ 
site  failure  models  have  been  based  on  such  an 
assumption,  adopted  because  of  the  appe.reni  ease 
with  which  those  particular  measurements  eoukl 
be  made.  But  if  one  were  to  consider  the  real 
physic's  of  the  situation  insteaii.  one  would  eon- 
elude  that  onlv  one  measurement  o  needed  to 
c'h;iraeteri/e  each  nuulc  of  failure.  If  thi'  s.iutv' 
mode  of  failure,  such  as  yielding  in  ductile  metal 
alloys,  occurred  under  different  states  ol  com 
bined  stiess.  measurements  matle  under  dilfereni 
states  of  stress  would  be  cquivnlcni  and  not  iiuie- 
pendent.  I  he  value  of  redundant  tests  would  be  to 
demonstrate  .1  eonsisteney  confirming  that  the 
theory  was  sound. 

i  hus.  the  five  strength  measurements  woulii  be 
appropriate  onl\  if  there  were  precisely  live 
modes  of  failure  to  be  eharaeteri/ed.  And.  itnitc 
no  fircnins!iin<  i’\  could  these  five  measurements 
be  integrated  into  a  sinylc  smooth,  continuous 
failure  enveloive.  Ihey  should  represent  live 
siipcriniposcd  envelo|X's.  truncating  each  other 
loealK  so  th;it  one  or  another  would  govern  as  the 
state  of  stress  v  aried. 

it  is  clear,  then,  that  the  unstated  simplifying 
assumptions  of  trariitional  composite  laiiurc 
theories  are  so  contradictory  to  btisie  laws  of 
physics  that  the  theories  should  he  discarded. 
However,  it  is  commonly  held  that  any  new  and 
better  theory  must  inevitably  be  more  eompHeated 
than  older  theories  arui  need  additional  data  for 
its  implementation.  A  claim  that  an  entire  faihirc 
envelope  can  be  constructed  from  a  vntg/e  test 
result  and  simultaneouslv  be  more  accurate  than 
older  theories  !>  ised  on  measurements  of  four 
distinct  measurements  of  stiengih  seems  difficult 
to  accept,  even  when  it  is  explained  that  additional 
failure  modes  can  be  covered,  if  needed,  at  the 
rate  of  one  test  per  failure  mechanism.  1  he  con¬ 
clusion  seems  to  run  contrary  10  tradition:  the  new 
theory  needs,  at  most,  measurements  (vf  the  longi- 
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tudiiuil  siivngth  ot  the  lamina  m  tension  ami  com¬ 
pression,  V.  hercas  oltler  theories  needed 
trans\ersc  strengths  as  uell.  aiul  the  omnsinn  ol 
the  transverse  measurements  the  aeeu- 

ouy  of  the  theory.  The  transverse-tension 
strength  measureil  on  a  unidirectional  lamina  has 
no  relevance  to  anv  in-planc  strength  of  a  imilii- 
directionai  structural  laminate,  whether  the  failure 
be  matri.v-dominated  or  fiber-dominated.  How¬ 
ever.  an  empiricallv  ileduced  effective'  trans¬ 
verse-tension  'trength  can  be  used  to  |irovitle  a 
M/x/m/c  failuie  characteristic  truncating  the  fiber- 
tailurc  envelope  locally  throughout  ptart  of  the 
tension-tension  stress  (.[uadrant  see  Ref.  I  , 

Separate  failure  envelopes  for  shear  failures  of 
the  fibers  and  in-plane  shear  failures  for  the 
matrix  can  be  superimposed  at  the  lamina  level,  as 
siuwvn  in  Fig.  I .  Their  origins  are  odSet  to  account 
tor  residual  thermal  stresses  indueed  by  curing  at 
elevated  temperatures.  /\part  from  iraditi(>nal 
elastic  constants  such  as  \oung  s  moduli  and  the 
various  l\<isson's  latios.  Fig.  I  would  (re  baseil  on 
iiiih  iwo  measurements  of  strength,  one  for  the 
libers  anvl  one  tor  ihi,  matrix. 


I  HF  INV  Al.lDi  n  OF  ASSOC  I A I  INX, 
t OMPOSITF  FAIFI  RF  C  RTTFRIA  WITH 
HILI.  S  WORK  ON  Pl.ASTK  ITV  IN  MFTAFS 

Many  composite  failure  theories  have  been  falsely 
likened  lo  the  unrc/ated  work  of  Hill  on  the 
plastic  yielding  of  slightly  anisotropic  tiuetile 
metals.  The  verv  name  Isai-Hill  hri  one  of  the 


earb  composite  tailure  theork-'.  implies  ^uih  .iii 
association.  In  laet.  there  o  absoluiel^  ni'  smii- 
lariiv  between  the  two  situations  Hill  s  lik-nrv  oi 
plasticity  ciiaracteii/es  the  viehiing  nt  a 
^iih'oiis  material  iiiulei  various  slate >  ol  com 
billed  stress  I'v  a  simple  nushanism.  while  iIk 
other  theorv  and  its  mmmier.ilrle  clones  letei  lo 
lailures  by  at  least  loui  aiul  sonienmes  live  ditU  i 
enl  mechanisms  ot  a  ih'imcllv  /;i7<7ot;,  ns  mo 
cornirosiie. 

II  Ffill  had  tried  to  ada|rt  his  own  n.^lliods  in 
prevlic'ing  the  strength  of  Fbioiis  eonijrosiie  lami 
nates,  lie  wouki  most  likely  have  dsweloped  a 
\c[Hinik'  curve  for  each  possible  lailure  niceha- 
nism.  One  or  another  meclianisin  would  prevail 
depending  on  the  state  ot  combined  stiesses,  .aid 
the  failure  envelope'  would  have  i'cen  k inked 
wherever  the  lailure  mech.inism  changed  Instead 
today,  mdusiry  and  academia  alike  have  what  can 
only  be  descnbeil  as  a  plethora  ot  //teanaig/e" 
v/iioo///  ain'fs  jhisst'd  ihrnii'Ji  unn'hihd  ddhi 
jioinis  i/s  the  characlei i/atioiT  ol  unuiireciioiial 
composites.  I  hese  curves  then  seive  as  the  basis 
tor  prevlicting  the  si'cngth  ol  cross-plieei  compo¬ 
site  laminates. 

1  his  misuiHlerstaiuiing  is  highligh'ed  m  Fig.  ... 
ill  a  vliffereiit  coniex'.  to  illustrate  tb:  absuivliiv  ot 
the  ccMiventionai  composite  lailure  moilel  shown 
in  l-'ig.  .'s.  Figure  4  shows  a  further  variation  ol  this 
theme.  In  everv  case,  some  nie.iiimg  can  be 
ascrihcil  to  the  axes  iheiiiseKes.  no  matter  how 
viifficult  thev  mav  be  to  measure:  the  problem  o  m 
interpreting  internieditite  points,  as  indicated  by 
the  -luestion  mark  in  each  ol  the  tigures 
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NUMBER  OF  ROCKS 


NUMBER  OF  TREES 
’N  THE  FOREST 

Flu.  2.  One  example  o}  a  jneafanelcvs  eur\e  Uiav\ii  tiin»uel! 
unrelated  Jam  poinN. 


F5BER-OQMIHATEO 
BUT  MATRIX  JNFLUENCEO 
longitudinal 
COMPRESSIVE  strength 


MATRIX  dominated 
TRANSVERSE 
TENSION  STRE  JGTH 


FlBEP*  DOMINATED 
TUDINAU 

TENSILE  STHENOTH 


UNDEFINED  I 

GEOMETRT  OE'  ENOENT  ' 

transverse  * 

COMPRESSION  strength 


I'iii.  \n  eL)iiail\  nKMiiinele'-'v  eui\e  Jrav'-n 
nnreiaied  dala  poinis 


NUMBER  OF  PO<  AP  BEARS 
I  IN  FLORIDA 


Fiu.  4.  Nnuther  example  ol  a  meain..  Je''e  einve  Lliaun 
ihicuJLih  unielaleLi  i!a!a  poiiiis 


HiH'v  use  ot  rlirc'i'  |xininictcrs  to  tTi;iraclcn/c 
ills  lailurc  suilacc  loi  mik!l\  anisotropic  niatcnals 
mav  seem  to  eontiaiiiet  the  anthor's  assertion  that 
onl\  one  should  he  nceale'd  when  only  one  lailuie' 
mode  is  iiiMilved.  Howe'er,  while  it  takes  otily 
two  jioints  to  speeily  a  straight  line,  the  line  may 
I'e  speeil'ied  hy  three  or  more  poe  .  provide'd 
that  they  arc  merely  r>_diin<lant  ami  not  eontrariic- 
lory.  1  he  Iresea  and  von  Mises'  criteria  lor 
tiuetile  materials  require  only  one  parame’ter  each 
to  charaeteri/e  the  yield  ol  a  tiuetile  material 
under  <in\  set  of  combined  stresses.  I.ogic  .sug¬ 
gests  that,  if  one  were  to  perform  the  ne'ccssary 
algebra,  one  could  also  deduce  an  equivalent 
vmg/e  panimeter  lor  ortholropie  materials,  pro- 


viilesl  that  onb  one  lailure  meehanism  were 
ituol'ctl.  1  he  other  two  paramelevs  would  !'c 
replaeeii  In  elastic  eoiislants  eharaeteii/mL>  the 
-legroe  ol  anisotro|n.  Hill  lourul  a  \.,o  o!  cireum 
'entlng  such  tedious  woik.  In  all  p  iibaiuiiix.  he 
ani'eii  at  a  l;tr  more  elegant  exiuess'iin  o!  esM.  ie 
ti;ili\  the  same  result,  or  an  extreme!'  close  .ip- 
proximation  to  it 

If  three  di'-tinei  nuHles  o|  lailurc  had  Iven 
iu'olve'l  for  'iitiereni  states  of  stress  'leldmg 
under  shear.  shori-lr;ins'ers!.'grain  ilelanima- 
tions.  ;uul  bi'ittle  fracture,  loi  example  no  '.ine!i 
ehaiiieieri/ation  o|  the  '  oeiiglh  woukl  b  ,.ossi!de. 
But  neither  would  Hill  diree  parameters  Milliee 
since  the'  "ouki  merel'  represent  the  retiunvianl 
specification  i>f  one  mods’  of  itiiiure.  1  hesi.  ihiee 
iliflcrent  modes  of  failure  "oukI  eertamh  be  asso- 
eititc'i  with  three  diflerent  strengths  tilotig  the 
prineiptil  malenai  axes,  but  ihtil  is  the  eiul  ol  the 
simiituitv.  1  lieir  eharaelcri/tilion  would  inquire 
i/iree  ph'sic;ill>  imiependenl  ptirameteis  ami  the 
Itiilure  surftiee  would  eertiimK  noi  be  smooth. 

Kowlamls.'  in  an  cxeelleiit  summaiA  ol  the 
hisiof'  ol  composite  strength  lailurc  theories, 
rc'eals  die  extent  of  misinterpretation  of  Hill's 
work.  He  sttUes  ihtil  i  liH's  ilieor>  "as  tidapted  b' 
.\/./i  iiiui  Istii  ;is  ;i  strength  eriierion  lot  compo¬ 
sites'  p.  .  and  later  states  'While  it  is  not 
common  to  use  I  i|uatioii  4.“?  one  iitirtieular  ior- 
nuilalion  of  Hill's  theoi\  "ith  composites,  this 
eoneef'i  tloes  form  the  btisis  o!  sc'ertil  eomposiie 
strengtii  criteria'  p.  .  But.  kiter  on  the  same 
page  he  stales  that  I  niike  the  maximum  stress  oi 
strain  criteria.  I  quation  4.''  contains  inleraetion 
aiming  the  stresses  amt  //rere/ore  mvo/ws  rom- 
hined  inodes  ol  hidme'  emphasis  adile'l  .  Row¬ 
lands  also  state's  pp,  ‘)t)  ami  1  that  I  his  leil  Hill 
Htsti  to  jifopose  iin  ortholropie  'lekl  eomiiiion' 
emphasis  aiidetlL  How  does  this  miph  com¬ 
bined  modes  of  lailure'.'' 

\or/////,g  in  Hill's  work  a'kiresses  more  than  one 
mode  of  failure  amf  he  shouki  therefore  he  spared 
the  ignomin'  of  association  with  the  man' 
abstract  mathematical  failure  theories  for  com¬ 
posite  malenals.  Yet.  m  the  I'K  ami  1  uropc. 
I'sai's  misinterpretation  of  Hill's  theory  of  aniso¬ 
tropic  plasticity  is  referred  to  as  the  niodifie'i  Hill 
theory'. 

Harlier.  Ro'vlamis  states  p.  Sb;  that  >  ielding 
normally  docs  not  occur  in  fiber-reinforced  plas¬ 
tics  in  the  .same  sense  as  in  metals.  Neverthetess. 
many  of  the  oithotropic  strength  thct'ries  arc 
anisotropic  extensions  of  isotropic  yield  criteria' 
He  also  states  (p.  %)  In  an  effort  to  more  aecu- 


Mt’iiiiin^llil  tifiil  ,  lonipustn-  liiiliiir  llh  ,irn'\ 


ratcly  predict  experimental  results  Tsai  and  Wu 
'  1  d?  1  ;  proposed  a  lamina  failure  criterion  having 
additional  stress  terms  not  appearing  in  theories 
such  a'  He  Hill  analysis'. 

VVir  ,  involved  is  a  simple  curve-lit.  which 
has  no  asscK’iation  uith  the  physics  of  the  situa¬ 
tion.  Additional  tests  are  needed  to  provide  data 
for  each  additional  term  ineluded  in  the  theo¬ 
retical  failure  model.  Ironically,  as  is  well  known, 
the  Tsai-Wu  failure  model"  contains  one  inter¬ 
action  term  for  which  no  reliable  measurement 
has  been  found,  instead,  it  is  customarilv  assigned 
the  value  of  0  5  or  zero. 


THE  NEED  EOR  BIAXIAL  R4THER  THAN 
UNIAXIAL  LAMINAl  E  TESTS  TO  VALIDATE 
FAILl  RE  THEORIES 

Unfortunately,  the  characteristics  of  fiber-polv- 
mer  composites  in  which  strong,  stiff  fibers  are 
embedded  in  relatively  soft  matrices  are  such  that 
■failure  theories'  can  never  be  validated,  or  even 
repudiated,  by  uniaxial  testing  alone.  Indeed,  the 
author's  Ten-Percent  Rule"  for  preliminary  design 
by  mental  arithmetic  works  as  well  as  it  does  only 
because  of  the  dominance  of  the  load  carried  by 
fibers  aligned  with  the  applied  load.  Only  the 
biaxial  strengths  of  cross-plied  laminates  provide 
a  means  of  differentiating  between  good  and  bad 
methods.  And  it  transpires  that  at  least  /iiy> 
theoric"  can  be  validated  if  attention  is  confined  to 


only  those  bia.sial  in-plane  stresses  in  which  the 
stress  ce>mponents  have  the  \aine  sign.  Of  all  the 
possible  sitites  ol  stress  with  which  to  .issess  com¬ 
posite  failure  theories,  the  in-planc  shear  state  o 
the  most  crucial.  But  a  theorv  cannot  be  validatcii 
without  also  considering  bittxial  stresses  ot  the 
same  sign. 

The  criticality  of  the  in-plane-shear  state  ol 
stress  in  differentiating  between  plausible  and 
implausible  failure  movlels  is  explained  in  I  ig.  5. 
Except  for  the  tension-compression  shear  rjuad- 
rants.  virtually  the  same  composite  laminate 
strengths  would  be  predicted  by  the  author's 
generalized  maximum-shear-stress  failure  cri¬ 
terion.  the  maximum-strain  model,  and  a  combi¬ 
nation  of  tlaw-sensitive  fracture  in  tension  and 
some  form  of  instability  in  compression.  The 
other  predicted  strengths  are  similar  because  all 
three  models  are  empirically  forced  to  pass 
through  the  same  measured  tensile  ;md  compres¬ 
sive  strengths  under  uniaxial  loads.  The  theories 
predict  different  strengths  only  under  in-piane 
shear  loads,  so  that  is  the  oii/v  test  capable  of 
validating  or  repudiating  any  of  these  proposed 
failure  mechanisms. 

On  the  other  htind.  agreement  between  test  and 
the  predictions  in  all  the  stress  quadrants  using  the 
author's  failure  model  docs  not  actually  prove 
that  navv-sensitive  fracture  could  not  occur  under 
tensile  loads  alone.  All  that  can  be  said  with  cer¬ 
tainty  is  that  the  other  models  cannot  possible  be 
valid  throughout  all  states  id' combined  stresses. 


NOTE:  ONLY  THE  SHCAR  TEST  CAM  OISTINGOISH  BETWEEN  THESE  PHYSICALrv 

OIEFERENT  FAILURE  MODELS  SMCE  THE  UNIAXIAL  TENSION  AND  COMPRESSION 
STRENGTHS  (OPEN  SYMeOLSI  ARE  COMMON  THROUGHOUT 

Ki);.  5.  Impnrianc'c  i>l  biaxial  Icstinc  to  ilistinguish  bclwccn  taihirc  mechanisms. 
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USE  OF  MATRIX  FAILURES’  TO 
TRUNCATE  PREDICTED  FIBER- 
DOMINATED  STRENGTHS 

A  number  of  theories  postulate  that  the  maxi¬ 
mum-strain  theory  is  valid  for  the  fibers  but  that  it 
sometimes  needs  truncating  to  allow  for  matrix- 
dominated  failures.  This  concept  appears  to  result 
from  a  perception  that  the  fiber-based  maximum- 
strain  theory  is  in  such  close  agreement  with  tests 
for  some  states  of  stress  that  it  must  be  a  valid 
basis  for  a  composite  failure  criterion,  even  if  it 
does  need  st)me  minor  adjustment  for  other  states 
of  stress. 

Perhaps  the  best  known  of  these  works  on 
failure  criteria  with  multiple  characterizations  is 
by  Puck,  w  ho  has  intluenced  others  to  follow  his 
rationale.  In  one  respect,  he  is  quite  correct  in 
separating  the  failure  criteria  for  the  fibers  and  the 
resin,  altfunigh  he  seems  to  have  been  unaware 
that  he  could  not  possibly  characterize  the  state  ('f 
stress  in  the  resin  with  a  simple  theory  that  does 
not  provide  for  residual  curing  slres.ses.  Similar, 
more  complex  treatments  such  tis  those  of  Grant 
and  Sanders'  have  also  relied  on  presumed  matrix 
failures  to  modify  the  maximum-strain  failure 
model  for  shear-  and  compression-dcrminaied 
loads. 

As  w  ith  much  of  Tsai's  wcirk.  use  of  postulated 
matrix  failures  to  truncate  a  fiber-failure  envelope 
seems  quite  plausible.  And.  under  tUher  circum¬ 
stances.  such  truncations  are  undoubtedly  true. 
However,  in  this  specific  case,  the  cutoffs  are  not 
consistent  with  other  test  data.  The  very  highest 
measured  in-plane  shear  strength  of  an  all  ±45° 
laminate  has  the  fibers  failing  at  barely  halt  the 
axial  strain  at  which  thev  fail  under  uniaxial  loads. 
Phis  implies  that  the  matrix  strains  are  also  barely 
half  as  high,  which  leads  to  the  follow  ing  qucstit>n; 
How  can  a  matrix  failure  be  used  to  explain  a 
fiber-dominated  in-plane  shear  strength  when 
both  the  matrix  and  the  fiber  can  withstand  mice 
as  much  load  under  uniaxial  tension  or  compres¬ 
sion'.’ 

Researchers  such  as  Puck,  and  Grant  and 
.Sanders  must  have  been  aware  that  the  fiber- 
dominated  maximum-strain  failure  model  pre¬ 
dicted  excessive  strengths  for  in-plane 
shear-dominated  loads  since  their  matrix’  failure 
equations  truncated  those  regions  —  and  some¬ 
times  the  compression-dominated  regions  ~ 
without  changing  predictions  for  the  tension- 
tension  quadrant.  It  seems  strange  that  these 
authors  and  others  did  not  accept  the  same  fiber- 


dominated  ma.ximum-strain  failure  model  as  a 
basis  for  a  complete  failure  criterion  and  modify 
the  fthcr  failure  criterion  for  those  states  ol  siress 
for  which  the  model  was  inadequate.  1  his  would 
have  produced  an  even  better  thet)ry  and  avoided 
the  need  to  introduce  many  other  experimentally 
determined  reference  strengths  for  the  thi.t)r\. 

1  he  truncated  maximum-strain  theory  pro- 
po.sed  in  Ref.  9  is  almost  indistinguishable  from 
the  author's  generalized  maximum-shear-stress 
failure  criterion  for  orthotropic  materials  such  as 
carbon  fibers,  and  differs  from  the  original 
untruncated  maximum-strain  model  only  for  in¬ 
plane  shear-dominated  loads.  Phis  approach 
limits  predicted  in-plane  shear  strengths  just  as 
effectively  as  matrix  cutoffs,  but  w  ithout  doubling 
the  number  of  input  properties  needed  for  the 
analysis.  In  anv  case,  it  is  more  in  keeping  w  ith  the 
physics  of  the  problem. 

(  uriimsly.  work  by  Grimes  a  al.  at  Northrop’' 
included  a  cutoff  with  similar  consequences  but 
for  entirely  different  reasons.  Cirimcs  imposed  a 
limit  on  the  shear  deformation  a  resin  matrix 
could  withstand  if  there  were  no  fibers  in  some 
direction  to  restrict  the  strain.  He  set  the  limit  in 
the  form  of  a  shear  strain  between  the  <1°  and  9(1' 
directions  for  either  a  woven  or  unidirectional 
layer  of  composite  material.  He  intended  to  con¬ 
fine  the  matrix  to  elastic  deformations  only;  the 
shear  strain  limit  was  set  slightly  higher  than  that 
associated  with  the  unidircctitmal  tension  state  of 
stress,  so  as  not  to  undercut  that  seemingly  valid 
test  result.  But.  although  he  w;is  not  aware  of  this 
at  the  time,  the  in-plane  shear  cutoff  also  iniplictl 
a  limit  on  the  axial  strains  of  any  fibers  in  the 
±45°  directions  to  far  Iselow  the  fiber  strains 
which  the  maximum-strain  failure  model  would 
have  permitted.  Indeed,  Grimes's  cutoff  has  virtu¬ 
ally  the  stime  effect  on  predicted  fiber-domintited 
strengths  in  the  tension-compression  quadrant  as 
the  author's  own  theory.  And  to  think  that  it  all 
originated  from  ;i  desire  to  prevent  the  matrix 
from  cracking!  Nevertheless,  the  linear  limit  on 
design  shear  strains  in  the  matrix  implies  that  the 
actual  ultimiite  failure  would  occur  at  higher 
loads.  There  is  no  evidence  to  support  this. 

In  the  late  1960s.  long  before  Grimes's  work 
was  published,  entirely  empirical  truncations  for 
in-plane  shear  strengths  were  made  at  Grumman 
Aircraft  on  the  lamina  rather  than  on  the  fiber  or 
matrix,  to  achieve  a  similar  end." 

These  works,  as  well  as  that  by  Pfiack.''  shown 
in  Fig.  6.  arc  noteworthy  because  they  imply  (ii  an 
acknowledgment  that  classictil  composite  failure 
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AXIAL  STRAINS  ESTABLISHED  BY  TEST  AND 
CHECKED  BY  MAXIMUM-STRAIN  COMPUTER 
CODE 


SHEAR  STRAIN  LIMIT  DEDUCED  EMPIRICALLY 
AND  CHECKED  BY  HAND 
WHENEVER  ABOVE 
COMPUTER  OUTPUT 
INDICATES  LARGE 
STRAINS  OF 
OPPOSITE  SIGNS 


STRESSING  CONSISTS  OF  THREE  SIMPLE 
A  ^  INDEPENDENT  CHECKS  ON  TENSILE 

COMPRESSIVE,  AND  IN-PLANE  SHEAR 
strains  for  FIBER-DOMINATED 
FAILURES  OF  ANY  COMPOSITE 
IJIMINATE 
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theory  is  inferior  to  empirical  im'difications  of  the 
popular  maximum-strain  failure  model  for 
liher-polymer  composites,  and  ii  an  accepUince 
of  predicted  strengths  similar  to  those  later  pre¬ 
dicted  hv  the  iiuthor  using  a  generalization  of  the 
maximum-shear-stress  failure  criterion  as  his 
physical  model. 

Despite  ;i  paucity  of  publictitions  on  this  topic 
;tnd  a  lack  of  agreement  on  a  single  lailure  model, 
the  aerospace  industry  h;is  found  reliable  empiri¬ 
cal  techniques  to  predict  the  strength  (d'  com¬ 
posite  laminates  quite  independently  of  the 
neoclassical  mathematical  theories  of  anisotropic 
elasticity  for  truly  homogeneous  mtiterials. 

THE  TEN-PERC  EM  Rl  LE 

I  he  many  abstract  mathematical  theories  sur¬ 
veyed  by  Rowlands*  that  purport  to  be  capable  of 
predicting  the  strength  of  structural  composite 
laminates  would  seem  to  suggest  that  there  is 
something  difficult  and  mysterious  about  the  task. 
On  the  contrary,  provided  that  one  does  not  lose 
track  of  physical  realism  in  the  model,  it  is  easy  to 
generate  plausible  sets  of  uniaxial  and  biaxial 
predicted  strengths  with  the  simplest  of  mathe¬ 
matical  techniques,  as  the  following  approximate 
methods  developed  by  the  author  arc  intended  to 
show.  Admittedly,  it  is  necessary  to  restrict  the 
theory  to  fiber-dominated  failures  a  priori^  but  no 
skilled  composite  designer  would  knowingly 
waste  expensive  fibers  in  inferior  structures  in 
which  the  inexpensive  matrix  really  does  fail  first. 
I  his  theory  is  also  restricted  to  fiber-polymer 


composites  in  which  strong  stiff  fiber'-  are 
embedded  in  relatively  soft  niaince".  Hut  this 
limitation  tilso  is  met  by  the  great  maioritv  o! 
composite  mtiterials.  such  as  c;irbon-epoxv.  fiber¬ 
glass-epoxy.  tiiul  boron-epoxv,  I  here  is  also  the 
customary  restriction  to  fibers  patterns  in  the  . 
±4.>’.  and  40°  family,  with  erjual  numbers  ol 
fibers  in  the  ->-4.''  and  -4.s'  directions.  Some  ol 
the  simplifications  are  lost  for  tirbitrary  laminate 
patterns,  and  a  computer  code  is  needed  to  tippiv 
the  same  physical  moLiel  in  such  cases, 

rite  basis  of  the  simple  analysis  is  that,  for  a 
load  in  the  O'  direction,  the  longitudinal  strength 
and  stiffness  of  cross-plied  laminates  can  be 
deiluced  by  applying  a  simple  factor  to  the  appro¬ 
priate  unidirectional  0°  strength  and  modulus  of  a 
unitlirectional  tape  laminate.  I'he  reference 
strength  and  stiffness  are  ailjusied  for  the  effects 
of  the  environment  and  must  be  established 
experimentally,  as  for  any  other  composite  failure 
theory.  The  strengths  may  need  to  account  for  the 
hnid  direction  tension  or  compression  as  well, 
f.aminates  maile  from  biwoven  fabrics  can  be 
analyzed  the  same  wav  by  first  anaivticallv 
decomposing  the  cloth  into  equivalent  orthogonal 
tape  layers.  This  simple  theory  is  set  apart  from 
the  others  by  its  ease  in  computing  the  scaling 
factor.  Hach  0°  ply  counts  as  one  unit  of  strength 
and  stiffness,  while  every  cross-ptyf  contributes 

1  licrL’.  the  ;iiilh(ir  is  using  thi'  term  iross-pis  in  its  gL'nct;il 
liirni.  Ill  Llcnotc  anx  ply  other  iIkiii  a  0”  pK.  t  his  is  u'lUr.iry 
to  elloiTs  to  confine  the  ilesigniition  ti'  onl>  'Ml  plies  ami  li' 
use  the  contusing  term  'angle  piv  ’  to  ilesign.ite  all  I'ther  direc¬ 
tions  cxii’i’i  (f  ami  'Ml  . 
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only  one-tenth  as  much  to  the  strength  and  stil'i- 
ness.  On  that  basis,  a  ()''/0()°  laminate  would  have 
!  1  -t-  ()•  I  1/2  =  0-55  as  mueh  strength  and  stiliness  as 
an  all-0°  laminate.  Likewise,  a  quasi-isotropie 
laminate  would  he  predicted  to  have  (1  +  ,s  x  (M  // 
4  =  ()-325  as  much  strength  and  stiffness  as  an  all- 
0°  laminate.  An  all-9()°  or  entirely  ±4.S°  laminate 
would  be  expected  to  have  about  one-tenth  of  the 
strength  and  stiffness  of  the  all-()°  laminate,  but 
those  particular  properties  are  really  matrix-dom¬ 
inated  and  the  predictions  may  not  always  be  rel¬ 
ied  on  for  such  plies  in  isoUition. 

Biaxial  strengths  for  stres.ses  having  the  same 
sign  are  then  predieteil  on  the  basis  of  the  maxi¬ 
mum-strain  theory  for  fibrous  composites.  For 
uniaxial  loads  with  a  strain  r  in  the  (L  direction, 
any  90°  fibers  would  be  strained  by  -  vt.  while 
±4.s'’  fibers  would  develop  an  axial  strain  of 
1  -  1' 7/2  times  the  strain  in  the  0°  fibers,  as 
explained  in  Fig.  4  of  Ref.  l.L  Flere.  the  Poisson’s 
ratio  r  refers  to  of  the  laminate.  For  a  quasi¬ 
isotropic  laminate.  is  inevitably  very  close  to 
0  3.'.  as  derived  in  Ref.  6.  while  it  is  only  O-O.s  for 
the  0°/  90'  laminate  but  almost  (FS  for  an  entirely 
±4,^°  laminate. 

Consequently,  a  uniaxial  0°  load  on  a  quasi¬ 
isotropic  laminate  would  strain  the  ±4.3”  fibers  to 
only  one-third  of  their  ultimate  capacity.  Since  the 
stress  on  those  fibers  wxnild  contribute  only  h;ilf 
as  mueh  after  rotation  to  the  reference  (L  direc¬ 
tion.  an  improved  estimate  of  the  sealing  factor  for 
the  strength  and  stiffness  of  this  laminate  would 
be  1  ■()  -HU- 1  -H  2  X  U-3,Li  x  U-.S  1/4  =  n-3.3S.  a  value 
ade<iuate  for  design  purposes.  However,  if  we 
examine  the  biaxial  rather  than  the  uniaxial  stress 
state,  (ill  the  fibers  must  now  be  stressed  equally 
and  the  scaling  factor  would  then  become  (1-0  + 
U  |  -H  2  X  1  X  U  S  1/4  =  U-.32.3.  or  some  5U‘’i.  hifiher 
than  the  strength  under  a  uniaxial  load. 

I  his  easily  established  increase  in  strength  can 
lU'wr  be  demonstrated  by  the  common  kind  of 
biaxial'  test  specimen  shown  in  Fig.  4  of  Row¬ 
lands'  work  see  Ref.  4  i,  the  key  features  of  which 
are  summarized  in  Fig.  7  of  this  paper.  The  bi- 
axially  loaded  interior  of  the  test  coupon  cannot 
possibly  experience  a  higher  stress  than  that 
needed  to  tail  the  uniaxially  loaded  fingers  around 
the  periphery.  The  most  obvious  demonstration 
of  this  deficiency  is  testing  for  the  biaxial  strength 
of  a  ±4.3”  laminate  which,  by  definition,  must  be 
the  same  as  for  a  U°/9()°  laminate.  The  surround¬ 
ing  ±43°  fingers  would  have  less  than  onc-fifth  of 
the  required  strength  to  fail  the  interior  test 
section  of  this  specimen,  fwen  the  quasi-isotropic 


BIAXIAL  STRESSES  DEVELOPED  IN  TEST  SECTION  CAN  NEVER  EXCEED 
THE  UNIAXIAL  STRENGTH  OF  THE  SURROUNDING  FINGERS 
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laminate  is  3U'’(.  stronger  under  equal  biaxial 
stressing  than  vxhen  loaded  uniaxiallv. 

This  witlespread  error  in  trying  to  experi- 
mentallv  determine  the  biaxial  strength  of  compo¬ 
site  materials  using  test  coupons  which  are 
inherently  incapable  of  providing  the  correct 
result  has  been  a  major  reason  w  hv  so  many  scien¬ 
tifically  unsound  composite  ‘failure  theories’  have 
not  been  exposetl. 

In  Ref.  14.  the  author  prov  es  that  bia.xitii  testing 
would  indeed  be  a  very  difficult  l;isk.  requiring  a 
large  circular  stmdw  ich  pkite  supported  around  its 
periphery  ;mil  loaded  by  lateral  pressure.  ;is 
shown  in  Fig.  S.  if  premature  failure  at  some 
uniaxially  stressed  tirea  is  not  ui  precede  failure  in 
the  biaxially  loaded  central  test  section.  Such  an 
expensive  specimen  has  yet  to  be  tested,  although 
the  author  is  confident  that  it  will  eventually  be 
usevl  bv  those  who  design  anti  buikl  submarines 
since  knowing  the  true  bittxial  compressive 
strength  of  ctmipositc  laminates  is  so  critical  to 
the  success  of  their  tictiv  ities. 

However,  in  Ref.  I  3.  Swanson  atul  Nelson  used 
pressurized  tubes  with  varying  tensile  axial  loads 
to  prove  beyond  ;my  rettsonabie  doubt  that  the 
maximum-strain  theory  is  acceptable  —  and  un¬ 
likely  tt>  be  imprtwed  upon  —  ftvr  carbon -epoxy 
composites  in  the  tension-tension  quadrant  see 
Fig.  9i.  Interestingly,  their  finding  that  the 
Tsai-Wu  last-ply’  failure  model  was  totally  incon¬ 
sistent  with  Swanson’s  test  data  as  long  ago  as 
1 986  seems  to  have  had  even  less  effect  on  the 
technical  community  than  this  author’s  efforts. 

Some  test  data  in  the  compression-compres¬ 
sion  quadrant  seem  to  support  the  author’s  pre¬ 
dictions  about  the  straight-sided  form  of  the 
failure  envelope.  Henvever.  the  strengths 
measured  are  ;tll  too  kvw.  as  tire  Swanson’s  in  this 
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CONSEQUENTLY.  ANY  PANEL  THAT  IS  A  COMBINATION  OF  0‘  90*  AND  -AS'  LAYERS  HAS 
THE  SAME  BIAXIAL  STRENGTH  THAT  STRENGTH  IS  A  LITTLE  GREATER  THAN  THE  UNIAXIAL 
STRENGTH  OF  A  0*  -go'  LAMINATE 

Fi(;.  8.  icsl  specimen  ilcmonstratinc  idcniical  hiaxial  strcncihs  nf  f'  'F(i'  and  *  4'  laniiiiaics 
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SOURCE:  SWANSON.  OF  THE  UNIVERSITY  OF  UTAH 

Fig,  9.  Swanson  s  comparisL-n  ol  laminalc  failure  theories  with  laiUire  stresses  in  L|u,isi-isotropK  esliiuleis. 


stress  domain.  New  tests  are  needed  to  truly 
characterize  composite  materials  under  biti.xial 
compressive  stresses. 

Nevertheless,  the  author  contends  that  there  is 
really  no  need  to  directly  measure  the  bia.xial 
strengths  of  fibrous  composites  since  they  can  be 
determined  with  an  extremely  high  confidence 
level  from  uniaxial  testing  of  Hat  laminates. 

Because  the  Poisson's  ratio  is  almost  zero  in  this 
case,  the  biaxial  strength  cannot  differ  signifi¬ 
cantly  from  the  uniaxial  strength.  According  to  the 
maximum-strain  model,  the  biaxial  strength  would 
be  higher  than  the  uniaxial  by  the  ratio  1/(1-  v), 
or  about  iO.'i.  Now,  the  biaxial  strength  erf  an 
entirely  ±45°  laminate  must  be  precisely  the  same 


because  the  only  difference  is  the  reference  direc¬ 
tion  for  ilie  fiber  axes  (sec  Fig,  S:.  Sitri'erly.  the 
biaxial  strength  of  a  quasi-isotropic  laminate  muNt 
also  be  the  same,  since  it  must  be  the  average  of 
these  two  identical  quantities. 

This  biaxial  strength  serves  as  a  kind  of  magic 
number  for  all  laminates  containing  the  same 
number  of  0°  and  fibers,  with  the  remainder 
shared  equally  between  the  -t- 45°  and  -45°  direc¬ 
tions.  Once  the  biaxial  strength  has  been  obtained, 
the  uniaxial  strength  is  derived  v\iih  great  preci¬ 
sion  by  multiplying  the  biaxial  strength  by  1  -  r  . 
as  explained  below,  there  being  only  one  Poisson’s 
ratio  for  this  family  of  doubly  symmetric  lami¬ 
nates. 
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In  the  ease  t'l  the  th/'-tO  laniinatc.  one  woukl 
expect  tlic  norniali/ing  factor  with  respect  to 
the  unidirectional  lamina  strength  to  be  (•■55/ 
1 -11-05  ■=  ()-575,  quite  close  to  the  t)-525 
deduced  earlier,  I.ikewise.  the  uniaxial  strength  ol 
the  quasi-isotropic  laminate  \M)uld  be  >  1  -O-oa  x 
(•■575  =  0’5S3.  again  only  slightly  aboxe  the  (•■325 
ricduced  aboxe  l-iy  trctiting  the  'I'en-Percent  Rule- 
in  its  simplest  form  as  a  rule  of  mixtures  and  the 
tactor  (•■35.S  deduced  by  resolving  anel  summing 
the  Stresses  in  the  xtirious  fiber  directions,  'i'hese 
xaiious  forms  of  simplified  anaivsis  are  sclf- 
etmsistem.  the  result  of  iicmg  based  on  a  phvsi- 
eailx  realistic  model. 

ruining  now  to  the  in-plane  shear  strength  for 
the  same  ttimily  of  diuibly  symmetric  laminates, 
the  author  has  suggested  a  strength  be  selected 
that  is  ecjual  to  /w//  the  unidirectional  strength  of 
the  complementarx  tiber  pattern,  with  and 

a  45  liber  contents  interchanged,’''  I  hiis.  the 
liber-dominated  in-plane  shear  strength  of  an 
entirely  r45  laminate  wt)uld  be  htilf  the  uni¬ 
directional  tensiiin  or  compressixe  strens’th. 
xxhiehexer  is  gretitcr.  of  a  (b  dO"'  laminate.  1  he 
settling  Itietor  for  this  Itimintite.  with  respect  to  the 
uniti.xitil  strength  of  a  unidirectitmtil  laminate, 
woukl  be  (•'5  X  ()'55  =  ()-275.  Similarly,  the  factor 
for  ;i  quasi-isotropic  himinate  would  be 
0  5  y  ( 1325  =  (•■  I  6 3.  although  either  of  the  higher 
estiniiites  lor  the  second  ftietor  woukl  be  ei|Uiill\ 
tieeeptable.  I  he  prediction  of  (>'5  x  (i  |  =0-()5  for 
the  in-pliine  shetir  strength  of  an  till-(t  dtb  lami- 
ntite  httppeiis  to  be  nearly  correct,  but  is  retillv 
siisjieet  beetiuse  that  ptirticuittr  proiiertv  is  obvi¬ 


ously  matri.x-domintited  rtuher  ihtin  tilxi-domi 
ntited  and  so  eontrtixenes  the  ongintil  siniplifxing 
assumptions. 

^•;lilure  envelopes  for  these  three  fiber  iraiterns. 
btised  on  the  len-Percent  Rule,  are  shoxxn  in  1-ig 
lb.  which  is  not  at  all  simihir  to  the  predictions  of 
Tsai's  theories  in  Fig.  I  1 . 

i'his  simple  proced'Ti-.  dex eloped  bx  the  autlu'i 
for  predicting  in-plane  shear  strengths,  has  been 
critiei/ed  as  being  uiiseientific  and  unxxorthx  ol 
publietition.  Hoxxexer.  xvhen  a  paper  aiixocatme 
this  approach  was  presented  in  IdS?."  structural 
designers  had  neither  reiiable  test  specimens  mu 
credible  theoretical  methods  xxith  which  to  c'-tali- 
lish  in-plane  shear  strengths  for  laminates.  What 
was  rlesperately  needed  xvas  something  at  least 
good  enough  for  preliminarx  rlesign.  .\nd.  if  this 
controversial  idea  inspired  others  to  improxe  both 
the  test  specimen  dc^igns  ami  the  analxsis 
methoils.  the  paper  woukl  haxe  serxed  an  exen 
gretiter  purpose.  Now  thtit  such  predictions  can  be 
m;ide  scientifically.'  the  crude  approximations  of 
in-plane  shear  strength  bx  the  Ten-Percen!  Rule 
are  still  close  enough  to  the  •'’’-si  anaixses  to  be 
used  for  formal  stressing.  For  a  comparison 
betxveen  tests  tind  theories,  see  Fig.  1  5  of  Ref.  1  7. 

I’weii  the  maxinuim-stram  model  of  Ref,  IS. 
xxhich  is  outstanding  in  the  tension  -tension  and 
compression -compression  quadrants,  grossix 
orcrexY/nKnex  in-plane-shcar  strengths,  txpically 
bx  60"..,  Figure  b  of  Ref.  b  shows  that,  for  the 
niii.ximum-strtiin  failure  model,  the  in-plane  shear 
strength  is  1  -  r  1  ‘  r  times  as  high  as  the  bi¬ 
axial  strength  lor  all  doubix  sxmmetric  eross- 


Fig.  1 0.  I'ailure  envelopes  aecordiiig  to  ihe  Ten-Pereent  Rule. 
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plied  laminate  pattern'',  rherel'dre.  in  place  of 
tiie  laciors  uj/a.  and  ()•().''  above,  the 

maximum-strain  model  would  overestimate  the 
in-plane-shear  strength  \  ia  the  factors  1 
1 -(HI5  ;xO-55,  1 -()'().X'  =  0-524.  ;  1-(K’.V/ 

I  -*-(i-.\s  x  0-55-  1  -()-05  =(l-2d0.  and  ,  1  -0-S!/ 
1  +  O-S  I X  0-55a  1  -  0-05  =  0-()64.  respectively. 

While  the  sample  solutions  here  arc  confincii  to 
doubly  symmetric  fiber  patterns  for  simplicity's 
sake,  the  original  deri\;itions  of  the  simplified 
analysis  methods  also  cover  fiber  patterns  with 
different  O  '  ;md  00'  fiber  contents,  but  the  cx  alua- 
tion  of  the  biaxial  strengths  for  these  laminates 
requires  a  pocket  calculator  rather  than  mental 
arithmetic. 
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PREDK  TIONS  OF  BIAXIAI.  ( OMPO.SI  l  E 

STRENGTHS 

This  section  reveals  gross  deficiencies  in  corre¬ 
sponding  predictions  from  a  widely  promoted 
computer  code  based  on  mathematical  theories  of 
anisotropic  elasticity  for  homogeneous  materials. 
Although  the  illustrative  examples  refer  to  only- 
one  such  computer  program,  that  of  Tsai.'''  the 
criticisms  apply  equally  to  all  similar  codes  as 
well,  many  of  which  arc  cited  in  Ref.  X. 

Figure  12  contains  first-  and  last-ply  failure 
predictions  published  by  I'stii'''  hir  a  quasi-iso- 
tropic  carbon-epoxy  laminate.  Tsai  advocates 


accepting  the  larger  estimate  for  monotonicalK 
loaded  test  coupons  on  pp.  1  2-  lb  of  his  work,  as 
shown  on  the  right  of  this  figure,  i  his  recommen¬ 
dation  is  based  on  his  proposeil  progressixe- 
tailure  models.  The  author's  corresponding 
predictiims,  using  the  vn/m-  input  properties  but 
ignoring  those  for  which  there  was  no  call,  are 
given  in  Fig.  I.'  for  comparison.  There  are  great 
differences,  particularly  with  respect  to  the  first- 
ply  failure  predictions,  which  do  not  even  permit 
agreement  under  uniaxial  loads.  I  he  agreement 
with  the  last-ply  failure  predictions  is  better,  but 
the  failure  cn\ elope  is  tar  from  smooth  and  con¬ 
tinuous  at  the  laminate  lex  cl.  which  encourages 
one  to  question  the  importance  of  such  a  con¬ 
straint  at  the  unidirectional  lamina  level. 

Isai's  first-ply  predictions  fall  far  short  of  the 
strengths  prexliclcd  by  the  author  througlunit  the 
tension-tension  quadrant  and  greatly  exceed 
them  throughout  the  compression-compression 
c]uadrant.  Remarkably,  the  strains  Ixr  failure  under 
biaxial  compressixe  loads  cxcceil  the  input  uni¬ 
directional  compressixe  strain  limit  by  a  factor  id 
nearly  2!  No  explanation  of  this  is  provided  and. 
in  the  author's  opinion,  none  exer  could  be.  And 
the  justification  given  by  Tsai  for  reducing  these 
acknowledged  excessive  estimates  miniivs  the 
kind  of  matrix  degradation  that  could  occur  only 
during  some  prior  application  of  tensile  loads  in 
order  to  crack  the  matrix  and  reduce  its  ability  to 
support  longitudinally  compressed  fibers  in  a 
subsequent  application  of  load. 
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SOURCE:  TSAI 


(a)  FPF  AND  LPF  ENVELOPES  OF  QUASI-ISOTROPIC  T300/N5208  CFRP  LAMINATE  AND 

(b)  THE  ULTIMA  rE  STHENGTH  ENVELOPE  DEFINED  BY  THE  OUTERMOST  BOUNDARY  OF 
THE  FPF  AND  LPF  ENVELOPES 

Fil>.  1 2.  Isai's  lirsl-  anil  last-ply  tailuri'  analyses. 


f  urther,  iltc  [ticdiclcd  last-ply  biaxial  tension 
strength  still  Tails  short  oT  the  author  s  prediction, 
even  when  the  transverse  properties  have  been 
adjusted  to  match  the  uniaxial  tensile  strengths 
reasonably  well.  Surprisingly,  the  best  agreement 
seems  to  be  with  the  in-pianc  shear  (equal  and 
opposite  tension  and  compression)  state  of  .stress. 


It  IS  difficult  to  make  concrete  comparisons 
with  any  theory  using  a  progressive  failure  model 
because,  as  indicated  in  Fig.  14,  also  taken  from 
Tsai's  Co/npo.siic  Design  book,  his  failure  enve¬ 
lope  will  collapse  onto  that  for  the  maximum 
strain  theory  if  one  presupposes  the  necessary 
amount  of  matrix  degradation.  (  Fhere  seems  to  be 


MtWUlilijtil  mid  illusDrv  ci>inp<i\itc  liiiiiiir  ilwancs 
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Em*  =  1  -O-  Em*  =  0.3  Em*  =  0.01 


LPF  ENVELOPES  FOR  QUASI-ISOTROPIC  T/300/N5208  CFRP  LAMINATE 
WrTH  DEGRADATION  FACTOR  EQUAL  TO  1,  0  3,  AND  0  01 

Fij;.  14.  T'-ai's  first-  and  last -ply  failure  amilyscs  shmvinu  prostressive  trtinsforniation  into  inavinuini-strain  (allure  eiueli'pe. 


an  crnir  in  cdding  his  program  because  the  strain 
in  the  compression-compression  quadrant  has 
collapsed  ontci  the  value  of  strain  entered  for 
transverse  tension,  not  longitudinal  compression.! 
However,  the  agreement  achieved  in  the 
tension-ten.sion  quadrant  by  invoking  matri.x 
degradtition  has  invalidated  the  agreement  previ¬ 
ously  reached  for  the  in-plane  shear  loads. 

Ciivcn  the  difficulty  of  making  comparisons 
with  a  moving  target,  as  the  degree  of  matrix 
degradation  is  altered,  one  is  entitled  to  ask 
whether  or  not  it  would  have  been  easier  to  go 
directly  to  the  maximum-strain  failure  model 
instead  of  arriving  at  it  indirectly  via  adjustments 
to  the  transverse  properties  entered  into  some 
other  failure  model  which  would  not  at  first  give 
acceptable  answers.  I  he  abuse  of  progressive 
failure  theories  to  enhance'  predicted  composite 
laminate  strengths  will  be  discussed  in  a  future 
work. 

A  comparison  of  Figs  12-14  indicates  that  no 
matter  what  degree  of  matrix  degradfition  is 
tissumeil,  no  si/if’le  set  of  input  properties  for 
Isai's  theory  will  simulUmcously  m;itch  the 
author's  predictions  for  uniaxial  and  biaxial  states 
of  stress,  ^•,ven  when  the  transverse  prtiperties  are 
suitably  adjusted'  to  match  the  uniaxial  tensile 
and  compressive  strengths,  the  predicted  biaxial 
tension  strength  will  still  be  too  small  and  the 
biaxial  compressive  strength  too  large. 


In  theory,  one  could  iilways  aild  two  more 
adjusttihle  parameters  to  the  lamina  tiiilure  model, 
to  be  set  to  match  the  hia.vial  testing  of  two  cross- 
plied  laminates.  Ashizawa-"  lIhI  so  by  using  a 
cutoff  based  on  measured  fiber-dominated  in¬ 
plane  shear  strengihs  of  ±4.^‘  laminates.  How¬ 
ever.  while  this  technique  worked  whenever  the 
mciisured  shetir  strength  was  accurate,  the  predic¬ 
tions  were  obviously  inconsistent  whenever  the 
shear  measurement  was  far  too  low.  f  'niess  one 
had  a  valid  physical  model  to  guide  the  process,  it 
is  likely  that  tho.se  particular  biaxial  tests  would  be 
inconsistent  with  predictions  based  on  inhcr  bi 
axial  tests.  And.  if  one  really  did  h;i\e  ;i  reliable 
physietil  model,  one  would  not  neeti  tiny  addi¬ 
tional  terms. 

I'he  quiidratie  'failure  criteria'  for  fiiirous  com¬ 
posites  are  not  the  first  unsound  theories  which 
are  capable  of  predicting  sonjc  numerictilh 
correct  answers  to  problems  despite  a  consistent 
inability  to  solve  other  problems.  The  beliefs  of 
the  Flat  F.arth  Society  come  readily  to  mind. 
While  the  old  idea  thtit  the  sun  revolves  around 
the  earth  is  no  longer  taught,  nuiny  celestial  and 
seasonal  observations  were  explained  at  the  time 
by  use  of  this  model.  I'he  author  can  only  hope 
that  it  will  take  less  time  to  recognize  the  correct 
way  to  predict  the  strength  of  composite  laminates 
than  it  took  to  reach  agreement  on  a  model  for  the 
solar  system. 
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Another  tailing  ol  these  alistrtiet  mathemalieal 
lailure  eriteria'  is  exposed  hy  ti  physieal  assess¬ 
ment  of  the  nmst  severe  ’triaxial'  stresses  that  can 
he  tipplie  Actually,  it  :s  the  eombinatiiin  ol'  bi¬ 
axial  in-plane  direct  loads  with  addititnial  in-plane 
shear,  so  it  is  really  a  case  of  biti.xial  loads  with 
respect  to  different  axes.:  As  the  author  noted  in 
!  d<S5  Fig.  I  o  of  Ref.  1 3  s  the  cross-section  of  the 
failure  envelope  looking  along  the  biaxial  stress 
line  must  be  rectangular,  as  shown  in  Fig.  10.  For 
the  case  of  a  quasi-isotropic  laminate,  the  specific 
load  of  equal  and  opposite  o,  ;ind  o,  stresses  in 
the  absence  of  any  in-plane  shear  stress  r,, 
induces /to  load  in  cither  the  ^-45°or  -45°fibe's. 
Most  of  it  is  reacted  by  tixial  tension  in  the  0° 
fibers,  for  example,  and  siniulttmeous  eompres- 
si(/n  in  the  fibers.  .-\  very  small  fraction  of  the 
load  is  reacted  by  shearing  the  resin  matrix.  On 
the  other  hand,  the  application  of  a  pure  in-plane 
shear  lottd  to  the  same  laminate,  with  respect  to 
the  same  reference  axes,  would  load  up  the  ±45^ 
fibers  while  learitig  the  O'  and  00'  fibers 
unloailed.  This  particular  cross-section  of  the 
tailure  etixelope  is  therefore  rectangular  bectiuse 
there  is  essentially  /to  interaction  between  the 
loiids.  one  of  which  is  carried  by  the  O'/OO"  fibers 
while  the  other  is  resisted  by  the  fibers.  The 
form  of  the  tiiistraet  mtithcmatical  failure  enve¬ 
lopes  in  Fig.  I  1  is  in  stark  contrast  to  Fig.  10. 
being  smoothly  curv  ed  till  over. 

I  he  failure  envelopes  in  Fig.  1  1  tire  obviously 
also  in  error  at  the  biaxitil  tension  and  biaxial 
c/imprcssion  points.  Since  till  fibers  arc  equally 
strained  under  those  conditions,  it  is  physically 
impossible  to  add  in-planc  shear  loads  without 
decreasing  the  in-plane  direct  lotids.  I  he  ends  ol 
the  lailure  envek/pe  must  be  poinnuL  not  rounded 
as  they  are  in  Fig.  I  I . 

1  he  reason  for  these  errors  is  that  Tsai's  ficti¬ 
tious  hiilure  criterion,  cited  on  p.  1  1-,'s  of  Kef.  I0, 
contains  a  mixtuie  o'  unrelated  reference 
strengths,  some  pertaining  to  the  fiber  and  others 
to  the  matrix.  Istii's  formula  and  its  many  clones 
iire  restricted  in  validity  to  truly  homogeneous 
materiiiis  exhibiting  only  mic  lailure  mechanism 
for  dll  the  states  of  combined  stresses  being  con¬ 
sidered.  And.  umler  such  circumstances,  the  use 
of  four  or  five  test  measurements  to  characteri/c 
the  strength  of  the  material  should  not  be  neces¬ 
sary.  For  distinctly  heterogeneous  materials  such 
as  fiber  -polymer  composites,  on  the  other  hand,  it 
is  nccesstiry  to  write  sepaivu’  failure  criteria 
agiiinst  the  fibers,  the  matrix,  anti  possibly  also  the 
interhiee  between  the  two.  Further.  atklition:il 


criteria  are  needed  whenever  multiple  lailure 
modes  are  possible  for  ;iny  constituent. 

There  should  perhaps  be  atiditional  inter¬ 
laminar  criteria  for  the  immediate  proximity  of 
any  tioundaries.  but  this  refinement  is  customarily 
iunirred.  along  with  staeking-sequence  elteeis. 
which  is  whv  every  so  often  composite  laminate'' 
with  excessive  clustering  ol  ]iarallel  liber  layers 
delaminate  during  cooldown  before  they  are  even 
removed  from  the  autoclave.  And  moie  olteii 
than  not.  a  lamintite  was  designed  that  way 
because  some  ettmputer  'optimi/ation'  program 
was  used  to  identify  the  most  suitable'  laminate 
instead  of  allowing  accumulated  experience  to 
dictate  that  there  be  a  minimum  percentage  of 
plies  in  each  of  the  four  standtirtl  directions  ami 
that  there  be  strict  limits  on  the  clustering  of 
parallel  plies.  Tsai's  position  on  this  matter  is 
stated  on  p.  7-1  of  Ref.  I'>.  'For  symmetric  lami¬ 
nates  subjected  to  in-plane  loails  only,  the  stack¬ 
ing  sequence  of  plies  is  not  important.'  He 
;icC(Hints  for  stiicking  sequence  only  when  study¬ 
ing  the  bending  (4  laminates  and  all  but  ignores 
the  issue  of  edge  delaminations.  while  concen¬ 
trating  on  intraply  failures. 

A  nuijor  difference  between  the  tiulhor's 
methods  of  predicting  the  strength  of  fibrous  com¬ 
posites  and  those  typifieii  by  the  works  of  Tsai  is 
that,  in  the  tiuthor's  case,  minor  shanges  in 
lamina'  properties  do  not  tiffect  the  basic  lorm  of 
the  failure  envelopes.  The  failure  envelope  has 
remtiined  characteristically  nat-faccted  since  the 
verv  first  report  on  the  subject  in  ldS4.''  liach 
facet  h;is  been  defined  by  the  hiilure  of  one  par¬ 
ticular  fiber  direction  under  a  uniform  failure 
mode  throughout.  The  intersections  of  the  facets 
denote  the  simultaneous  failure  of  two  or  three 
fiber  directions,  depending  on  how  many  facets 
intersect.  Reference  12  even  includes  parametric 
studies  showing  the  smtill  effects  of  systematic 
variations  in  material  properties.  Yet  a  study  of 
Ref.  Id.  for  example,  will  show  an  endless  variety 
of  shtipes.  some  associated  with  different  fiber 
patterns  but  mtiny  causei.1  merely  by  ;i  chtinge  in 
the  level  of  degradation'  due  to  matrix  cracking'. 
Such  varitibility  does  not  inspire  confidence  in  a 
theory. 

The  author's  failure  model  for  composite  lami¬ 
nate  analysis  has  been  criticized  as  being  too 
simplistic  by  some  well-regarded  researchers.  A 
particular  stumbling  block  is  that  the  final  lailure 
envelope  shows  only  one  line  for  compressive 
failures  while  there  is  consitlerablc  evidence  that 
several  failure  moiles  ;ire  possible.  This  is  not 


Mcanin^Jiil  anti  illusory  c<»np(}siic  ftiiluir  tlworu's 


germane  to  the  level  of  analysis  being  performed 
here.  Also,  the  critics  seem  to  have  missed  the 
very  clear  coverage  of  both  shear  failures  of  the 
fibers  and  some  not  necessarily  defined  form  of 
compressive  instability,  depending  on  the  par¬ 
ticular  composite  material  under  investigation. 
The  author  is  interested  in  only  the  weakest  of  the 
possible  failure  mechanisms,  whatever  it  may  be. 
It  might  even  change  with  operating  environment 
and  certainly  changes  between  unidirectional  and 
cross-plied  laminate  patterns.  I'here  is  no  need 
for  the  author  to  address  this  issue  of  multiple 
possibilities  for  any  one  facet  of  the  failure 
envelope  because  the  experimentally  derived 
input  data  will  automatically  itlentify  the  weakest 
mechanism  provided  that  the  test  ci>upon  and 
fixture  are  representative  of  the  real  structure. 

The  reluctance  to  admit  that  the  art  of  predict¬ 
ing  the  strengths  of  composite  laminates  has  not 
been  perfected  is  apparent  in  a  response  to  the 
author's  attempts  to  find  interest  in  improving  the 
analvtical  techniques.  If  one  were  to  believe  the 
predictions  v>f  the  Tsai-Wu  'tailure  the<»ry‘,  for 
example,  one  wmild  be  forced  to  conclude  thtit 
the  underwater  compressive  strength  of  a  com¬ 
posite  siibmtirine  hull  couki  be  increased  substan- 
tialK  by  rediiciny’  the  interlaminar  and  hence 
transverse-tension  strength  of  the  lamina,  as 
expltiined  in  Fig.  I  While  many  got  the  message, 
one  response  was:  T  hat  sounds  like  a  gretit  idea. 
How  do  we  reduce  the  interlaminar  tension 
'•trength'.*' 

A  MAJOR  INCON.SI.STENC  V  IN  S TANnARD 
COMPO.SITK  KAILl  RE  THEORIE.S 

■Analvtical  predictions  of  strength  based  on  a 
combination  (d  orthogimal  unidirectional  tape 
liiyers  have  no  resemblance  whatever  to  the  pre¬ 
dicted  strengths  of  the  same  fibers  in  the  same 
resin,  in  the  form  of  a  cloth  laminate,  even  when 
the  two  laminates  have  precisely  the  same  elastic 
constiints  and  the  libers  htive  precisely  the  same 
failure  stress  or  strain.  T  he  issue  has  nothing  to  do 
with  kinks  in  the  wdven  fabric;  the  dissimilarity 
also  exists  when  the  bidirectional  lamina  is  made 
from  unkinked  dry  stitched  preforms  which  arc 
subsequently  impregnated  with  resin. 

Figure  1 6  illustrates  this  point  very  clearly.  T  he 
irreconcilability  is  quantified  in  Fig.  1 7  by  various 
analyses  of  0°  and  90°  and  laminates.  The 

analyses  arc  symmetric  about  the  diagonal  run¬ 
ning  from  the  lower  left  to  the  upper  right,  so  only 
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Fig.  16.  l  atai  It  aw  in  icns.'r  I’ltlMii'mial  ci'inpu'Mc  tailiirc 
criteria. 


half  of  each  is  shown,  with  the  ttipc'  analyses  in 
the  lower  right  and  the  equivtilem  cloth'  analyses 
in  the  upper  left.  Precisely  the  same  fiber  sirains- 
to-faiiure  are  used  throughout  the  tinalyses.  and 
the  output  of  the  tape  laminates  analysis  is  used  [i> 
define  the  ehistie  ct>nstam  inputs  for  the  eloth 
analvsis.  I  he  first-ply  failure  FPF  analyses  on 
the  right  of  the  figure  show  ;i  gross  underestima¬ 
tion  of  the  tensile  streitglhs.v  with  respect  to  both 
the  author's  theory  and  the  well-kmwvn  maxi¬ 
mum-strain  failure  motlel.  which  is  eompensateil 
for  bv  a  gross  overestimation  rd  the  compressiv  e 
strengths.  ITie  computer  code  then  'motlifies'  the 
tape  mtiterial  properties  and  recalculates  last-ply 
hiiliires  M  PF’]  which  appear  to  agree  much  better 
with  the  author's  theory.  Tsai's  leLluetion  in  trans¬ 
verse  stiffness  to  achieve  this  transformation  is 
directly  equivtilem  to  the  tiuthor's  re'c<mimenda- 
tions  in  Ref.  22.  There  was  concern  that  the 
predictions  of  the  BI.AC'KART  computer  eodc 
would  be  invaliviated  by  premature  transverse- 
tension  failures  of  the  type  responsible  for  the 
distortion  of  the  FPF  envelope  in  Fig.  1  7.  But  the 
author's  ;ippr»)t!ch  has  been  described  its  merely  ;i 


T  1  he  cusp  lit  ihc  Idti.xuil  tension  point  in  Fij;.  '>  results  from 
Swtinson's  inicrprctution  thiit  it  till  Ihc  laminae  arc  ct/udlh 
critical  accordinj:  to  the  t  I’l  .inaivsis,  no  enhancement  o! 
strength  is  possible  uiulcr  an  l.l’l  analysis.  Only  the  tians- 
versc  ply  properties  were  degraded  in  Fig.  I  7 
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(BOTH  ANALYSES  SHOULD  HAVE 
BEEN  THE  SAME  IF  THEY  HAD 
SCIENTIFIC  VAUDITY) 
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ludue.  Perhaps  it  would  have  appeared  miire 
seientilie  if  it  had  been  accomplished  by  a  com¬ 
puter  code. 

The  FPb  predictions  shown  in  the  upper  left  of 
big.  17  should  correspond  to  liber-dominated 
lailures  ami.  indeed,  they  agree  well  with  the 
author's  predictions,  apart  from  the  minor  prob¬ 
lem  of  physically  impossible  small  overestima- 
tioris  of  strength  w  henever  the  two  in-plane  stress 
components  ha\e  the  same  rather  than  opposite 
signs.  However,  this  apparent  reconciliation  is 
undermined  b\  further  computer  coding  in  the 
form  of  I.Pb  predictions  for  the  cloth  laminate 
which  are  significantly  weaker.  No  justification  for 
this  second  analysis  has  been  found  in  Tsai's  book, 
ami  no  physical  explanation  is  given  in  the  text 
accompanying  the  computer  code. 

However,  the  good  agreement  between  the 
cloth'  bPF  analysis  in  big.  17  and  the  author's 
analysis  reinforces  the  author's  repeated  claims 
over  the  years  that  the  mechanical  properties 
needed  for  predicting  the  strength  of  cross-plieil 
composite  laminates  are  those  prevailing  in  the 
cross-plied  laminate,  not  those  for  the  unidirec¬ 
tional  tape  laminate  in  isolation.  If,  instead  of 
proceeding  from  the  tape  to  a  cloth  analysis,  the 
process  had  been  reversed  to  establish  represen¬ 
tative  in-situ  mechanical  properties  for  the  uni¬ 
directional  ttipe  in  f/ie  pri'sciKV  oforl/ii’tmall'ihers. 
the  tape'  analysis  for  the  combination  of  unidirec¬ 
tional  tr  and  Pl)°  plies  would  also  have  been 
correct  hn  (ni.se  nil  the  pmlicted  failures  would 
have  been  fther-dominated.  The  only  thing  found 


w  rong  would  be  the  original  hypothesis  that  it  was 
appropriate  to  eretiie  a  composite  failure  model 
based  on  measured  tensile  and  compressive 
strengths  in  the  longitudinal  and  transverse  direc¬ 
tions  fora  unidirectional  tape  laminate. 

C  ON(  !,l  SION.S 

One  would  have  to  conclude  from  the  simplicity 
ot  the  author  s  len-lVrceni  Rule  for  approximate 
analysis  of  fibrous  composite  laminates  that  it 
should  be  extremely  difficult  to  develop  coni- 
puteri/erl  composite  failure  theories'  that  are 
incapable  of  correctly  predicting  the  uniaxial 
strengths  under  tension  and  compression.  Surpris¬ 
ingly.  the  literature  on  the  subject  shows  that 
many  authors  have  failed  to  predict  e\cn  these 
simplest  of  laminate  strengths. 

Of  the  well-establisheil  failure  models,  only  the 
empirical  maximum-strain  model  has  been  fouml 
by  the  author  and  others  to  lead  to  acceptable 
predictions  for  even  the  simplest  load  cases.  This 
same  theory  has  a' ready  been  confirmed  by 
experiment  to  be  valid  throughout  the 
tension-tension  ijuadrant.  And  the  author  expects 
that  It  vvill  eventually  he  proven  equally  valid 
throughout  the  compression  compression  qua¬ 
drant  when  reliable  test  data  re  generated.  How¬ 
ever.  this  theory  has  been  shown  to  be 
unacceptably  unconservative,  typically  by  fit)'';., 
for  the  in-plane-shear  loads  m  which  the  biaxial 
stresses  are  of  opposite  sign. 


Mi  ,iiiiHK' ;//;<  <  c  •>/;.  uniuh  :hi  .1  ■ 


It  It  wcro  lun  idt  this  in-[’i|;inc'-shcin  Lti.sc.  there 
wouid  be  no  eriieiion  In  uhieh  to  disliiiuiush 
Ivtueen  llie  niaxinuiin-strtim  lheor\  and  die 
tiutlior's  uenerali/alion  ol  the  Iresea  niaMimmi- 
shear-stress  laihiie  nioriel.  !  his  )->aitieiil;ii  Inaxiai 
stress  state  is  i  iiK  utl  in  seleetine  one  ot  the  two 
theories.  I  he  entiealitr  applies  ei|u;ill\  in  assess- 
tne  other  phvsically  plausible  Itiilure  niorlels.  some 
ol  nhich  ha\e  eoiisidertible  e\perinient;il  support 
tor  other  states  ol  stress.  For  instance,  as  show  n  in 
Fig.  .'s,  a  lailure  model  based  on  ;i  combination  ol 
notch  sensiti\it\  in  the  tension -tension  quadrant 
and  some  loini  ol  comc>ressi\c  iii'tabilitx  through- 
(uit  the  com|uession  compression  dom.un  cainnot 
be  challenged  except  lor  the  necti  to  tmd  a  third 
mechanism  ti'  eliminate  unaccc|'tably  uncoiiser- 
\ati\e  predictions  throughout  the  tension  com- 
picssion  shear  states  ol  bittxitil  stress.  Neither  the 
aiitho!  nor  anvune  cKe  is  m  a  posiIi^^n  to  clitiF 
lenge  such  theories  1!  the\  ,ire  not  tisscsscd  lor  </// 
state's  ol  umaxuil  anil  biaxuil  stresses. 

In  tipphing  and  presenting  the  gencr;ili/ed 
maximum-shciir-sticss  tailurc  model,  the  tuitiior 
has  already  ticknou leilged  the  need  to  provide  lor 
iit  Ic.ist  one  (hflcn'nt  hiilurc  nicch;imsm.  that  o| 
compressive  instability  lor  the  newer  high-strtiin 
carboti  libets  ol  verv  sm.ill  duimelcrs.  I  xpressing 
his  new  tailurc  thcorv  with  respeci  lo  the  stmiii 
pitine.  even  though  it,  is  really  ;i  stress-based 
criterion,  makes  it  easy  yo  superimpose  additional 
realistic  hiilurc  modes.  1  he  author  also  ticknovv- 
Icdges  the  ticed  lo  prov  ide  lor  but  only  nirclv  used 
transverse  matrix  crtieking  lor  such  composite 
niiiteiials  ;is  S-glass  libers  in  a  brittle  polvmer 
matrix. 

1  he  author's  lailure  model  is  set  apart  Ironi  the 
numerous  abstract  mathemtitical  theories  ot 
anisotropic  elasticilv  b\  additiomil  lailure  movies 
that  can  be  superimposed  on  the  btisic  shear 
lailure  envelope  for  the  libers  nifhoiti  altering  the 
predicted  strengths  lor  other  lailure  movies.  With 
Ihe  fictitious  smooth  curves  drawn  through  four 
unrelated  measured  strengths,  on  the  other  htind. 
;i  chtingc  m  any  otic  of  these  lour  ealihrtition 
points  iilters  every  predicted  strength  except  lot 
the  other  three  reterence  strengths.  A  weakness  in 
transverse  tension  strength,  for  e.xample.  would  be 
expected  to  cause  predictevl  increases  in  the  bi¬ 
axial  compression  strength,  while  premature  com¬ 
pressive  failure  by  instability  would  be  assvK'iated 
with  a  prediction  that  the  biaxial  tension  strength 
had  been  enhtinccd. 

ft  should  now  be  evident  that  the  innumerabic 
iibstract  mathematical  ‘failure  theories’  for  fibrous 


composites,  which  have  been  .u  km tw  ieiici  d  .m 
uiireh<iblc  In  iIkii  own  oneinatois  Pk-  m..nieiii 
thev  hail  to  invoke  piogii.sN!,e  l.iilu.u  snodils  i. 
achiev  e  aei  cemv  iit  w  iili  e\ '  11  ihe  inn.ixril  it.  sm,  au 
Ivevonvi  icviemptioii  as  usetui  sini1.iu1.1l  liesien 
tools  when  one  also  (.miside!'  llu.  biaxial  sin 
states 
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crall.  using  an  empirically  cstabiisfiet!  tinnoiied 
maxinunn-stram  model  ol  the  tvyic  shfiwn  ni  I  ic 

t) .  heloiv  llic  aiitlioi  IkkI  icexpicss^ai  Ins  own 
gcncrali/cvl  iiiaxiimim-shc;!! -stress  lailnie  tin 
tenon  111  the  strain  i.iihei  than  stress  plans 
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An  evaluation  of  equivalent-single-layer  and 
layerwise  theories  of  composite  laminates 

,1.  N.  Reddy 
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A  rcMcw  i)t  ci|uivalcnl-sinulc-hi\cr  ami  laNcrwiM.'  lamlnalc  ihcnriL'- 1'.  pic'-LiUcii 
and  their  eranputatiuiial  m<>deK  arc  disciivscd.  i  he  layerwise  lhei>r\  ad\anecd 
In  the  atithor  is  re\iened  and  a  variable  displacement  Unite  element  mudel  tniil 
the  mesh  superposition  le'ehnK|Ucs  are  deseiilvd.  I  he  'ariable  ihsplaeenieiti 
hniie  elements  contain  sescral  dilieieni  types  ol  assumed  dispiaeenieni  liekls 
Hv  ehoosini;  appropriate  terms  from  the  multiple  displacement  held,  tin  entire 
array  of  elements  with  different  orders  of  kinematic  refinement  can  be  lormeil 
1  he  callable  kinematic  finite  elements  can  be  eoncementK  eonneeted  loeethei 
111  .1  single  vioniain  for  ghibtil-loeal  tinalyses.  uhere  the  local  regions  are 
modeled  with  refined  kinemiatic  elements.  In  the  finite  element  mesh  super¬ 
position  technii|ue  an  independent  ocerlay  mesh  is  superimposed  on  a  global 
mesh  to  provide  loeali/eil  refinement  lor  regions  of  interest  regardless  o|  the 
original  global  mesh  topology.  Integration  of  these  two  nleas  vieUK  a  verv 
robust  and  eevrnomical  computational  tool  for  global-local  analysis  to  deter- 
I’line  three-dimensional  effects  e.g.  stresses  within  loeah/ed  regions  ol  interest 
in  practical  laminated  composite  struetures. 


1  INTRODl  C  TION 

Numerous  laminate  theories  have  been  proposed 
to  date  to  describe  the  kinematics  and  stress  slates 
tif  composite  laminates.  Most  of  these  theories  ;ire 
extensions  of  the  conventittnal.  single-layer  plate 
theories,  which  are  based  on  assumed  variation  of 
either  stresses  or  displacements  through  the  plate 
thickness: 

(p,  A.  V.  r.  / 1  =  «»"(. V.  y,  i\+  z(pl>x.  y.  n 

+  A:f’ci7.v. y,  r)+  ... 

\ 

=  L  ^  (f)','  X.  y.  o  'll 


The  governing  equations  of  motion  associated 
with  the  assumed  displacement  or  stress  field  can 
be  obtained  using  an  appropriate  principle  of 
virtual  work.'"  For  example,  when  0  .  i-  \  .  2.  x 
is  a  tiisplacement  ccmiponeni.  the  dynamic  \er- 
sion  of  the  principle  of  virtual  displacements  is 
used  to  derive  .^  .\  +  I  equations  of  motion, 
which  are  usually  expressed  in  terms  ol  stress 
resultants  through  the  thickness; 


/■=-().  1.2 . V  2 


where  0,  denotes  the  fth  stress  component  1-  1. 
2 . b.i. 


where  p.i  .v.  y.  2, /!  denotes  either  a  .stress  or  a 
displacement  component  in  the  plate,  (.v,  v)  arc 
the  inplane  coordinates.  2  is  the  thickness  coor¬ 
dinate.  !  denotes  time,  and  {y  =  (),  1.2 . /V) 

are  functions  of  x.  y,  and  t.  The  series  in  eqn  ( 1 ) 
can  be  terminated  at  a  desired  degree  of  the  thick¬ 
ness  coordinate,  i.e.  select  the  value  of  A  (A'=  1. 
2.  and  so  on).  The  spirit  of  these  theories  is  to 
reduce  a  three-dimensional  problem  to  a  two- 
dimensional  one;  see  Refs  1-13  for  pioneering 
works  in  the  field.  A  review  of  refined  theories  of 
plates  can  be  found  in  an  article  by  Noor  and 
Burton"  and  the  author.' ' 


o,,  =  fj,.  =  o.,  a..  =  o,.  ~  a.. 

r;,- =  o,,  =  a,,  3^ 

The  stress  components  are  assumed  to  be  known 
in  terms  of  the  displacement  functions  through 
the  strain-displacement  relations  and  the 

stress-strain  relations.  When  1,  2 . 6)  is 

a  stress  component,  the  dynamic  version  of  the 
principle  of  virtual  forces  is  used  to  derive 
6(A-i-l)  equations  of  motion.  Of  course,  mixed 
variational  principles  can  be  used  to  derive  the 
governing  equations  associated  with  assumed 
independent  expansions  of  displacements  and 
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stresses.  Stress-based  theories''  "  are  seldom  ased 
in  praetiee  beeause  ol  the  dilTiculty  in  deveUrping 
reliable  finite  element  models.  The  displacement- 
based  theories"  '  have  received  the  most  atten¬ 
tion  from  the  computational  mechanics 
community.  In  the  rest  of  this  paper  only  the  dis¬ 
placement-based  theories  are  discussed. 


2  DISPLACEMENT-BASED  SINGLE-LAYER 
THEORIES 

I  he  displacement-based  theory  of  order  1  d.e. 
\  =  1  is  derived  using  the  displacement  field; 

n,  .V.  c.  /  =  n'{X.  y.  /■  -i-r0|i.v.  u  /i 

//;  .V.  y.  t  =  //-  .V.  y.  /  •  +  :0-[x.  y.  n 

II :  .V.  y,  z.  I  ~  ii'lt  x.  V.  i '  4-  ■0;‘  X.  y.  r  J  4 ' 

where  ii  is  the  displacement  component  along  the 
v -coordinate  rlireetion  .v,  =-V.  .v.  =y.  V;  =  ■'.  I  he 
displacement  field  in  eqn  4  implies  that  straight 
lines  normal  to  the  .v  -  v  plane  before  deformation 
remain  straight  after  deformation.  Comparing 
eijiis  I  and  4  .  we  have  the  following; 


0i  =11.. 


0  =  0  . 


T=  1. 2.3^ 


It  is  clear  from  the  displacement  field  in  eqn  '4) 
that  u.  r.  tC'  are  the  displacements  of  a  point  on 
the  :  =  0  plane  in  the  three  coordinate  directions; 

n  = /r>.v.  c.  t)  i- ibai 

Also,  we  note  that 


The  classical  plate  ilicon  is  also  based  on  the 
displacement  field  in  eqn  4  .  but  with  the  addi¬ 
tional  assumption  concerning  the  slopes  0j  and 
0.; 


i.e.  lrans\erse  normals  before  deformation  remain 
m)rmal  to  the  deformeti  surface  at  :  =  (l.  In  sum¬ 
mary.  the  classical  phite  theory  is  based  on  the 
hypothesis,  known  tis  the  l.inc-Kinlihiifl  liypo- 
iliesis.  that  straight  lines  normal  to  the  a  -  v  plane 
before  deformation,  i'  remain  straight,  ii  in- 
extensible.  and  iiii  '  normal  to  the  r  =  <>  plane  alter 
deformation.  The  classical  plate  thcoiy  is 
governed  by  three  equations  ol  motion  in  terms  ol 
//".  u'l.  Il'l  '. 

I'he  second-order"  '  '  and  third-order 
theories-"  introduce  additional  unkniwans  that 
are  difficult  to  interpret  in  physietil  terms.  .All 
theories  in  which  the  normality  condition  m  eqn 
i.7'<  is  not  invoked  account  for  transverse  shetir 
and  normal  strains.  If  inextensibilitv  of  transverse 
normals  is  assumed,  the  transverse  normal  strain 
becomes  zero,  bdr  example,  the  third-order  themy 
of  Reddx  '^  is  biised  on  the  displacement 
field.'" 


iiyx.  r.  II  =  ii;  X.  /  -t-r0,  .V.  V,  t 


-t-  e  ~ 


©I  '  .v.  w  t:  + 


II S  X.  Z.  II  =  II  a,  .V.  V.  t  +  Z.0S  X.  \'.  t 


Cleometrically.  0,  and  -0.  denote  rotations  about 
the  y  and  .v  axes,  respectively,  and  0.  denotes  the 
elongation  of  a  transverse  normal  at  the  point 
.V.  \ !.  There  w  ill  be  six  equations  of  motion  in  the 
six  generalized  displacements  in".  0  i.  The  most 
commonly  used  first-order  plate  theory,'"  '  is 
based  on  the  displacement  field  of  eqn  (4)  with 
0,  =  ()  (i.e.  transverse  normals  are  inextensible); 
the  number  of  equations  of  motion  reduce  to  five 
in  terms  of  ii".  u\.  0|.  0i).  Since  the  traas- 
verse  shear  strains  are  constant  through  the  thick¬ 
ness,  the  transverse  stresses  would  also  be 
constant  through  the  thickness  --  a  contradiction 
with  the  elasticity  solution.  This  discrepancy  is 
remedied  in  the  energy  sense  by  introducing  the 
.shear  correction  factors. 


4  \  dll'- 

.wz  Tiv 


II -ix.  A'. t  i  =  ii'lix.  y.  r  S 

The  displacement  field  accommodates  quadratic 
variation  of  transverse  shear  strains  land  hence 
stresses i  and  vanishing  of  transverse  shear  stresses 
on  the  top  and  bottom  of  a  general  laminate  com¬ 
posed  of  orthotropic  layers.  Thus,  there  is  no 
need  to  use  shear  correction  factors  in  a  third- 
order  theory.  The  theory  was  eeneralized  in 
Ref.  31. 

Theories  higher  than  third  order  are  not  used 
because  the  accuracy  gained  is  so  little  that  the 
effort  required  to  .solve  the  eciuations  is  not  justi¬ 
fied.  In  all  conventional  displacement-based 


.1/;  cvithiiiiioii  itj  ci)»if>asiic  himinaic\ 


theories,  one  single  expansion  for  eaeh  displaec- 
ment  component  is  used  through  the  entire  thick¬ 
ness.  and  therefore,  the  transverse  strains  are 
continuous  through  the  thickness  —  a  strain  state 
appropriate  f(>r  homogeneous  plates. 

3  EQl  IV  ALENT-SINGLE-LAYER 
LAMINATE  THEORIES 

Extension  of  the  single-layer  theories  of  homo¬ 
geneous  plates  tt)  laminated  composite  plates  is 
straightforward."’  '  The  only  difference  is  in 
accounting  for  the  varying  layer  thicknesses  and 
material  properties  in  the  evaluation  of  the  inte¬ 
grals  in  eqn  i2:.  In  carrying  out  the  integration  it  is 
tacitly  assumed  that  the  layers  are  perfectly 
bonded.  For  laminated  composite  plates,  this 
amounts  to  replacing  the  heterogeneous  laminate 
with  a  statically  equivalent  (in  the  integral  sensei 
single  layer  whose  stiffnesses  are  a  weighted 
average  of  the  layer  stiffnesses  thiough  the  thick¬ 
ness.  Therefore,  such  laminate  theories  are 
termed  equivalent  single  layer  i  ESL  i  theories. 

For  many  applications,  the  F.SL  theories  pro¬ 
vide  a  sufficiently  accurate  description  <)f  the 
global  laminate  response  \e.g.  transverse  deflec¬ 
tion.  fundamental  vibration  frequency,  critical 
buckling  load,  force  and  moment  resultants).  The 
main  advantages  of  the  ESL  models  are  their 
inherent  simplicity  and  low  computational  cost 
due  to  the  relatively  small  number  of  dependent 
variables  that  must  be  solved  for.  However,  the 
ESL  models  are  often  inadequate  for  determining 
the  three-dimensional  stress  field  at  the  ply  level. 
I  he  major  deficiency  of  the  ESL  models  in 
modeling  composite  laminates  is  that  the  trans¬ 
verse  strain  components  are  continuous  acro.ss 
interfaces  between  dissimilar  materials:  thus,  the 
transverse  stress  components  if,.,  i\..  f  .)  are  dis¬ 
continuous  at  the  layer  interfaces,  lb  see  this, 
consider  the  linear  strain-displacement  relations 
for  the  first-order  shear  deformation  laminated 
plate  theory."'  ' ' 


E  =  +rf, 

1  /■  =  1 . 2. 6. 4 

where 

11  1 

fi  =  .  f, 
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We  note  from  eqn 

biai  that 

the  strains  vary 

linearly  through  the  laminate  thickness,  anti  they 
are  independent  of  the  lamination  scheme  as 
noted  earlier.  For  a  fixed  value  of  the  strains 
vary  only  with  respect  to  the  .v  and  \  coordinates. 
The  transverse  stresses  according  to  the 
stress-strain  relations  of  the  Ath  lamina  are  eiven 
b,v 

j  =  j  I  Itia 

(a,J  1^'b 

or 

;a;‘'  =  jL>l''if'*  i  lt)h 

where 

f-,  =  f...  fj  =  2f,..  f,  =  2f,.  11 

and  represents  the  matrix  of  material  stiff¬ 
nesses  ot  the  Ath  layer  referred  to  the  global 
coordinates  of  the  laminate.  Thus,  the  stresses  at 
the  interface  of  the  Ath  and  i  A  +  1  ist  layer,  ctilled 
interlaminar  stresses,  are  not  continuous  because 
and  !f'^  =  !fi*"'.  This  deficiency  is 
most  evident  in  relatively  thick  laminates,  in  local¬ 
ized  regions  of  complex  lotiding.  or  near  geo¬ 
metric  and  material  discontinuities. 

While  the  inplane  stres.ses  b;,,.  a,,,  o,  i  can  he 
computed  only  through  stress-strain  relations,  the 
transverse  stresses  (rr,..  a,.,  a.. i  can  be  computed 
through  either  the  constitutive  equations  or  the 
equilibrium  equations  of  three-dimensional  elas¬ 
ticity.  As  shown  above,  the  constitutive  equations 
give  discontinuous  interlaminar  stresses.  Alterna¬ 
tively.  the  equations  of  stress  equilibrium 
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can  be  used  to  compute  the  interlaminar  stresses, 
when  the  inplane  stresses  ia„.  a,,!  are  known. 
Integration  of  eqns  ( 12a.  b)  with  respect  to  ;  gives 
:a,-,  (7,-1.  which  then  can  be  used  in  eqn  I  I2c(  to 
determine  a...  It  is  found  that  even  this  approach 
gives  inaccurate,  but  continuous,  stress  fields  at 
the  layer  interfaces  for  thick  composites.  This 
inaccuracy  is  attributed  to  inaccurate  repre.senta- 
tion  of  the  inplane  stress  components  in  ESL 
theories. 


4  LAYERW ISE  L.YMINATE  THEORIES 

Unlike  the  ESL  theories,  the  laycrwi.se  theories 
assume  separate  displacement  field  e.xpansions 
within  each  material  layer,  thus  providing  a  kine¬ 
matically  correct  representation  of  the  strain  field 
in  discrete  layer  laminates,  and  allowing  accurate 
determination  of  ply  level  stresses.  Numerous 
displacement-based,  layerwise  laminate  theories 
have  appeared  in  the  l  .erature.’'  In  most  of 
these  layerwise  theories,  displacement  continuity 
across  layer  interfaces  is  enforced  via  constraint 
equations  that  allow  some  of  the  dependent  vari¬ 
ables  to  be  eliminated  during  the  model  develop¬ 
ment.  However,  in  the  layerwise  theory  of 
Reddy,"'  the  transverse  variation  of  the  dis¬ 
placement  field  is  defined  in  terms  of  a  one¬ 
dimensional.  Lagrangian,  finite  element 
representation  that  automatically  enforces  ('" 
continuity  of  the  displacement  components 
through  the  thickness,  resulting  in  transverse 
strains  that  are  layerwise  continuous  through  the 
thickness.  The  variation  of  the  displacements 
through  the  thickness  can  be  represented  to  any 
desired  level  of  accuracy  by  simply  increasing  the 
number  of  one-dimensional  finite  elements  ti.e. 
numerical  layers)  or  increasing  the  order  of  the 
transverse  interpolation  polynomials.  Thus,  the 
layerwise  theory  of  Reddy  provides  a  generaliza¬ 
tion  of  the  layerwise  displacement  field  concept. 

rhe  layerwise  theory  of  Reddy  is  based  on  the 
following  displacement  expansion  through  the 
laminate  thickness.  The  /th  displacement  com¬ 
ponent  is  expressed  as  (see  Fig.  I  i, 

\ 

n.i.v,  y,  ^  Li'i.v.  v. /)<!>/ it:)  (13) 

I  I 

w  here  <  /  =  1.2.  3 1.  X  is  the  number  of  subdivisions 
■c.g.  finite-element  discretization)  through  the 
thickness  of  the  laminate,  and  <Pi  are  known  func¬ 
tions  of  the  thickness  coordinate,  r.  The  resulting 


theory  will  have  3,V  variables  and  as  many  differ¬ 
ential  equations  in  two  dimensions.  An  advantage 
of  this  layerwise  theory  is  that  it  requires  onlv 
two-dimensional  finite  elements  while  incorpor¬ 
ating  the  kinematics  of  three-dimensional  elas¬ 
ticity. 

While  the  same  interpolation  functions  are- 
used  in  eqn  i  I3i  for  all  three  displacements  for 
simplicity,  independent  interpolation  of  the  dis¬ 
placements  (espe'cialy  ii-j  can  be  used.  The  func¬ 
tions  are  piecewise  continuous  functions, 
defined  only  on  two  tidjiicent  layers,  and  can  be 
viewed  as  the  gh>bal  L.agrange  interpolation  func¬ 
tions  iissociated  with  the  yih  interface  of  the  layers 
thr(mgh  the  laminate  thickness,  and  i  denotes 
the  nodal  values  of  n  at  the  nodes  through  the 
thickness.  Because  of  this  local  nature  of  d),.  the 
displacements  are  continuous  through  the  thick¬ 
ness  but  their  derivatives  with  respect  to  are  not 
continuous.  This  implies  that  the  transverse 
strains  can  be  disetmtinuous  at  a  point  /’  on  the 
discrete  layer  interfaces,  .  leaving  the 

possibility  that  the  interlaminar  stresses  computed 
from  the  layer  constitutive  equations  at  the  point 
from  the  twn  layers  can  be  cemtinurms; 

Fhe  inplane  strains  f,  will  be  continuous  and 
therefore  the  inplane  stresses  a,  will  be  discon¬ 
tinuous  at  layer  interfaces,  as  they  should,  because 
of  the  difference  in  material  properties  of  adjacent 
layers. 

The  choice  of  A  in  eqn  (13)  provides  the 
analyst  with  many  options  and  (lexibility  in 
modeling.  When  V  is  chosen  such  that  at  least  one 
element  per  layer  is  used,  the  interlaminar  stress 
distributions  can  be  determined  accurately.  The 
sublaminate  concept  can  be  used  to  model  several 
identical  layers  of  the  laminate  as  one  equivalent 
layer  by  choosing  one  element  through  the  layers. 
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On  the  other  hand,  a  layer  can  be  modeled  with 
more  than  one  element  to  represent  matrix  splits 
or  to  capture  local  effects.  In  addition,  the  layer- 
wise  theory  of  Reddy  can  be  used  to  model 
imbedded  delaminations  between  layers'^'  and 
study  their  growth. 

The  linear  strain-displacement  relations  as.so- 
ciated  with  the  layerwise  displacement  field  of  eqn 
(13) are 


dui^ 

f.,  =  fvv  =  T.-  =  ' 


a.v 


dv 


dz 


dc  oy 

dc  a.v 


dU'A 

,  dv  ^’a.v 


1 14) 


where  summation  on  repeated  indices  is  assumed. 

The  governing  equations  for  the  nodal  vari¬ 
ables  [U'l.Ui-Vi)  can  be  derived  u.sing  the 
principle  of  virtual  displacements.  The  equations 
of  motion  of  the  layerw  ise  theory  are 


dM[,  a.w',  ,  ..  , 


a,'/;.  ^  a;'/;. 

a.v  a\- 


dK[,  dK[,  ,  ..  , 

a,  •' 


115) 


for  /==1.  2 .  .V.  where  the  resultants  are 

defined  by 


(o,,.  a,,.  a,jd>,(-)d,-:. 


d<b, 

(a,,,  a,-,  o,-)  ,  d; 

h  ?. 


I  - 


h.: 


(a,,.  a,,)<l>,  d,-. 


A/„  = 


p<l>/<I>/  dt 


lb) 


where  h  is  the  total  thickness  of  the  laminate  and 
/;  is  the  material  density. 


Fiber-reinforced  composite  laminates  are 
constructed  of  orthotropic  layers,  with  the 
material  principal  axes  (x,.  .v.i  of  each  layer 
oriented  at  an  angle  with  respect  to  the  global 
coordinate  system  (,v.  y;  while  the  material  prin¬ 
cipal  coordinate  .v,  of  ail  layers  coincide  with  the 
global  c  axis.  In  the  layerwise  theory,  the 
stress-strain  relations  of  three-dimensional  elas¬ 
ticity  are  used.  For  a  typical  lamina,  we  have.' 


o,, 

O,- 

O.: 

O., 


‘r„  CY,  0  0  cy: 

k 

'f'n  ' 

C  -.  C'.,  0  0  ( 

C;-.  0  (»  C-.„ 

i.. 

Or;  C  <1 

< 

C',.  0 

2r,, 

sym.  r;„ 

The  stresses  can  be  written  in  terms  of  the  dis¬ 
placements  by  means  of  eqns  (14!  and  17  .  and 
the  resultants  in  ( 1 6  i  can  be  w  ritten  in  terms  of  the 
displacements  {I’,.  V,.  Wp  in  substituting  tor 
stres.ses  into  eqn  (Ibi.  Thus,  the  governing  dif¬ 
ferential  equations  can  be  ultimately  written  in 
terms  of  the  displacements.  U:  ‘ .  L' L  i:  '  •  and 
their  derivatives  w  ith  respect  to  .v  and  y. 


5  VARIABLE  KINETIC  FINITE  ELEMENTS 

While  layerwise  finite  elements  allow  accurate 
determination  of  three-dimensional  stress  fields, 
they  are  computationally  expensive  to  use  due  to 
the  large  number  of  degrees  of  freedom  per  ele¬ 
ment.  comparable  to  stacks  of  three-dimensional 
finite  elements.  Thus,  it  is  often  impractical  to 
discretize  an  entire  laminate  with  layerwise  finite 
elements.  Further,  for  many  laminate  applications, 
the  indiscriminate  use  of  layerwise  elements  is  a 
waste  of  computational  resources  since  significant 
three-dimensional  stress  states  are  usually  present 
only  in  localized  regions  of  complex  loading  or 
geometric  and  material  discontinuities.  A  logical 
idea  is  to  subdivide  the  laminate  into  regions  that 
can  be  adequately  described  by  ESL  models  and 
other  regions  that  require  some  type  of  layerwise 
model  (i.e.  a  simultaneous  global-local  strategy  ). 
In  this  way.  the  most  appropriate  model  is  chosen 
for  each  region,  thereby  increasing  solution 
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economy  without  compromising  solution  accur¬ 
acy.  Such  global-local  schemes  can  be  developed 
using  established  finite  element  tcchnology;''- 
however.  currently  available  methods  make 
implementation  e.xtremely  cumbersome.  The 
primary  source  of  difficulty  is  the  enforcement  of 
displacement  continuity  across  boundaries  that 
separate  incompatible  subdomains.  Currently 
established  methods  of  achieving  displacement 
continuity  between  incompatible  regions  include 
ii  multi-point  constraint  equations  via  Lagrange 
muitipliers,  (ii)  penalty  function  method.s,  and  (iiii 
special  transition  elements.  Each  of  these  methods 
is  too  cumbersome  for  extensive  use  under  a 
wide  \ariety  of  operating  conditions.  Thus,  there 
is  a  need  for  the  development  of  a  global-local 
analysis  procedure  that  prosides  greater  robust¬ 
ness,  simpler  computer  implementation,  and 
v.ider  applicability  to  practical  composite  struc¬ 
tures. 

I'o  overcome  the  limitations  of  the  current 
procedures  used  in  the  global-local  finite  element 
tmtilysis.  a  variable  displacement  field  concept 
was  proposed  by  the  author  and  his  col¬ 
leagues.''  The  variable  displacement  field  is  a 
sum  of  all  admissible  displacement  fields,  single 
layer  as  w  ell  as  la;,  erwise.  so  that  appropriate  part 
of  the  displacement  field  can  be  invoked  in  a  given 
region  of  the  domain.  The  finite  elements  based 
on  different  displacement  fields  can  be  connected 
together  in  a  single  domain  for  global-local 
analysis.  To  further  reduce  the  computational 
effort  the  mesh  superposition  is  employed.  In  the 
mesh  superposition  technique,  an  independent 
overlay  mesh  is  superimposed  on  a  global  mesh  to 
provide  localized  refinement  for  regions  of  inter¬ 
est  regardless  of  the  original  global  mesh  topo¬ 
logy.  Integration  of  varitible  kinematic  elements 
and  mesh  superposition  technique  yields  a  very 
robust,  economical  analysis  for  global  l•>cal 
analysis  of  practical  laminated  composite  struc¬ 
tures. 

rile  variable  kinematic,  finite  element  is  devel¬ 
oped  by  superimposing  several  types  of  assumed 
displacement  fields  within  the  finite  element 
domain.  In  general,  the  multiple  assumed  dis¬ 
placement  field  can  be  expressed  as 

u;. X.  y.  zi  =  u,  I x.  y,  c !  -I- 1/ ,  i -V,  y.  ~ ), 

(/=1.2,3)  (IX) 

where  iq  and  /q  arc  the  local  inplane  displace¬ 
ment  components  and  u  's  the  local  transverse 
displacement  component.  I  he  coordinates  (x,  y) 


represent  the  inplane  coordinates  and  c  is  the 
transverse  coordinate,  d  he  underlying  foundation 
of  the  displacement  field  is  provided  by  ix  ' 
which  represents  the  assumed  displacement  field 
for  any  desired  equivalent-single-laver  theory  c.g. 
the  first-order  shear  deformation  theory  -.  The 
second  term  represents  the  assumed  displace¬ 
ment  field  for  any  desired  layerwise  theory  -e.g. 
the  layerwise  theory  of  Reddy-.  I'he  layerwise 
displacement  field  is  included  as  an  incremental 
enhancement  to  the  basic  ESL  displacement  lield. 
so  that  the  element  can  have  full  three-dimen¬ 
sional  modeling  capability  when  needed.  Depend¬ 
ing  on  the  desired  level  of  accuracy,  the  element 
can  use  all.  part,  or  none  of  the  laycrvsise  field  to 
create  a  scries  of  different  elements  having  a  wide 
range  of  kinematic  complexity.  For  example,  dis¬ 
crete  layer  transverse  shear  effects  can  be  added 
to  the  element  by  including  n,"  and  resulting 
in  a  layerwise  element,  which  we  denote  as  the 
LVVl  clement.  Further,  discrete  layer  transverse 
normal  effects  can  be  added  to  the  element  by 
also  including  td;".  resulting  in  another  layerwise 
element  which  we  denote  as  the  LVV2  element. 
Displacement  continuity  is  maintained  between 
these  different  types  of  elements  by  simply  enforc¬ 
ing  certain  homogeneous  essential  boundary  con¬ 
ditions  (see  Fig.  2!.  thus  eliminating  the  need  for 
multi-point  coiistiaints.  penalty  function  methods, 
or  special  transition  elements.  Such  variable  kine- 
mtilic  plate  elements  htne  been  developed  by 
Robbins  and  Reddy'"  '  and  show  much  potential 
for  a  wide  variety  of  global-local  analysis  of  com¬ 
posite  plate  problems. 


6  .VIESH  si  PERPOSmON  TECHMQl  E 

The  use  of  hierarchical,  variable  kinematic,  finite 
clement  concept  provides  a  convenient  means  of 


Fig.  2.  Siigcrpositii'ii  of  ihc  firsl-ordcr  shear  dcforiTiation 
theory  displacement  held  anti  layerwise  tlisplaeement  lield. 
Defornialioti  of  the  transverse  normal  AH  in  the  tr  plane 
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simultaneously  discretizing  subregions  of  a  single 
computational  domain  with  different  theories. 
Thus,  the  analyst  can  use  the  most  appropriate 
theory  for  each  subregion  of  the  domain.  How¬ 
ever,  the  efficiency  of  a  global-local  analysis 
based  solely  on  variable  kinematic  elements  is  still 
strongly  dependent  on  a  priori  knowledge  of  the 
locations  of  subregions  that  require  the  more 
powerful  layerwise  elements.  This  limitation  is 
1.1  uc  to  the  requirement  that  the  inplane  discretiza¬ 
tions  of  adjacent  subregions  must  be  compatible 
across  subregion  boundaries.  The  removal  of  this 
restriction  would  result  in  a  very  general,  robust 
global-local  computational  model.  In  keeping 
with  the  hierarchical  modeling  philosophy  of  the 
previous  section,  the  finite  element  mesh  super¬ 
position  technique  isee.  for  e.xample.  the  recent 
ptiper  by  Fish'^'j  is  chosen  as  the  means  to  remove 
the  strong  dependence  of  initial  mesh  topology 
upon  global-local  solution  efficiency. 

The  mesh  superposition  method  is  an  adaptive 
refinement  technique  that  creates  refined  areas 
within  a  chosen  crude  finite  element  mesh  by 
superimposing  independent,  refined  meshes 
overlay  meshes)  on  the  original  mesh.  No 
changes  are  made  to  the  original  mesh  during  the 
superposition  process.  The  mesh  superposition 
method  is  adaptive  in  the  sense  that  the  size, 
shape  and  ultimate  location  of  the  overlay  mesh  is 
based  on  the  solution  provided  by  the  original 
mesh  alone.  The  overlay  mesh  and  the  original 
mesh  need  not  have  a  compatible  discretization; 
the  overlay  mesh  can  be  used  to  provide  enhanced 
interpolation  capability  precisely  where  it  is  mo.st 
needed,  regardless  of  the  original  mesh. 

To  illustrate  the  mesh  superposition  idea,'^ 
consider  the  two-dimensional,  displacement-based, 
finite  element  model  of  an  elastic  solid  shown  in 
Fig.  3.  The  original  coarse  mesh  occupies  a  region 


Fig.  3.  Finite  element  mesh  superptisiiion  showing  a 
coarse  4  x  .3  global  mesh  and  an  independent,  refined,  5  x  5 
overlay  me.sh  (shaded). 


R„  with  boundary  .V,,  (i.e.  the  rectangle  .ABC'D  . 
Assume  that  a  solution  obtained  with  the  original 
4x3  mesh  indicates  high  displacement  gradients 
in  a  subregion  enclosed  by  boundary  .S,  i.e. 
the  quadrilateral  region  EFGDi.  An  independent 
overlay  mesh  is  then  constructed  corresponding 
to  the  subregion  W,  and  this  overlay  mesh  is 
superimposed  on  the  original  mesh  to  form  a 
composite  mesh.  The  total  displacement  field  u 
for  the  resulting  composite  mesh  is  then  defined 
as  follows; 

u  =  u"  +  u'  in«|  14a 

and 

u  =  u''  in/^i,-/^i  14b 

where  u  is  the  total  displacement  field,  u '  is  the 
displacement  field  interpolated  im  the  original 
4x3  mesh,  and  u'  is  the  additional  displacement 
field  interpolated  on  the  .s  x  5  overlay  mesh.  Note 
that  u'  serves  as  an  incremental  enhancement  to 
the  global  solution  within  region  W,.  A  new 
solution  is  then  computed  ba.sed  on  the  multiple 
displacement  field,  which  permits  an  enhanced 
representation  of  the  solution  within  subregion 
R^.  Note  that  the  process  of  forming  a  composite 
mesh  docs  not  require  altering  the  original  mesh. 
An  important  consequence  of  the  multiple  dis¬ 
placement  fields  is  that  the  original  mesh  and  the 
overlay  mesh  need  not  have  compatible  discreti¬ 
zations  along  the  boundary  .Sj ,  since  C  ],  continuity 
of  the  displacements  across  .V,  is  imposed  by  pre¬ 
scribing  homogeneous  essential  boundary  condi¬ 
tions  t)n  the  additional  displacement  field  u'; 

u'=()  on,V|C,S',,  20  i 

(i.e.  along  EFCi).  Homogeneous  essential  bound¬ 
ary  conditir)ns  on  u'  arc  not  required  akmg  the 
boundary  .V, (i.e.  along  EDG)  unless  EDG 
happens  to  be  part  of  a  Dirichlet  boundary  (i.e. 
boundary  where  the  solution  u  is  specified  !  for  the 
problem  as  a  whole.  By  circumventing  the  mesh 
compatibility  requirement  along  .S,.  a  tremendous 
amount  of  llexibility  is  provided  for  the  construc¬ 
tion  of  the  overlay  mesh,  and  the  adaptive  refine¬ 
ment  process  can  proceed  in  an  optimal  manner 
regardless  of  the  original  mesh  topology. 

The  assembled  finite  element  equations  of  the 
global-local  analysis  with  mesh  superposition 
technique  are  of  the  form. 


[Kn] 

fk/,1 

\Kn] 

m]. 
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where  [/C,,)  and  [/C2j)  represent  the  independent 
stiffness  matrices  for  the  global  mesh  and  local 
overlay  mesh  respectively,  the  submatrices  [Ivpj 
and  [^'21]  represent  the  stiffness  matrices  associ¬ 
ated  with  the  coupling  between  the  global  and 
overlay  meshes,  and  Id ,  |  and  {(^2!  denote  the  nodal 
degrees  of  freedom  associated  with  the  global  and 
local  meshes  respectively.  Thus,  the  process  of 
creating  a  composite  mesh  by  adding  an  overlay 
mesh  to  an  original  global  mesh  destroys  the 
banded  nature  of  the  composite  system  of  equa¬ 
tions.  This  process  is  illustrated  in  Figs  4  and  5.  In 
Fig.  4,  one  quadrant  of  a  2x2  global  mesh  is 
superposed  by  an  independent  2x2  local  mesh  to 
form  a  composite  mesh.  The  local  elements  can 
be  different  from  the  global  elements,  both  in 
terms  of  the  degree  of  interpolation  as  well  as  the 
theory  (or  mathematical  model)  on  which  they  are 
based.  In  the  composite  stiffness  matrix.  Fig.  5 
shows  the  composite  stiffness  matrix  in  terms  of 
zero  and  nonzero  entries  for  the  composite  mesh 
of  Fig.  4.  While  both  f/v,,]  and  (^.'22!  retain  the 
usual  banded  form,  the  presence  of  the  coupling 
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Composite  System  of  Equations 
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tie.  4.  Finite  ulcnicnl  mesh  superposition  showing  the 
structure  of  the  composite  system  of  equations. 


stiffnesses  (jA'pj  and  1^2,])  destroys  the  banded 
nature  of  the  composite  stiffness  matrix,  thus  a 
conventional  direct  banded  equation  solver  is 
inefficient.  Due  to  the  incremental  additive  nature 
of  the  variables  interpolated  on  the  overlay  mesh. 
{c/il'lOi  provides  a  reasonable  starting  estimate 
for  {rfiS-  Thus,  the  following  iterative  method  is 
u.sed  to  solve  the  composite  system  of  equations: 

Stepl.  Setlf/2[  =  i0) 

Step  2.  SolvefA,,]{rfj}  =  l/'',|  A,2|{rf2) 

for|r/|| 

Step  3.  Solve  [^221)^^21  =  (/wi  - !  A2,Hr/|i 
for  { d. ! 

Step  4.  Repeat  steps  2  and  3  until  convergence 
is  achieved. 


7  NUMERICAL  RESULTS 

7. 1  Accuracy  of  the  layerwise  theory 

Numerical  results  are  pre.sented  here  to  illustrate 
the  accuracy  of  the  laycrwi.se  theory.  The  numeri¬ 
cal  results  were  obtained  using  a  displacement 
finite  element  model  of  the  layerwise  theory 
described  above.  The  reader  is  referred  to  the 
paper  by  Robbins  and  Reddy'"  for  a  description 
of  the  finite  element  model  and  additional 
numerical  results. 

C'onsider  a  cross-ply  laminate  (0/90/0)  sub¬ 
jected  to  sinusoidal  transverse  load  at  the  top 
surface  of  the  plate.  This  problem  has  the  three- 
dimensional  elasticity  solution.’"  1  ne  plies  are  of 
equal  thickness  (/2/3).  and  the  material  properties 
of  each  ply  are 

£i  =  25  msi,  E^  -  I  msi,  Ex^  E.,  G,2  =  0-5  msi. 


[K,,]  [Ki2] 
|K2i]  IK22] 


Fig.  5.  Form  of  the  stiffness  matrix  for  the  comprrsite  mesh. 
Nonzero  entries  are  indicated  by  dark  areas.  Banded  nature 
is  lost  due  to  extensive  coupling  between  global  and  overlay 
meshes. 


(7, ,  =  (r^x-O-I  msi.  t'p  =  V| ,  =  V,.  =  0-25  (22 1 

The  intensity  of  the  sinusoidally  distributed  load 
is  denoted  r/,,.  Two  different  finite  element  meshes 
are  used.  The  two  meshes  differ  from  each  other 
only  in  the  mesh  refinements  through  the  thick¬ 
ness.  A  2  X  2  mesh  of  eight-node  quadratic  ele¬ 
ments  is  used  in  a  quadrant  of  the  laminate.  The 
mesh  used  through  the  thickness  are  as  follows 
(see  Fig.  6): 

Mesh  1  —  three  quadratic  elements  through 
the  thickness  (44 1  dof). 

Mesh  2  —  six  quadratic  elements  through  the 
thickness  (969  dof). 
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Fig.  6.  Finite  element  meshes  t)f  laycrwisc  elements  used 
for  a  three-layer  (0/‘i0/0>.  simply-supported  square  laminate 
under  sinusoidal  transverse  load.  Mesh  1  is  shown  in  the 
figure;  mesh  2  differs  only  in  doubling  the  number  of  layer- 
wise  elements  through  the  thickness. 


Fig.  7.  Distribution  of  inplane  normal  stress  a,,  through 
the  thickness  of  a  three-layer  (O/'fO/O).  simply-supported 
square  laminate  under  sinusoidal  transverse  load. 


Fig.  8.  Distribution  of  transverse  shear  stress  a,,  through 
the  thickness  of  a  three-layer  (0/90/0),  simply-supported 
square  laminate  under  sinusoidal  transverse  load. 


Figures  7  ctnd  8  contain  plots  of  nondimensittnal 
stresses  (a,,,  a,.)  through  the  thickness  of  the 
square,  thick,  laminate  (/>//?  =  4'  The  stresses  are 
nondimensionalized  as  fellows: 

a,^  =  a,Sa,,a,.z)h-l{h-qJ 

d,-  =  .  r/, .  z)hHhqi,)  '  23 ; 

where  fl,  =  (M05662(/t/2).  d^,  =  ()-894338;d/2i 
are  the  (reduced  order)  Gauss  points  closest  to  the 
points  of  maximum  stresses,  'f'he  coordinate 
system  is  taken  in  the  midplane  of  the  laminate, 
with  the  origin  of  the  coordinate  system  being  at 
the  center  of  the  laminate.  In  Figs  6  and  7.  the 
solid  line  represents  the  three-dimensional  elas¬ 
ticity  solution  of  Pagano.^'’  the  solid  circles  repre¬ 
sent  the  finite  element  stresses  at  the  Gauss  points 
for  mesh  1,  the  open  circles  represent  the  finite 
element  solution  at  the  Gauss  points  for  mesh  2 
(refined),  and  broken  lines  correspond  to  the 
classical  and  first-order  theories.  Excellent  agree¬ 
ment  is  found  between  the  three-dimensional  elas- 
tieity  results  and  the  finite  element  results  based 
on  the  layerwise  laminate  theory.  The  deflection 
«V(.v,  y)  coincides  with  the  exact  three-dimen¬ 
sional  elasticity  solution  and  is  not  shown  here. 

All  stresses  in  the  layerwise  theory  were  com¬ 
puted  in  the  post-computation  using  the  displace¬ 
ment  field,  linear  strain-displacement  relations, 
and  linear  constitutive  relations.  The  inplanc 
normal  stress  (a,,)  in  the  cla.ssical  laminate  theory 
(CLT)  and  the  first-order  sheai  deformation 
(FSD)  theory  were  post-computed  at  the  Gauss 
points  using  the  constitutive  equations.  The  trans¬ 
verse  shear  stress  o,.  in  the  CLT  was  post- 
computed  from  the  first  two  equilibrium 
equations  of  the  three-dimensional  elasticity, 
whereas  they  were  post-computed  in  the  FSD 
both  from  constitutive  and  three-dimensional 
elasticity  equations. 

From  the  plot  of  the  inpiane  normal  stress  <7„. 
it  is  seen  that  both  CLT  and  FSD  predict  wrong 
sign  of  the  stress  at  the  layer  interfaces.  This  is  due 
to  the  fact  that  the  stress  is  approximated  in  the 
classical  and  first-order  theories  by  a  linear 
expansion.  In  trying  to  best  approximate  the  non¬ 
linear  stress  distribution  by  a  linear  variation, 
both  CLT  and  FSDT  yield  wrong  interface  stress 
values.  This  can  lead  to  inaccurate  prediction  of 
failure  load  and  failure  mode.  The  equilibrium- 
based  stress  (7,  from  the  single-layer  theories  is  in 
considerable  error  compared  to  the  three-dimen¬ 
sional  elasticity  solution;  in  fact,  they  predict 
maximum  value  of  a,,  in  the  middle  layer  while 
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the  three-dimensional  elasticity  gives  in  the  outer 
layers.  Note  that  the  error  introduced  in  the  com¬ 
putation  of  the  inplane  stresses  (o,,.  o„,  a„i 
through  constitutive  equations  will  influence  the 
accuracy  of  the  transverse  stresses  computed 
using  the  equilibrium  equations.  The  transverse 
shear  stress  computed  in  the  FSD  by  constitutive 
equations  is  in  qualitative  agreement  with  the 
three-dimensional  elasticity  results.  For  all 
stresses,  the  layerwise  theory  yields  accurate 
results. 

7.2  Global-iocal  analysis  with  variable  kinematic 
elements 

To  demonstrate  the  accuracy  and  efficiency  of  the 
variable  kinematic  finite  elements,  a  global-local 
analysis  is  performed  to  determine  the  nature  of 
the  free  edge  stress  field  of  the  free  edge  effect  in  a 
thick,  symmetric  angle-ply  laminate  under 
imposed  axial  e.xtension.^'  Consider  a  thick,  sym¬ 
metric,  angle-ply  laminate  1 4,3/ -4.3)^  subjected  to 
axial  displacements  on  the  ends.  The  laminate  has 
a  length  of  2L.  width  2  HI  and  thickness  4/t.  with 
/..  =  IdU  and  W=H/i  (see  Figs  9  and  10).  F.ach  of 
the  four  material  layers  is  of  equal  thickness  h, 
and  is  idealized  as  a  homogeneous,  orthotropic 
material  with  the  hvllowing  properties  expressed 
in  the  material  coordinate  system: 

I-.,  =  20  X  1  ()'■  psi.  I'j  =  /'./  =  2-1x1  ()'-‘psi, 

V/  ~  b  b,3  X  10"  psi, 

=  =  =  !-4i 

where  subscript  L  denotes  the  direction  parallel 
to  the  fibers,  subscript  7  denotes  the  inplane 
direction  perpendicular  to  the  fibers,  and  sub¬ 
script  r  denotes  the  out-of-plane  direction.  The 
origin  of  the  global  cixirdinate  system  coincides 
with  the  centroid  of  the  three-dimensional  cr)m- 
positc  laminate.  The  ,v-coordinate  is  taken  along 
the  length  of  the  laminate;  the  y-coordinatc  is 
taken  along  the  width  of  laminate;  and  the  c- 
coordinate  is  taken  through  the  thickne.ss  of  the 
laminate.  Since  the  laminate  is  symmetric  about 
the  -vy-plane,  only  the  upper  half  of  the  laminate  is 
modeled.  Thus  the  computational  domain  is 
defined  by  ( --  Is  x<  L.  -  Ws  y<  IT,  0  <  c  <  2 h ). 
The  displacement  boundary  conditions  for  this 
problem  are; 

M|(L,  y.  =  -/.,y.  zj=(k 

0)=0, 

{))=()  (25) 


The  variable  kinematic  finite  elements  are  used  in 
a  global-local  analysis  to  determine  interlaminar 
free  edge  stre.‘-‘cs  near  the  middle  of  one  of  the 
two  free  edges  (sec  Figs  9  and  10-.  The  global 
region  is  modeled  using  first  order  shear  deform¬ 
able  elements;  the  local  region  is  modeled  v.ith 
LW2  elements  in  order  to  capture  the  three- 
dimensional  stress  state  near  the  free  edge.  Five 
different  finite  element  meshes  are  used.  The 
inplane  discretization  for  all  five  meshes  is  exactlv 
the  same,  consisting  of  a  5  x  ]  ]  mesh  of  eight- 
node  quadratic  two-dimensional  finite  elements. 
All  elements  have  the  same  length  2/,/5  .  How¬ 
ever.  the  width  of  the  elements  decreases  as  the 
free  edge  at  l.v.  H;  ci  is  approached.  The  widths  of 
the  eleven  rows  of  elements,  as  one  moves  awav 
from  the  refined  free  edge  are  /i/16.  /;/lb,  /?  b. 
/!/4.  /(/2.  h.  h.  2h.  2h.  3/i.  5/?.  where  h  is  the  plv 
thickness.  The  five  meshes  differ  only  in  the  size 
of  the  local  region  that  is  discretized  with  IM  2 
elements.  The  7.11  2  elements  used  in  the  local 
region  employ  eight  quadratic  layers  through  the 


LZW  =  10  i  I  Local  Region  fLW2) 

W/h  =  8  y  1  7_“  Global  Region  (FSD) 
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Fig.  10.  I  .ayerwisc  discretization  of  the  local  region 
(through  the  thickness)  near  the  free  edge  of  a  (  +45/-45S, 
laminate  under  axial  extension. 
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laminate  thickness  (four  per  material  layer).  The 
thickness  of  the  numerical  layers  decreases  as  the 
,-^45/ -45 1  interface  is  approached.  From  bot¬ 
tom  to  top,  the  laver  thicknesses  are  ()-533/t, 
()-267/(.  01 33/;.  ()  ()83/;,  ()-()83/;.  01 33/;.  ()-267/?. 
0-533/;  (see  Fig.  9). 

The  five  meshes  used  in  this  problem  are  sum¬ 
marized  belovs  ( see  Table  1 ). 

•  Mesh  /  — 3x4  local  mesh  of  LW2  ele¬ 
ments,  centered  about  the  point  (0.  VVl  0). 
The  IA\  2  elements  extend  a  distance  of  /;/2 
away  from  the  free  edge  (2354  active  global 
dof  i. 

•  Mesh  2—3x5  local  mesh  of  /.U'2  ele¬ 
ments,  centered  about  the  point  (0.  IT  Oi. 
The  /.U  2  elements  extend  a  distance  of  /; 
away  from  the  free  edge  i2740  active  global 
dof  . 

•  Mesh  ,/~3x6  local  mesh  of  IA\'2  ele¬ 
ments.  centered  about  the  point  (0.  \V.  Os. 
The  /.IV2  elements  extend  a  distance  of  2/; 
away  from  the  free  edge  l3226  active  global 
dof  . 

•  Mesh  4—3x7  local  mesh  of  /.U'2  ele¬ 
ments.  centered  about  the  point  (0.  IT  Ol 
The  /.U  2  elements  extend  a  distance  of  3/; 
assay  from  the  free  edge  i35 1 2  active  gUsbal 
dot  . 

•  A/cs/;  —  5  X  I  1  mesh  of  IA\  2  elements  in 
the  entire  domain.  This  mesh  is  used  as  a 
eontroi  mesh  for  comparison  9116  active 
global  tiof  . 

Figures  I  1  and  1 2  shosv  the  distribution  of  the 
interlaminar  stress  r;,.  and  o...  respectively, 
through  the  laminate  thickness.  All  stresses  are 
nondimensionalized  by  multiplying  them  by  the 
factor :  2()f  |,//.,  i.  where  is  the  nominal  applies! 
axial  strain  s)f  ■  u^J2l.  i.  The  stresses  are  computed 


liihlc'  t.  filobal  local  finite  element  meshes  used  in  the 
study  of  the  free  edge  problem 


N'umher  of 

Width  of 

lotal 

elements  in 

local 

iietive 

local  region 

region 

llof 

Mesh  1 

.4  X  -t 

/r/2 

2.4.64 

Mesh  : 

-4  X  5 

h 

2740 

Mesh  ,4 

4x6 

2li 

.4226 

Mesh  4 

.4  X  7 

Ml 

.4612 

Mesh  -s 

.“4  X  1  1 

16/) 

ul  16 

'  I  he  total  inpianc  discrcti/tition  for  all  five  jtlobal  local 
meshes  is  5  /  1  1 . 


at  the  reduced  Gauss  points  nearest  the  middle  of 
the  refined  free  edge.  i.e.  along  the  line  - O- 1  1  5/,. 
0998  fT  Z).  In  Fig.  II.  all  lour  global  -local 
meshes  compare  very  well  with  the  control  mesh. 
In  Fig.  12,  meshes  1  and  2  show  some  error,  indi¬ 
cating  thiit  a.,  is  more  sensitive  to  the  mesh  tind 
the  boundary  layer  thickness  is  larger  than  that  of 
a,-.  Meshes  3  and  4  are  practically  indistinguish¬ 
able  from  the  control  mesh. 

F'igures  I  3  and  14  show  the  distribution  of  the 
interlaminar  stresses  a,,  and  r; ...  respectively, 
across  the  width  of  the  laminate  near  the  -^45 
-45)  interface.  The  stre.sses  are  computed  at  the 
reduced  Gauss  points  closest  to  the  line  O.  v.  h  . 
i.e.  along  the  line  i  -01  \5L.  v.  1-014/;  .  In  both 
Figs  13  and  14.  the  interlaminar  stresses  com¬ 
puted  with  meshes  3  and  4  are  very  close  to  the 
stre.sses  obtained  with  the  control  mesh.  Once 
again,  the  stresses  computed  with  meshes  1  and  2 
.show  a  slight  error;  however,  the  disttibutions  are 
qualitatively  similar  to  the  other  meshes. 


Fiu.  II.  Imcihiniinar  shear  stress  ilisinl->iniim  near  the 
tree  edge  of  a  symmeirie  4.-^  -4.s  lanuiwte  under  axial 
extension. 
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Fig.  12.  Interlaminar  normal  siess  o  tlisirihulion  ne:ir  the 
free  edge  of  a  symmetric  '  +4,s/"  4s!,  laminate  under  axuil 
extension. 
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Fig.  13.  Interlaminar  shear  stress  rr,.  distribution  across  Fig.  !5.  C  ylindrical  bending  of  a  cantilever  plate  with  ,i 

the  width  of  a '  +4.s/-4r'\  laminate  under  axial  extension.  surface  bonded  piezoelectric  actuator  strain  induced  in  the 

actuator=-M)  '  . 


Fig.  14.  Interlaminar  normal  stress  «;  -(>  I  I  .s/..  y. 

I  itld/)  distribution  across  the  width  of  a  *-45  -d.'s  , 
laminate  under  axial  extension. 


Global  Region.  8  FSD  elements 

Local  Region.  13  LW2  elements 
4  layers  througn  piezoeiectnc 

3  layers  througn  adhesive 

4  iayefs  through  afurninufii 


Fig.  16.  Finite  clement  mesh  used  to  model  the  cylindric.il 
bending  of  a  cantilever  plate  with  a  surface  bonded  pie/o- 
eleelric  actuator.  Variable  kinematic  elements  are  used  to 
permit  the  simultaneous  use  ot  two  different  mathematical 
models  or  theories  . 


7.3  Variable  kinematic  elements  and  mesh 
superposition 

lo  illustrate  the  utility  of  combinintt  the  variable 
kinematic  element  concept  with  the  mesh  super¬ 
position  technique,  consider  the  cylindrical  bend¬ 
ing  ol  a  cantilever  plate  by  ;t  surface  bonded 
pie/oeleetrie  actuator  shown  in  f  ig.  15.  I  he 
objeetive  of  the  analysis  is  to  determine  the  trans¬ 
verse  stresses  in  the  thin  adhesive  layer  near  the 
end  of  the  actuator.  The  local  region  of  interest, 
where  significant  three-dimensional  stresses  arc 
expected,  is  shi'wn  in  Fig.  I  5.  If  this  problem  is  to 
Ire  solved  by  variable  kinematic  finite  elements,  in 
order  to  capture  these  local  ihrcc-dimc-nsional 
stresses  while  maintaining  an  overall  economical 
solution,  the  majority  of  the  plate  should  be  dis¬ 
cretized  using  FSD  elements  while  the  local 
region  of  interest  be  discretized  using  the  /,VV2 
elements  (see  Fig.  16  ). 

Figure  1 7  shows  the  computed  transverse 
stresses  in  the  center  of  the  adhesive  layer  verses 


Fig.  17.  Distribution  of  transverse  stresses  along  the  eenter 
of  the  ailhesive  layer  near  the  free  edge  of  the  actuator,  as 
iletermined  using  a  mesh  of  xariable  kinematic  linite 
elements. 


y.  Sevenil  points  of  interest  should  be  noted.  First, 
both  of  the  transverse  stresses  approach  zero  as 
the  global-local  boundary  AA  is  approached  (i.c. 
as  y  dccrcitses  towtird  .VO);  this  suggests  that  the 
size  of  the  local  region  is  sufficient  to  capture  all 


A/i  evaluation  of  composite  laminaies 


of  the  free  edge  stresses  near  the  end  of  the  actu¬ 
ator.  SecoiKtly,  the  transverse  shear  stress  appears 
to  satisfy  the  traction  free  boundary  conditions  at 
the  free  edge  of  the  actuator  and  adhesive.  Third, 
a  significant  transverse  normal  stress  exists  in  the 
adhesive  layer  near  the  free  edge  of  the  actuator. 
T’lis  transverse  normal  stress  is  of  particular 
concern  since  many  adhesives  are  relatively  weak 
in  tension.  It  is  also  interesting  to  note  that  if  this 
problem  is  solved  using  FSDT  elements  only,  then 
both  the  transverse  shear  stress  and  transverse 
normal  stress  are  predicted  to  he  zero  over  the 
entire  domain. 

To  illustrate  the  utility  of  combining  the  vari¬ 
able  kinematic  element  concept  with  the  mesh 
superposition  technique,  consider  once  again  the 
example  problem  shown  in  Fig.  1.5.  Figure  18 
shows  the  global  mesh,  the  local  overlay  mesh  and 
the  resulting  composite  mesh  used  to  solve  this 
problem.  The  global  mesh  is  a  coarse  uniform 
mesh  of  ten  FSD  elements.  To  capture  the  local 
three-dimensional  stress  field  in  the  adhesive 
layer  near  the  end  of  the  actuator,  an  independent 
local  overlay  mesh  of  13  LW2  layerwise  elements 
are  used.  The  LW2  elements  used  to  form  the 
overlay  mesh  contain  four  layers  through  the 
aluminum  substrate,  three  layers  through  the 
adhesive,  and  four  layers  through  the  piezoelec¬ 
tric  actuator.  The  local  overlay  mesh  is  super- 
impc.sed  over  the  fourth  and  fifth  global  elements 
'o  achieve  the  composite  mesh.  The  composite 
mesh  shown  in  Fig.  18  has  the  exact  same  inter¬ 
polating  capability  as  the  mesh  shown  in  Fig.  16. 
Thus,  it  is  not  surprising  that  the  solution 
obtained  from  the  composite  mesh  of  Fig.  1 8  is 
exactly  the  same  as  the  previous  solutitm  obtained 
using  variable  kinematic  elements  only;  therefore 
the  results  arc  not  repeated  here.  The  advantage 
of  the  present  model  over  the  previous  model  is 
that  the  same  global  mesh  can  be  u.sed  in  the 
investigation  of  many  different  Urea!  regions  of 
interest.  For  each  new'  local  region  of  interest,  an 
independent  local  overlay.mesh  of  variable  kine¬ 
matic  elements  is  formed  and  superimposed  on 
the  global  mesh.  Since  the  global  and  overlay 
meshes  need  not  be  compatible,  the  effectiveness 
of  the  global-local  analysis  is  not  strongly  tied  to 
the  global  mesh  topology. 


8  CONC  LUSIONS 

A  review  of  the  '  '''"'“-layer  theories  of  composite 
laminates  is  pie  itcd,  and  the  layerwise  theory 


Global  Mesh  10  lirst  oroef  sneat  delomnacie  elements 

- - -  g2  (jegrees  Qj  ireeOom 

, - r - p— r  ^ - - - — 


Overlay  Mesh 

1 3  layerwise  ttmie  eierne^^is 
4  layers  rhrougn  p>ezo€tecinc 

3  layers  tnrougfi  adhesive 

4  layers  through  aiurntnurr 
Layers  highly  nshned  near  adhesive 
and  coarse  eiewhere 

548  degrees  ♦reedom 


Composite  Mesh 


Kig.  18.  f-inilc  clcmciii  mesh  shovimi;  itic 

coarse  global  mesh  ol  FSt)  elements,  the  iiKlepeiuleni 
oserlav  mesh  i>t  /.HO  elements,  ane!  tesulting  eomposue 
mesh. 


proposed  by  the  author  is  described.  .A  finite 
clement  modeling  methodology  is  presented  for 
the  hierarchical,  global-local  analysis  ol  lami¬ 
nated  composite  plates.  The  method  incorporates 
a  new  variable  kinematic,  displaccnent-based. 
finite  element  that  is  based  on  a  multiple  assumed 
displacement  field  approach.  The  variable  kine¬ 
matic  elements  provide  a  great  degree  of  flexi¬ 
bility  in  defining  the  transverse  through 
thickness  variation  of  the  assumed  displacement 
field.  The  resulting  finite  element  model  permits 
different  subregions  of  the  computational  domain 
to  be  described  by  different  mathematical  models. 
Fnforcing  displacement  continuity  aUmg  sub- 
region  boundaries  requires  only  the  specification 
of  certain  homogeneous  essential  boundary  con¬ 
ditions.  thus  avoiding  multi-point  constraints, 
penalty  function  methods,  or  special  transition 
elements 

To  increase  the  utility  of  the  variable  finite 
elements,  an  integration  of  the  variable  kinematic 
clement  concept  with  the  finite  element  mesh 
superposition  technique  is  developed.  I  he  requit¬ 
ing  global-local  model  permits  selected  local 
subregions  in  a  composite  plate  to  he  conveni¬ 
ently  discretized  with  an  independent  refined 
overlay  mesh  coinposed  of  FSDT.  /,U  I.  and  lu 
IM  2  elements.  IDuc  to  the  independent  nature  of 
the  local  o’ertay  mesh,  the  present  integrated 
method  allows  several  different  local  regions  of 
interest  to  be  accurately  and  conveniently  investi¬ 
gated  regardless  of  the  original  global  mesh  topol¬ 
ogy.  1  he  computational  procedure  de.seribcd 
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herein  offers  greater  flexibility  in  modeling  and  it 
can  be  used  in  a  variety  of  applications. 
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In  this  paper  the  results  are  presented  of  a  test  program  on  the  energy 
absorption  of  composite  cylinders  loaded  in  compression.  The  influence  of  the 
laminate  lay-up  and  of  the  trigger  configuration  were  determined.  Two  different 
failure  modes  for  the  different  laminates  and  triggers  were  observed:  a  splaying 
mode  and  a  fragmentation  mode.  The  splaying  mode  is  more  efficient  in 
absorbing  energy.  The  failure  mode  did  not  change  during  the  crushing  process. 


1  INTRODUCTION 

The  increasing  importance  of  improved  safety 
and  crashworthiness  in  aerospace  and  automotive 
vehicles  leads  to  additional  design  requirements. 
To  meet  these  new  design  requirements  without 
severe  weight  penalties  designers  are  searching  for 
new  materials  and  structural  concepts  which  can 
absorb  a  large  amount  of  crush  energy.'  Com¬ 
posite  materials  have  a  large  potential  in  absorb¬ 
ing  crush  energy.  Unlike  metals,  which  absorb 
energy  by  plastic  deformation,  composites  absorb 
crush  energy  by  multiple  microfracture  of  the 
fibres.^  ’ 

In  order  to  establish  a  large  amount  of  energy 
absorption  in  composites  it  is  important  to: 

{ 1 )  Trigger  the  failure  of  the  structure.  When 
the  failure  of  the  structure  is  not  triggered, 
a  peak  load  occurs  before  crushing  is  esta¬ 
blished  (see  Fig.  1)  and  an  undesirable 
failure  mode  may  be  generated  which  has  a 
negative  effect  on  the  energy  absorption. 
Furthermore  a  high  peak  load  leads  to  high 
acceleration  levels  which  are  undesirable  in 
the  case  of  a  crash,  whereas  the  peak  load  is 
only  a  small  contribution  to  the  total 
amount  of  absorbed  energy. 

(2)  Create  a  stable  cru.sh  zone  that  will  pro¬ 
pagate  through  the  material,  because  this 
will  assure  a  process  of  continuous  high 
energy  absorption.  The  occurrence  of  such 
a  stable  crush  zone  must  be  achieved  by  the 


right  choice  of  laminate  lay-up  and  trigger 
configuration. 

In  an  exp>erimental  study,  performed  at  the 
NLR,^  the  influence  of  different  trigger  mech¬ 
anisms  and  laminate  lay-ups  on  the  crush  charac¬ 
teristics  of  composite  sine-wave  beams  was 
investigated.  The  fabrication  of  the  sine-wave 
beams  is  cumbersome,  however,  and  not  suitable 
for  studying  the  influence  of  the  different  trigger 
configurations  and  laminate  lay-ups.  Hence,  in 
this  study  the  crush  characteristics  were  evaluated 
by  testing  cylinders  loaded  in  compression. 

The  test  program  on  the  cylinders  was  con¬ 
ducted  in  two  phases.  In  the  first  phase  the  in¬ 
fluence  of  different  laminate  lay-ups  and  trigger 
configurations  on  the  energy  absorption  of  the 
composite  cylinders  was  determined.  In  the 
second  phase  the  different  failure  modes  intro¬ 
duced  two  different  trigger  configurations  which 
were  investigated.  In  this  second  test  program  the 
crush  zones  were  analysed  in  detail. 

2  TEST  SPECIMENS  AND  MATERIALS 

The  specimens  were  composite  cylinders  with  a 
inner  diameter  of  42-2  mm,  a  length  of  100  mm 
and  a  wall  thickness  of  1-2  mm  or  1-26  mm 
(depending  or  the  laminate  used). 

The  specimens  were  composed  of  a  combina¬ 
tion  of  hybrid  carbon/aramid  fabric  at  the  outside 
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of  the  laminate,  and  unidirectional  carbon  layers 
on  the  inside  of  the  laminate.  The  materials  used 
and  their  mechanical  properties  are  listed  in  Table 
1.  The  laminates  used  are  listed  in  Table  2.  These 
laminates  were  used  also  in  the  experimental 
program  of  Ref.  4.  The  aramid  fibres  in  the  lami¬ 
nates  provide  post-crush  integrity  which  is  desir¬ 
able  for  materials  in  crashworthy  structures. 

3  FABRICATION  OF  THE  SPECIMENS 

The  specimens  were  made  by  the  trapped  rubber 
moulding  technique.  The  inner  part  of  the  mould 
consisted  of  the  TYGAVAC  moulding  rubber 
RTV  60.  The  outer  part  of  the  mould  consisted  of 
two  steel  form  blocks  and  two  steel  caul  plates 
which  could  be  bolted  together  (see  Fig.  2).  The 
specimens  were  made  of  prepreg  layers.  The  pre- 
preg  layers  were  laminated  with  an  overlap  (see 
Fig.  3)  to  prevent  a  zone  of  pure  resin.  The  lami¬ 
nate  was  rolled  around  the  irmer  mould.  This 
package  was  placed  in  the  steel  mould  and  the 
mould  was  closed.  The  closed  mould  was  put  into 
an  oven  and  heated  to  1 20°C  at  which  curing  of 
the  laminate  took  place.  After  curing  the  cylinder 
ends  were  sandpapered  flat  and  parallel. 


Fig.  I.  Typical  load -deflection  curve  of  a  cylinder  loaded 
in  compression. 


4  TRIGGER  CONFIGURATIONS 

In  this  program  five  different  trigger  configura¬ 
tions  were  examined  (see  Fig.  4); 

Inplane  triggers; 

(1)  Shortening  of  the  three  unidirectional 
carbon  layers,  located  in  the  centre  of  the 
laminate,  by  0,  2  and  4  mm  respectively. 

(2)  Shortening  of  the  middle  layer  of  the  uni¬ 
directional  carbon  layers  by  1 0  mm. 

(3)  Removing  squares  of  5  mm  x  5  mm  from 
the  unidirectional  carbon  layers. 

(4)  Shortening  of  the  unidirectional  carbon 
layers  by  10  mm  and  filling  the  gap  with 
unidirectional  carbon  layers  at  90°. 

Out-of-plane  trigger: 

(5)  Adding  a  flange  to  one  end  of  the  cylinder. 
A  radius  of  5  mm  is  applied  as  shown  in 
Figs  2  and  4.  This  trigger  simulates  the 
web-flange  connection  in  a  sine-wave 
beam. 


5  TEST  PROGRAM 

5. 1  Test  matrix  and  test  set-up  for  the  first  test 
phase 

During  the  first  test  program  the  cylinders  were 
loaded  in  compression  between  two  flat  plates 
using  a  250  kN,  mechanically  driven  test  machine. 
The  loads  were  applied  under  displacement  con¬ 
trol  with  a  velocity  of  50  mm/min.  During  the 
tests  the  applied  load  and  the  shortening  of  the 
cylinders  were  measured  and  plotted.  The 
(specific)  energy  absorption  of  the  specimens  was 
determined.  The  failure  modes  of  the  specimens 
were  photographed.  Table  3  presents  the  different 
specimen  configurations  which  were  used  in  the 


Table  1. 

Material  properties 

Code 

Type 

Material 

Ply 

thickness 

(mm) 

Specific 

mass 

(kg/m') 

TenCate 

CD-553/8475 

Unidirectional 

tape 

Carbon/epoxy 

prepreg 

0154 

1500 

TenCale 

CV- 170-40-8475 

Crowfoot  weave 
fabric 

(60/40) 

Carbon/aramid 
epoxy  prepreg 

0-20 

1430 
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Table  2.  Laminate  composition 


Laminate 

no. 

Stacking  sequence" 

Thickne.ss 

(mm) 

1 

[Fa  +  4s.  F3(i,gti»  Fa  v4.sL 

1'2() 

2 

[Fa  j  4.^,  ( LJ ha ^45) 

1-26 

3 

|Fa.j„Fa.4,,(UD„)„Faij,.Fa.,45! 

1-26 

4 

[F3(t/y().  Fa„,y,,,  (UD,,)4,  Fa^^^j.  Fa,j 

1-26 

“Fa,  fabric;  Fa,  ,,  fabric  in  the  x/y  direction;  |  symmetric; 
UD.  unidirectional  tape;  UD,,  unidirectional  tape  in  the  x 
direction;  (UD)„,  number  of  unidirectional  tape  layers;  0° 
direction,  longitudinal  direction  of  the  cylinder;  90°  direc¬ 
tion.  hoop  direction  of  the  cylinder. 


Fig.  2.  Steel  form  blocks,  rubber  inner  mould  and  speci¬ 
men  with  trigger  no.  5. 


Prepreg  layer 


Fig.  3.  Laminating  the  prepreg  layers  with  an  overlap  on 
the  inner  rubber  mould. 


first  test  program.  Of  each  configuration  three 
specimens  were  tested. 

5.2  Test  matrix  and  test  set-up  for  the  second 
test  program 

During  the  second  test  program  two  different 
cylinder  configurations  were  tested  (.see  Table  3). 
The  cylinders  were  tested  on  the  same  test 
machine  as  was  used  during  the  first  test  program. 


4 

i 

Hybrid  iabhc 

Trijgtrrw.l: 

i  X  (0°)  StMftening  the  unidirectional  layers 

1 _ Y  by  0,2  and  4  mm  respectively 

\ 

Carbon  UD. 

2 

10  u 

n 

Hybrid  bbric 

/  Trigger  no.  2: 

I  1^(0°)  Shortening  ol  Ihe  middle  layer  ol  the 

j  1 — L  unidireetional  carbon  layer  by  10  mm 

\ 

Carbon  U.O. 

5; 

r 

1 

X  (0°)  Trigger  no.  3; 

Z  (90°)  Removing  rectangles  ol  5  mm  *5  mm 

in  the  unidkectional  carbon  layers 

10: 

L I 

|l 

Trigger  no.  4; 

^  jqOj  Shortening  ol  the  unidirectional 

2  (gQOj  carbon  layers  by  10  mm  and  replaang 
^  H  by  10  mm  90  degrees  unidirectional 

carbon  layers 

1 

Trigger  no.  5; 

'  AddmgaradiusolSmmaloneend 

1 — i  ol  the  blinder 

Fig.  4.  Different  trigger  configurations. 

The  loads  were  applied  under  displacement  con¬ 
trol  with  a  velocity  of  5  mm/min.  Of  each  con¬ 
figuration  10  specimens  were  tested.  The 
sf)ecimens  were  crushed  over  increasing  di.s- 
tances,  ranging  from  1  mm  to  10  mm  (the  first 
specimen  1  mm,  the  second  specimen  2  mm,  the 
third  specimen  3  mm  and  so  on).  After  the  speci¬ 
mens  were  crushed  the  crush  zones  were  potted  in 
a  resin  while  the  specimens  remained  under  com¬ 
pression.  After  curing  of  the  potting  resin  the 
cylinders  were  cut  and  the  crush  zones  were 
analy.sed. 

6  TEST  RESULTS 
6. 1  Failure  mode.s 

According  to  Ref.  5  laminates  can  fail  basically  in 
two  different  modes  (sec  Fig.  .5):  fragmentation  of 
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Tabic  3.  Test  matrix 


No 

trigger 

Trigger 
no.  I 

Trigger 
no.  2 

i'll 

Trigg 

no. 

cr 

Trigger 
no.  4 

1 

Trigger 
ms  5 

Laminate  no.  1 
Laminate  no.  2 
Laminate  no.  3 

Prog.  1 

Prog.  1 

Prog.  1 

tVog.  1  and  2 
Prog.  I 

Prog.  1 

Prog.  1 

Prog.  1 

Prog.  1 

Prog.  1 

Prog.  1 

Prog.  1  and  2 
Prog.  1 

Laminate  no.  4  Prog.  I 


Fig.  5.  Different  failure  modes,  induced  by  different  lami¬ 
nate  compositions. 


the  laminate  (cylinder  on  the  left  in  Fig.  5)  or 
splaying  of  the  laminate  (remaining  cylinders  on 
the  right  in  Fig.  5). 

6.  IJ  Fragmentation  failure  mode 
This  failure  mode  occurred  in  specimens  with 
laminate  no.  1  with  lay-up  [Fa  +  45.  Fa„  y„,  Fa  +  45! 
(see  Fig.  5  cylinder  on  the  left).  The  crushed 
carbon  fibres  in  the  fabric  fractured  in  many  small 
pieces,  whereas  the  aramid  fibres  show  a  lot  of 
wrinkling.  Because  of  the  pre.sence  of  the  aramid 
fibres  strme  post-crush  integrity  was  accom¬ 
plished. 

6. 1.2  Splaying  failure  mode 
In  the  splaying  mode  the  laminate  is  split  by  a 
wedge  of  debris  which  forces  the  laminate  into 
two  parts,  one  part  folding  outwards  and  one  part 
folding  inwards.  The  way  the  unidirectional  fibres 
will  bend  depends  on  the  way  they  are  supported 
by  the  fabric  layers.  The  more  hoop  fibres  present 
in  the  fabric  the  better  the  unidirectional  Fibres  are 
supported.  This  will  lead  to  a  decrease  in  bending 
radius  of  the  unidirectional  fibres  during  crushing. 
A  small  bending  radius  induces  large  bending 
stresses  and  an  increase  in  the  number  of  fractures 
in  the  unidirectional  layers.  This  will  lead  to  an 
increase  in  energy  absorption.  Three  different 
possible  splaying  failure  modes  will  be  discus.sed, 
observed  htr  three  laminates.  In  the  discussion  the 


test  results  of  the  specimens  with  trigger  no.  1 
were  used. 

6. 1.2.1  Fracture  behaviour  of  laminate  no.  2: 

IFa^^,,  Fa„,^„  (UD,Ju  Fa,,;^,,  (see  Fig.  6). 

The  fabric  layers  which  are  forced  outwards  have 
to  stretch  (increase  in  diameter).  The  fabric  layer 
Fa +  45  can  do  this  by  increasing  the  orientation 
angle  of  the  fibres.  This  leads  to  high  interlaminar 
shear  stresses  and  the  fabric  layer  ( Fa  ^  4, )  is  separ¬ 
ated  from  the  rest  of  the  laminate  and  pushed  over 
the  remaining  cylinder  like  a  sock  (see  Fig.  6 ).  The 
fabric  layer  Fa„  which  is  forced  to  bend  out¬ 
wards  can  only  increase  in  diameter  by  fracturing 
the  hoop  fibres.  Figure  5  shows  that  the  fabric 
layer  Fa,,  is  not  separated  from  the  axial 
(splitted)  unidirectional  carbon  layers.  The 
crushed  carbon  fibres  in  the  fabric  fractured  in 
many  small  pieces,  whereas  the  aramid  fibres 
show  a  lot  of  wrinkling. 

6. 1.2.2  Fracture  behaviour  of  laminate  no.  2: 

IFa^^^,  +  (see  Fig.  7). 

The  fabric  layers  which  bend  inwards  (decrease  in 
diameter)  showed  a  decrease  in  fibre  angle  orien¬ 
tation.  The  fabric  layers  which  bend  outwards 
(increase  in  diameter)  showed  an  increa.se  in  fibre 
angle  orientation.  Figure  7  shows  that  the  carbon 
fibres  in  the  fabric  fractured  in  many  small  pieces. 
A  number  of  these  fragments  remain  bonded  to 
the  unidirectional  carbon  fibres.  The  picture 
shows  that  the  aramid  fibres  (light  grey  fibres  in 
the  photograph)  are  no  longer  interrupted  by  the 
carbon  fibres  (black  fibres).  Axial  splits  occur  at  a 
more  frequently  repeated  interval  than  the  axial 
splits  in  laminate  no.  2.  Because  of  the  aramid 
fibres  some  post  crush  integrity  was  established. 

6. 1.2.2  Fracture  behaviour  of  laminate  no.  4: 
/bdo/iKK  b'aom^  Fa„,^,.  Fa„,^J  (see  Fig.  S). 

Figure  8  shows  that  the  fabric  layers  which  are 
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Fie-  7.  Fracture  mode  in  cylinder  with  laminate  no.  3: 
Fa  .  44');.  !Ub,,;pi. !  Fa . 


forced  to  bend  outwards  are  not  separated  from 
the  axial  carbon  layers.  The  increasing  curvature 
in  the  layers  which  bend  outwards  leads  to  frac¬ 
ture  of  the  hoop  fibres  and  axial  splitting  of  the 
axial  carbon  fibres. 

6.2  Effect  of  the  different  trigger  configurations 
on  the  peak  load 

Table  4  presents  the  peak  and  the  crush  loads 
which  were  measured  during  the  tests  on  the 
cylinders  in  the  first  test  phase.  Figure  9  shows  the 
efficiency  of  the  triggers  used.  The  trigger  effi¬ 
ciency  is  defined  as  the  ratio  of  the  peak  load  and 
the  average  crush  load  (see  Fig.  1 ).  In  the  case  of 
an  ideal  trigger  this  ratio  should  be  clo.se  to  one. 
Figure  9  shows  that  it  is  difficult  to  reach  a  trigger 
efficiency  of  l-O  with  the  triggers  u.sed.  Figure  9 
also  shf)ws  that  trigger  nos  I,  4  and  have  the 
best  trigger  efficiency. 


Tabic  4. 

Peak  loads  and  crushine  loads  of 
specimens  of  the  first  test  program 

the  diferent 

Spccimc 

n  Laminate 

no. 

Iriegcr  Peak  load 
no.  kN 

C  rush  loaii 
kN- 

11 

1 

- 

2^v7 

Ifvfi 

21 

_ 

42-3 

27fi 

2-2 

•> 

1 

3.3-(l 

2h'h 

2-3 

40'4 

24-3 

2-4 

•> 

3 

37-7 

2()  () 

2-.> 

4 

3(H 

2(M 

2-6 

5 

26-^> 

19-4 

.31 

3 

_ 

33-6 

21-2 

3-2 

3 

1 

31-K 

2()9i 

3-3 

3 

■) 

2S4 

1  S-h 

3-4 

•* 

3 

36f) 

210 

3-S 

3 

4 

2.S'S 

2  I  6 

3f> 

3 

5 

23-1 

l.s-2 

4  1 

4 

1 

24-9 

2-3-0 

6.3  Effect  of  laminate  lay-up  on  the  specific 
energy  absorption 

In  Fig.  K)  the  effect  of  the  laminate  lay  up  on  the 
specific  energy  absorption  can  be  found.  The 
specific  energy  absorption  is  defined  as  the  area 
under  the  load-displacement  curve  (see  Fig.  1) 
divided  by  the  crushed  mass  of  the  specimen. 
Figure  10  shows  that  laminate  no.  I  (pure  fabric) 
has  poor  energy  absorption.  This  is  probably 
caused  by  the  absence  of  axial  carbon  layers  and 
the  absence  of  the  splaying  mode  during  fracture. 
Figure  10  shows  that  laminate  no.  2  can  absorb 
me)re  energy  than  laminate  no.  3.  This  is  probably 
cau.sed  by  the  large  hoop  constraint  of  the  fabric 
layers  Fa„ 
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Trigger  elficiency 
(Pmax/Pcrush) 


No  trigger  Trigger  1 


Trigger  2  Trigger  3 
Trigger  configuratior 


Trigger  4  Trigger  5 


■  Urn.  1r  |Fa4S.  Fao.  FaisJj 

□  Lam,2:  lFa45.Fao,3(UOo),  Fao,  Fa45l5 

□  Um.3: 12(Fa4s).3<lJDo),2(Fa45)) 

0  Uni.4:  |2(Fao),3(UDo),^Fao;i 


Fig.  9.  Trigger  efficiency  of  different  trigger  configurations, 


120  - 

too  - 

Specific  energy 

80  ' 

absorption 

(kJ4(g) 

60  - 

40  - 

20  - 

0- 

■  Lam.1:  [Fais.  Fao.FaasIs 

□  Lani.2;  [Fa4$,Fao,3(UDo).  Fao.Fa4s|j 

□  Urn.  3:  (2(Fa45),  3(UDo),  2{Fa45)l 
0  Lam.  4:  [2(Fao),3(UDo),2(Fao)] 


Trigger  1 


Trigger  1 


Notngger  Trigger  1  Trigger  2  Triggers  Tngger4 
Tngger  configuration 


Trigger  5 


LnJ 


Trigger  3 


Trigger  4 


Trigger  5 


Fig.  10.  f  TIcci  of  laminate  structure  and  trigger  configuration  on  the  energy  absorption. 


Fig.  1!.  Splaying  mrxle  in  specimen  with  laminate  no.  2 
and  trigger  no.  I . 


6.4  EfTect  of  tri^er  configuration  on  the  energy 
absorption 

Figure  1 0  .shows  the  effect  of  different  trigger  con¬ 
figurations  on  the  energy  absorption.  Specimens 


Fig.  12.  Bending  of  the  out-of-planc  trigger  in  a  specimen 
with  laminate  no,  2  and  trigger  no.  .S  after  crushing  of  ,T  mm. 


with  equal  laminates  absorb  more  energy  with 
trigger  1  than  with  trigger  5. 

Figure  1 1  shows  the  failure  mode  of  a  cylinder 
with  laminate  no.  2  (lFat45,  Fa<,,g„,  (UD,,),.  Fa„ 
Fat4,)j  and  trigger  no.  1  (shortening  of  the  three 
inner  unidirectional  carbon  layers  by  0,  2  and 
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Fig.  1 3.  Fracture  of  the  out-of-plane  trigger  in  a  specimen 
with  laminate  no.  2  and  trigger  no.  5  after  crushing  of  4  mm. 


Fig.  14.  Failure  mode  in  specimen  with  laminate  no.  2  and 
trigger  no.  ^  after  crushing  of  10  mm. 


4  mm  respectively).  The  cylinder  was  crushed 
over  9  mm.  The  picture  shows  the  wedge  of 
debris  which  causes  the  splaying  mode. 

Figures  1 2  and  1 3  show  the  development  of  the 
failure  mode  in  a  cylinder  with  laminate  no.  2 
([Fa*4,,  Faii  .,o.fUD„),,  Fan;.«,.  Fa^j^Dand  trigger  5 
(adding  a  flange  to  one  end  of  the  cylinder).  Figure 
1 2  shows  the  bending  of  the  out  of  plane  trigger. 
In  Fig.  13  this  out-of-plane  trigger  fractured. 
Because  of  the  fractured  out-of-plane  trigger  the 
remaining  uncrushed  laminate  is  no  longer  in 
direct  contact  with  the  platens  of  the  test  machine. 
Figure  14  shows  a  concentration  of  fractured 
material  at  the  outside  of  the  cylinder. 

Because  the  remaining  laminate  is  no  longer  in 
contact  with  the  plates  of  the  test  machine,  this 
laminate  is  forced  to  bend  inwards  by  the  conges¬ 
tion  of  fractured  material  at  the  outside  of  the 
cylinder.  This  leads  to  a  large  bending  radius  in 
the  remaining  laminate  and  therefore  to  a  reduced 
number  of  fractures  in  the  unidirectional  fibres. 
This  results  in  a  reduction  in  energy  absorption. 


It  can  be  concluded  that  a  trigger  with  a  good 
efficiency  (trigger  5:  adding  a  flange  to  one  end  r)f 
the  cylinder)  does  not  necessarily  lead  to  a  high 
energy  absorption  level,  as  the  subsequent  pro¬ 
gressive  failure  may  be  unfavourable. 

7  CONCLUSIONS 

A  study  of  the  influence  of  several  trigger  con¬ 
figurations  and  laminate  structures  on  the  energy 
absorption  of  composite  cylinders  was  conducted. 
Composite  cylinders  were  fabricated  and  tested  in 
compression.  From  the  tests  the  following  conclu¬ 
sions  are  drawn; 

( 1 )  By  using  hybrid  carbon/aramide  fabric 
post  crush  integrity  can  lx  accomplished. 

(2)  Cylinders  which  fail  in  the  splaying  mode 
can  absorb  more  energy  than  cylinders 
which  fail  in  the  fragmentation  mode. 

(3)  Cylinders  with  axial  and  hoop  fibres  can 
absorb  more  energy  than  cylinders  which 
have  no  hoop  fibres. 

(4)  To  achieve  a  splaying  mode,  the  use  of  axial 
unidirectional  fibres  is  essential. 

(5)  The  trigger  configuration  affects  the  failure 
mode  during  crushing. 

(6)  The  trigger  configuration  affects  the 
amount  of  energy  absorption  during  crush- 
ing. 

(7)  The  trigger  configuration  which  simulates 
the  chamfer  has  the  best  trigger  efficiency. 


REFERENCES 

1.  Untcrsuchungen  zur  Crash-Sichcrtici!  von  tluhschrau- 
bern.  Lchrgang  .Vei/c  technologic  (iir  lltihst  hivnher.  Carl- 
Cranz  Gc.sellschaft.  Dl.R  Hraunsehwcic.  I  .t-  1  7  Nov.. 
1S»KS>. 

2.  Sigalas,  I.,  Kumosa,  M.  &  Hull.  D..  Trigger  mechanism  in 
encry-absorbing  glass  cloth  epo.xy  tubes.  Composite 
Science  mnl  Technology,  40  ( 1 94 1 )  265 -87 . 

3.  Farly,  Gary  L..  Effect  of  fibre  and  matrix  maximum  strain 
on  the  energy  ab.sorption  of  composite  materials.  U.S 
Army  Aviation  Research  and  Technology  Activity 
(AVSeOM)  t.angly  Research  Centre,  Hampton.  Virginia. 
Journal  of  Composite  Materials,  20  (July  1986). 

4.  Thuis,  H.  G.  S.  J.  &  Wiggenraad,  J.  F.  Vi..  The  influence  of 
trigger  mechanisms  and  geometry  of  the  crush  charac¬ 
teristics  of  sine-wave  beams.  National  Aerospace  Labora¬ 
tory  Nl.R,  The  Netherlands.  NLR  CR  92 1 33  C. 

5.  Hull,  D..  A  unified  approach  to  progressive  crushing  of 
fibre-reinforced  composite  tubes.  Composite  .Science  and 
Technology,  40  ( 1 99 1 )  377-42 1 . 


Composite  Structures  25(1 993)  45-49 


Comparison  between  the  short  and  long  term 
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The  paper  deals  with  the  results  of  tests  on  concrete  beams  with  and  without 
steel  fibres,  reinforced  (with  high  yield  flexural  steel  only)  and  without  any 
reinforcement  loaded  statically  both  long  and  short  term.  Tests  were  carried  out 
for  both  serviceability  and  ultimate  limit  states.  Measurements  were  taken  of 
load,  strains,  crack  width  and  crack  pattern,  and  deflection.  For  short  term 
loading  the  beams  were  loaded  incrementally  to  failure,  whilst  for  the  long  term 
tests  were  loaded  incrementally  to  their  service  load  which  was  maintained  for 
28  days  before  being  increased  to  failure.  From  the  long  term  tests  the  effects  of 
creep  can  be  determined. 

A  total  of  15  beams  were  tested  over  28  days.  The  fibres  were  stainless  steel 
with  an  aspect  ratio  of  55  and  a  volume  fraction  of  1  5%.  In  all  cases  the  results 
indicate  successively  better  performances  as  fibre  reinforcement  and  bar 
reinforcement  were  added. 


INTRODUCTION 

Designers  are  becoming  much  more  aware  that 
serviceability,  and  as  a  result  the  need  to  limit 
crack  widths,  is  becoming  increasingly  important 
in  the  design  of  reinforced  concrete  structures. 
The  extent  that  fibre  reinforcement  can  play  in 
this  has  not  been  properly  evaluated,  although 
Swamy'  provides  some  indication  of  the  potential 
benefits  of  such  reinforcement.  It  should  be 
realised  that  there  is  also  a  certain  amount  of 
prejudice  within  the  construction  industry  to  be 
overcome,  in  that  fibre  reinforced  concrete  is 
perceived  to  produce  problems  on  site. 

This  paper  evaluates  the  benefit  both  on  short 
term  static  loading  and  long  term  loading  that  the 
addition  of  steel  fibres  has  on  the  strength  and 
serviceability  of  reinforced  and  plain  concrete. 


MIX  DETAILS 


1: IT 8: 0-86  OPCTO  mm  co  se  aggregate 
(crushed  gravel):  sand  (zone  2),  with  a  batched 
water-cement  ratio  of  0-4.  The  actual 
water-cement  ratio  was  slightly  lower  as  the 
coarse  aggregate  has  an  adsorption  of  around  3%. 
The  fibres  used  were  Stainless  Steel  Melt  Extract 
fibres  (Fibrex  SS35)  35  mm  long,  with  an  equiva¬ 
lent  diameter  of  0  64  mm  and  an  aspect  ratio  of 
55  (supplied  by  Fibretech,  Nottingham,  UK).  A 
constant  volume  fraction  of  T5%  was  used. 

The  mix  constituents  were  mixed  dry  for  3  min 
before  the  addition  of  water,  after  which  mixing 
continued  for  another  2  min.  The  test  beams  were 
cast  in  timber  moulds  and  vibrated  with  a  poker 
vibrator. 

All  specimens  were  demoulded  after  24  h  with 
the  control  specimens  cured  in  water  and  the  test 
beams  cured  in  the  laboratory,  all  for  28  days 
before  testing. 

CONTROL  TEST  DATA 


The  mix  proportions  used  were  those  that  have  All  control  tests  were  carried  out  in  accordance 

been  established  over  a  period  during  various  with  the  relevant  section  of  BS  1881.^  The  results 

projects  carried  out  at  Aston  and  were,  by  weight,  of  the  control  tests  are  given  in  Table  1 . 
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Table  1.  Control  lest  results 


Test 

No  fibres 

With  fibres 

Mean 

(MPa) 

Std.  dev. 
(MPa) 

Mean 

(MPa) 

Std.  dev. 
(MPa) 

Compression 

66-9 

4-0 

68-9 

2-8 

Split 

evluider 

4-2 

0-4 

6-1 

1-0 

Modulus  oi 
rupture 

8-0 

0-5 

10-7 

2-2 

Cube  strength 

It  will  be  noted  that  the  cube  strength  of  the  fibre 
reinforced  concrete  is  only  marginally  higher  than 
that  of  the  plain  concrete. 

Splitting  tensile  test 

The  fibres  increase  the  splitting  tensile  strength  by 
around  46%  over  the  plain  concrete. 

Flexural  tensile  test 

Here  the  increase  in  strength  is  less  marked 
(32%).  This  difference  between  the  two  tensile 
test  results  is  common. 


TEST  DETAILS 
Specimen  details 

All  the  beams  were  2000  mm  long  by  100  mm 
wide  by  1 76  mm  deep.  For  all  the  tests  except  for 
the  long  term  fibre  reinforced  only  beams  three 
beams  were  cast.  In  the  case  of  the  long  term  fibre 
reinforced  test  it  was  only  possible  to  test  a  single 
beam,  and  thus  the  results  of  this  test  will  need 
treating  with  a  certain  amount  of  caution.  The 
beams  with  bar  reinforcement  had  two  8  mm  high 
yield  bars  (/y  =  550  MPa)  at  an  effective  depth  of 
162  mm.  None  of  the  beams  had  any  shear  rein¬ 
forcement. 

Test  procedure 

The  beams  were  loaded  hydraulically  through  a 
spreader  beam  to  give  loading  at  the  third  points 
of  the  beam.  Short  term  loading  and  the  load  in 
the  long  term  test  was  applied  at  the  rate  of  10 
kN/h  in  1  kN  increments.  For  the  short  term  tests 
the  load  was  taken  directly  up  to  failure,  whereas 


in  the  long  term  tests  the  beams  with  bar 
reinforcement  were  incrementally  loaded  to  22-5 
kN,  the  load  was  then  held  constant  for  28  days 
before  being  finally  taken  to  failure.  The  load  for 
the  beams  with  fibres  only  was  8  kN  representing 
a  similar  fraction  of  ultimate  load. 

Test  measurements 

Besides  recording  values  of  the  applied  load,  the 
following  measurements  were  taken; 

(1)  Deflection 

This  was  determined  using  dial  gauges  at  centre 
span  and  under  each  load  point. 

(2)  Strain 

Values  of  strain  were  obtained  at  the  positions 
shown  in  Fig.  1  using  electrical  resistance  strain 
gauges.  Also  in  some  of  the  tests  strain  gauges 
were  attached  to  the  reinforcement. 

(3)  Cracking 

For  all  the  tests,  except  the  long  term  tests  with 
fibre  reinforcement,  the  crack  widths  were 
monitored  using  demountable  strain  (displ  - 
ment)  gauges,  and  the  crack  propagation  was 
noted  by  eye. 

RESULTS 

Short  term  static  loading 

The  ultimate  loads  for  each  of  the  beam  types  is 
given  in  Table  2,  where  it  is  observed  that  the 
beams  reinforced  with  fibres  only  are  72% 
stronger  than  those  without  any  fibres,  and  that 
the  beams  reinforced  with  bar  and  fibre  reinforce¬ 
ment  are  13”/o  stronger  than  those  with  bar 
reinforcement  only.  Swamy'  indicates  that  the 
addition  of  fibres  gives  larger  increases  in  moment 
capacity,  but  his  results  are  based  on  a  fibre  length 
of  50  mm. 

The  load -deflection  characteristics  are  plotted 
in  Fig.  2a  for  the  beams  with  no  bar  reinforcement 
and  in  Fig.  2b  for  beams  with  bar  reinforcement. 
For  the  beams  with  no  bar  reinforcement  the 
addition  of  fibres  increases  the  load  to  non¬ 
linearity  and  allows  a  certain  amount  of  post¬ 
crack  deformation.  For  the  beams  with  bar 
reinforcement,  the  addition  of  fibres  increases  the 
linear  portion  of  the  loading  characteristic  and 
produces  a  very  clear  second  linear  portion  of 
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Fig.  1 .  Details  of  the  tests  with  the  locations  of  dial  and  strain  gauges. 


Table  2.  Beam  test  loads 


Test  type  Load  kNi  Plain  concrete  Reinforced  concrete 


No  fibres 

Fibres 

No  fibres 

Fibres 

Shcirt  term  tcMs 

Failure 

80 

1  .TO 

.t2-0 

.too 

65 

11-0 

MH) 

.t5-0 

7-5 

1  .TO 

.TTO 

.VvO 

Aserage 

7-.Tt 

l2-.Tt 

.tl-67 

."0'67 

F  irst  crtiek 

I2() 

18-I) 

120 

180 

120 

170 

/\\eiage 

I2'0 

1707 

1  (Uig  term  tests 

Failure '  mean 

.t2'.S4 

,OM7 

First  crack 

120 

IS’O 

1 2-0 

ISO 

no 

170 

Avertme 

1  1-67 

1707 

steeper  slope  indicating  a  degree  of  extra  stiffen¬ 
ing  not  apparent  in  the  beams  with  bar  reinforce¬ 
ment  only.  There  is,  however,  a  slight  anomaly  in 
that  the  beams  without  fibres  appear  to  have  a 
greater  capacity  for  post  yield  deformation.  A 
comparison  between  the  deflection  profiles  at  the 
design  service  loads  and  ultimate  loads  is  given  in 
Figs  3a  and  3b. 

For  the  bar  reinforced  beams  with  and  without 
fibres  the  load  to  first  observed  crack  is  al.so  given 
in  Fable  2,  when  it  is  noted  that  the  addition  of 
fibres  increases  the  load  ttr  first  crack  ov  some 

47%. 

Measurements  of  crack  width  were  taken  on 
the  beams  reinforced  with  bars  with  and  without 
fibres  in  both  the  short  term  tests  and  the  long 
term  tests  during  the  loading  pha.se  and  are  given 


in  Table  3.  Fhe  results  from  the  short  and  long 
term  loading  tests  are  generally  comparable.  In 
Table  3  the  average  for  all  tl  ’  rams  in  a  test 
series  is  quoted.  This  is  reasonat-  since  cracking 
IS  a  statistical  phenomenon  as  cracks  will  tend  to 
occur  at  points  of  apparent  weakness  in  the 
matrix. 

Long  term  static  loading 

Measurements  of  deflection  under  a  constant  load 
of  22  5  kN  for  all  specimens  were  taken  over  a 
period  of  28  days  after  application  of  the  load. 
Following  the  28  day  period  the  beams  were 
loaded  to  failure.  These  failure  loads  are  noted  in 
Table  2  when  it  will  be  observed  that  the  failure 
loads  from  the  long  term  tests  showed  only  a  very 
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Fig.  2a.  Load -deflection  characteristics  for  beams  with  no 
bar  reinforcement. 
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Fig.  3a.  Deflection  profile  at  design  service  loading. 


slight  increase  for  the  beams  with  bar  reinforce¬ 
ment  only,  but  an  increase  of  10%  higher  for  those 
with  bar  and  fibre  reinforcement  over  those  from 
the  short  term  tests.  The  deformation-time 
respor-.ses  ate  plotted  in  Fig.  4.  For  all  the  tests  the 
deflection  profile  was  initially  sharply  curved 
followed  by  a  sensibly  linear  portion.  The  slope  of 
the  linear  portion  for  the  bar  reinforced  beams 
either  with  or  without  fibres  was  similar,  i.e.  the 
addition  of  fibres  did  not  appear  to  have  a  signifi¬ 
cant  effect  in  these  tests  on  the  rate  of  creep.  This 
result  is  explained  by  the  fact  that  the  predomi¬ 
nant  mechanism  governing  the  rate  of  creep  is  the 
compressive  stress  level  in  the  concrete  which  is 
the  same  in  both  tests  and  that  the  elastic  proper¬ 
ties  of  concrete  are  little  affected  by  the  addition 
of  fibres  unless  cracking  occurs. 

The  single  result  for  a  beam  reinforced  b\ 
fibres  alone  is  included  as  a  comparison,  but  it  is 
not  advisable  to  draw  too  much  conclusion  as 
there  is  no  indication  of  repeatability,  except  that 
a  very  similar  profile  is  obtained.  It  should  be 
noted  that  the  single  fibre  reinforced  beam  failed 
at  a  load  of  1 1  kN. 


Table  3.  Crack  width  development 


Load 

ikNi 

Crack  w  idth  i  mm 
Reinforcement  type 

Fibres  only 

Bar  and  fibres 

Short  term 

l.ong  term  Short  term 

Long  term 

test 

test 

test 

test 

no 

016 

01 1 

0 

0 

1 30 

019 

OLS 

0 

0 

ISO 

0•22 

0-21 

0 

0 

170 

0-25 

0-24 

(M)3 

0-06 

o;o 

0'28 

0-27 

005 

0-07 

200 

0-31 

0-30 

006 

(HW 

22-5 

()-3.3 

0-33 

010 

014 

L  H 
iO^ 
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Fig.  3b.  Deflection  profile  at  design  ultimate  loading. 
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Fig.  4.  Deformation-time  rcspon.ses  for  the  long  term  28 
day  creep  tests. 
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Titbk'  4.  Denection  rales 


Beam  type 

Load 

(kN) 

(mm; 

tmmi 

(mm! 

‘d 

■  nimikS 

Fibres  only 

80 

()'96 

2-56 

1  61) 

1-67 

0  2o 

Bar  only 

22-5 

7-,% 

10-6 

.V29 

0  45 

ti  15 

22-5 

5  61 

847 

2-86 

0  51 

0-14 

Bar  -t-  fibres 

22-5 

2-82 

5-29" 

2-47 

O-XS 

0-1  1 

22-5 

.T8() 

6  14 

2'. 44 

0  62 

0  10 

22-5 

.195 

6  .t4 

2  .49 

0  60 

0  1  1 

"This  beam  failed  after  1 1  days  under  load. 


Table  4  gives  the  absolute  and  percentage 
change  in  central  deflection  for  all  the  long  term 
tests.  It  will  be  noted  that  although  the  absolute 
change  in  deflection  for  the  beams  reinforced  with 
fibres  and  bars  is  lower,  it  is  a  higher  percentage  of 
the  short  term  elastic  deflection  as  this  is  much 
lower  than  the  equivalent  for  beams  with  bar 
reinforcement  only.  The  change  in  deflection  per 
unit  applied  load,  which  can  be  taken  as  a 
measure  of  specific  creep,  is  also  smaller  for  the 
beams  with  bars  and  fibres  compared  with  that 
from  beams  with  bars  only,  and  as  would  be 
expected  is  at  its  highest  for  the  beam  with  fibres 
only. 

As  expected  the  crack  widths  in  the  beams 
increased  during  the  tests.  If  the  crack  widths  for 
the  reinforced  beams  are  compared  at  the  point  at 
which  the  22  5  kN  loading  had  been  just  applied 
and  10  days  later,  then  for  the  beams  with  bar 
reinforcement  only  the  crack  width  had  pro¬ 
gressed  from  0-33  mm  to  0-40  mm  and  for  the 
beams  with  bar  reinforcement  and  fibres  from 
012  mm  to  01 5  mm.  There  only  appeared  in 
both  cases  to  be  a  slight  increase  in  crack  widths 
by  the  end  of  the  28  day  period. 

CONCLUSIONS 

( 1 )  The  addition  of  fibres  to  conventional 
reinforced  concrete  beams  increases  the  flexural 


strength,  and  also  decreases  the  deflection  and 
amount  of  cracking. 

(2)  In  the  long  term  the  introduction  of  fibres 
reduces  the  amount  of  creep  but  appears  not  to 
affect  significantly  the  creep  rate. 


ACKNOWLEDGE.MKNTS 

Both  authors  wish  to  thank  the  Department  of 
Civil  Engineering.  Aston  University  for  making 
facilities  available  whilst  the  second  author  was  on 
a  period  of  studv  leave  at  A'-t^n.  They  also  wish  to 
thank  Mr  M  Finlav  for  carry  ing  out  the  long  term 
tests  on  the  beams  vvith  steel  fibre  reinforcement 
only  as  part  of  his  Final  Year  Project  in  the 
Department. 


REFERENCES 

1.  Swamy.  R.N,.  Sieci  fihre  concrete  for  hridpc  deck  and 
building  floor  application  Sinicinnil  Emtineei .  64A 
(1986)  14y-.S7. 

2.  BS  1881.  Methods  of  ieshrifi  C  oncrete  Pan  //6  Method 
of  determination  of  compressive  streiiftlh  of  concrete  ctdies. 
/W.f,  Pan  1 17:  Method  of  determination  of  tensile  splitting 
strength.  IdH.f  Pan  IIH:  Method  of  determination  of 
pexural  strength.  PPi.f  British  Standards  Institution 
Milton  Keynes. 


Composite  Structures  25  ( 1  ‘)93 )  5 1  -60 


Examples  of  the  multicriteria  optimization  of 
cement-based  composites 


A.  M.  Brandt  &  M.  Marks 

lusiitiiie  of  f  utuJ.  lecimk  al  Research.  Sueifokrzvska  2/.  ltf>-IW,  I’oluml 


The  materials  considered  in  the  paper  are  called  concrete-like  crtmposites  or 
materials  with  cement-hascd  matrices.  These  arc  not  only  ordinary  and  high 
performance  ct)ncretes,  hut  also  materials  with  different  admixtures,  dispersed 
fibre  reinhtrcement.  polymers,  etc. 

The  selection  of  the  most  appropriate  material  composition  and  internal 
structure  is  proposed  using  the  methods  of  the  optimal  design.  In  the  paper 
basic  methods  of  mathematical  optimization  are  briefly  discussed  and  applied 
lo  the  formulation  and  solution  of  six  different  problems. 

The  main  aim  of  the  paper  is  to  demonstrate  how  the  optimization  approach 
inav  be  used  in  practical  situations  of  the  design  of  high  performance  concretes. 


INTRODliCTlON 

Optimization  as  a  part  of  the  design  process  is  a 
direct  way  in  which  the  goal  and  main  conditions 
are  formulated  and  the  best  solutitrn  is  looked  for. 
In  that  case  the  search  for  the  .solution  is  con¬ 
ducted  in  an  objective  and  rtitional  way.  in¬ 
dependent  of  the  intuition,  experience  or 
particular  abilities  of  the  designer.  Thus,  optimiza¬ 
tion  takes  over  that  part  of  the  process  of  material 
design  which  consists  of  selecting  proportions  and 
distribution  of  basic  components,  and  sub¬ 
sequently  ('f  checking  that  imposed  criteria  and 
conditions  are  met. 

There  are  many  analogies  with  structural  opti¬ 
mization.  which  is  relatively  more  advanced  than 
the  material  one.  Optimization  of  materials  is 
related  to  the  mechanics  and  to  mathematical 
optimization  theory  and  makes  use  of  methods 
and  results  developed  in  both  these  disciplines.  In 
particular,  for  brittle  matrix  composites  the  frac¬ 
ture  mechanics,  general  damage  ther>ry  and  all 
knowledge  of  the  mechanical  properties  and 
behaviour  of  materials  are  exploited. 

Optimization  of  composite  materials  deals  with 
the  .selection  of  values  of  several  independent 
variables  which  determine  the  composition,  in¬ 
ternal  structure,  but  also  methods  of  production 
and  curing. 


In  this  paper  the  optintization  approach  is 
limited  to  materials  with  cement-based  matrices, 
like  ordinary  plain  concretes,  fibre  reinforced 
concretes,  polymer  concretes,  etc.  Its  importance 
is  increasing  when  applied  to  high  performance 
concretes.  The  properties  of  these  materials  are 
related  in  a  very  complicated  way  to  their  internal 
structure  and  composition  and  determine  their 
utility  in  building  and  civil  engineering  structures. 
A  short  list  of  papers  on  the  optimization  of  dif¬ 
ferent  ci>mposite  materials  is  given  and  com¬ 
mented  on  by  Brandt.'  -  The  approach  initiated  in 
both  these  papers  is  developed  here  to  present  a 
general  formulaticm  for  multicriteria  optimization 
and  to  demonstrate  it  on  a  few  examples  of 
cement-based  composites. 


BASIC  CONCEPT  OF  MATERIAL 
OPTIMIZATION 

An  optimal  material  is  described  by  a  set  of  deci¬ 
sive  variables  x,(i=  1,2 . n)  which  extremize  an 

optimization  criterion. 

Variables  x,  are  considered  as  independent  and 
together  with  arbitrary  selected  parameters  they 
determine  the  object  of  the  optimization:  a 
material,  i.e.  characteristics  of  the  components, 
their  mass  or  volume  proportions  and  distribu- 
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tion,  also  their  reciprocal  relations  (e.g.  adher¬ 
ence). 

The  decisive  variables  belong  to  a  feasible  set. 
It  means  their  values  beyond  imposed  limits  can¬ 
not  be  accepted  in  the  problem  for  constructional, 
functional  or  other  reasons.  The  constraints  may 
have  the  form  of  equalities  or  inequalities 

. '  (,) 

/;J.r,)<0,  5=1.2 . / 

or  simply  limit  values  may  be  imposed 

.y:S.v,<.v,,  /=i,2 . n 

lower  and  upper  bars  indicate  lower  and  upper 
limit  values,  respectively.  For  example,  the  vari¬ 
ables  which  describe  the  components  are  limited 
to  available  materials  (cement,  sand,  gravel,  etc.) 
and  their  possible  properties.  All  constraints 
determine  the  domain  of  feasible  solutions. 

The  variables  may  be  defined  as  continuous  or 
discontinuous  (discrete)  ones.  The  quantities  of 
particular  components  are  continuous  variables, 
e.g.  volume  contents.  Discrete  components  are 
represented  by  di.scontinuous  variables,  e.g.  two 
or  three  different  kinds  of  Portland  cement  may 
be  considered  as  variables  in  an  optimization 
problem. 

The  properties  of  the  components  as  well  as 
their  effective  distribution  in  a  composite  material 
are  random  variables.  Their  final  values  and  their 
nominal  values  determined  by  testing  are  sub¬ 
jected  to  unavoidable  scatter.  When  in  an  optimi¬ 
zation  problem  only  design  and  nominal  values 
are  considered,  then  that  is  a  deterministic 
approach.  In  the  opposite  case,  when  the  distribu¬ 
tion  functions  are  taken  into  account,  the  stochas¬ 
tic  problem  t)f  optimization  is  formulated. 

Optimization  criteria  describe  the  basic  pro¬ 
perties  of  materials.  They  are  also  called  objective 
functions.  In  material  optimization  the  objective 
functions  describe  selected  properties  which  are 
considered  as  important  and  decisive  for  the 
quality  and  applicability  of  the  designed  material. 
The  solution  consists  of  the  determination  of 
these  values  of  the  design  variables  which  extre- 
mize  the  objective  functions.  As  material  pro¬ 
perties,  all  physical,  chemical  and  other  properties 
may  be  considered.  For  engineering  materials  par¬ 
ticularly  important  are  mechanical  properties 
such  as  strength.  Young’s  modulus,  specific  frac¬ 
ture  energy,  durab’lity  but  also  specific  cost. 

When  a  set  of  independent  variables  x^, 
(i=  1,2,...,«)  is  considered  the  optimization 


criterion  is  expressed  by  these  variables  as  a  func¬ 
tion  F[x,),  subject  to  constraints  of  different  kinds 
and  forms,  e.g.  the  limited  volume  of  material  may 
be  presented  as  an  integral. 

If  the  problem  is  formulated  with  one  single 
criterion  Fix,)  with  the  constraints  (1),  then  the 
necessary  conditions  for  a  solution  are  derived 
from  the  Kuhn-7ucker  theorem  and  have  follow¬ 
ing  form; 


dx,  dx,  d^,, 


dF*ix,)  dF*ix,)_^  „ 

.r,>(). /=  1,2 . k 

here  5=1.2...../,  and  p-  \  .2 . r.  arc 

so-called  Lagrange  multipliers,  and 


/•'*( x,)^F{ .V, )  -t-  1  .V, )  •+  1  pji  { .V, !  1 3 ) 


The  problems  are  correctly  formulated  when 
criteria,  constraints  and  variables  are  defined. 
Sometimes  the  design  variants  are  imprecisely 
called  ’optimal  solutions’.  Calculation  of  a  few 
cases  and  .selection  of  the  best  one  is  not  an  opti¬ 
mization  approach.  There  is  no  optimal  solution 
without  clear  determination  in  what  sense  and 
within  what  feasible  region. 

It  should  be  also  emphasized  that  the  optimiza¬ 
tion  problem  is  solved  not  on  real  materials,  but 
on  their  approximate  models.  I  he  results  of  an 
optimization  procedure  are  dependent  on 
assumptions  and  approximations  admitted  for 
these  models,  e  g.  materials  may  be  assumed  as 
elastic  and  homogeneous. 

The  optimization  does  not  replace  entirely  the 
material  design,  because  it  may  not  cover  certain 
aspects  and  requirements,  which  determine  the 
material  completely.  The  omission  of  secondary 
aspects  is  justified  by  necessary  simplification  of 
the  optimization  problem.  In  the  next  step  of  the 
material  design,  on  the  other  hand  all  require¬ 
ments  concerning  .safety,  serviceability,  economy, 
etc.,  should  be  satisfied.  That  is  why  the  material 
optimization,  like  the  structural  optimization, 
does  not  replace  the  design  but  is  its  part,  in  which 
some  intuitive  procedures  are  avoided. 

Determination  of  constraints  and  objective 
functions  is  important  in  the  formulation  of  the 
problem:  it  is  based  on  given  conditions,  but 


Examples  of  the  multicriteria  optimization  of  rement-based  composites 


53 


sometimes  an  objective  function  may  be  replaced 
by  a  constraint  or  vice  versa.  It  occurs  also  that  a 
small  modification  of  a  constraint  may  influence 
considerably  the  objective  function.  In  such  a  case 
the  resignation  of  preliminary  assumptions  con¬ 
cerning  constraints  may  be  justified. 

In  rare  problems  it  is  admissible  to  limit  the 
optimization  to  one  single  criterion,  e.g.  a  structure 
of  minimum  cost  or  a  material  of  maximum 
strength  may  be  looked  for  as  an  appropriate 
solution.  In  general,  such  a  formulation  has  a 
somewhat  academic  character  or  is  a  simplified 
example  for  a  preliminary  explanation  of  the 
problem.  In  most  cases  the  existence  and  necessity 
of  several  criteria  is  obvious  as  presented  below. 


.MULTICRITERIA  OPTIMIZATION  OF 
MATERIALS 

Let  us  consider  an  /j-dimensional  space  of  vari¬ 
ables  -V,  in  which  objective  functions  F/x,), 
y  =  1 , 2, . . . .  /c,  are  determined,  here  k  is  the  num¬ 
ber  of  objective  functions  or  functionals.  It  means 
that  a  solution  of  the  problem  should  satisfy  k 
objective  functions  and  the  problem  may  be  for¬ 
mulated  as  follows;  ‘determine  an  A/-dimensional 
vector  in  the  space  of  decisive  functions  which 
satisfies  all  constraints  and  ensures  that  the  func¬ 
tions  f ;  have  their  extrema  or  limit  value,s'. 

The  decisive  functions  are  the  components  of 
the  vector  X  '  in  the  n-dimensional  space.  Every 
point  of  that  space  indicates  one  particular 
material  defined  by  n  decisive  variables.  The  feas¬ 
ible  region  (7  is  a  part  of  the  n-dimensional  space 
and  is  defined  by  the  constraints  ( 1 ). 

The  space  of  the  objective  functions  has  k 
dimensions.  Every  point  of  that  space  cor¬ 
responds  to  one  vector  of  the  objective  function 
F\{Xj).  In  that  space  the  feasible  region  Q  is  repre¬ 
sented  by  a  region  F{Q].  Without  giving  all 
mathematical  formulations  which  may  be  found 
elsewhere,  it  may  be  proved  that  the  points  of  the 
feasible  region  Q  are  represented  by  the  points  in 
the  region  F{Q).  An  example  of  regions  Q  and 
F{  Q)  are  shown  in  Fig.  1  in  the  case  of  k  =  2  and  a 
two-dimensional  region. 

The  optimization  problem  formulated  in  this 
way  may  have  several  solutions  and  the  solution 
appropriate  for  the  given  conditions  should  be 
selected  using  other  arguments.  To  present  that 
procedure  a  few  definitions  are  necessary. 

The  ideal  solution  is  an  extremum  for  all  objec¬ 
tive  functions.  Because  a  characteristic  feature  in 


Fig.  1.  Feasible  regions;  (a)  in  variable  space;  (bi  in  objet- 
tive  functions  space. 


multiobjective  optimization  is  that  the  criteria  are 
in  conflict,  then  the  ideal  solution  is  outside  the 
feasible  region.  That  is  indicated  in  Fig.  I  by  point 
A,  in  which  both  objective  functions  F,  and  F, 
have  their  maximal  values. 

The  solutions  of  the  problem  are  situated  on 
section  BDC  of  the  boundary  of  the  feasible 
region.  These  are  called  the  nondominated  solu¬ 
tions,  Pareto  ideal  solutions  or  the  compromise 
.set,  it  means  that  no  one  objective  function  can  be 
increased  without  causing  a  simultaneous 
decrease  of  at  least  one  other  function.  In  effect, 
the  difficulty  is  that  there  is  an  infinite  number  of 
Pareto  solutions  along  section  BDC.  It  is  therefore 
necessary  to  apply  another  procedure  for  the 
selection  of  one  solution,  called  the  preferable 
solution. 

The  compromise  set  is  a  rigorous  and  strict 
solution  of  the  problem,  but  the  next  step,  i.e. 
selection  of  the  preferable  solution  is  based  on  a 
subjective  decision.  Different  preferable  .solutions 
may  be  found  using  different  assumptions  and 
methods.  For  example,  when  strength  and  cost  are 
two  conflicting  objective  functions,  then  the  com¬ 
promise  set  contains  all  possible  solutions.  For 
one  application  the  cheapest  solution  may  be 
selected,  and  for  the  other  the  strongest  one.  In 
general,  a  system  of  arbitrary  weights  may  be 
assumed  for  each  objective  function,  it  means  that 
some  functions  are  considered  as  more  important 
than  others.  A  further  development  of  that 
method  is  the  creation  of  a  utility  function,  by 
which  the  weights  of  various  criteria  are  intro¬ 
duced. 

Another  method  is  based  on  the  selection  of  a 
point  on  the  curve  of  Pareto  solutions  which  is 
closest  to  the  ideal  solution  in  the  space  of 
normalized  functions.  That  second  method  is 
applied  in  the  examples  below.  For  explanation  of 
other  methods  the  reader  is  referred  to  manuals  of 
mathematical  optimization. 
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APPLICATION  OF  MULTICRITERIA 
OPTIMIZATION  TO  DESIGN  OF  CEMENT 
COMPOSITES 

The  application  of  the  optimization  approach  to 
cement-based  composite  materials  requires  selec¬ 
tion  of  appropriate  decisive  functions  and  objec¬ 
tive  functions.  Effective  solutions  of  such 
problems  are  possible  only  when  the  relations 
between  these  functions  may  be  presented  in  an 
analytical  form.  These  relations  should  be  based 
either  on  verified  models  of  materials  or  on 
experimental  results,  presented  in  a  form  of 
approximate  functions. 

The  decisive  functions  (variables)  and  objective 
functions  (criteria)  are  presented  in  Table  1,  which 
is  only  an  example  and  may  be  completed  by 
other  variables  and  criteria.  It  is  not  possible  to 
present  all  of  them,  and  this  does  not  even  seem 
necessary.  Table  1  is  shown  here  as  a  general  in¬ 
dication  of  how  the  problems  may  be  formulated. 
The  subsequent  examples  may  be  related  to  dif¬ 
ferent  parts  of  Table  1. 


EXAMPLES  OF  MATERIAL  OPTIMIZATION 
Example  1 

A  simple  optimization  problem  is  considered  in 
which  there  is  only  one  variable  and  one  objective 
function.  The  problem  has  been  solved  in  Refs  1 
and  2  and  is  only  briefly  described  here. 

A  composite  element  shown  in  Fig.  2  is  sub¬ 
jected  to  direct  tension.  The  only  variable  is  angle 
ft  which  determines  the  direction  of  parallel  fibres 
(ID)  reinforcing  the  considered  element.  The 
objective  function  is  the  fracture  energy  W  accu¬ 
mulated  in  the  element  at  the  limit  state,  which  is 
formulated  as  corresponding  to  the  appearance  of 
a  crack  of  given  width 

The  energy  W  is  expressed  as  a  function  of  one 
independent  variable  f>  and  of  several  given  para¬ 
meters  characterizing  the  mechanical  properties 
of  the  matrix  and  fibres  and  the  matrix-fibre  bond 

H'= 

The  analytical  function  W  was  derived  from  a 
complex  model  in  Ref.  2.  The  solution  is  obtained 
from  the  equation  dlT/dft=0  in  the  region 
and  is  shown  in  Fig.  3.  It  may  be 
observed  that  the  optimal  value  of  angle  ft  is  equal 
to  36°  approximately  for  a  given  .set  of  parameters 


describing  materials  used  and  =  2-57  N 
mm"’. 

Example  2 

The  same  problem  as  for  Example  1  is  considered 
in  a  more  general  way.  Namely,  with  the  same 
objective  function  two  other  variables  are  added: 
the  length  of  a  single  fibre  /  and  its  diameter  D. 
The  optimization  problem  has  been  published 
more  in  detail  in  Ref.  3.  The  constraints  for  the 
variables  are: 

()<d<~:  /</<7;  D<D<D 

2  - 

where  /=10  mm,  72  =  01  mm,  7=100  mm, 
/)=  10  mm.  These  limits  for  length  and  diameter 
of  a  single  fibre  are  imposed  by  an  a.ssortment  of 
available  fibres  and  by  construction  requirements. 

To  solve  the  problem  an  auxiliary  function 
F*{2)  was  constructed  with  Lagrange  constants 
and  the  solution  obtained  for  the  same  set  of 
numerical  values  of  the  parameters  as  in  Example 
1  is: 

dsl9°.5'.  /=100mm.  7.)  =  01  mm. 

VV„p,=  17-68  Nmm  "- 

Two  variables  should  have  their  ma.ximum  values 
corresponding  to  the  boundaries  of  the  feasible 
region  and  angle  iJ  is  smaller  than  in  Example  1 
and  the  value  of  objective  function  is  much  higher. 
This  reflects  the  influence  of  the  twxi  other  in¬ 
dependent  variables. 

Example  3 

Example  2  is  further  completed  with  a  second 
objective  function  which  expresses  the  loading 
capacity  of  the  element  7^=7^(d)  which  should 
reach  its  maximum,  cf.  Ref.  3.  The  function  P(  f)  > 
is  based  on  experimental  results  and  is  presented 
in  the  form  of  a  polynomial 

/'( d )  =  28  -  8-94 1 85 1>-  0-3 1 8293  iV 

+  0-445299 d-' 

It  is  assumed  that  P  does  not  depend  on  the  other 
two  variables.  The  constraints  imposed  on  vari¬ 
ables  ft,  7  and  D  are  the  same  as  in  Example  2. 

That  is  the  problem  of  multicriteria  optimiza¬ 
tion.  For  determination  of  the  compromise  set  an 
auxiliary  function  is  constructed  and  the 
Kuhn-Tucker  theorem  for  multicriteria  optimiza- 
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Fig.  2.  Fibre  reinforced  (ID)  concrete  element  subjected 
to  axial  tension  before  and  after  the  crack  opening  (Example 
1.  after  Ref.  1). 
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Fig.  3.  Diagram  of  the  fracture  energy  IV"’  as  a  function  of 
angle  d:  here  W, ,  IV... . .  are  energy  components  (Example  1, 
after  Ref.  2). 


tion  is  applied.  With  the  numerical  values  of  the 
parameters  as  in  previous  examples  the  com¬ 
promise  set  has  the  form  as  .shown  in  Fig.  4.  The 
preferable  solution  in  the  space  of  normalized 
functions  with  fV|=  0-9625,  F|=  0-9544  cor¬ 
responds  to  the  following  values  of  variables; 

8'’9',  /=  100  mm,  £)  =  0-l  mm, 

W„p,  =  1 7-02  N  mm  -  ^  /’„p,  =  26-72  kN 

It  may  be  observed  that  due  to  the  second  criter¬ 
ion  the  angle  d  obtained  is  much  smaller  than  in 
Examples  1  and  2  and  value  of  IF;,p,  is  smaller 
than  in  Example  2. 

Example  4 

This  example  is  taken  from  Ref.  4  and  is  based 
also  on  modification  of  the  problem  in  Example  1 . 
Two  objective  functions  are  introduced;  the  maxi¬ 


Fig.  4.  Compromise  set  BC  and  preferable  solution  D  for 
Example  3  (A  is  ideal  .solution,  after  Ref.  3). 


mum  of  the  fracture  energy  in  an  element  sub¬ 
jected  to  tension  and  the  minimum  cost  of  that 
element,  which  is  made  of  brittle  matrix  and  is 
reinforced  with  parallel  fibres  (ID)  with  angle 
d=  0°.  There  are  two  variables;  volume  fraction  of 
fibres  jS  and  factor  r„  determining  the  quality  of 
the  fibres: 

^max 

r<.  = - 

Tmax 

here  is  the  actual  characteristic  value  of  the 
pull-out  test  for  selected  fibres  and  is  this 
characteristic  value  for  the  fibres  which  are  the 
least  effective  for  the  fibre/matrix  bond.  The 
values  of  J3  and  r„  may  be  selected  from  the 
ranges  and  respectively.  The 

quality  of  the  bond  of  the  fibres  is  reflected  in 
their  cost  and  the  total  cost  of  the  composite 
materials  is  expressed  in  the  following  form: 

WO=A:,f;  +  k,[r„-f(T„-rJ0-25]K, 

here  k^,  k,,  and  are  unit  costs  of  concrete 
matrix  and  of  fibres  and  their  volumes,  respect¬ 
ively.  The  function  g{fi)  =  +  is  proposed 

to  account  for  the  increased  cost  of  material  tech¬ 
nology  related  to  the  application  of  fibres.  This 
function  is  assumed  to  be  nonlinear,  because  the 
increased  volume  of  fibres  introduced  to  the 
matrix  causes  additional  complications  to  the 
execution  of  the  composite  material.  Here  6,  and 
fej  are  constants  which  are  selected  according  to 
the  local  conditions  of  construction. 

In  the  problem  considered  the  numerical  values 
of  the  parameters  are  as  in  Example  1  and  the  fol¬ 
lowing  constraints  are  assumed: 
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Fig.  5.  Compromise  set  BC  with  idea!  solution  A  and 
preferable  solution  D:  (a)  in  objective  functions  space  for 
Example  4;  (b)  in  variable  functions  space  (ptoint  D'  indicates 
preferable  solution,  after  Ref.  3). 


j8  =  0,/3  =  0-02,  r.,=  l,f.,  =  4 

The  cost  of  the  components  is  characterized  by 
the  values 

k,  =  8x1  ()\  kt  =  36-57  X  1  ()'\  6,  =  4  x  I  O'". 

/?,  =  6x  10" 

taking  into  account  particular  unit  costs  of  basic 
materials  and  workmanship. 

The  compromise  set  is  presented  in  Fig.  5(b).  In 
the  space  of  decisive  variables  it  is  repre.sented  by 
the  corresponding  section  B'C'  in  Fig.  5(a).  The 
ideal  point  A  is  determined  by  its  coordinates 
(1-0,  0-30488).  As  the  preferable  .solution  it  is  pro¬ 
posed  to  be  a  point  which  is  the  closest  to  the  ideal 
solution  A  in  the  space  of  normalized  functions.  It 
is  point  D  with  coordinates  /- ,  =  0-68 1 9  and 
/-,  =  0-7145  (Fig.  5(b)).  In  the  space  of  the  vari¬ 
ables  the  solution  is  obtained  in  point  D'  in  Fig. 
5(ai  for  /3  =  0-014  and  r„  =  4.  This  means  that  in 
the  preferable  solution  the  volume  fraction  of  the 
fibres  is  /I  =  1  ■47()  and  the  best  possible  fibres  with 
r,,  =  4  should  be  applied. 

Example  5 

Let  us  consider  a  cement-based  matrix  with  a 
hybrid  reinforcement  composed  (if  steel  and 


carbon  fibres,  cf.  Ref.  5.  The  elements  made  of 
this  composite  material  are  subjected  to  bending. 
In  the  problem  there  are  the  following  three 
objective  functions: 

1.  Ratio  of  the  fracture  energy  of  the  com¬ 
posite  material  to  the  energy  for  the  plain  matrix, 
which  should  be  maximal,  it  means  that  the  best 
effect  of  the  reinforcement  is  sought: 


F,(x,)  =  =  max  f, . 

Gf(x,  =  0) 


2.  Ratio  of  the  first  crack  composite  stress  to 
the  stress  for  the  plain  matrix  should  be  maximal. 
Again  the  maximal  effect  of  the  reinforcement  is 
expected: 


f  >(jr,)  =  ^  =  max 

(7,(X,  =  0) 

3.  The  total  cost  of  fibre  reinforcement  should 
reach  its  minimum: 

fJx)  -  kfX,  +  k^x,^  min  f\ 

Here  Xi  and  X2  are  the  volume  fractions  of  carbon 
and  steel  fibres,  respectively,  and  these  are  the 
only  variables,  it,  and  -t.  being  the  specific  costs  of 
these  fibres.  The  additional  constraints 

Xi+X2^C.  X,2:0.  /=1.2 

mean  that  the  total  volume  fraction  of  both  kinds 
of  fibres  is  limited  by  the  good  workability  of  the 
fresh  mix  required  and  that  these  volumes  are 
expressed  by  nonnegative  values.  In  the  solution 
the  volume  fractions  of  both  kinds  of  fibres  should 
be  determined  in  such  a  way,  that  the  effects  of 
reinforcement  in  the  sense  of  the  fracture  energy 
and  the  first  crack  strength  are  a  maximum  and 
the  cost  of  reinforcement  is  a  minimum.  Here 
several  simplifying  assumptions  are  accepted, 
among  others: 

—  that  the  matrix  properties  do  not  depend  on 
the  kind  of  reinforcement. 

—  that  the  cost  of  reinforcement  may  be 
expressed  as  proportional  to  their  volume 
fractions. 

The  functions  /  |{.v,)  and  /--t-v,).  /=1.2,  are 
determined  from  the  test  results  and  repre.sented 
by  two  polynomials.’' 

The  feasible  region  for  the  design  variables  is 
shown  in  Fig.  6.  The  maxima  of  functions  /-  ,  and 
/-,  are  determined  by  the  Kuhn-Tucker  theorem. 
All  seven  solutions  are  shown  as  points  in  Fig.  6. 
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Fig.  6.  Feasible  region  in  Example  5  (after  Ref.  5). 


These  are  the  solutions  inside  the  feasible  region 
in  point  1  and  on  the  constraints  in  points  2,  3,  4 
and  A',  C'  and  E'.  The  maxima  of  functions 
and  Ft  obtained  only  from  the  solutions  which 
satisfy  the  necessary  conditions.  The  function  F, 
is  linear  with  respect  to  variables  x^  and  and 
has  its  minimum  in  point  x,  =  0,  x,  =  0. 

The  solution  of  an  optimization  problem  for 
three  criteria  is  the  compromise  set,  the  ideal  solu¬ 
tion  and  the  preferable  solution.  In  the  dimension¬ 
less  space  of  objective  functions  the  ideal  solution 
is  in  the  point  (10,  10,  0  0).  In  the  problem  con- 
.sidered  for  imposed  c=5%  and  kJki-lQ,  the 
maximum  of  the  normalized  function  <l>,  is 
obtained  for  jc,  =0  and  x-  =  4  0975  (point  B'  in 
Fig.  6).  The  maximum  of  function  4>_,  is  for  at,  =  5 
and  X,  =  0  (point  I:').  The  minimum  of  function 
O,  is  for  X,  =  0  and  x,  =  0  (point  A ). 

The  set  of  compromises  may  be  determined 
using  one  of  the  methods  proposed  in  any  manual 
for  mathematical  optimization.  Its  projections  on 
all  three  planes  =  0,  and  ^|  =  0  are  shown 
in  Fig.  7.  The  preferable  solution  is  determined  as 
the  point  nearest  to  the  ideal  solution.  Its  coordi¬ 
nates  are:  =  0-9629,  =  0-4774,  f,p,  =  010. 

This  point  is  projected  on  the  planes  in  Fig.  7.  In 
the  space  of  the  design  variables  point  C'  with 
coordinates  x,  =  0,  x,  =  5  (Fig.  6)  is  the  preferable 
solution.  The  optimum  composite  is  reinforced 
with  a  volume  fraction  of  steel  fibres  equal  to  5% 
and  without  the  carbon  fibres  which  are  assumed 
1 0  times  more  expensive. 

If  the  conditions  are  modified  in  such  a  way 
that  the  difference  in  the  cost  of  fibres  is  neglected 
and  kjk2  =  1,  then  the  solution  is  i  yi°/a  of  steel 
fibres  and  also  without  carbon  fibres  (point  F ').  In 
the  case  when  the  cost  of  fibres  is  completely 
neglected  and  A:,  =  /c,  =  0,  then  the  solution  is: 
4-83%  of  carbon  fibres  and  ()17”/o  of  steel  fibres 
(point  D'  in  Fig.  6).  It  is  interesting  how  the  condi¬ 
tions  imposed  on  the  cost  determine  the  solution. 


Example  6 

The  optimization  problem  was  formulated  on  the 
basis  of  data  obtained  from  testing  of  concrete 
used  for  the  construction  of  piers  of  a  highway 
bridge  across  the  Vistula  near  Zakroezym.  The 
text  which  follows  is  based  on  Ref.  6. 

Two  criteria  were  used:  maximum  compressive 
strength  and  minimum  specific  cost.  Five  in¬ 
dependent  variables  were  selected  as  mass  frac¬ 
tions  of:  p,  sand  (0-2  mm),  z,  gravel  (2-8  mm),  g, 
crushed  stone  (8-16  mm),  c,  cement  and  w,  water. 

Using  experimental  data  approximated  by  the 
least  squares  method  and  a  set  of  curves  from  the 
design  method  applied  in  the  UK  for  mix  design 
the  compressive  strength  was  presented  as  a 
second  order  function  of  five  independent  vari¬ 
ables  /c(c,p, g,  w,z). 

The  specific  cost  was  proposed  as  a  sum  of  the 
costs  of  particular  components  (water  was 
excluded)  multiplied  by  a  nonlinear  coefficient  a 
related  to  the  content  of  cement  and  representing 
the  increased  cost  of  high  strength  concrete.  The 
cost  function  has  the  following  form: 

F(c,p,  g,  z)  =  a(540c-i-  12p-i-20z-F4()g) 

where  the  numerical  coefficients  are  the  approxi¬ 
mate  cost  of  components  in  PLZ  per  1  kg  and  the 
coefficient  a  was  proposed  as 

_  9-025  X  10~  V"--2-28c  + 423-75 

“  1 -4250 +  52-5 

The  constraints  were  taken  from  effective 
mixes  used  on  the  site  where  the  conditions  of 
workability  were  taken  into  account.  Using  similar 
mathematical  methods  as  in  previous  Examples, 
the  solution  obtained  is  shown  in  Fig.  8.  Section 
BC  in  the  space  of  normalized  functions  d>  is  the 
compromise  set  and  points  C  and  B  represent 
.solutions  for  maximum  compressive  strength  and 
minimum  cost,  respectively.  The  preferred  solu¬ 
tion  in  point  D  was  selected  as  the  one  closest  to 
the  ideal  .solution  in  point  A.  Pbints  with  numbers 
indicate  the  test  mixes  realized  on  the  site. 

It  is  interesting  to  note  that  the  compressive 
strength  of  optimum  concrete  appeared  to  be 
9  MPa  higher  than  the  average  taken  from  10 
samples  of  the  test  mixes.  At  the  same  time  the 
specific  cost  turned  out  to  be  6%  lower  than  the 
actual  mix  Nr  6  on  the  construction  site.  That  mix 
was  the  closest  to  the  calculated  optimum  solu¬ 
tion,  but  it  was  weaker. 

The  results  of  this  Example  show  that  useful 
information  may  be  obtained  from  the  .solution  of 
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Fig.  7.  Compromise  set:  (a)  for  functions  and  <4^  in  Example  5;  (bi  for  functions  (4,  and  (c)  for  functions  and  '  after 

Ref.  5). 


an  optimization  problem  even  though  a  rather 
simplified  model  was  adopted  for  calculations. 

CONCLUDING  REMARKS 

The  problems  were  solved  as  examples  of  the 
optimization  approach  to  design  of  cement-based 
composites.  The  examples  were  selected  for 
explanation  of  the  proposed  procedures  in  a  sim¬ 
ple  way.  In  all  cases  only  one  method  of  deter¬ 
mination  of  the  preferable  solution  from  the 
Pareto  compromise  set  was  applied:  in  the  space 
of  normalized  objective  functions  a  point  closest 
to  the  ideal  solution  was  found  as  representing  the 
preferable  solution.  It  is  possible  to  determine  the 
preferable  solution  in  many  other  ways.  e.g.  using 
numerical  factors  as  weights  which  represent  the 
importance  of  each  particular  objective  function. 
By  that  method  a  so-called  utility  function  may  be 
created  which  represents  all  objective  functions 
with  their  weights  in  the  form; 

^  ~  1^1^  ^1^2  ^  ^  •  •  • 

where  d>,  are  objective  functions  and  k,  are  their 
weights. 

The  principal  difficulty  in  the  problems  of 
material  optimization  is  their  correct  formulation 
from  which  effective  and  useful  solutions  may  be 
derived.  Here  the  sensitivity  of  the  objective  func¬ 
tion  with  respect  to  the  variables  is  a  separate 
question.  The  next  difficulty  is  the  determination 
of  analytical  relations  between  objective  functions 
and  variables.  Such  relations  may  be  established 
from  various  test  results  available  from  publica¬ 
tions.  It  is  not  necessary  to  execute  experimental 


Fig.  8.  Compromise  set,  ideal  solution  A  and  preferable 
solution  D  in  Example  6  (after  Ref.  61 


research  in  each  case  when  an  optimization  pro¬ 
blem  is  formulated.  Often,  however,  the  relations 
between  all  variables  and  objective  functions  arc 
not  given  explicitly  and  special  methods  should  be 
applied  to  obtain  approximate  solutions  from 
incomplete  test  results. 

The  last  difficulty  in  these  problems  is  the 
effective  solution  of  the  equations  obtained. 

Further  development  of  the  optimization 
approach  for  cement-based  composites  should  be 
directed  at  consideration  of  various  objective 
functions  and  variables.  Mechanical  models  which 
express  optimization  criteria  as  functions  of  in¬ 
dependent  variables  should  be  con.siderably 
improved  and  random  variables  should  be  also 
considered  in  the  optimization  approach.  The 
optimization  for  the  least  cost  seems  to  be  of  par¬ 
ticular  importance  because  of  the  increasing  cost 
of  both  material  components  and  .sophisticated 
technologies  applied  to  the  composite  materials. 
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Measurement  of  the  strength  of  laminated  composites  is  very  difficult  because 
their  failure  processes  imply  various  failure  modes,  which  are.  for  example,  an 
interlaminar  dclamination.  a  destruction  of  matrix  and  an  interfacial  fracture 
between  fiber  and  matrw.  However,  that  strength  is  one  of  the  most  important 
characteristics  in  structural  design  using  laminated  composites.  Hence  we  try  a 
fractural  progress  analysis  of  laminated  composites  using  a  quasi-three- 
dimensional  analysis  method  under  a  tensile  load.  The  quasi-three-dimensionai 
model  is  constructed  of  shell  elements  and  beam  elements  which  represent 
fiber  and  matrix  respectively.  The  fractural  progress  analyses  of  the  laminated 
composites  are  carried  out  to  evaluate  this  proposed  model.  The  precision  is 
very  good.  Therefore  we  confirm  that  this  proposed  model  can  simulate  a 
transverse  crack  and  an  interlaminar  delamination. 


INTRODUCTION 

There  is  considerable  intere.st  in  many  industries 
in  the  u.se  of  carbon-reinforced  plastics  as  sub¬ 
stitutes  for  the  conventional  metallic  materials. 
This  is  because  of  the  benefits  of  high  specific 
strength  and  specific  stiffne.s.s.  The  other  advan¬ 
tages  such  as  high  corrosion  resistance  and  design 
flexibility  are  added  attractions.  Particularly  a 
laminated  composite  fabricated  from  unidirec¬ 
tional  reinforced  prepregs  is  widely  used.  There¬ 
fore  we  can  read  many  reports  for  experimental 
estimation  of  their  characteristics.  The  tensile 
strength  is  considered  to  be  one  of  the  most 
important  factors  in  structural  designs  and  estima¬ 
tion  of  tensile  strength  is  not  very  difficult.  How¬ 
ever  it  is  very  difficult  for  experiments  to  con.sider 
a  situation  of  a  damage  process,  the  effects  of  fiber 
and  matrix  and  interface  on  the  damage  process. 
Moreover  the  estimation  of  a  critical  tensile  load 
for  a  laminated  composite  with  holes  is  more  dif¬ 
ficult  because  of  stress  concentration  in  the  vicin¬ 
ity  of  the  hole.'  Accordingly  the  consideration  of 
the  tensile  fractural  mechanism  by  using  the  finite 


element  method  is  an  important  guide  to  the 
design  of  structures  with  laminated  composites. 
The  use  of  three-dimensional  solid  elements  is 
considered  to  be  most  proper  for  the  simulation 
of  the  behaviors  of  laminated  composites  since 
the  behaviors  have  complex  three-dimensional 
deformations  with  Poi.sson's  effect.  Therefore  the 
simulation  of  the  fractural  process  of  laminated 
composites  by  using  a  three-dimensional  element 
requires  a  very  small  element  and  a  huge  number 
of  elements,  because  the  fractural  process  consists 
of  local  failures  such  as  interlaminar  delamination. 
On  the  other  hand,  assuming  the  laminated  com¬ 
posite  as  a  single  equivalent  stiffness  plate  by 
means  of  Classical  Lamination  Theory,  we  cannot 
simulate  the  in-layer  fracture  and  the  interlaminar 
delamination  separately.  Hence  we  need  to  con¬ 
sider  a  new  numerical  model  by  constructing  shell 
and  beam  elements  which  represent  fiber  and 
matrix  respectively.  And  we  call  this  model  the 
quasi-three-dimensional  model.  We  reported  that 
the  quasi-three-dimensional  model  is  effective  for 
the  estimation  of  various  static  stiffnesses  of  the 
virgin  laminated  composites.  Moreover  we  con- 
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firmed  that  the  quasi-three-dimensional  model 
was  appropriate  for  damaged  laminates  enough  to 
simulate  the  eigen-frequencies  by  deleting  beam 
elements.  In  this  study  we  try  to  estimate  the  ten¬ 
sile  strength  of  fair  types  of  quasi-isotropic  CFRP 
plates.  We  also  investigate  the  estimation  of  tensile 
strength  for  holed  CFRP  plates. 


QUASI-THREE-DIMENSIONAL  MODEL 

As  already  mentioned,  conventional  models  are 
not  good  enough  to  simulate  the  strengths  of  lami¬ 
nated  composites.  The  main  reason  is  that  the 
laminated  composite  is  modeled  by  assuming  it  to 
be  a  homogeneous  object  though  it  has  a  hetero¬ 
geneous  nature.  Therefore  one  of  the  aims  of  our 
new  numerical  model  is  to  take  into  account  the 
heterogeneity  of  laminated  composites.  Our  pro¬ 
posed  model  is  constructed  of  orthotropic  shell 
elements  and  isotropic  beam  elements,  which 
represent  fiber  and  matrix  respectively. 

Figure  1(a)  shows  a  cross-section  of  single  layer 
of  the  laminated  composite.  The  cross-section  is 
usually  modeled  as  a  homogeneous  material. 
However  according  to  our  concept,  this  cross- 
section  is  considered  to  be  heterogeneous  as 
shown  in  Fig.  Kb).  Namely  we  divide  each  layer 
into  a  fiber  area  and  two  resin  areas.  In  the  fiber 
area  of  Fig.  1(b),  we  assume  that  the  array  of 
fibers  is  hexagonal.  By  means  of  this  assumption, 
the  fiber  fraction  K,  is: 

.T  I  A' 


where  2R  \s  the  distance  between  fiber  and  fiber, 
and  2r  is  the  diameter  of  the  fiber.  When  R  is 
equal  to  r  in  eqn  ( 1 ).  the  fiber  volume  fraction  K, 
becomes  the  maximum  value  Ffmax-  '^•id  is 
equal  to  0-9()7.’  Thus  we  model  the  fiber  area  of 
orthotropic  shell  elements  whose  K,  is  ()-9()7  and 
the  resin  area  of  isotropic  beam  elements  whose 
K,  is  0.  In  this  case  the  thickness  of  the  shell  ele¬ 
ments  in  the  individual  plies  hi  is: 


0-907 

where  hO  is  the  thickness  of  the  ply,  and  Km  is  the 
fiber  volume  fraction  in  the  ply  under  considera¬ 
tion.  The  material  properties  of  the  shell  and  the 
beam  elements  used  in  our  proposed  model  are 
obtained  by  means  of  Tsai’s  equation'*  and  a  hand¬ 


book’  respectively.  Figure  2  shows  our  proposed 
model,  known  as  the  quasi-three-dimensional 
model.  In  Fig.  2  the  distance  between  each  ply  is 
equal  to  the  thickness  of  each  ply  hO  because  the 
shell  elements  are  placed  on  the  neutral  surface  of 
each  ply.  Then  we  connect  the  shell  elements  with 
the  beam  elements  along  the  thickness  direction  in 
order  to  produce  an  interlamina.  The  material 
properties  of  these  beam  elements  correspond  to 
the  resin  used.  Figure  3  shows  a  top  figure  of  the 
quasi-three-dimensional  model.  As  shown  in  Fig. 
3  the  beam  elements  have  various  cross-sections 
depending  on  their  positions.  Figure  4  shows  a 
quasi-three-dimensional  model  of  the  eight-layer 
laminate.  Using  a  quasi-three-dimensional  model, 
we  hope  that  the  calculation  time  is  very  short  as 
compared  with  that  of  the  three-dimensional 
analysis  because  the  quasi-three-dimensional 
model  need  hardly  consider  the  aspect  ratio. 
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Fie  •  Basic  concept  for  quasi-three-dimcnsional  model. 
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Fig.  2.  Kxample  of  making  quasi-three-dimensional  model. 
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TENSILE  DAMAGE  ANALYSIS  FOR  VIRGIN 
LAMINATES 

Analysis  procedure 

The  CFRP  plates  analyzed  in  this  study  were  set 
up  to  form  an  eight-layer  quasi-isotropic  plate. 
The  stacking  sequences  were  of  four  kinds  as 
shown  in  Table  1 .  The  overall  length  of  the  model 
was  1 00  mm.  the  width  1 5  mm  and  the  thickness 
1  mm.  On  the  other  hand,  we  carried  out  an 
experiment  to  investigate  the  appropriateness  of 
our  quasi-three-dimensional  analyses.  The  speci¬ 
mens  tested  were  fabricated  from  unidirectional 
prepregs.  These  were  supplied  by  TOHO-rayon 
and  consisted  of  'HTA-T  carbon  fiber  embedded 
in  common  epoxy  resin  ‘No.  1 1 4'.  The  fiber 
volume  fraction  (  V,)  was  equal  to  57%  constantly. 

Figure  4  shows  the  quasi-three-dimen.sional 
model  of  the  virgin  laminated  composite  used  in 
this  study.  Here  the  X,  Y  and  Z  axes  show  the 
loading,  width  and  thickness  direction,  respect¬ 
ively.  The  load  condition  is  that  the  outermost 
layers  (first  and  eighth  layers)  are  tensioned  by  a 
load  incremental  method.  And  we  calculate  the 
components  of  the  normal  and  shear  stresses 
separately  with  every  load  increment.  Figure  5 
shows  the  analytical  results  for  an  A-type  lami¬ 
nated  composite.  Two  kiids  of  failures  appear  in 
the  quasi-three-dimensional  model  with  an 
increase  in  the  tensile  load.  At  first,  when  the 
transverse  stress  value  CT|  on  90°  layers  reaches 
the  transverse  strength  f  ,  with  F|  =  9()-77o  (point 
A  in  Fig.  5),’  a  tailure  called  a  ‘transverse  crack’ 
appears.  Also  this  point  is  usually  called  the ‘knee- 
point’.  We  define  the  tensile  stress  on  point  A  as 
ho  ‘first  analytical  failure  stress'.  We  must  con¬ 
sider  that  the  redistribution  of  the  stress  field  in 
the  laminated  composite  is  caused  by  the  trans¬ 
verse  crack.  Accordingly  after  the  ten.sile  stress 
reaches  the  first  failure  stress,  we  continue  the 
analysis  by  reducing  the  transverse  ela.stic 


Table  1.  Stacking  sequence 


Type  A 

Type  B 

Type  C 

Type  D 

8th  layer 

0  deg. 

90  deg. 

45  deg. 

45  deg. 

7th  layer 

VO  deg. 

0  deg. 

-45  deg. 

-  45  deg. 

6th  layer 

45  deg. 

45  deg. 

0  deg. 

90  dec. 

5th  layer 

-  45  deg. 

-45  deg. 

90  deg. 

0  deg. 

4th  layer 

-  45  deg. 

-  45  deg. 

90  deg. 

0  deg. 

3r<i  layer 

45  deg. 

45  deg. 

0  deg. 

90  deg. 

2nd  layer 

90  deg. 

0  deg. 

-45  deg. 

-45  deg. 

l.st  layer 

Odeg. 

90  deg. 

4^ 

45  deg. 

10 
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B 
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Fig.  5.  Analytical  result  for  type  A. 


modulus  on  90°  layers  to  the  resin  elastic 
modulus  As  the  tensile  load  increases,  the 
beam  elements  representing  the  interlamina  begin 
to  yield  (point  B  in  Fig.  5).  Here  we  apply  ‘Von- 
Mises  law'  to  the  yield  condition  of  the  beam  ele¬ 
ments.'’  When  the  first  of  the  beam  elements 
yields,  we  define  the  tensile  stress  as  ‘second 
analytical  failure  stress'.  Moreover  we  investigated 
the  yielding  progress  of  the  beam  elements  after 
the  second  failure  .stress.  On  the  other  hand,  we 
carried  out  a  tensile  experiment  in  order  to  evalu¬ 
ate  the  appropriateness  of  the  above  analytical 
method.  For  the  experiment,  we  used  an 
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JN'STRON  testing  machine  .'ith  computer  con¬ 
trol.  and  ■  carried  out  an  Acoustic  Emission 
measurement  with  a  40  dB  threshold  at  the  same 
time.  For  the  Z  results,  we  measured  the  cumu¬ 
lative  hit  counts  at  low  amplitude  !4()-6()  iiHc 
middle  amplitude  1 60-80  dB  i  and  high  amplitude 
80  - 100  dB  separately. 

Results  and  discussion 

F'gure  6  shows  both  analytical  and  e.xperimental 
results.  In  Fig.  6.  it  is  evident  that  there  is  good 
tigreement  between  the  analytical  and  experi¬ 
mental  stress  strain  hehttvior  o(  virgin  laminates. 
Fhe  first  tinalyiical  failure  stress  is  in  accordance 
with  experimentai  positions  of  the  'knee-point'  for 
ail  four  types;  anil  they  are  associated  with  the 
start  oi  tiie  low-amplitude  events  for  the  AE. 
inca- urements.  1  hese  events  indicate  the  occur¬ 
rence  of  micro- cracks  in  the  resin  region.  We 
decided  that  the  transverse  crack  appears  at  the 
first  analytical  failuie  stress  level,  bectiuse  of  the 
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agreement  with  the  starting  of  the  low  amplitude 
events  and  the  first  analytical  failure  stress  level. 
For  A-!)  types,  wc  confirm  that  the  first  analytical 
failure  stress  values  are  almost  constant  at  loEO, 
12(H),  I28-!  and  l2S  s  MPa  respectively,  i  hen 
the  mkldle-amplitude  events  appear  at  the  second 
analytical  failure  stress  for  a'!  four  types.  I'hcse 
events  indictite  interlaminar  delainination. 
Accordingly  we  confirm  that  the  yielding  id  beam 
elements  corresponds  to  interlaminar  delainma- 
lion  because  of  the  agreement  between  the  events 
and  the  second  analvtical  failure  stress  level.  Fable 
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Fig.  7.  Yield  progress  for  virgin  type  A. 


2  shows  the  stress  values  of  the  first  yielded  beam 
elements  and  the  positions  of  their  beam  elements 
under  the  second  analytical  failure  stress  level. 
Judging  from  Table  2,  the  yielding  of  beam  ele¬ 
ments  is  controlled  by  shear  stress  and  the  pt)si- 
tions  of  yielding  are  the  interlaminas  connected 
with  90°  layers  for  all  types.  Figure  7  shows  a 
series  of  features  of  beam  element  yielding  pro¬ 
gress  in  four  stages  for  A  type.  Judging  from  Fig. 
7.  the  yielding  starts  at  the  edge  of  the  90/45 
interlamina,  then  the  yielding  spreads  in  the  same 
interlamina  in  proportion  to  the  tensile  stress 
increase.  In  consequence  of  modeling  the  fiber 
and  matrix  separately  such  as  in  the  quasi-three- 
dimensional  model,  we  confirm  that  the  different 
fractural  phenomena  such  as  the  transverse  crack 
and  the  interlaminar  delamination  can  be  simu¬ 
lated  at  the  same  time.  On  the  other  hand,  the 
partition  of  the  different  fractural  phenomena 
may  be  impossible  using  the  conventional  solid 
elements  because  the  use  of  them  indicates  that 
the  laminated  composite  is  assumed  to  be  homo¬ 
geneous.  Thereh)re  we  believe  firmly  that  applica¬ 
tion  of  the  quasi-three-dimensional  model  to 
tensile  damage  analyses  is  effective. 


TENSILE  DAMAGE  ANALYSIS  FOR  HOLED 
LAMINATE 

As  already  mentioned,  we  can  simulate  the  trans¬ 
verse  crack  and  interlaminar  delamination  for 
virgin  laminates  using  the  quasi-three-dimensional 
model.  In  this  section,  we  try  to  apply  this  model 
to  a  holed  laminate  whose  strength  is  more  dif¬ 
ficult  to  measure  as  compared  with  the  virgin 
laminate.'*""  Because  the  holed  laminate  has  var¬ 
iable  stress  values  in  each  layer.  The  objects  ana¬ 
lysed  are  the  same  laminated  composites  as  show  n 
in  Table  1  with  ^  =  6  mm  center  hole.  The  quasi- 
three-dimensional  model  of  the  holed  laminate  is 
shown  in  Fig.  8. 

Results  and  discussion 

Figure  9  shows  both  the  analytical  and  experi¬ 
mental  results  for  holed  laminates.  We  confirm 
that  the  first  and  second  analytical  fractural  stress 
levels  are  interrelated  with  the  experimental 
occurrences  of  the  ‘knee-point’  and  middle-ampli¬ 
tude  AE  events,  respectively.  Moreover  Fig.  10 
shows  a  series  of  beam  elements  yielding  progress 
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in  three  stages  for  an  A  type.  Judging  from  Fig. 
1 0,  we  confirm  that  beam  element  yielding  starts 
at  the  edges  of  the  center  hole  along  the  direction 
transverse  to  the  loading  in  the  90/45  interlamina. 


Fig.  8.  Me'>h  division  of  holed  laminate. 


Then,  as  the  tensile  load  increases,  the  yielding 
propagates  along  the  loading  direction.  At  the 
second  analytical  fractural  stress  level,  the  start  of 
beam  element  yielding  is  in  the  90/45,  90/0,  0/90 
and  -45/90  interlaminas  for  A-D  types,  respect* 
ivley.  These  interlaminar  positions  are  the  same  as 
those  for  virgin  laminates.  Judging  from  the  above 
results,  we  confiun  the  quasi-three-dimensional 
model  is  effective  for  the  estimation  of  damage 
progress  in  holed  laminates. 

CONCLUSION 

Using  the  quasi-three-dimensional  model  we 
performed  tensile  stress  analyses  and  both  analy¬ 
tical  and  experimental  results  were  compared. 
The  results  are  summarized  as  follows; 

(1)  We  could  simulate  the  stre.ss-strain  rela¬ 
tionship  up  to  the  second  analytical  frac¬ 
tural  stress  level  for  CFRP  virgin  laminates. 


(a)  I'ype  A 


(b)  Type  B 


Timc/scc  ItiTic/scc 


(c)  Type  C  Tyi>c  D 

Fig.  9.  f 'omparison  of  analytical  and  experimental  rcsult.s  for  holed  laminate. 
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Also  the  transverse  crack,  interlanrtinar 
delamination  and  interlaminar  damage 
propagation  could  be  estimated. 

(2)  We  could  also  simulate  the  stress-strain 
relation  of  holed  CFRP  laminates  with 
stress  concentration. 
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A  finite  element  (FE)  based  formulation  is  utilized  to  represent  the  damage- 
dependent  response  of  laminated  composite  structures.  An  internal-state- 
variable  (ISV  )  approach  provides  a  definition  of  the  stiffness  reduction  caused 
by  intralaminar  crack  propagation  at  the  ply  level.  These  ISVs  are  combined 
with  simple  stress  criteria  to  accommodate  ply  property  changes  caused  by 
fiber  fracture,  fiber  microbuckling  and  interior  delaminations.  A  set  of 
orthogonal  Ritz  vectors  are  chosen  as  basis  vectors  to  transform  the  dynamical 
equations  of  motion  to  a  reduced  coordinate  space.  The  reduced  basis  form  of 
the  equations  provides  significant  numerical  efficiencies,  especially  for  large 
ordered  systems.  Furthermore,  damping  and  its  variation  with  damage  can  be 
generally  represented  in  any  number  of  vibratory  modes.  The  Newmark 
integration  operator  is  used  to  solve  the  dynamic  equations  of  motion,  and 
equilibrium  iterations  are  performed  in  each  incremental  time  step  to  assure 
convergence.  Results  are  given  for  laminated  beam  and  plate  geometries 
subjected  to  dynamic  loads. 


INTRODUCTION 

When  fiber- reinforced  laminated  composite 
structures  are  subjected  to  either  static  or  time- 
varying  loading  conditions,  a  multitude  of  damage 
modes  can  initiate  and  propagate.  These  modes 
may,  for  example,  include  some  combination  of 
matrix  (intralaminar)  cracking,  fiber  fracture,  fiber 
microbuckling  and  delamination  (interlaminar 
cracking).  A  general  capability  to  model  such 
damage  modes  at  the  macro- mechanics  level 
would  provide  a  much  needed  capability  in  the 
optimal  design  of  composite  structures.  Further¬ 
more,  such  modeling  capability  would  be  required 
in  many  ‘smart  structures’  applications,  e.g,  those 
aimed  at  sensing  the  structural  integrity  of  a  com¬ 
ponent.  In  the  present  finite  element  (FE)  formu¬ 
lation,  an  internal  state  variable  (ISV)  approach  is 
used  to  represent  the  smooth  transition  in  ply 
stiffness  properties  due  to  intralaminar  crack 
propagation.  These  properties  vary  smoothly  due 
to  the  nature  of  intralaminar  crack  distributions, 
i.e.  as  cracks  develop  in  a  given  ply  the  material 
between  cracks  remains  bonded  to  adjacent  plys 
resulting  in  a  gradual  reduction  in  moduli  and 
Poisson’s  ratio  values.  The  ISV  ply-level  matrix 


cracking  model,  incorporated  in  the  FE  formula¬ 
tion,  is  an  extension  of  Talreja's  laminate  damage 
model,'  i.e.  extended  to  treat  variation  in  the  con¬ 
stitutive  properties  at  the  ply  rather  than  at  the 
laminate  level.  In  combination  with  the  ISVs, 
stress  criteria,  e.g.  those  developed  by  Hashin,* 
Lee'  and  Greszczuk,'*  are  utilized  to  accom¬ 
modate  ply  property  changes  due  to  fiber  fracture, 
fiber  microbuckling  and  interior  delaminations.  A 
set  of  orthogonal  Ritz  vectors  are  chosen  as  basis 
vectors  to  transform  the  dynamical  equations  of 
motion  to  a  reduced  basis.^  '’  Response  of  the  full 
model  is  obtained  as  a  re-expansion  of  the 
reduced  system  solution.  The  approach  is  similar 
to  the  modal  superposition  method,  except  that 
the  basis  vectors  are  the  Ritz  vectors  proposed  by 
Wilson  et  al.^  These  vectors  have  some  advan¬ 
tages,  e.g.  they  can  be  generated  with  much  more 
computational  efficiency  than  can  the  eigen¬ 
vectors  (mode  shapes),  which  is  especially  sig¬ 
nificant  for  large  ordered  systems.  Furthermore, 
unlike  eigenvector'',  Ritz  vectors  can  account  for 
the  spatial  load  distribution.  Not  only  does  this 
reduced  basis  approach  provide  an  efficient  incre¬ 
mental  solution  of  the  dynamic  equations  of 
motion,  it  also  provides  an  effective  numerical 


69 

Composite  Structures  ()26.3-8223/93/$06.00  C  1 993  Elsevier  Science  Publishers  Ltd.  England.  Printed  in  Great  Britain 


70 


J.  J.  Enghlom,  Q.  Yang 


method  for  representing  damping  and  its  variation 
with  damage,  in  any  number  of  modes.  The  pro¬ 
posed  approach,  therefore,  does  not  have  the  limi¬ 
tation  associated  with  proportional  damping,  i.e. 
that  only  two  modal  damping  factors  can  be  pre¬ 
scribed  independently.  The  Newmark  integration 
operator  is  used  to  solve  for  the  dynamic  response 
in  the  reduced  coordinate  space,  and  equilibrium 
iterations  are  performed  within  each  incremental 
time  step  to  assure  convergence.  It  is  important  to 
emphasize  that  the  damage  model  presented 
herein  requires  a  significant  experimental  data¬ 
base.  The  ISV  approach  requires  that  matrix 
cracking  thresholds  and  saturation  levels  be  esta¬ 
blished  and  related  to  ply  stresses.  Unidirectional 
ply  properties  must  also  be  available,  i.e.  tension, 
compression  and  shear  strengths.  When  damping 
properties  are  an  important  consideration,  both 
baseline  modal  damping  parameters  and  changes 
related  to  damage  should  be  measured  for  a  parti¬ 
cular  laminate  geometry  and  loading  condition  of 
interest. 


UNREDUCED  EQUATIONS  OF  MOTION 

The  'unreduced'  equations  of  motion  governing 
the  dynamical  system  can  be  given  in  the  incre¬ 
mental  form 

MAUr.^r  +  CrMjr.^r  +  KrAUr.^r 

=  AP,.^r  +  lr  (1) 

Here,  M  is  the  mass  matrix,  C,  is  the  equivalent 
viscous  damping  matrix  at  time  T,  K  j  is  the  stiff¬ 
ness  matrix  evaluated  at  time  T,  AU,.,*,  is  the 
incremental  displacement  vector,  AP,^f^,  is  the 
incremental  applied  load  vector  at  time  T+AT 
and  I,  is  the  residual  (unbalanced)  load  vector. 
The  dot  and  double-dot  superscripts  on  At/ 
represent  the  first  and  second  derivatives  of  the 
incremental  displacement  vector  with  respect  to 
time,  i.e.  incremental  velocity  and  acceleration 
vectors,  respectively.  Furthermore,  the  residual 
load  vector  relates  to  the  equilibrium  balance  at 
time  T  and  is  given  as 

l,=Pr-MOr-C,U,-F,  (2) 

where  Pj  is  the  applied  load  vector  at  time  T,  F, 
is  the  vector  of  forces  corresponding  to  the  in¬ 
ternal  element  stresses  at  time  T  and  the  time 
derivatives  of  the  displacement  vector  Uj  repre¬ 
sent  the  velocity  and  acceleration  vectors  evalu¬ 
ated  at  time  T.  Note  that  the  number  of  equations 


in  (1)  is  simply  equal  to  the  total  number  of  un¬ 
restrained  degrees  of  freedom  in  the  FE  model. 
Through  use  of  the  Newmark  integration 
scheme,**  eqns  ( 1 )  can  be  written  in  a  form  appro¬ 
priate  for  solution  of  the  incremental  displace¬ 
ment  vector,  i.e. 

where  the  effective  stiffness  matrix  K*  is  defined 
as 


2  4 

'  ‘at  at 


14. 


and  the  effective  incremental  load  vector  has  the 
form 


+  M\ 


[AT 


U,  +  2V,  +2C,C’,  {5) 


where  the  term  AT  in  these  equations  represents 
the  incremental  time  step  used  in  the  solution  pro¬ 
cess. 


DAMAGE  MODEL 

In  the  present  formulation,  damage  is  accounted 
for  at  the  layer  level.  Note  that  the  term  'layer' 
herein  represents  a  ply  or  a  subset  of  adjacent 
plies  of  equal  fiber  orientation.  Stress  criteria*"* 
provide  the  numerical  basis  for  reducing  the 
appropriate  ply  properties  for  fiber  fracture,  fiber 
microbuckling  and  interior  delaminations.  The 
solution  assumes  step  changes  in  ply  properties 
when  such  failures  are  predicted.  In  combination 
with  these  stress  failure  criteria,  the  ISV  represen¬ 
tation**  of  intralaminar  cracking  takes  the  form  of 
a  smooth  variation  of  the  ply  moduli  and  major 
Poisson's  ratio  as  given  below 
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where  £2  fhe  transverse  ply  modulus,  (7,2  the 
ply  shear  modulus  and  v,2  the  ply  Poisson’s  ratio. 


Damage  dependent  dynamic  response  of  laminated  composite  structures 


71 


The  r  superscript  represents  the  order  of  variation 
in  v,2,  and  the  o  and  f  superscripts  are  indicative 
of  the  initial  (undamaged)  and  final  (crack  satu¬ 
rated)  properties,  respectively.  Note  that  D  is  a 
damage  parameter  which  has  significance  in  the 
range  D,h  <  D  <  1 .  Here,  Dj^  is  the  threshold 
value  of  the  damage  parameter,  below  which  no 
matrix  cracking  has  occurred  in  the  ply  of  interest. 
The  ply  damage  parameter  is  implicitly  related  to 
both  average  crack  density  and  crack  dimension. 
Rather  than  attempt  to  directly  account  for  these 
crack  characteristics,  the  approach  taken  here  is 
to  utilize  the  ISV  formulation  to  define  the  form 
of  smooth  ply  moduli  variation  and  then  to  allow 
the  damage  parameter  to  depend  on  the  state  of 
stress  in  the  ply.  This  approach  requires  that  the 
threshold  value  Djh  be  determined  from  experi¬ 
ment.  i.e.  based  on  the  observance  of  crack  initia¬ 
tion  in  the  ply  of  interest,  and  relating  such 
observation  to  the  state  of  ply  stress.  Additionally, 
a  ply  constraint  factor  should  be  determined  if 
needed  to  adjust  the  damage  parameter  D  to  have 
a  value  of  1  at  crack  saturation.  The  dependence 
of  D  on  stress  state  is  assumed  to  be  based  on  the 
Hashin  (matrix  cracking)  stress  criteria.-  For 
example,  in  the  case  of  in-plane  tensile  loading  the 
damage  parameter  takes  the  form 


D=a 


+ 


o. 


[0-, 


22MAX/ 


[O 


I2MAX/ 


(7) 


where  and  a,;  are  the  in-plane  transverse  and 
shear  stress  in  the  layer.  CTi^max  ^nd  Oi^max  ^re 
the  in-plane  transverse  and  shear  failure  stresses 
as  obtained  from  unidirectional  specimen  tests  and 
a  is  the  ply  constraint  factor  ba.sed  on  the  experi¬ 
mentally  determined  ply  stresses  at  matrix  crack 
saturation.  As  previously  noted,  other  forms  of 
damage  typically  follow  the  intralaminar  cracking 
and  are  accounted  for  in  the  present  FE  formula¬ 
tion  at  the  layer  level  by  the  use  of  stress  criteria. 


NUMERICAL  CONSIDERATIONS 


specifying  C,.  A  classical  approach  is  to  assume 
that  C,  is  proportional  to  mass  and/or  stiffness,  in 
which  case  at  most  two  modal  damping  para¬ 
meters  can  be  matched  with  experimental  data. 
An  alternative  approach,  which  allows  for  any 
number  of  modal  damping  parameters  to  be 
represented  in  the  solution,  involves  definition  of 
the  equivalent  viscous  damping  matrix  in  the  fol¬ 
lowing  manner. 

C/  =  M<D[2^a>]<l>'Af  (8) 

where  4>  is  a  matrix  of  eigenvectors  (mode 
shapes),  which  are  orthogonalized  with  respect  to 
the  mass  matrix  M.  The  matrix  in  brackets  is  dia¬ 
gonal  and  includes  the  modal  damping  para¬ 
meters  ^  and  the  undtunped  natural  frequencies 
to.  Also,  the  T  superscript  simply  implies  the 
transpose  of  a  matrix.  It  is  apparent  from  the 
matrix  form  given  in  (8)  that  this  form  of  equi¬ 
valent  damping  yields  the  appropriate  modal 
damping  parameters  when  eqns  (3)  are  trans¬ 
formed  to  the  reduced  modal  coordinate  space. 
That  is,  the  equivalent  viscous  damping  matrix  in 
(8)  can  be  transformed  to  modal  coordinates  via 
the  transformation  below 

(D I  (',0)  =  O '  M<l>[25ty]  <D '  M<D  =  {2^to\  19) 

Note  that  the  matrix  form  of  (9)  is  diagonal,  i.e. 
each  term  relates  to  damping  in  each  of  the  in¬ 
dependent  modes  of  vibration.  Unfortunately,  this 
approach  to  a  more  generalized  definition  of 
damping  has  a  serious  shortcoming  when  direct 
.solutions  of  eqns  (3)  are  of  interest,  i.e.  the  equi¬ 
valent  viscous  damping  matrix  given  in  (8)  yields  a 
■full'  rather  than  'banded'  damping  matrix.  This 
fact  presents  a  formidable  storage  problem  for 
large  ordered  models  when  a  direct  solution  tech¬ 
nique  is  employed  to  solve  the  unreduced  equa¬ 
tions  of  motion  (3).  Note  that  the  mass  and 
stiffness  matrices  are  banded  and,  therefore, 
banded  solvers  are  normally  utilized  in  obtaining 
direct  solutions.  A  representation  of  equivalent 
viscous  damping  similar  to  that  given  in  (8)  is 
utilized  in  the  present  reduced  basis  formulation. 


The  unreduced  incremental  equations  (3)  have 
been  directly  solved,  using  the  Newmark  integra¬ 
tion  scheme,  with  the  damage  effects  on  .stiffness 
reduction  included  in  the  formulation.'"  Including 
the  effects  of  damping  in  the  direct  solution  of 
these  unreduced  equations,  i.e.  through  definition 
of  an  equivalent  viscous  damping  matrix  can 
present  significant  numerical  difficulties  when 
modal  damping  parameters  are  to  be  u.sed  in 


REDUCED  EQUATIONS  OF  MOTION 

In  order  to  include  the  effects  of  damping  in  any 
number  of  modes  and  to  avoid  numerical  dif¬ 
ficulties,  equations  of  motion  (3)  are  transformed 
to  reduce  ctwrdinate  space.  Displacement  incre¬ 
ment  AU,  of  order  «,  can  be  represented  by  m 
linearly  independent  basis  vectors  via  the  coordin- 
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ate  transformation  below 

A.U=ipAr)  (10) 

The  basis  vectors  V’  chosen  in  this  work  are  the 
Ritz  vectors  which  have  been  shown  to  have  great 
utility  in  obtaining  solutions  for  highly  nonlinear 
dynamic  systems.^'*  Here,  At]  represents  incre¬ 
mental  displacements  in  reduced  coordinates. 
Note  that  typically  n>  m,  i.e.  the  set  of  governing 
equations  in  the  reduced  coordinate  space  {m)  vs, 
quite  small  relative  to  the  number  of  degrees  of 
freedom  {n)  of  the  finite  element  model.  Paren¬ 
thetically,  the  Ritz  vectors  can  be  combined  with 
eigenvectors  and  even  with  the  derivatives  of  basis 
vectors.’’  *  Using  the  coordinate  transformation 
given  in  (10),  eqns  (3)  can  be  transformed  to  the 
reduced  form 

KjAt}t+^t~  APj+^t  (11) 


care  must  be  taken  to  assure  that  the  appropriate 
i)rder  is  defined,  i.e.  the  Ritz  vectors  do  not  simply 
represent  an  ordered  set  of  eigenvectors  (modes). 
In  the  reduced  basis  approach,  therefore,  it  is  not 
necessary  to  assemble  and  to  store  the  unreduced 
damping  matrix  C,-  The  reduced  effective  stiff¬ 
ness  matrix  simply  includes  a  reduced  equivalent 
viscous  damping  matrix  of  the  form 

(17) 

Of  course,  C,  does  appear  on  the  right-hand  side 
of  (11),  i.e.  in  the  reduced  effective  incremental 
load  vector,  see  (5)  and  (14).  However,  the  numer¬ 
ical  pro^'edure  utilized  in  this  work  avoids  defin¬ 
ing  C,  explicitly  by  combining  the  vector  term  in 
(5)  involving  Cj  with  the  definition  of  C ,  in  (15). 
This  gives 

2C  =  MUr  (18) 


where  the  reduced  effective  stiffness  matrix  has 
the  form 


K*r^Kj  +  —  Q+-^  A? 
^  ^  AT  AT- 


(12) 


and  it  follows  that  the  reduced  stiffness,  damping 
and  mass  matrices  have  the  form 

K,=  tp^Krrp 

Cr^tp^Cr^  (13) 

where  ip  contains  the  Ritz  basis  vectors  and  /  is 
the  identity  matrix,  i.e.  M  orthogonality  is 
enforced.  Additionally,  the  reduced  effective 
incremental  load  vector  is  obtained  from  the 
matrix  multiplication  given  below 

AP%^,  =  y’^AF%^,  (14) 

If  it  is  assumed  that  the  unreduced  equivalent 
viscous  damping  matrix  takes  the  matrix  form 

C,=Mip^[2^(o]^^ip^M  (15) 

where  ^  repre.sents  a  sub-set  of  the  eigenvectors 
(mode  shapes)  in  reduced  coordinate  space,  it  fol¬ 
lows  that  the  reduced  damping  matrix  defined  in 
(13)  would  yield  appropriate  damping  coefficients 
in  ‘reduced’  modal  coordinate  space,  i.e. 

Mf\  2r(o]fMi>-[2^0)\  (16) 

which  is  analogous  to  the  expression  in  (9),  except 
that  here  the  diagonalized  damping  terms  are 
based  on  the  ‘reduced’  eigenvectors.  When  experi¬ 
mentally  determined  modal  damping  coefficients 
^  are  assigned  to  each  of  the  reduced  coordinates. 


and  if  the  following  definition  is  used 

r  =  MV^  (19) 

eqn  (18)  simplifies  to 

2CjVr  =  2Y(t>\2i,a}]fr^i},  (20) 

so  that  the  matrix  array  T  of  order  n  x  m  must  be 
computed,  and  a  sequence  of  matrix  multiplica¬ 
tions  performed  in  obtaining  the  vector  defined  in 
(18).  Fortunately,  the  full  matrix  Cj  of  order  n  x  « 
need  not  be  explicitly  defined.  On  the  basis  of  the 
formulation  presented  here,  the  reduced  basis 
approach  provides  both  a  numerically  efficient 
method  for  including  damping  in  the  dynamic 
solution,  as  well  as  a  general  approach,  i.e.  any 
number  of  modal  damping  factors  can  be  repre¬ 
sented.  Furthermore,  variation  in  damping  with 
damage  can  be  included  in  the  incremental  solu¬ 
tion  by  allowing  the  damping  factors  to  vary  with 
damage.  Both  baseline  and  ‘damage  related' 
values  of  the  modal  damping  parameters  would 
be  needed  for  a  particular  laminate  geometry  and 
loading  condition  of  interest.  Simple  pre-damaged 
specimen  geometries  can  be  subjected  to  sinu¬ 
soidally  varying  axial/bending  loads  to  obtain  use¬ 
ful  damping  data.  The  approach  taken  here  is  to 
allow  the  damping  parameters  to  vary  linearly  on 
the  basis  of  such  experimentally  determined 
values. 


RESULTS 

Results  are  presented  for  the  damage  deftendent 
damped-transient  response  of  selected  composite 
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beam  and  plate  geometries.  For  the  composite 
beam  solutions,  the  material  is  a  graphite/epoxy 
with  the  moduli  and  strength  properties  given 
below 

£,  =  138  GPa;£,=  10-6  GPa; 

G,,  =  G,,,=  G2,  =  6-4  GPa 
0*30, 

<^IIMAX=  1500  MPa; 

OiiMAx  ^41  MPa  (tension) 

^:2MAX  ”  249*8  MPa  (compression); 

*^i:max  “  ~  <^2.3MAX  ~  ^^*4  MPa 

While  for  the  composite  plate  solution,  the 
material  is  a  glass/epoxy  with  properties  defined 
as 

£,=41*7  GPa;  £,=  13  GPa; 

G],  =  ” 5*4  GPa 

V|,  =  v,,=  V2i  =  0*30*, 

a, IX, AX  =  128*8  MPa;  a^^MAx^'^b  MPa  (ten- 

sion) 

<^:2MAx  ”  1 24*3  MPa  (compression); 

^i;max“  <^i.'max~  <^2,3max ~ MPa 
Comparisons  are  made  between  direct  and 
reduced  basis  solutions  in  each  of  the  following 
cases. 

The  first  case  considered  is  that  of  a  simply 
supported  beam  with  an  aspect  ratio  of  50 
'  length/height);  the  beam  has  a  laminate  geometry 
of  [90,.-*- 302,30, ,0,],;  and  is  modeled  using 
eight  shear  deformable  plate  elements"  along  its 
length.  The  beam  is  excited  by  a  centrally  applied 
rectangular  load  pulse  of  short  time  duration,  i.e. 
having  a  loading  period  equal  to  the  eighth  (un¬ 
damaged)  natural  period  of  the  model.  Parameters 
utilized  in  the  damage  model  are  based  on  experi¬ 
ments  and  are  defined  as 

£'2  =  G\ 2  =  v', ,  =  0;  />,,,  =  0*93;  /*  =  2;  a  =  1 

Displacement  and  stress  results  are  given  in  Figs  1 
and  2  for  the  case  of  damage  progression  and  no 
damping.  Three  curves  are  given,  i.e.  linear 
response  (no  damage),  response  based  on  using 
the  direct  solution,  and  response  based  on  using 
the  reduced  basis  (5  Ritz  vectors)  solution.  It  is 
clear  that  there  is  a  significant  difference  between 
the  linear  and  nonlinear  (damage)  results,  and  also 
that  the  reduced  basis  approach  provides  results 
in  good  agreement  with  those  obtained  from  the 
direct  solution.  The  damage  exhibited  in  this  case 
is  in  the  form  of  matrix  cracking  in  the  outer  90° 
plies.  Note  that  it  has  not  been  necessary  to 
update  the  basis  vectors  in  this  case,  as  well  as  in 
the  following  cases,  during  the  solution  process. 


me  (s) 


Fig.  I.  Displacement  of  simply  supported 
i90,,-30...30,,(),j,  beam,  without  damping,  load  pulse, 
eighth  period. 


I»C  (S) 


Fig.  2.  Stress  in  .10°  layer  of  simply  suppitrted 
(90,.- 3();.30,.().|,  beam,  without  damping,  load  pulse, 
eighth  period. 

Of  course,  equilibrium  iterations  have  been  per¬ 
formed  in  each  incremental  time  step  in  both  the 
direct  and  the  reduced  basis  solutions. 

Figures  3  and  4  present  similar  results  to  those 
previously  discussed;  however,  equivalent  viscous 
damping  is  included  in  the  linear  and  nonlinear 
(damage)  cases.  Baseline  (undamaged)  modal 
damping  coefficients  are  specified  for  normal 
modes  1,  3,  5,  8  and  10  of  the  model,  i.e.  these 
modes  are  consistent  with  the  subspace  defined 
by  the  first  five  Ritz  vectors.  The  baseline  values 
for  the.se  coefficients  are  defined  as 

=  0*0 1 75;  =  0*0309;  =  0*0823; 

C:;  =  0*166;  ^','  =  0*299 

where  these  coefficients  are  allowed  to  vary 
linearly  with  D  (the  matrix  cracking  damage  para¬ 
meter),  Note  also  that  the  first  two  values  of  ^  and 
their  variation  are  based  on  experiments  with 
simple  laminated  beams  of  the  present  geometry. 
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Fig.  3.  Displacement  of  simply  supported 
[90>,— SOt.SOi.OjI,  beam,  with  damping,  load  pulse,  eighth 
period. 
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Fig.  5.  Displacement  of  simply  supported 
190,,  — 302.3().,()t).  beam,  with  damping,  load  pulse,  fifth 
period. 
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Fig.  4.  Stress  in  30°  layer  of  .simply  supported 
;90,.- 3(),.3(),.0,|.  beam,  with  damping,  load  pulse,  eighth 
period. 
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Fig.  6.  Stress  in  30°  layer  of  simply  supptrrted 
|9(),,-30,.30,.0,1.  beam,  with  damping,  load  pulse,  fifth 
period. 


and  the  higher  three  value,s  are  based  on  the  pro¬ 
portional  damping  model,  i.e. 

^  a  +  P(D]  .  , 

-  /=l,m  (21) 

where  a  and  p  are  the  constants  of  proportion¬ 
ality  relating  damping  to  mass  and  stiffness, 
respectively.  This  approach  is  utilized  to  allow  a 
comparison  between  the  reduced  basis  and  direct 
solutions.  It  is  emphasized  that  while  the  direct 
approach  is  limited  to  this  prescription  of  damp¬ 
ing,  i.e.  limited  to  two  independently  defined 
modal  damping  factors,  the  reduced  basis 
approach  is  not  limited  in  this  manner.  As  is 
apparent  in  Figs  3  and  4,  the  reduced  basis 
approach  gives  excellent  results  for  both  displace¬ 
ments  and  stress.  Comparison  of  the  reduced 
basis  results  for  three  versus  five  basis  vectors  is 
quite  interesting.  The  smaller  number  of  Ritz 


vectors  gives  poorer  results  in  the  first  half  cycle 
of  stress  response;  but  otherwise,  the  results  are 
nearly  identical  for  three  versus  five  Ritz  vectors. 

Similar  results  are  given  in  Figs  5  and  6  for  the 
simply  supported  beam  subjected  to  a  rectangular 
load  pulse  of  longer  time  duration,  i.e.  load  period 
approximately  equal  to  the  fifth  (undamaged) 
natural  period.  These  direct  and  reduced  basis 
(five  Ritz  vectors)  results  include  both  damage 
progression  (matrix  cracking)  and  damping. 
Again,  the  displacement  and  stress  results 
obtained  via  the  reduced  basis  approach  are  in 
excellent  agreement  with  those  obtained  from  the 
direct  .solution. 

The  final  case  considered  is  that  of  a  simply 
supported  square  glass/epoxy  plate  with  an  aspect 
ratio  of  20  (widlh/height);  the  plate  has  a  laminate 
geometry  of  [0,90,45,-45],;  and  is  modeled 
with  four  shear  deformable  elements  in  a  quad¬ 
rant.  The  plate  is  excited  by  a  centrally  applied 
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Fig.  7.  Displacement  of  simply  supported  [0.90,45, -45]^ 
plate,  with  damping,  load  pulse,  tenth  period. 


Fig.  8.  Stress  in  outer  layer  of  simply  supported 
0,90.45.  -  45|,  plate,  with  damping,  load  pulse,  tenth  period. 


rectangular  load  pulse  of  time  duration  about 
equal  to  the  tenth  (undamaged)  natural  period  of 
the  plate.  The  assumed  damage  model  parameters 
are  defined  as 

E[  =  G'f, ,  =  v'l ,  =  0;  />,„  =  ()-45;  r  =  2;  a  =  1 

and  the  ba.seline  damping  factors  for  seven  Ritz 
basis  vectors  are  assumed  to  have  the  values 

=  (H)206; =  ()  ()306;  C'j  =  ()-0836; 

^'i  =  0-()337;  ^■^  =  (H)549;  ^"  =  0-2()9;  ^!;  =  0T  17 

As  in  the  previous  cases,  these  damping  factors 
are  allowed  to  vary  linearly  with  the  matrix  crack¬ 
ing  damage  parameter.  Displacement  and  stress 
results  are  given  in  Figs  7  and  8  for  the  plate 
model.  In  each  of  these  figures,  results  are  shown 
for  damping  included  without  damage  and  for  the 
combination  of  damping  and  damage.  Reduced 
basis  results  are  again  in  excellent  agreement  with 
results  obtained  via  the  direct  .solution.  While  not 
presented  here,  residual  dynamic  properties  can 


be  determined,  e.g.  shifts  in  natural  frequencies 
due  to  damage. 

CONCLUSIONS 

Excellent  results  have  been  obtained  using  a 
reduced  basis  approach  for  determirmg  the 
damage  dependent  response  of  laminated  beam 
and  plate  geometries.  The  approach  is  numeri¬ 
cally  efficient  and  provides  the  general  analytical 
capability  of  being  able  to  represent  damping 
coefficients  in  any  number  of  modes. 
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Free  vibration  of  generally-laminated, 
shear-deformable,  composite  rectangular  plates 
using  a  spline  Rayleigh-Ritz  method 


D.  J.  Dawe  &  S.  Wang 

School  of  Civil  Engineering,  The  University  of  Birmingham.  Edgbaston,  Birmingham  UK,  BI5  2TT 


A  Rayleigh-Ritz  method  is  presented  for  predicting  the  natural  frequencies  of 
flat  rectangular  laminates  which  can  have  arbitrary  lay-up.  The  effects  of 
through-thickness  shear  deformation  are  included  in  the  analysis.  The  displace¬ 
ment  field  utilises  B-spline  functions  in  what  has  been  referred  to  in  earlier 
work  as  a  Bj  i-spline  Rayleigh-Ritz  method  and  the  approach  is  versatile  in 
the  specification  of  boundary  conditions.  The  results  of  a  number  of 
applications  are  presented  in  the  form  of  studies  showing  the  convergence  of 
frequency  values  with  increase  in  the  number  of  spline  sections  used.  The 
analysis  procedure  is  seen  to  have  good  convergence  characteristics  when 
dealing  with  laminates  of  thin  and  thick  geometry. 


1  INTRODUCTION 

The  analysis  of  the  vibration  of  fibre-reinforced, 
composite  laminated,  rectangular  plates  is  made 
difficult  by  the  complications  introduced  by 
arbitrary  lamination,  which  may  lead  to  ani,so- 
tropic  material  behaviour  and  to  coupling 
between  in-plane  and  out-of-plane  behaviours. 
Even  when  conducting  analyses  on  the  basis  of 
classical  plate  theory  (CPT ),  there  are  only  strictly 
limited  circumstances  in  which  exact  solutions  can 
be  obtained.  The  situation  is  further  complicated 
if  account  is  taken  of  through-thickness  shear 
effects,  which  are  known  to  be  important  for  other 
than  very  thin  laminates,  by  conducting  analyses 
on  the  basis  of  shear  deformation  plate  theory 
(SDPT). 

In  general  situations,  then,  in  seeking  to  deter¬ 
mine  the  natural  frequencies  of  laminated  plates 
recourse  must  be  made  to  approximate  numerical 
methods.  For  single  plates  the  traditional  single¬ 
field  Rayleigh-Ritz  method  (RRM)  can  be 
employed  if  displacement  fields  can  be  proposed 
which  are  appropriate  for  the  complete  plate  and 
which  allow  satisfaction  of  the  relevant  boundary 
conditions.  The  related  multi-field  procedures, 
the  finite  strip  method  (FSM)  and  finite  element 
method  (FEM),  are  more  versatile,  and  capable  of 
u.se  in  analysing  plate  structures  as  well  as  single 


plates,  but  are  likely  to  be  more  expensive  com¬ 
putationally.  especially  so  for  the  FEM. 

The  RRM  has  been  used  frequently  in  the  past 
in  the  analysis  of  the  free  vibration  of  rectangular 
plates  but  almost  always  in  the  context  of  CPT 
and  usually  only  for  homogeneous  isotropic 
plates.  Different  types  of  trial  functions  have  been 
employed  in  displacement  fields  within  the  con¬ 
text  of  CPT.  The  most  popular  of  these  have 
perhaps  been  Bernoulli-Euler  beam  functions  as 
used  by,  for  instance,  Warburton'  and  Leissa-  and. 
for  composite  laminates,  as  described  in  the  text 
of  Whitney.’  However,  polynomial  functions  have 
been  used  to  some  extent.  Antes’  has  used  a 
spline-function  RRM  in  static  bending  problems 
and  Mizusawa  et  al.*  *'  have  considered  the  vibra¬ 
tion  of  skew  plates  using  a  similar  method.  In  an 
analysis  directed  specifically  to  generally  lami¬ 
nated  composite  plates  Baharlou  and  Leissa’  have 
used  simple  polynomials  as  their  trial  functions. 

In  the  context  of  SDPT  the  vibration  and  stabi¬ 
lity  of  rectangular  i.sotropic  plates  and  composite 
laminates  have  been  analysed  using  the  RRM  by 
Dawe  el  wherein  Timo.shenko  beam  func¬ 
tions  are  employed  as  trial  functions  in  the  dis¬ 
placement  field.  It  has  been  shown  in  numerical 
applications  that  this  approach,  which  will  be 
referred  to  here  as  the  Beam  RRM.  is  very  effi¬ 
cient  in  the  analysis  of  isotropic  and  symmetric- 
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ally-laminated  (or  balanced)  orthotropic 
laminates.  However,  there  are  difficulties  in  some 
circumstances  in  allowing  the  proper  satisfaction 
of  some  natural  boundary  conditions  at  the  edges 
of  anisotropic  laminates.  Further,  the  approach  is 
somewhat  lacking  in  versatility  since  it  relies  on 
the  use  of  trial  functions  which  need  to  be 
changed  every  time  the  boundary  conditions  are 
changed,  and  this  becomes  onerous  especially  for 
unbalanced  laminates  where  five  independent 
fundamental  displacement  quantities  are  involved. 

To  complement  the  accurate  but  restricted 
Beam  RRM  the  authors'-’  examined  the  use  of 
versatile  B-spline  polynomial  functions'"*  as  trial 
functions  in  RRM  (and  FSM)  analyses  of  the  free 
vibration  of  balanced  laminates  in  the  context  of 
SOFT.  In  this  earlier  study'-’  cubic  B, -spline  func¬ 
tions  were  used  to  represent  each  of  the  three 
fundamental  quantities,  namely  the  deflection  w 
and  the  two  cross-sectional  rotations  t/>,  and 
along  the  x-  and  y-directions,  respectively.  It  was 
found  that  this  particular  approach  yielded  results 
of  good  accuracy  for  moderately  thick  laminates 
but  that  the  accuracy  decreased  significantly  for 
thin  laminates  due  to  shear-locking  behaviour. 


More  recently  the  authors  have  examined  in  detail 
the  occurrence  of  shear-locking  behaviour  when 
considering  the  free  vibration  of  shear  deformable 
beams”  and  of  balanced,  orthotropic  laminated 
plates.'*’  It  has  been  demonstrated  that  shear-lock¬ 
ing  behaviour  can  be  effectively  eliminated  using 
an  approach  which  is  termed  the  B^^  |-spline 
RRM.  In  this  approach  w  is  represented  by  spline 
functions  of  polynomial  order  k  in  each  co¬ 
ordinate  direction,  is  represented  by  spline 
functions  of  order  -  1  in  the  x-direction  and  of 
order  k  in  the  y-direction,  and  is  represented 
by  spline  functions  of  order  k  in  the  x-direction 
and  of  order  k  -  1  in  the  y-direction.  The  B^jt-,- 
spline  RRM  has  been  shown  to  yield  accurate 
results,  and  good  convergence  characteristics,  for 
thick  and  thin  balanced,  orthotropic  laminates. 

In  the  present  work  the  ^  _ , -spline  RRM  is 
extended  to  apply  to  the  analysis,  in  the  context  of 
SDPT,  of  the  vibration  of  unbalanced  and  aniso¬ 
tropic  laminated  plates.  The  material  prone''ties 
that  are  allowed  are  very  general  and  now  five 
fundamental  quantities  are  involved  in  the  dis¬ 
placement  field,  namely  the  in-plane  displace¬ 
ments  u  and  V  plus  w,  and  ipy. 


2  ANALYSIS 

A  rectangular  plate  with  its  co-ordinates  and  displacement  quantities  is  shown  in  Fig.  1.  Components  of 
translational  displacement  at  a  general  point  are  u,  r  and  w  whilst  ip^  and  components  of  rotation 

along  the  x  and  y  axes  respectively.  The  plate  is  of  uniform  thickness  h  and,  in  general,  is  made  up  of  a 
number  of  layers,  each  consisting  of  unidirectional  fibre-reinforced  composite  material.  The  lay-up  of 
layers  is  arbitrary,  admitting  the  possibility  of  coupling  between  in-plane  and  out-of-plane  behaviours  and 
of  anisotropy. 

During  vibration  the  displacements  at  a  general  point  in  the  plate  are  assumed,  within  the  context  of 
SDPT,”"*  to  have  the  form 

u{x.  y,  z,  i)=u{x,  y,  t)+zip,{x,  y,  /) 

f'(x,  y,  z.  t)-v{x,  y,  /)  +zipy{x.  y,  t)  ( 1) 

w(x,  y,  z,t)  =  w{x,y,t) 


Fig.  I.  Plate  geometry. 
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where  t  is  the  time  dimension.  The  quantities  it,  v,  w,  and  ify  are  middle-surface  reference  quantities 
and  are  the  fundamental  quantities  whose  variations  over  the  plate  middle  surface  are  to  be  assumed  in 
the  Rayleigh-Ritz  approach. 

The  constitutive  equations  for  an  arbitrary  laminate,  within  the  context  of  SDPT,  are 


'  N/ 

" 

du/dx 

N,. 

^12 

-422 

Symmetric 

dvjdy 

^  16 

^26 

>^66 

dujdy  +  dvldx 

K 

5,2 

5,6 

A, 

dipjdx 

\ 

/  — 

M, 

Bn 

B22 

526 

D|2  D22 

dipjdy 

^,6 

526 

5.. 

^,6  B>2f,  A6 

dip  Jdy  + dipjdx 

0 

0 

0 

0  0  0  A44 

dwldy+  Ip, 

.a. 

0 

0 

0 

0  0  0  A45  /1„_ 

dwjdx  +  Ip,. 

or  in  more  compact  form 


ABO 
B  D,  0 
0  0  D, 


(2) 


(3) 


Here  A',,  A',  and  are  the  membrane  direct  and  shearing  forces  per  unit  length;  /W,,  A/,  and  are  the 
bending  and  twisting  moments  per  unit  length;  and  and  (),  are  the  through-thickness  shear  forces  per 
unit  length.  The  quantities  a*  and  e*  are  column  matrices  of  generalized  stress  resultants  and  of  strains, 
whose  definitions  will  be  clear  on  comparing  eqns  (2)  and  (3).  Similarly  the  definitions  of  the  submatrices 
appearing  in  eqn  (3)  will  be  clear  on  comparison  with  eqn  (2). 

The  laminate  stiffness  coefficients  are  defined  as 


i  /f,,,  B„,  D„ 


h/2 


QJl,Z,z-)dz  /,/=1.2, 6 


-  h’l 


(4) 


and 

h'2 

Q,^dz  =  (5) 

h,: 


Here  Q,^  for  /,/=  1,2,6  are  plane-stress  reduced  stiffnesses  and  Q,^  for  /,/  =  4,  .S  are  through-thickness 
shear  stiffnesses.  The  are  shear  correction  factors,  determined  here  usually  according  to  the 
procedures  of  Whitney.''^ 

During  free  vibration  the  fundamental  quantities  vary  harmonically  with  time,  with  circular  frequency 
p.  Let  u,  t\  H’,  xp^  and  ip,  now  be  regarded  as  amplitudes  of  the  motion.  Then  (he  maximum  strain  energy 
of  the  plate  is 


‘/f 

^  1 

'  fi 

*  A 

A 

B 

0 

a*'e*  dxdv=- 

B 

Dh 

0 

Jo  , 

■  2, 

0  . 
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A 

The  maximum  kinetic  energy  is 


(  /i‘  ’ 

ph{tt-+v‘+w'+—\ii;l  +  ipl] 
(»  J(1  \  *  /  , 


(6) 


djcdy 
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ly ,/.  ndwr.  s  u'ti/ji; 


where  p  is  the  material  density,  which  is  assumed  here  to  he  unitorm  throughout  the  volume  ot  he  plate. 
I'he  expression  for  clearly  includes  rotary  inertia  terms. 

In  applying  the  spline  RRM  the  assumed  spatial  displacement  field  is  based  on  separate  assumptions 
for  ti.  r  w.  and  Vf  each  of  these  is  expre.ssed  as  a  summation  of  a  series  ol  terms  vvhich  arc 
products  of  one-dimensional  B-spline  functions  in  the  x-  and  \-directions.  A  full  description  ot  one- 
dimensional  E  spline  functions,  with  equally-spaced  knots,  is  given  in  the  earlier  work  by  the  authors 
dealing  with  beam  analysis.''  There,  use  is  made  of  linc„.',  quadratic,  cubic,  quartic  and  quintic  B-spline 
functions  and  details  are  recorded  of  the  form  of  the  functions.  C  onsideration  is  also  given,  in  the  earlier 
work,  to  the  way  in  which  prescribed  kinematic  boundary  conditions  can  be  applied  and  in  the  present 
analysis  the  modified  B-spIine  basis''  will  be  used. 

In  using  the  unidirectional  B-spline  functions  in  a  f^RVl  analysis  of  the  vibration  ot  the  rectangular 
plate  shown  in  Fig.  1.  the  plate  dimensions  A  and  B  are  imagined  to  be  divided  into  ,V/  and  V  equal 
sLCti''n.s.  respectively  and  a  corresponding  grid  of  knots  is  set  up  as  shown  in  Fig.  2.  1  here  will  be  some 
knots  located  outside  the  boundary  of  the  plate  as  a  necessary  requirement  of  satisfying  the  kinematic 
bo'indary  conditions  but  tl.  'se  external  knots  are  not  shown  since  their  number  will  dcpcntl  on  the  order 
of  .he  B-spline  functions  that  are  useu. 

In  a  similar,  but  extended,  fashion  to  the  approach  described  in  an  earlier  >tiKlv  by  the  authors  '  tlic 
complete  spatial  displacement  field  of  the  rectangular  plate  of  Fig.  1  is  expressed  as 

i(  X.  V  =  S.  0/3; '  d| 

r  X.  y  -  6;^®  d 

u  V.  \  =  0  /3,  d;  8 

I/',  .V.  C  --  6>;  i0/3;:d,. 

yy  X.  \  -  ■  d.®  p  d. 

Flere  0.  is  a  row  matrix  cemtaining  all  the  O  x  modified  local  spline  functions  of  polynonual  order  k.  in 
the  v-direction.  associateti  with  the  /th  knot  in  the  .v-direction.  The  6,  ,  is  defined  similarly  but  the  local 
spline  functions  are  of  poly  nomial  order  k  -  \  .  The  and  ,  tire  corresponding  row  matrices  corn.iin- 
mu  all  the  /T  v  modified  local  spline  functions  of  polynomial  orders  k  and  k  -  1 ,  respectively.  assocu.ied 
with  the  /th  knot  in  the  v-direction  I'he  0  svmbol  denotes  a  tensor  product,  such  that  9.  0  /3..  lot 
instance,  represents  all  possible  linear  combinations  ■'  0  v  <itid  /T  v.  with  these  latter  loctil  spline 
functions  being  of  polvnoniitil  order  A.  I'he  d|...d.  arc  column  matrices  of  gcncrali/ed  displticenieni 
parameters  associated  with  ii  ...y  .  rcspcctivelv 

I  hc  iibovc  displacement  tield  corresponds  to  what  the  authors  have  lermed  the  B.  .  -phne 
RR.\1.' '  "  I  his  means  speciticallv  that  the  spline  lunctions  uscil  to  'eprescni  y\  m  the  i-directioii  arc  I'l 
one  order  less  than  the  lunctions  used  to  represent  u  in  the  v  direction.  Similarlv  m  the  i-direction  is 
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represented  by  spline  functions  of  one  order  less  than  that  used  to  represent  h'.  As  mentioned  earlier,  this 
procedure  eliminates  shear  locking. 

To  generate  the  elastif  .uiitness  matrix  K  and  consistent  mass  matrix  M  of  the  plate,  the  displacement 
field  of  eqns  (8)  is  suostituted  into  the  expressions  for  maximum  strain  energy  leqn  '6)1  and  maximum 
kinetic  energy  (eon  (7)),  respectively. 

To  determine  the  elastic  stiffness  matrix  the  column  matrix  e*  is  first  expressed  through  use  of  eqns  1 8 
as 


d,  ' 

Bm 

d: 

< 

d, 

.  - 

Bs 

B, 

d. 

B, 

d 


^9. 


where  d  is  the  column  matrix  of  all  generalized  displacement  parameters.  Further 


B,  = 


0 


0  000 

(9*®  A  0  0  0 

0  0  0 


B„  = 


0  0 
0  0 
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,®A 

0 

e,  ,  ® 


0 
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(?;  ®  ,  j 


and 


0  0  0  e,®$,  , 

_o  0  0,  ,®^*  0 


MO; 


1  I  ' 


The  primei  )  denotes  differentiation  with  respect  to  the  co-ordinate  in  which  a  function  is  expressed,  i.e. 
w  ith  respect  to  .v  for  6  and  with  respect  to  v  for  /5.  On  substituting  eqn  i  9  into  eqn  Ti  the  maximum  strain 
energy  can  be  expressed  as 


=  ^  d'Kd 


where 


■'“J.l. 


B,' AB„,  +  B  ’  BB,.  + 


+  B^D„B,,  +  B.'D,Bjdvdv 
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is  the  elastic  stiffness  matrix.  Here  the  first  term  on  the  right-hand  side  of  eqn  '  14  is  the  in-plane  con¬ 
tribution.  the  last  two  terms  are  out-of-plane  bending  and  through-thickness  shearing  contributions,  and 
the  other  two  terms  are  contributions  from  coupling  between  iri-planc  and  out-of-plane  actions.  All  these 
terms  are  evaluated  individually  and  then  summed  to  yield  K. 

Using  eqns  7  and  !  9  <  the  maximum  kinetic  energy  car  be  expressed  as 
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where 

'■-I 

G'HGdATdv 

II 


i> 


M  =  p 


is  the  consistent  mass  matrix.  Here  H  is  the  diagonal  matrix 

H  = 

and  G  can  also  be  expressed  in  diagonal  form  as 

G=\e,®$,  d,®$,  'in- 

The  final  forms  of  K  and  M  will  not  be  presented  here  but  are  available  in  Ref.  20. 

In  evaluating  K  and  M  the  necessary  integrals  are  determined  using  a  systematic  .scheme  which  involves 
the  use  of  Gauss  quadrature  but  with  sufficient  integrating  points  to  yield  effectively  exact  values  of  the 
integrals. 

The  set  of  equations  governing  the  free  vibration  problem  is  generated  by  minimising  the  functional 
i  i.e.  by  partial  differentiation  of  this  functional  with  respect  to  each  of  the  generalized 

displacement  parameters.  The  result  is  the  standard  set  of  equations. 

(K-/t'Mjd  =  0  (19! 

In  the  present  study  the  OR  method  is  used  to  obtain  .solutions  to  this  eigenproblem  in  the  form  of  natural 
frequencies  and  associated  modes. 

It  has  been  remarked  that  in  the  spline  function  approach  the  same  basic  functions  are  used  whatever 
the  boundary  conditions,  since  such  conditions  are  met  by  local  modifications  only.  The  approach  is  very 
versatile  and  can  accommodate  readily  any  combinations  of  kinematic  conditions  related  both  to  in-plane 
and  out-of-plane  behaviours,  by  setting  to  zero,  or  leaving  free,  any  or  all  of  u.  f.  w.  and  Vv  at  an  edge. 
There  arc  a  total  of  five  boundary  conditions,  of  the  kinematic  and  natural  kind,  as.sociated  with  each 
edge,  and  hence  a  very  considerable  number  of  edge  conditions  can  be  specified.  In  the  next  section  the 
applications  considered  are  concerned  with  plates  which  have  individual  edges  which  are  cither  clamped 
or  simpiv  supported  type  I,  or  simply  supported  type  2.  In  terms  of  the  displacement  type  quantities,  the 
conditions  that  these  definitions  imply  at  an  edge  parallel  to  the  \-a.\is.  for  instance,  are  as  follows 


Clamped  C  c 

//-/'  =  it  =  y\  =  y\  -  (1 

(.2(1 

Simply  supported  type  bSl  ; 

u  ^  b.  r  =  0.  u  =  0.  y\  y^{).  y\  =  0 

-21 

Simply  supported  type  2(S2  : 

11  =  0.  r  #  0,  u  =  0.  y\  ^  0.  V’v  9 
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h  h  h 


—  A’  \h- 

12  12 
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.1  APPIJC  ATIOVS 

I  he  B,  .  , -spline  Rayleigh-Ritz  meth(>d  described 
in  Section  2  has  been  pnigrammed  for  the  compu¬ 
ter  vsiih  allowance  made  lor  k  =  7<  or  4  or  .S.  Here, 
however,  all  the  applications  described  in  what 
follows  are  based  on  the  use  of  A-  =  .^  and  the 
approach  is  described  as  the  B,. -spline  Ray- 
leigh-Ritz  method  or,  in  short,  the  B,-SRRM.  It 
bears  recalling  that  this  means  that  cubic  splines 
art’  used  to  represent  each  of  u.  t  .  ic.  i/',  and  y\  in 
each  co-ordinate  liirection,  except  that  the  repre¬ 
sentations  ol  V’,  in  the  i -direction  and  of  y\  in  the 
l  oiirection  are  by  quadratic  splines. 


The  applications  considered  here  involve 
square  plates  and  in  using  the  Bi^SRRM  the 
number  of  spline  sections  withm  a  plate  in  each  of 
the  ,v-  and  y-directions  t.s  »he  same,  and  is 
.f/  =  A'  =  (/,  I'he  number  of  degrees  trf  freedom 
used  in  obtaining  a  srrlulion.  after  boundary  con¬ 
ditions  have  been  applied,  is  denoted  as  NIX)F. 

The  performance  of  the  B,  SRRM  has  been 
examined  in  detail  in  Ref.  16  when  considering 
the  free  vibration  of  isotropic  plates  and  balanced 
orthotrr.pic  laminates  having  combinations  of 
simply  supported,  clamped  ami  free  edges.  It  has 
been  shown  that  the  B.  SRRM  is  efficient  m 
calculating  the  natural  frequencies  of  such  plates 
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of  thin  and  thick  geometry  and  that  it  appears  to 
be  completely  free  of  shear-locking  difficulties. 
Convergence  to  known  exact,  or  highly  accurate, 
results  has  been  demonstrated. 

Here,  as  a  first  example  (not  detailed  in  Ref. 
16),  we  document  in  Table  1  details  of  the  con¬ 
vergence  with  q  of  the  B^iSRRM  frequency  pre¬ 
dictions  for  the  first  four  modes  of  balanced 
orthotropic,  square  laminates  of  thick  {h/A  =  {)-\) 
and  thin  (h I A  =  0  0 1 )  geometry.  The  laminates  are 
five-layer  symmetric  cross-ply  laminates  with  0°/ 
907079070°  lay  up.  The  thickness  of  each  0° 
layer  is  /1/6  and  that  of  each  90°  layer  is  h/4.  The 
material  properties  of  all  layers  are  EiJEj=  30. 
Ci,/£t  =  0'6,  Gp,/£|  =  0-5,  v,t  =  0-25  in  the 
standard  terminology.  The  shear  correction 
factors  used  are  A]  =  0-591  39  and  ^5  =  0-873  23. 
The  laminate  edges  x  =  0.  /f  are  simply  supported 
and  the  edges  y  =  0,  B  are  clamped.  In  analysing 
these  balanced  SCSC  laminates,  consideration  is 
given  only  to  out-of-plane  behaviour,  involving  w, 
y.\  and  y,\.  The  B,2SSRM  results  in  Table  1  show 
good  convergence  toward  comparative  values 
generated  using  the  Beam  RRM"  which,  for  this 
balanced  orthotropic  laminate,  are  expected  to  be 
highly  accurate;  the  Beam  RRM  results  are  based 
on  the  use  of  five  series  terms  in  each  coordinate 
direction  (i.e.  r=5)  in  representing  each  of  w, 
and  y.\.  Also  quoted  in  Table  1  are  CPT  solutions 
which  are  seen  to  be  slightly  high  for  the  thin 
laminate  and  very  high  for  the  thick  laminate, 
reflecting  the  significance  of  through-thickness 
shear  deformation. 

The  next  problems  considered  concern  square 
anisotropic  plates  composed  of  a  single  layer  of  an 
orthotropic  material  oriented  with  the  principal 
axis  of  orthotropy  at  30°  from  the  x-axis.  The 


material  properties  of  the  layer  are  Z:)  //:,  =  10. 
Gi.t/£,  =  0-25,  (:;|,/£,=0-25,  v,,  =  ()-3.  The 
shear  correction  factors  k]  and  A;  are  taken  to  be 
5/6.  Two  values  of  thickness-to-length  ratios  are 
comsidered.  namely  /t//t  =  0-i  and  0((1.  For  the 
single-layer  plate  there  is,  of  course,  once  more  net 
coupling  between  in-plane  and  out-of-plane 
behaviour  and  here  only  out-of-plane  modes  are 
considered. 

Table  2  gives  details  of  a  convergence  study  t>f 
calculated  values  of  a  frequency  parameter  for  the 
first  four  modes  of  vibration  of  thick  and  thin 
plates  with  all  edges  simply  supported.  It  is  seen 
from  Table  2  that  convergence  of  the  B,,SRRM 
results  is  orderly  and  quite  rapid  for  both  the  thin 
and  thick  plates,  given  that  the  mode  shapes  of  the 
anisotropic  plates  are  relatively  complicated.  The 
comparative  results  recorded  as  Beam  RR.M 
results  in  Table  2  are  based  on  the  use  tif  simple 
sine  and  cosine  functions,  with  r=  10.  It  is  noted 
that  for  all  modes  considered  in  Table  2  the  pre¬ 
sent  converged  Bj-SRRM  values  are  significantly 
lower,  and  hence  more  accurate,  than  the  cor¬ 
responding  Beam  RRM  values.  The  Beam  RRM 
anLsotropic  plate  model  is.  in  fact,  overcon¬ 
strained  due  to  an  inability  to  allow  the  condition 
of  zero  normal  moment  to  be  met  at  the  plate 
edges.  No  such  difficulty  exists  in  using  the 
B,,SRRM. 

Table  3  is  of  similar  form  to  Table  2  but  now 
the  ani.sotropic  plate  is  fully  clamped  at  all  edges. 
Three  sets  of  comparative  frequency  values  are 
quoted,  two  based  on  the  use  of  SDPT  (the  Beam 
RRM,  with  r  =  6,  and  the  Beam  FSM  values)  and 
one  on  the  use  of  CPT-'  (which  is  also  a 
Rayleigh-Ritz  approach,  using  .wven  Bernoulli- 
Eulcr  beam  functions  in  each  coordinate  direc- 


Table  I .  Values  of  frequency  parameter  $2  for  SCSC  balanced  cross-ply.  square  plates 
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Table  2.  Values  of  frequency  parameter  S  for  simply  supported  anisotropic  square  plates 
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Tabic  3. 

Values  of  frequency  parameter  12  for  clamped,  anisotropic  square  plates 
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tion).  The  convergence  rate  for  the  present 
B,,SRRM  is  somewhat  slower  for  the  clamped 
anisotropic  plate  than  for  the  simply  supported 
plate  but  nevertheless  is  satisfactory  in  a  difficult 
application.  It  is  seen  that  for  the  thin  plate  there 
is  close  agreement  between  the  converged  results 
of  the  present  approach  and  the  comparative 
results:  as  expected  the  CPT  values  are  a  little 
higher  than  the  SDPT  values.  For  the  thick  plate 
the  CPT  results  are  gross  overestimates  due  to  the 
neglect  of  through-thickness  shear  effects.  The 
Beam  RRM  and  Beam  FSM  results  for  the  thick 
plate  arc  higher  (and  hence  less  accurate)  than  the 
B,2SRRM  re..ults,  due  again  to  overconstraint  at 
the  edges  of  the  anisotropic  plate.  (The  over- 
constraint  affects  the  Beam  RRM  more  than  the 
Beam  FSM  since  it  involves  all  four  edges  in  the 
RRM  and  only  two  edges  in  the  FSM.) 


Bert  and  Chen'-  have  considered  the  vibration 
of  antisymmetric  angle-ply  laminated  plates  and 
have  developeii  exact,  closed-form  solutions  for 
plates  with  S2  simple  supports  on  all  four  edges, 
within  the  context  of  SDPT.  Exact  solutions  in  the 
context  of  CPT  are  al.so  quoted  in  Ref.  22.  A 
problem  detailed  by  Bert  and  Chen  concerns  a 
square  plate  with  +  457”  457  + 4-^7  ~ '‘*y' 
up.  All  layers  are  of  the  same  thickness  and  have 
properties  defined  as  40.  = 

f/’n  /Et  =  0‘6.  V,  I  =  0-25  with  shear  correction 
factors  taken  to  be  k}- kl~  5/6.  For  this  un¬ 
balanced  lay-up  the  coupling  terms  that  are  pre¬ 
sent  are  and  B.j,.  Table  4  gives  convergence 
details  for  the  B^^SRRM  for  plates  with  h/A  =  01 
and  hlA  =  00\,  and  records  the  exact  solutions, 
together  with  solutions  obtained  using  the  Beam 
RRM  {r  =  6)  for  the  thicker  geometry.  For  the 
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thick  plate  there  is  very  close  comparison  between 
the  present  Bj.SRRM  results  and  the  exact  (and 
Beam  RRM)  results.  It  is  noted,  though,  that  the 
second  mode  is  an  in-plane  {uv)  mode  which  is 
not  recorded  in  Ref.  22.  For  the  thin  plate  it 
should  be  noted  that  the  quoted  exact  results  are 
in  the  context  of  CPT  and  hence  are  a  little  higher 
than  the  values  towards  which  the  B,,SRRM 
results  are  converging. 

Further  consideration  is  given  to  angle-ply, 
square  laminates  of  the  type  just  described  but 
now  with  a  variable,  but  even,  number  of  layers 
and  with  the  edge  conditions  changed  to  SI 
simple  supports.  The  object  is  to  examine  the 
effect  that  the  B^f,  and  £3^  coupling  coefficients 
have  on  natural  frequencies.  Figure  3  shows  how 
the  first  four  frequencies  change  with  the  Ajh 
ratio  varying  from  5  to  100  for  antisymmetric 
laminates  having  2,  4,  6  and  8  layers,  and  for  the 
corresponding  orthotropic  laminate  (with  and 
B^f,  set  to  zero)  which  corresponds  to  an  anti¬ 
symmetric  laminate  with  an  infinite  number  of 
layers.  The  curves  in  Fig.  3  are  based  on  the  use  of 
the  B^^SRRM  with  q  =  5.  The  frequency  para¬ 
meter  Q  is  as  defined  in  Table  4  and  nl  denotes 
the  number  of  layers.  It  is  clear  from  Fig.  3  that 
the  presence  of  the  B^^  and  B-^  coupling  coef¬ 
ficients  reduces  natural  frequencies  very  consider¬ 
ably  for  small  values  of  nl  but  has  little  effect 
above  /</=8.  For  the  particular  case  of  Ajh=  10, 
Fig.  4  confirms  this  conclusion  in  graphs  showing 
the  variation  of  Q  with  nl  for  the  first  four  fre¬ 
quencies. 

Finally,  the  same  four-layer,  angle-ply,  square 
plate  of  Bert  and  Chen”  is  reconsidered,  now 
with  all  edges  clamped  (a  CCCC  plate)  or  with 
one  pair  of  opposite  edges  clamped  and  the  other 


pair  having  SI  simple  supports  (a  SCSC  plate). 
For  both  cases  h  //I  =  0- 1 .  Table  5  shows  the  good 
convergence  of  the  B,,SRRM  results  and  gives 
comparative  Beam  RRM  results  {r-ls.  7  hese 
latter  results  are  generally  higher  than  are  the 
corresponding  B^^SRRM  results,  due  to  some  dif¬ 
ficulty  in  satisfying  the  edge  conditions  when 
using  the  Beam  RRM  in  the  piesence  of  the 
and  stiffness  coefficients. 


4  CONCLUSIONS 

The  use  of  the  B;;_, -spline  Rayleigh-Ritz 
method  for  the  prediction  of  the  natural  fre- 


Ma.3<!  f.  .1 


Fig.  3.  T  he  effect  of  /i,,,  and  IV,,  on  natural  frequencies  of 
simply  supported  'iquare  anti-svmmelric  ancic-ply  laminates. 


Table  4.  Values  of  frequency  parameter  Q  for  simply  supported  (S2),  unbalanced  angle-ply,  square  platcN 
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Table  5.  Values  of  frequency  parameter  Q  for  CCCC  and  SCSC,  unbalanced  angle-ply,  thick  (/i/A  -  0  1 ),  square  plates 
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Fig.  4.  Frequency  variation  of  simply  supported  square 
anti-symmetric  angle-ply  laminates  with  the  number  of 
layers. 


quencies  of  shear-deformable  rectangular  lami¬ 
nates  of  arbitrary  lay-up  has  been  detailed.  In 
specific  applications  attention  has  been  restricted 
to  the  case  of  k  =  3,  i.e.  to  the  B^^SRRM.  The 
procedure  has  been  shown  to  have  g(X)d  con¬ 
vergence  characteristics  for  anisotropic  and 
unbalanced  laminates  of  thin  and  thick  geometry. 

The  use  of  spline  functions  in  a  Rayleigh-Ritz 
approach  provides  a  versatile  analysis  procedure, 
since  boundary,  or  interior  support,  conditions 
can  be  accommodated  readily  by  only  local  modi¬ 
fication  of  the  spline  functions.  Beyond  the  scope 
of  the  current  study,  it  is  possible  to  use  the  spline 


Rayleigh-Ritz  method  in  analysing  skew  plates  or 
plates  with  non-homogeneous  boundary  condi¬ 
tions  and/or  interior  supports.’"  Furthermore,  the 
Bjn_, -spline  approach  can  be  incorporated  into 
the  finite  strip  analysis  of  shear  deformable  lami¬ 
nated  plates-"  and  prismatic  plate  structures.-  ' 
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A  4S  degrees  of  freedom  :dof)  doubly  curved  quadrilateral  thin  shell  finite 
element  is  used  for  studying  the  supersonic  flutter  of  cantilevered  curved 
composite  panels.  The  composite  material  behavior  is  included  using  classical 
laminatkin  theorv  and  supersonic  aerodynamic  behavior  is  included  using 
linearized  piston  theory.  To  reduce  the  number  of  dof  of  the  finite  clement 
aeroelastic  system,  a  normal  mode  approach  is  adopted.  Results  are  presented 
to  illustrate  the  behavior  of  llutter  characteristics  for  composite  curved  cylin¬ 
drical  panels.  The  effects  of  fiber  orientation  and  How  angle  on  the  llutter 
characteristics  arc  presented  for  selected  e.xamples.  7  he  accuracy,  efficiency, 
and  applicability  of  the  present  finite  element  method  is  demonstrated  by 
illustrative  examples  with  some  results  comparing  well  with  the  available 
alternate  solutions  in  the  literature. 


1  I.NTRODl  C  TION 

C'nmpo.site  curved  panels  are  being  used  in  a 
variety  ot'  engineering  fields.  For  example,  fan  and 
impeller  blades  in  turbomachinery  and  in  many 
civil  and  iierospace  engineering  structures.  Aero- 
elastic  analysis  requires  accurate  evaluation  of 
free  vibration  characteristics  and  unsteady  aero¬ 
dynamic  loads,  A  vast  amount  of  literature  exists 
regarding  vibration  of  turbomachinery  blades 
treating  them  as  beams.  However,  for  accurate 
prediction,  the  blades  should  be  tretited  as  curved 
pancis/shells, 

Farly  wtirks  on  pane!  llutter  were  concerned 
mainly  with  conventional  isotropic  panels.  The 
resetirch  progress  and  some  of  the  references  can 
be  found,  lor  example,  in  the  textbooks  by  Fung.' 
Hisplinghoff  and  Ashley,  and  Howell  ei  al.'  ' 
liarly  reviews  on  ptinel  llutter  can  be  found,  for 
example,  in  Refs  .5  and  fi.  Olson,  Sander  ei  n/..'' 
Yang  and  Sung.''  and  .Mei,"'  among  others,  studied 
the  llutter  of  isotropic  Hat  panels  using  the  finite 
element  method.  Some  studies  were  also  devoted 
to  the  flutter  of  composite  panels,  see.  among 
others.  Refs  II  If).  Ketler"  considered  the 
effects  of  boundary  conditions  and  fiber  angle  of 
panels  on  the  llutter  boundaries.  Rosettes  and 
long'  applied  a  hybrid  stress  finite  element 
method  and  used  linearized  piston  theory  to 
analyze  the  flutter  of  anisotropic  cantilever  plates, 
rircir  results  indicate  that  llutter  characteristics 


are  strongly  dependent  upon  the  composite  fiber 
angle  and  anisotropy.  Srinivasan  and  Babu'  ' 
studied  the  panel  llutter  of  cross-ply  laminated 
compo.sites  by  using  the  integral  equations  method. 
Lin  ct  used  an  IS  degrees  of  freedom  (dofi 
high-precision  triangular  finite  element  to  per¬ 
form  a  llutter  analysis  of  symmetrically  laminated 
composite  panels.  Fheir  studies  included  the 
effects  of  composite  fiber  angle,  orthotropic 
modulus  ratio,  tlow  direction,  and  aerodynamic 
damping  on  the  llutter  boundaries.  Sawyer''  used 
the  Cialerkin  method  to  stuily  both  the  llutter  anvl 
buckling  problems  of  general  laminated  plates 
with  simply  supported  boundary  conditions. 
Oyibo"’  presented  an  analytical  approach  by 
errmbining  classical  plate  theory  and  Ackeret's 
aerodynamic  strip  theory  to  study  the  llutter 
behavior  of  an  orthotropic  panel. 

For  the  purpose  of  more  general  application,  it 
appears  phmsible  to  use  the  curved  quadrilatertil 
shell  finite  elements  to  study  llutter  behavior  of 
curved  composite  panels  by  including  the  clfects 
of  supersonic  aerodynamic  forces  and  laminated 
composite  materials.  With  the  use  of  such  quadri¬ 
lateral  elements,  the  configuration  of  the  panel  is 
no  longer  limited  to  being  lla'  or  shallow.  Further¬ 
more.  it  seems  of  interest  to  explore  in  depth  the 
effects  of  different  material  properties,  lay-up 
schemes,  and  various  How  angles  on  the  llutter 
behavior  as  there  is  a  renewed  interest  in  super¬ 
sonic  transport  aircraft. 
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This  paper  presents  an  accurate  and  efficient 
high-precision  quadrilateral  shell  finite  element 
for  the  supersonic  flutter  analysis  of  laminated 
composite  curved  panels.  To  establish  the  validity 
of  the  present  formulation  and  computer  pro¬ 
gram,  flutter  examples  of  composite  plates  were 
first  studied,  and  the  results  were  compared  with 
existing  alternative  solutions,  to  illustrate  and 
demonstrate  the  applicability  of  the  present  for¬ 
mulation  and  computer  program,  flutter  examples 
of  laminated  composite  cantilevered  cylindrical 
panels  were  studied.  The  effects  of  flow  angles 
and  fiber  angles  on  the  flutter  boundaries  and 
modes  are  presented.  The  fiber  orientation  and 
flow  angle  have  an  interesting  effect  on  the  flutter/ 
divergence  behavior  of  cantilevered  composite 
curved  panels. 


2  formulation 

A  high-precision  48  dof  quadrilateral  shell  finite 
element'’  is  extended  to  include  the  property  of 
composite  materials  based  on  classical  lamination 
theory  and  also  to  include  the  effect  of  supersonic 
flow  based  on  linearized  piston  theory  for  the 
flutter  analysis  of  laminated  composite  curved 
panels.  Some  of  the  details  of  the  element  devel¬ 
opment  are  available  in  Ref.  1 7. 

The  shell  finite  element  is  quadrilateral  in 
shape  and  has  four  nodal  points  with  a  total  of  48 
dof.  The  element  nodal  displacement  vector  is 
given  as 


!ql '  =  i  n.  ir.  i\ r,.  n,,.  r.,,.  w;  .  h',^. 

(1) 

where  «,  r.  and  w  are  the  displacement  compo¬ 
nents  in  three  curvilinear  directions,  rj.  and  z, 
respectively.  Bicubic  Hermitian  polynomials  are 
used  to  interpolate  each  of  the  displacement  com¬ 
ponents. 

The  strain-displacement  relations  arc  repre¬ 
sented  in  terms  of  curvilinear  coordinates.  The 
laminated  anisittropic  behavior  is  included  using 
classical  lamination  theory.  The  shell  is  made  up 
of  an  arbitrary  number  of  layers.  Bach  layer  is 
assumed  to  he  orthotropic  with  its  principal 
material  axes  at  an  angle  to  the  local  coordinate 
axes.  The  stress-strain  relations  for  each  layer  are 
transformed  to  be  written  in  terms  of  the  refer¬ 
ence  coordinate  system.  The  stress  and  moment 


resultants  are  then  related  to  the  middle  surface 
strains  and  the  changes  of  curvature  as'*' 

fNlfA  B 

[Mj  D 

The  vector  {N}  contains  the  resultant  tangential 
forces,  the  vector  jM!  contains  the  resultant 
moments,  the  vector  {£}  contains  the  middle  sur¬ 
face  strains,  the  vector  { >c}  contains  the  changes  of 
curvature,  and  the  coefficients  in  matrices  j  A],  jRj 
and  \D]  are  given  as 


I  Ay.  K.  n„\  = 


laid 


dc 


(/.;  =  1,2.3'  !3. 


where  [gj  is  the  3x3  plane-stress  stiffness 
matrix  for  each  individual  layer  and  h  is  the  total 
thickness  of  the  plate  or  the  shell. 

The  derivation  of  the  mass  and  stiffness 
matrices  can  be  obtained  using  the  stationary 
principle  of  kinetic  and  potential  energies, 
respectively.  The  details  of  the  48  x  48  stiffness 
and  consistent  mass  matrices  can  be  found  in  Ref. 
1 7.  The  aerodynamic  stiffness  and  damping 
matrices  are  derived  by  considering  the  virtual 
work  done  by  the  aerodynamic  forces. 


dW-- 


/K^U'd/l 


J  I 


i4! 


where  .4  is  the  area  of  the  element  which  the 
pressure  is  acting  on. 

Assuming  a  first-order,  high  Mach  number 
(.VU)  approximation  to  the  linear  piston 
theory,*''  the  aerodynamic  pressure  acting  on  a 
curved  surface  area  d  A  is  given  by 


. I 

rJiMl 


d 

T) 


(Si 


with 


ft 


R-ft 


I  Ml -2 
T  Ml  -  I 


ib) 


where  p  is  the  free  stream  aerodynamic  pressure. 
V  is  the  free  stream  velocity  defined  as  parallel  to 
the  ^  axis,  q  is  the  free  stream  dynamic  pressure,  r 
is  the  radius  of  curvature  of  the  shell  element,  and 
P  and  p  arc  the  free  stream  dynamic  pressure  and 
aerodynamic  damping  parameters,  respectively. 
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The  aerodynamic  virtual  work  can  be  written  in 
terms  of  the  element  nodal  vector  as 

dW'={69l'[ftJ!9}-{d9r']cJ|9i  (7) 

with 

{f\~!rdA  (8) 

[cj  =  (-//  + - - ]  {f!if}'d/l  (9) 

\  2rv'(  A/i -1)/ J  ' 

where  Ir/l  denotes  the  time  derivative  of  the  nodal 
vector.  The  matrices  (/cj  and  [r,j  are  known  as  the 
aerodynamic  stiffness  and  damping  matrices, 
respectively.  The  aerodynamic  stiffness  matrix 
is  asymmetric  whereas  the  damping  matrix  [cJ  is 
symmetric. 

The  aeroelastic  system  of  equations  for  the 
structure  is  obtained  by  as.sembling  the  element 
matrices  which  can  be  symbolized  by  capital 
letters  as 

\^\^Q'  +  [CJ^Q'  +  \\k]  +  \kJ)\q\  =  o  (10) 

The  above  system  of  equatitins  is  solved  as  an 
eigenvalue  problem  by  assuming  ;(>[  to  be 

(?=i():e''  111) 

w  here  ,s  is  a  complex  number  and  s  =  ,v,  +  is,. 

To  reduce  the  aeroelastic  system  of  equations, 
the  normal  modes  approach  is  used.  First,  free 
vibration  analysis  is  performed  to  obtain  the 
natural  frequencies  and  mode  shapes.  Then,  using 
a  sufficient  number  of  lowest  modes  for  the  aero¬ 
elastic  system,  eqn  flOi  can  be  reduced  by  pre¬ 
multiplying  by  [Oj/  and  post-multiplying  by 

^  +  (12; 

:A'J  =  |«S>1Ma:.,||«I>|  (13) 

w  here  I  A:  |  is  a  diagonal  matrix  containing  complex 
eigenvalues  (^,  +  ik,K  the  matrix  [<l>|  is  the  modal 
matrix  constructed  by  retaining  the  selected 
lowest  natural  modes  of  the  structure  and  |<yj  is  a 
diagonal  matrix  contttining  the  squares  of  the 
structural  natural  frequencies  as  diagonal  ele¬ 
ments. 

The  system  of  equations  in  eqn  (12)  results  in 
an  eigenvalue  problem  corresponding  to  a  given 
value  of  the  dynamic  pressure  parameter  ft.  I*  the 
aerodynamic  damping  faettrr  p  is  neglected,  the 
flutter  boundary  is  obtained  when  the  two  relative 
lowest  eigenvalues  coalesce  to  give  a  critical  value 
of  ft^,.  When  p  >0.  the  flutter  solution  is  obtained 


when 


kr  pi) 


with 

/>= - ^ IS 

12(l-vl:) 

When  presenting  the  subsequent  results,  the  fol¬ 
lowing  nondimensional  parameters  are  used: 
ft’^  =  ftti'l  EJr':  V)*  =  (t)a-.4phiEJi'\  and  A-  = 
—  or  -  pvHAjlAb  ''. 

3  RESl  LTS  AND  DISCUSSION 

A  general  computer  program  was  developed  for 
the  present  composite  shell  finite  element  formu¬ 
lation  as  applied  to  supersonic  panel  flutter 
analysis.  As  part  of  the  evaluation  process,  the 
natural  frei]uencies  and  flutter  solutions  were  first 
obtained  for  those  i.sotropic  and  composite  plates 
for  which  alternative  solutions  were  available.  For 
every  example  a  convergence  study  was  per¬ 
formed  by  computing  the  four  lowest  natural 
frequeneics  related  to  the  flutter  frequencies  and 
observ'ing  their  convergence  trends  while  the 
meshes  were  being  successively  refined.  It  was 
found  that  for  the  square  plates  and  curved 
panels,  the  values  for  the  four  lowest  frequencies 
converged  at  the  6x6  mesh  level.  Thus,  a  6  x  p 
mesh  was  used  to  model  the  cuned  panels.  All 
computations  were  carried  out  using  a  CYBFR 
205  vectorized  supercomputer  at  Purdue  Uni¬ 
versity. 

First,  an  isotropic  square  plate  of  length 
T=  10  in  and  thickness  h  =01  in  )  1  in  =  2-54  cm; 
was  studied.  Table  1  shows  the  natural  frequency 
parameter  (w*)  and  flutter  bounds  i  and  /T,  i  for 
the  cantilevered  square  plate.  The  present  finite 
element  results  are  compared  with  other  available 
solutions  in  Table  1.  It  can  be  seen  that  the  present 
natural  frequency  parameter  and  flutter  bounds 
agree  well  with  those  of  Refs  1 2  and  I  3.  F  igure  1 
shows  the  three  lowest  natural  frequency  para¬ 
meters  for  a  four  layered  [Bj  -bj  -Bjl- 
graphite-epoxy  cantilevered  composite  plate.  Tn. 
material  properties  used  for  the  graphite-  'p  r  v 
composite  material  arc  as  follows: 
/:,  =  2002x10'’  psi  (I  psi  =  6-9  kPa):  /•.3  = 
1-3  X  KF’  psi;  C;,.  =  103  x  HP  psi;  p  =  0148  x  I  {ft  ^ 
Ib-s^in^;  and  V|,  =  0-3.  The  present  results  of 
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natural  frequencies  are  compared  to  those  of  Ref. 
2  1  as  there  are  no  results  of  flutter  hounds  avail¬ 
able  for  comparison.  A  good  agreement  is  found 
for  the  natural  frequencies.  Divergence  instead  of 


Table  1.  Comparison  of  natural  frequcncs  parameters  {<0*) 
and  nutter  boundaries  and  for  an  isotropic  square 
cantilever  plate 
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Hi;.  I.  I  ouest  three  iiiilunil  frequency  parameters  for  a 
I)  -  I)  -DU  erapliite- epoxy  himintitecl  eantilevered  com¬ 
posite  plate. 


flutter  occurs  for  all  the  fiber  orientations  consid¬ 
ered.  For  the  same  problem,  divergence  occurs 
when  the  flow  direction  is  changed. 

Figure  2  shows  the  three  lowest  natural  fre¬ 
quency  parameters  for  a  four  layered  i  Hj  ~  dj 
-616)  graphite-epoxy  cantilevered  cylindrical 
composite  panel.  The  present  results  of  natural 
frequencies  are  in  good  agreement  with  those  of 
Ref.  2 1 .  Divergence  instead  of  flutter  occur.s  for 
all  the  fiber  orientations  considered  in  this 
example.  Figure  3  shows  the  results  of  flutter 
boundaries  (ji*  and  to*)  for  a  graphite-epoxy  ()°, 
±4.379()'’|  laminated  cylindrically  curved  panel  at 
various  flow  angles.  It  can  be  seen  from  Fig,  .3  that 
as  the  flow  angle  is  increased,  the  flutter  bounds 

,  and  decrease.  It  should  be  noted  that 
flutter  occurs  when  modes  1  and  2  cttalcscc  for 
flow  angles  less  than  30°.  whereas  modes  2  and  3 
coalesce  for  flow  angles  greater  than  30°.  Diver¬ 
gence  occurs  at  90°  flow  angle. 

Figure  4  shows  the  results  of  flutter  boundaries 
and  io*f  for  a  graphite-epo.w  ()79070°| 
laminated  cylindrically  curved  panel  ;it  various 
flow  angles.  It  can  be  seen  from  Fig.  4  that  as  the 
flow  angle  is  incrca.scd,  the  flutter  hounds  7^,  nnd 
decrease.  It  is  observed  that  flutter  occurs 
when  modes  2  tmd  3  cotilesce  lor  the  flow  angles 
considered  in  this  example.  Divergence  occurs  at 
0°  and  90°  flow  angles.  It  can  be  seen  from  Figs  3 
and  4  that  mode  coalesce  will  be  ditlerent  tor 
different  laminated  curved  composite  panels.  In 
general,  for  the  two  examples  considered,  the 
trends  for  flutter  behavior  are  similar.  It  should  be 
mentioned  that  for  the  vtirious  cases  considered, 
divergence  instead  of  flutter  occurs. 


Fig.  2.  l.owcM  three  natural  frequency  parameter,  fvvr  a 
ff)!  hj  -HIH}  graphite -epi)xy  laminatcil  cantilevered  cylin¬ 
drical  curved  panel, 


Flow  Angle 


Fig.  3.  I  .ffeet  of  flow  angle  on  flutter  boumls  f/t ,  end  ru  , ; 
brr  a  t(t  /  ±4.S°/‘f()  )  graphile-epoxy  laminated  cantilevered 
cylindrical  curved  panel 


C  'antilevered  curved  composite  panels 


Flow  angle 

Fi;;.  4.  I'Hoct  iit  flow  atiulL'  on  lluttcr  hounils  ■ /i ,,  and  (i\,  ■ 
fur  a  <1  ~0  -f)  0  graphite-epoxy  laminated  cantilevered 
eylindrieal  eur\ed  panel. 

4  C ONC  Ll  DING  REMARKS 

A  siipcrstinic  lluttcr  analysis  of  laminated  com¬ 
posite  plates  and  shells  is  carried  out  using  a 
doubly  curved  quadrilateral  thin  shell  finite  ele¬ 
ment.  developed  on  the  basis  of  the  Kirch- 
hoff-I.ove  thin  shell  theory,  classical  lamination 
theor\.  and  iinetir  piston  aerodyntimic  theory. 
Numerical  results  are  obtained  for  isotropic  and 
laminated  composite  plates  and  curved  panels, 
(iootl  agreement  of  some  of  the  obtained  solu¬ 
tions  with  existing  results  serves  to  establish  the 
\alidity  of  the  present  formulations  for  supersonic 
flutter  analysis  of  laminated  composite  curved 
panels.  The  present  results  quantitatively  illustrate 
the  effects  of  llow  angle  and  fiber  orientation  on 
the  flutter  bounds  and  mode  shapes  for  canti¬ 
levered  composite  curved  panels. 
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This  study  deals  with  the  weight  changes  of  the  fiber/matrix  initnace  and  the 
weight  change  mechanisms  of  the  randomly  oriented  E-glass  fiber  continuous 
strand  m  -inforced  unsaturated  polyester  panels.  The  weight  changes  were 
evaluated  by  introducing  the  weight  gam  due  to  water  absorption  (  .37^,1  and  the 
weight  loss  due  to  matrix  dissolution  (.V7|).  The  weight  changes  of  the  fiber/ 
matrix  interface  !  .Vf ,  and  .Vf,,!  were  obtained  from  the  difference  of  A/^  and  A/, 
betw  een  GFRP  ana  neat  resin.  Water  absorption  of  the  interface  occurred  after 
water  absorption  of  matrix  resin  reached  saturation.  Weight  loss  due  to  dissolu¬ 
tion  of  binder  on  glass-fiber  mat  and  matrix  from  the  interl'acc  <iccurred  after 
water  penetration  into  the  interface.  I'he  debondings  at  the  fiber/matrix  inter¬ 
face  occurred  due  to  water  penetration,  and  as  a  result,  the  binder  and  matrix 
dissolved  easily  in  the  water  through  the  interface.  The  weight  changes  of  the 
GFRP  panel  were  classified  into  three  phases.  In  pha.se  1.  only  the  resin  matrix 
absorbed  water.  In  phase  11.  the  fiber/matrix  interface  absorbed  water.  .After 
that  phase,  water  absorption  into  the  fiber/inatri.x  interface  and  mtitrix  dissolu¬ 
tion  from  the  interface  occurred  simultiincouslv. 


INTRODICTION 

Glas.s-fibcr  reinforced  pUrstics  'GFRP)  have  been 
used  as  the  structural  materials  in  a  wet  environ¬ 
ment.  because  GFRP  has  excellent  corrosion 
resistance  as  well  as  high  specific  modulus  and 
strength.  In  particular,  GFRP  panels  sueh  as  con¬ 
tinuous  strand  mat  reinforced  plastics.  SMC,  etc., 
have  been  widely  used  as  water  tanks.  During 
long-term  use  in  a  water  environment,  the  weight  of 
CiFRP  is  changed  by  water  absorption  and  matrix 
dissolution,  and  it  induces  :.  serious  reduction  in 
the  mechanical  properties.'  ^  Water  is  mainly 
absorbed  in  the  matrix  resin  and  the  fiber/matrix 
interface  consisting  of  GFRP.'  The  weight  change 
behavior  of  matrix  resin  only  can  be  evaluated 
easily  by  exposure  of  a  neat  resin  specimen  to  a 
wet  environment.'  '  However,  it  is  difficult  to 
evaluate  the  weight  change  behavior  of  the  fiber/ 
matrix  interface  in  GFRP.  Therefore  the  studies 
dealing  with  the  weight  change  behavior  of  the 
interface  are  very  few,  and  the  role  of  the  interface 
in  the  weight  change  behavior  has  not  been  clari¬ 


fied  well.'  It  is  generally  said  that  water  penetrates 
into  the  interface  by  capillary  action,  however,  the 
quantitative  evaluation  of  weight  changes  of  the 
interface  has  never  been  done. 

We  have  studied  the  degradation  behavior  of  a 
randomly  oriented  GFRP  panel  immersed  in  hot 
water.'"'  In  our  previous  papers,  we  evaluated  the 
weight  changes  of  a  GFRP  panel  by  introducing 
the  weight  gain  due  to  water  absorption  and  the 
weight  loss  due  to  matrix  dissolution,  etc.,  and 
clarified  the  importance  of  the  interface  on  the 
degradation  of  a  GFRP  panel. 

In  the  present  paper,  we  propose  a  quantitative 
evaluation  method  for  the  weight  changes  of  the 
fiber/matrix  interface  of  randomly  oriented  glass- 
fiber  continuous  strand  mat  reinforced  unsatu¬ 
rated  polyester  panels  immersed  in  hot  water.  The 
degradation  behavitvr  of  the  fiber/matrix  interface 
is  clarified  by  introducing  a  proposed  evaluation 
method.  Tuc  weight  change  mechanism  of  the 
randomly  oriented  GF'RP  panel  immersed  in  hot 
water  is  discussed  on  the  basis  of  the  evaluated 
results  of  the  weight  changes  of  the  interface. 
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EXPERIMENTAL  PROCEDURE 

Materials  used  were  two  types  of  glass-fiher 
reinl'orced  unsaturated  polyester  resin  i types  A 
and  B'  with  different  mtitrix  composition.  Two 
types  of  resin  matrix  based  on  bisphenol  vsere 
used;  unsaturated  polyester  resin  with  or  without 
filler.  Type  A  ermtained  no  filler  and  type  B  con¬ 
tained  1  phr  calcium  carbonate.  Reinforcement 
was  randomly  oriented  E-gla.ss  fiber  continuous 
strand  m;it.  The  ccimposition  of  the  specimens  is 
summarized  in  T  able  I .  Using  these  materials  300 
mm  square  panels  were  fabricated  by  a  compres¬ 
sion  mtdding  method,  and  specimens  were  cut  out 
from  these  panels. 

Water  immersion  tests  were  conducted  at 
id)  and  SOX'  with  temperature  controlled  water 
baths.  The  periods  of  immersion  were  3.  10. 
30.  100.  300.  1000  and  3000  h.  Weight  changes 
due  to  immersion  were  determined  by  weighing 
.■sO  mm  square  specimens  before  and  after  immer¬ 
sion.  Before  immersion,  all  specimens  were  dried 
in  viieuum  at  lOOX'.  and  after  that  the  specimens 
were  immersed  in  hot  water  for  ;i  fixed  period  of 
time.  After  immersion,  the  wet  specimen  weight 
was  measured  and  the  specimens  were  dried  again 
in  a  vacuum  oven.  After  perfect  drying,  the  dried 
specimen  weight  was  determined.  From  these 
weight  measurements,  net  weight  gain  iMJ  and 
weight  loss  ■  3/, ;  were  tibtained  by; 

\/ =,  vv;^ - 
=  .  u;,  -  0.1  )/b;, 

where  H.,  is  the  dried  specimen  weight  before 
immersion,  and  VV„  and  VV^,  are  the  wet  and  the 
dried  specimen  weight  after  immersion.  The  neat 
resin  specimens  were  also  immersed  in  hot  water 
ami  weight  changes  were  evalutited  in  the  same 
way  ;is  those  of  Cif-Rf^  in  order  to  compare  with 
the  weight  chtinges  of  CH  RP.  F  or  comparison  with 
CiF-RP,  V/,  and  M,  of  the  ne;it  resin  specimens 
wen;  re-evaluated.  F^e-evalmited  .VT  and  M,  for 


neat  resin  3/,,^  and  3/^,^  are  calculated  on  the 
assumption  that  only  the  resin  matrix  of  (il-RP 
affects  the  weight  changes  due  to  water  imnieision 
and  that  the  fiber  and  the  interlace  can  be  ne 
glected  for  the  weight  changes  of  Cd  Ri'.  3/  .mil 
3/|,<  ;ire  expressed  as; 

'Ak  =  'A, X  1  IL 

3/„,  -  .U,  X  .  1  --  U,: 

where  3/,.,  ;ind  3/,,  are  experimenttil  data  o!  3/ 
and  3/,  for  the  neat  resin  specimen.  3/  anti 
are  the  re-evaluated  3/,.  ami  3/,  of  the  neat  resin, 
and  W ,  is  the  fiber  weight  fraction  of  (ilKP, 


RE.SI  LTS  AND  DLSC  l  .S.SION 

Weight  changes  in  GFRP  and  neat  resin 

Figures  1  and  2  show  the  changes  of  the  net 
weight  gain  M,  for  CiFRP  and  neat  resin  with  the 
immersion  time.  "1  he  variation  of  3/,  for  CiFRP 
indicated  the  same  tendency  as  that  for  neat  resin 
up  to  100  h  at  60X'  ami  up  to  30  h  at  S03'.  After 
these  immersion  times,  the  .U  for  CiFRP 
increased,  w  hereas  M.  for  neat  resin  mtiintained.  ;i 
constant  saturation  level.  .As  a  result,  the  differ¬ 
ence  in  3L  between  CiFRP  and  neat  resin  became 
greater  as  the  immersion  lime  became  longer.  The 
saturation  level  of  3/.  for  neat  resin  was  almost 
the  same  independent  of  water  temperature.  It  is 
considered  that  only  the  matrix  resin  of  CIFRP 
absorbs  the  water  before  100  h  at  b0°C'  and 
before  30  h  at  (SOX'.  Water  absorption  after  these 
immersions  may  be  due  to  the  existence  of  glass 
fiber  mat  in  CiFRP.  Cilass  fiber  never  absorbs 
water,  while  the  fiber/matrix  interface  in  CiFRP 
can  absorb  w  ater  if  the  bonding  between  the  fiber 
and  the  matrix  is  imperfect.  Therefore  the  water 
absorption  due  to  longer  immersion  may  be 
caused  by  the  degradation  of  the  fiber  .'matrix 
interface.  The  3/„  for  CiFRP  in  type  A  indicated 
the  same  tendency  as  type  B  at  60X',  and  it  was  a 
little  higher  than  in  type  FT  at  SOX'. 

C  hanges  in  the  weight  loss  3/,  for  CiF'RP  ;md 
ne;it  resin  with  immersion  time  are  shown  in  Figs 
3  and  4.  The  3/,  eif  neat  resin  was  nearly  equal  to  0 
up  to  1000  h.  Fn  the  same  way  the  3/,  of  CiFRF’ 
was  nearly  equal  to  0  up  to  300  h  at  60°C'  and  up 
to  100  h  at  SOX'.  After  these  immersion  times, 
however,  .T/,  increased  linearly  against  the  square 
root  of  immersion  time.  The  slope  of  3/|  against 
the  square  root  of  time  was  almost  the  same 
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Fig.  1.  Chimges  in  net  weight  gain  Mp  tor  GFRP  and  neat 
resin  at  6()°C'  for  a  type  A  and  b‘  type  B. 


Fig.  3.  C  hanges  in  sseight  loss  1/  for  (if-RP  anel  neat 
resin  at  OtPC  for  a  type  A  and  h  type  B 
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Fig.  2.  Changes  in  net  weight  gain  for  CiFRP  and  neat 
resin  at  SOX'  for  fa)  type  A  and  (h)  type  B. 
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independent  of  water  temperature.  The  slope  of 
.V/|  for  GFRP  in  type  B  was  higher  than  in  type  A. 
The  neat  resin  hardly  dissolved  in  water.  There¬ 
fore  the  weight  loss  for  GFRP  may  be  induced  by 
the  degradation  at  the  fiber/matrix  interface. 

Effect  of  degradation  of  fiber/matri.x  interface  on 
weight  change 

Supposing  that  the  fiber  did  not  affect  the  weight 
change  kinetics,  the  difference  in  weight  changes 
between  GFRP  and  neat  resin  may  be  considered 
to  express  the  weight  changes  showing  the  exist¬ 
ence  of  fiber/matrix  interface.  Therefore  the 
weight  change  parameter  for  the  fiber/mairix 
interface  can  be  defined  as  follows: 

,3, 

v/„  =  .v/,-.v/,H 

where  .V/^,  is  the  net  weight  gain  of  the  fiber/ 
matrix  interface  and  A/i,  is  the  weight  lo.ss  from  the 
uiteifuCe. 

Figures  5  and  6  show  the  changes  in  against 
the  square  root  of  immersion  lime.  A/j.,  increased 
almost  linearly  against  the  square  root  of  immer¬ 
sion  time  after  100  h  at  60°C  and  after  30  h  at 
tS0°C.  This  means  that  water  penetration  into  the 
fiber/matrix  interface  occurred  after  100  h  at 
60°C  and  after  30  h  at  80°C  and  that  water  was 
absfrrbed  only  by  the  matrix  resin  before  these 
immersion  times.  The  extensive  water  penetration 
into  the  interface  is  considered  to  occur  after 
water  absorption  in  the  matrix  region  reaches 
almost  saturation  level.  The  slope  of  A/^,  at  HIPC 
was  greater  than  that  at  bO^C  both  for  type  A  and 
type  B.  The  water  temperature  affects  the 
penetration  speed  of  water  into  the  interface.  The 
slope  of  V/„,  for  type  A  at  60°C  was  almost  the 
same  as  that  of  type  B,  however,  it  was  greater 
than  type  B  at  8(PC.  This  phenomenon  shows  the 
difference  in  for  GFRP  between  type  A  and 
type  B  at  8()°C.  The  filler  mainly  affects  the  weight 
gain  due  to  water  penetration  into  the  fiber/matrix 
interface. 

Figure  7  and  8  show  the  changes  in  against 
the  square  root  of  immersion  time,  /V/„  at  6()“C 
was  almost  (;  up  to  300  h,  and  at  80°C  it  increa.sed 
up  to  100  h.  After  that  Af,,  increased  almost 
linearly  against  the  square  root  of  immersion  time. 
I  hc  occurrence  of  A/,,  was  delayed  due  to  the 
presence  of  ,A/^,.  Therefore  it  is  considered  that 
Af||  is  caused  by  degradation  and  chemical 
reaction  such  as  hydrolysis  due  to  absorbed  water. 
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The  debonding  at  the  fiber/matrix  interface 
occurs  due  to  water  penetration  into  the  interface, 
and  as  a  result,  the  matrix  and  the  binder  on  the 
glass  mat  dissolve  easily  in  water  through  the 
interface.  The  slope  of  .f/||  is  almost  the  same 
independent  of  the  water  temperature  and  of  the 
materials  both  for  type  A  and  type  B.  However, 
the  immersion  time  for  type  B  when  .V,,  arose  due 
to  water  immersion  was  shorter  than  for  type  A  at 
both  water  temperatures.  This  difference  is  con¬ 
sidered  to  be  induced  by  the  filler. 

Weight  change  mechanism  of  GFRP  immersed  in 
water 

The  difference  in  between  GFRP  and  neat 
resin  was  remarkably  large  after  10(1  h  at  60°C 
and  after  30  h  at  S0“C.  Therefore  considerable 
water  absorption  into  the  interface  is  considered 
to  occur  after  the  above-mentUmed  immersion 
times.  The  .V/,  of  neat  resin  was  nearly  equal  to  0 
up  to  3000  h.  while  the  of  GFRP  increased 
after  300  h  at  60°C  and  after  100  h  at  H0°C.  Con¬ 
sequently  the  weight  change  of  the  randomly 
oriented  GFRP  used  here  can  be  classified  into 
three  phases  as  schematically  illustrated  in  Fig.  9. 
In  phase  I.  the  w'eight  gain  was  due  to  the  water 
absorbeo  in  the  resin  matrix  only,  however,  a 
small  amount  of  water  was  absorbed  in  the  fiber/ 
matrix  interface.  In  phase  II,  weight  gain  due  to 
water  absorption  into  the  interface  occurred. 
After  that  phase,  catastrophic  degradation  at  the 
fiber/matrix  interface  resulted,  and  water  absorp¬ 
tion  and  matrix  dissolution  occurred  simultane¬ 
ously  in  phase  III.  Both  in  type  A  and  type  B  at 
fitre,  phases  I,  II  and  III  are  defined  as  the 
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Fig.  9.  Weight  change  behavior  of  randomly  oriented 
GFRP  panel. 


periods  from  0  to  1 00  h,  1 00  h  to  300  h.  and  ov  er 
300  h.  respectively,  from  the  experimenttti  results 
shown  in  Figs  1  and  3.  As  with  XO'C',  phases  1.  II 
and  III  are  the  periods  from  (I  to  30  h,  30  h  to  1  Oo 
h.  and  over  100  h.  respectively,  shown  m  f  igs  2 
and  4.  In  phase  1.  water  absorption  in  the  matrix 
resin  only  occurred  and  the  intluence  of  the  filler 
did  not  appear.  In  phase  II.  water  absorption  into 
the  interface  occurred  and  the  AT,  of  type  B  was 
greater  than  that  of  type  A.  After  phase  11.  the 
intluence  of  the  filler  appeared  in  the  changes  in 
AT,  and  .VT,  and  more  degradation  of  the  inter¬ 
face  occurred  on  type  H  than  on  type  -A.  I  here- 
lore  the  filler  intlucnces  the  degntdation  of  the 
liber/matrix  interface. 


CONCLI.SIONS 

This  study  dealt  with  the  weight  changes  of  the 
interface  and  the  weight  chtmge  mechanisms  of 
the  randomly  oriented  E-glass  fiber  continuous 
strand  mat  reinforced  unsaturated  polyester 
panels.  The  weight  changes  were  evaluated  by 
introducing  the  weight  gain  due  to  water  absorp¬ 
tion  {MJ  and  the  weight  loss  due  to  matrix  dis¬ 
solution  (A/|i.  The  weight  changes  in  the 
fiber/matrix  interface  i  .ATi  and  A/,i  ‘  were  obtained 
from  the  difference  in  .VT  ;ind  M^  between  GFRP 
and  neat  resin. 

Water  absorption  of  the  interface  occurred 
after  water  absorption  of  the  matrix  resin  reached 
saturation.  Weight  loss  due  to  dissolution  of 
binder  on  the  glass-fiber  mat  and  matrix  from  the 
interface  occurred  after  water  penetrated  the 
interface.  The  dchondings  at  the  fiber/matrix 
interface  occurred  due  to  water  penetration,  and 
as  a  result,  the  binder  and  matrix  dissolved  easily 
in  the  water  through  the  interface. 

The  weight  changes  of  the  GFRP  panel  were 
classified  into  three  phases  as  follows: 

Phase  I:  Only  the  resin  matrix  absorbed  w  ater. 

Phase  II:  The  fiber/matrix  interface  absorbed 
water. 

Phase  III:  Water  absorption  into  the  fiber/ 
matrix  interface  and  matrix  dissolution  from  the 
interface  occurred  simultaneously. 
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The  effects  of  environmental  humidity  after  post 
cure  on  the  optimal  temperature  path  of  polymer 

composites 

R.  S.  Chen,  G.  S.  Chen  &  J.  R.  Chen 

Dcpanniftii  ('i  Iji^inecniiiiScifnce.  \aiioiuil  (  L  nivcrsin.  Xo.  /,  I  'ntversin  Roiul.  liunan.  lunMin.  lilul 

Previous  studies  on  the  optimal  cool-down  path  of  a  composite  laminate,  were 
applied  in  this  paper  to  a  new  element-humidity  used  for  analysis  of  the 
residual  stresses  which  sievelop  in  a  ctimpositc  material  laminate  alter  termina¬ 
tion  of  cool  dow  n  due  to  further  exptisure  to  a  humid  environment. 

Computations  were  performed  for  AS4/3502  symmetric  balanced  cross-ply 
laminate.  The  v  iscoelastic  behaviour  and  the  constant  e.xpansion  coeflicicnts  ot 
temperature  and  moisture  of  hygrothermorheologically  simple  material  have 
been  considered  and  an  optimal  temperature  path  was  obtained  with  the  assist¬ 
ance  of  variations  for  yielding  the  minimal  value  for  the  average  residual  stress 
within  the  laminate.  Furthermore,  the  experiment  for  measuring  the  residual 
stress  by  strain  gauge  is  conducted  in  order  to  ensure  the  reliability  of  the  theo¬ 
retical  analysis.  The  result  of  this  paper  gives  further  unilerstanding  of  the 
humidity  effect  on  composite  material  during  its  post  cure  process  I  hcrefore. 
this  study  will  be  vcr;.'  helpful  for  the  improvement  of  manufacturing  industries. 


INTRODUCTION 

A  compo.sitc  material,  which  con.sists  of  fibres  and 
epoxy  is  always  fabricated  as  layers  with  different 
directions  due  to  the  various  requirements  of 
design.  This  leads  to  different  thermal  expansions 
in  each  direction.  Therefore,  control  of  the 
temperature  path  during  the  cure  process  is 
indeed  important.'  ^  Furthermore,  due  to  the  pro¬ 
cess  of  moisture  diffusion,  swelling  strains'^ 
develop  within  the  composite  which  induce 
further  residual  stresses'""  in  multi-directionally 
reinforced  laminates.  This  humidity  effect  tends 
to  be  significant  when  the  composite  is  exposed  to 
environmental  humidity  after  the  post  cure  pro¬ 
cess."  This  paper  incorporates  the  humidity 
effect  after  fabrication  to  readjust  the  optimal 
path  in  the  post  cure. 


ENVIRONMENTAL  HUMIDITY 
Governing  equation  of  moisture  diffusion 


dm 

'a/' " 

a 

a:  \  a.- 

where 

f  =  time. 

2:  =  coordinate  in  the  direction  of  the  compo¬ 
site  thickness. 

C  -  C'{  T)  =  moisture  diffusion  coefficient. 

ni  -  miz.f)  =  moisture  content. 

For  a  laminate  with  an  initially  unihirm 
moisture  content  n„  and  symmetric  boundary 
conditions  m{z  =  ±h.l)  =  u,,  where  //,»,  is  the 
equilibrium  moisture  content,  the  solution  to  eqn. 
( 1 )  for  a  constant  diffusion  coefficient  and  bound¬ 
ary  conditions  can  be  expressed  as  follows: 

niizj)  -  =  uKzJ)  \2i 

where  IJzj)  and  Hz.i)  are  as.sumed  as 


(1  -Eizj) 


The  moisture  sorption  behaviour  of  graphite/ 
epoxy  materials  has  been  treated  as  a  diffusion 
controlled  process  as  described  by  Fiek's  Second  l(zj)  - 

Law.'"'’ 
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1  -f'izj) 
Eizj) 
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in  which 


1) 


.n  *  f 


Eiz.n^  I  i  -  li'^ 


+  erfc 


cos 


ert'c 


+  Z//1 


exp{  -  Pit*) 


l-z/h' 


1  ft* 
* 


'1 


(4) 


(5i 


with 


P,~[2n-\\:il2 

:*-Ct!h- 


ert'c- j)  =- 


d.v 


iZT  Z 


where 

erfc  =  complement  error  function. 

h  =  half  of  thickness  of  the  laminate. 

Equations  i4)  and  (.‘^).  the  solutions  for  eqn  1 1  i 
in  terms  of  EiZJ)  and  /-'u.ti  arc  obtained  by  the 
separation  of  variables  technique  and  the  Laplace 
transform  method,  respectively.  To  achieve  the 
computational  efficiency,  an  efficient  computa¬ 
tional  scheme  for  switching  among  these  two 
forms  has  been  proposed  by  Weitsman  so  as  to 
minimize  the  numbers  of  terms  required  in  Series 
14)  and  (  5  )  and  obtain  the  moisture  di.stribution  to 
within  the  desired  error  tolerance.  The  scheme  is 
based  upon  the  observation  in  which  Series  (4) 
rapidly  converges  for  the  short  time  case  due  to 
the  rapid  decay  of  erfc,  whereas  Series  (5)  rapidly 
converges  for  the  long  time  case.  Weitsman  also 
defined  the  following  set  of  rules  to  maintain  the 
accuracy  of  ( 10)  ’ 


(a)  for 


<f*<  -  , 

\2a/ 

u.se  i  terms  in  Series  EJz.t) 


(bl  for 


</*< 


use  five  terms  in  .Series  P{z.t) 


cl  for - - 

(2/  +  I)-  (2/-ir 


use  /  terms  in  Series  /-'{zj) 


Swell  of  composite  material  due  to  moisture 
sorption 


I’he  swelling  strain  for  the  graphite/epoxv  com¬ 
posite  due  ti>  moisture  sorption  perpendicuhir  to 
the  fibre  diiection  n.e.  the  transverse  direction 
denoted  by  subscript  l.  i  is  defined  as  the  function 
in  which  the  moisture  content  is  beyatnd  the  initial 
value  W|,  i.e. 

f,~  -  tHf'i  when  m>ni, 

,  ’  0 
f,  =  0  when 

where 

f ,  =  transverse  swe'hng  strain. 

/f  I  =  transverse  moisture  expansion  coefficient. 

m  =  moisture  content. 

m^  -  threshold  moisture  content. 

For  AS4/.^,S()2  graphitc'epoxy  material,  the 
transverse  moisture  expansion  ctrefficient  /f,  is 
()  {H)324  and  the  threshold  moisture  content  m,  is 
0  1%.  Furthermore,  the  longitudinal  swelling 
strain  parallel  to  the  fibre  direction  ( denoted  by 
subscript  L)  is  negligible  in  comparison  with  the 
tran.sverse  swelling  strain.  The  longitudinal 
moisture  expansion  coefficient  /fi  is  assumed  to 
be  zero  for  most  cases. 

Moisture  diflusion  coefficient  and  equilibrium 
moisture  content 

Springer'*  engaged  in  series  of  experiments  on  the 
moisture  diffusion  of  the  composite  to  obtain  the 
moisture  diffusion  behaviour  described  by  a 
simple  mathematic  model.  A  significant  depen¬ 
dency  of  moisture  diffusion  coefficient  on  temper¬ 
ature  and  a  weak  dependency  of  moisture 
diffusion  coefficient  on  moisture  content  have 
furthermore  been  revealed  in  his  results.  The 
moisture  diffusion  coefficient  is  therefore  treated 
as  a  function  of  temperature; 

C{T)  =  D„exp(- AJK!)  i7) 

where 

/2|,  =  permeability  index. 

A|,  =  activation  energy  for  diffusion, 

R  =  gas  constant, 

7  =  absolute  temperature  ( K). 

Meanwhile,  the  equilibrium  moisture  content 
is  the  saturated  moisture  amount  of  the 
material  which  is  dependent  on  the  relative 
humidity  surrounding  the  material. 


where  /  -  1 ,2,3,4,  d  =  1 4-93  and  A  =  5-877. 


(8) 
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where 

RH  =  percentage  relative  humidity, 

H,p  -  material  constants. 

THEORETIC.4L  ANALYSIS 

A  symmetric  cross-ply  and  viscoelastic  composite 
laminate  are  considered  which  have  been  aftected 
by  a  variated  temperature  7'(/)  during  the  post 
cure  and  by  a  constant  moisture  content  in  the 
environmental  humidity  after  the  termination  of 
cool  down.  Due  to  the  thickness  of  the  composite 
laminate,  temperature  T=  T\t)  is  assumed  to  be 
spatially  uniform  but  varies  only  with  time.  The 
process  of  moisture  diffusion  is  thus  uncoupled 
from  that  of  thermal  diffusion.  The  moisture  con¬ 
tent  is  a  function  of  time  and  location  (in  the 
direction  of  thickness  only)  since  the  time 
required  for  reaching  the  saturated  moisture  con¬ 
tent  is  rather  long.  Furthermore,  the  viscoelasticity 
of  composite  material  can  be  solved  through 
application  of  the  correspondence  principle.  The 
HTSM  properties  are  also  introduced  for  tem¬ 
perature  and  moisture  effects.  The  expansion 
coefficients  of  temperature  and  moisture  are  also 
finally  assumed  as  being  constant.  The  analytical 
processes  are  described  as  follows. 

I  inear  elastic  analysts 

For  a  symmetric  cross-ply  laminate  subjected  to 
the  effects  of  temperature  and  humidity,  the  rela¬ 
tion  between  stre.ss  and  strain  in  the  individual 
orthotropic  plies  can  be  expressed  as  follows; 

for  the  0°  layer  rihe  layer  with  the  fibre  direction 
parallel  to  .v  .ixis  i 

+  Qi  ,(fy  -«,A7  -/l,m,) 

(ri) 

+  (f|(r\-a,A7'-7i|m,) 

for  the  90°  layer  (the  layer  with  the  fibre  direction 
normal  to  ,r-axis) 

fj,  =  ”  «tA7'- 

(Ji  ^  m,,) 

, -a,A7'-/7,mJ 
+  Qi  i  --  o,  A  7  -  /^|  w,.  j 


where 

(J  =  stiffness  modulus, 
a  -  thermal  expansam  coelTicicni. 

/7  =  swelling  coefficient. 

A  7  =  temperature  change. 

=  effective  moisture  content  =  ifi~  m, :. 
fj  =  stress. 
r  =  strain. 

Subscripts  .v.y:  reference  system  of  laminates. 
Subscripts  l,,T:  parallel  and  transverse  to  the 
direction  of  the  fibres. 

Since  the  laminate  is  assumed  to  be  free  ol 
external  loading,  the  net  resultant  force  .\  of  each 
point  on  the  laminate  must  vanish.  Namely. 


.V,  = 


fj,  d;  =0 


10 


where  h  is  half  thickness  of  composite  laminate. 
Substituting  eqn  =  9 :  into  eqn  1 1 0  ^  we  get 

r  =  = 


o  --a,-  -  n,= 


C>,  +  U.  +  2t».. 


i*  a,  -  ,'A  / 

:\\ 


Incorporating  the  properties  of  graphite/cpoxy 
into  the  above  equation  lead  to  the  simplified 
form  (such  as  ~  20/:',,  v,  ,~20r|,  with 
v,,=0-2S) 

o=  -  n,  -  a ,  )AT+‘<  imj  1  2  > 


When  considering  the  viscoelasticity  of  the  resin,  r 
becomes  a  function  of  time.  However,  in  all  prac¬ 
tical  cases,  r  is  a  weak  function  of  time  within  the 
values  ranging  betw'een  ()-9  and  0-93.  The  expan¬ 
sion  coefficient  a ,  is  also  theoretically  dependent 
on  temperature.  However,  due  to  its  weak 
dependence  on  7,  a ,  constant  is  considered  here 
in  the  present  work. 


Viscoelastic  analysis 

For  the  graphite/epoxy  composite,  an  approxi¬ 
mate  expre.ssion  for  the  transverse  viscoekrstieity 
modulus  reads 

/•-  =  /: ,  =  RJ  t  -r  r,, )  !  1 3  i 

where  f  is  the  reduced  time. 
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A  combined  temperature-moisture  shift  factor 
can  he  introduced  for  analysing  the  effect  of  tem¬ 
perature  and  humidity  on  the  composite  due  to 
consideration  of  the  property  of  HTSM 

a[z.s)=ai  Jls).m{z.s\)  =  af\  I'  )  1 14' 

vs  here  «  ,  !  T)  is  the  temperature  related  shift  factor 
H ,  (  T  i  =  exp  (  -  'I'jA  +  fi)  (15) 

ni '  is  the  moisture  related  shift  factor. 

m )  —  exp!  -  ( 4-  C _i  (16  i 

The  reduced  time  $  in  eqn  (5 1  therefore  becomes 


ci  r) 


_ds 
ii\ Z.s] 


eqn  5  can  be  then  expressed  as 


/, 


ii  ^''(1  j  At 


\\i) 


Computations  have  been  performed  for  /\S4/ 
,T's02.  In  this  paper  the  viscoelastic  properties  and 
material  constants  of  this  graphite/epoxy  com¬ 
posite  are  listed  in  Tables  1  and  2. 


table  1.  the  viseoelastic  properties  of  the  AS4  4502. 
(jraphileeposs 


C,  (/  r  .1  />'  <  ( 

kN/m-  mm  K 

Id""  1  (1-00775  0-0  6-:5s  40S1  s:  ()_'() 


f  able  2.  The  thermal  expansion  cfwfficienis  of  the 
AS4  3502,  t>raphiie  epox> 


(1  !  =  (I.  -  «  / 


«i  cm  tm  K.  (i,  cm  cm  K 

(i..  a  a.  (1 

-0-4S4X10  '  0-'^2xl0  '  Os  -)|i)  ■  (141/;  pi 


Table  3.  T  he  swelline  cocITicients  and  diffusion  eoeflicienls 
of  the  AS4  !3502,  uraphite  epoxv 

/>,  .-I,,  /<  H  o  II’  fi,  ji. 

I<i7  5480  0-00:o‘’0  1325  0!".,  0-00524  o-O 


The  optimal  temperature  path  and  residual  stress  for  the  curing  process 

(  (insider  a  symmetric  cross-ply  viscoelastic  composite  laminate  Avith  a  thickness  of  2h  s  During  the  cure 
process,  the  laminate  is  subjected  to  a  variable  temperature  with  the  initial  temperature  7,  ;md  the  final 
temperature  1]^  in  a  specified  time  interval  after  the  cure  process,  as  shown  in  Figs  1  and  2.  it  is  affected 
by  a  fixed  humidity  n,  and  the  length  of  cxpo.sure  Ai^  in  the  surrounding  environment.  Since  the  plate  is 
thin,  the  temperature  at  each  point  of  the  composite  can  be  assumed  to  be  homogeneous.  7  =  f  r  k  Never¬ 
theless.  the  marginal  effect  of  the  diffusion  of  moisture  from  the  laminate  can  be  ignored  anti  only  the 
moisture  diffusion  in  the  direction  of  the  plate  thickness  is  taken  into  account.  The  residual  stress  of  the 
composite  can  hence  be  expressed  as 


(i  rJ,  r 

dv 

a 

«  ---  i  /  (  r)  - 

7i  ')  +  /j  7  m,.[z.Tt 

t( 

J.  oi'l'is).  niiz.s)) 

dr 

dr 

dr 


where 


ft  =  « I  -■  a  I 

=  -7^. 

'  dv 

,  (hz.si 


-  7:i|£t/i  ri]—  /•,„  + 


h-  =  /,  +  At,- 

In  eqn  ( 19;,  stress  is  found  to  be  a  function  of  time  and  position  in  the  laminate.  This  is  because  of  the 
moisture  diffusion  in  the  composite  laminate  always  resulting  in  spatially  non-uniform  stresses  within 
each  layer,  (  onsequently,  we  confine  our  consideration  to  the  average  value  of  the  residual  stress  o,.  i.e. 
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Fit*.  1.  I  hcorcliciil  analysis  lor  k'mpcraliirc  path. 
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d: 


In  view  of  the  results  presented  in  Refs  .1.  4  and  10.  the  temperature  and  humidity  history  are  divided  into 
four  sections  for  integration.  These  are  r  =  0. ()< /  < /,.  /  =  /,  and  i,<  1  <  t^.  respeetivelv .  lu|uation  2  i  can 
be  revised  to  read 


d: 
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Ry  applying  the  method  of  calculus  of  variations.'""  the  optimal  temperature  path  of  the  minimum  aver¬ 
age  residual  stress  can  he  derived. 

Let  Ttt'i  be  the  optimal  path  and  designate  Til)  -  'I'iti  +  ttjUi  as  an  adjacent  path,  where  r  is  small 
value  and  rji !)  is  an  arbitrary  function,  a,,  then  becomes  (he  average  s  .  ess  derived  from  ‘  t  and  ni- :_j  as 


d: 


jrri  7;,  4-  rTj,r-  7,| 
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/• 
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c/.v 
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dr 
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where  >?„=  tj((} '  c  1;,  =  r)l/,  i 
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T(i  minimize  the  value  of  a,,,  the  differential  of  d,  subject  to  i  must  be  zero.  i.e. 
d 


df 


;-2/Kr,i;,  .„  =  () 


Through  the  process  of  integration  by  parts,  the  optimal  temperature  path  /u  with  the  open  interval 
fX  r  <  t,  can  be  obtained  as  the  following  nonlinear  integni-differential  equation 


Vh‘hl 


2h 


•/,  f 

dv 

/•:' 

. + 

'll 

r  a  1  (  El  V  )  i  . 

ds 

m' 7k,  mu,  Vi) 

The  magnitude  of  the  initial  discontinuity  frrmi  7,  to  /,,  becomes 
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,  U|i7'<'v), 
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7:,  -  T 


.  0[i7;,) 


o  i<  7, ) 


The  temperature  path  7‘(/i  obtained  from  eqns  i35)  and  i26)  can  be  substituted  into  eqn  ;  IV*  so  that  the 
residua)  stress  at  any  time  can  be  obtained.  .Since  the  temperature  and  humidity  in  each  interval  is  discon¬ 
tinuous.  four  tune  intervals  are  reqi 
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M  MERIC  AL  ANALYSES 

I  he  material  adopted  in  this  paper  is  A,S4/,3.S02  graphite/epoxy  composite  laminate  with  12  symmetric 
cross-plies,  and  the  thickness  of  each  ply  is  (Mil 48  cm.  The  initial  temperature,  the  room  temperature, 
and  the  average  thermal  expansion  coefficient  are  assumed  to  be  71  =  4.30  K,  7^  =  20.'  K  and 
+  respectively.  Then,  the  theoretical  .solutitm  for  the  optimal  temperature  path 

involves  a  nonlinear  integro-differential  equation.  An  iterative  numerical  method  must  be  applied  to  find 
the  distribution  of  the  temperature  path.  The  required  steps  are  stated  as  follows. 


rilC  of  cm  ironmenial  hitntidi’v  uficr /xist  oiirv  on  ihc  ofiuinul  lenipcniniiv /kilh  of  po!\ni,.  r ,  1  d 


Application  of  an  iterative  numerical  method 

Firvt  (if  al!.  the  cooling  time  ?,  is  divitied  into  n  incremental  units 

Ar=f,/n  31 

By  guessing  a  value  /  /  and  applying  eqn  '25  i.  then  all  following  temperateres  can  be  obtained,  i.e.  vs  hen 
/  =  r, . 
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...  (/)  7,;./U  C.V'i  !  J 

where  I T  f  ■- 

Using  eqn  1 32  ■.  the  value  ol  /,. .  ,  etin  be  sol\  ed,  when  /  =  r,  -  A/. 
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Then  the  value  of  7',  is  obtained.  These  steps  are  repeated  until  t  - 1,  -  .VAt  ~  0. 
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The  value  of  /  d))  is  obtained  from  eqn  (30).  However,  the  value  obtained  of  7(0,i  is  generally  not  equal  to 
the  7,1  obtained  from  eqn  f  26  ).  Therefore,  a  new  gue.ss  for  /  ,-  must  be  made  to  repeat  the  abov  e  steps.  If 
In<  T  Ol.  then  the  new  guess  Tp  <1^  .  C'ontrarily,  if  7,i>  7(0),  the  new  gue.ss  7  >  7V.  These 

processes  are  repeated  until  the  value  of  7,  which  satisfies  7(0)  =  is  obtained.  Then  the  distribution  of 
the  optimal  temperature  path  can  be  identified. 

Furthermore,  the  residual  stress  can  be  obtained  by  eqns  (27)-(30i,  where  the  integral  form  can  be 
expressed  by  numerical  equation: 


'  ,  30’)  r)  1 


3,3  I 


RESULTS  AND  DISCUSSION 

To  verify  th^  reliability  of  the  theoretical  analy.si.s, 
the  symmetric  cross-ply  (0/90)  composite 
laminate  is  placed  on  a  hotpress  in  which  the  tem¬ 
perature  is  properly  adjusted,  and  a  humidifier  is 
applied  to  simulate  the  humidity  in  the  surround¬ 
ing  environment.  The  residual  stress  is  measured 


by  a  strain  gauge.  .Some  results  are  summarized  as 
follows. 

Figures  3-6  indicate  the  optimal  temperature 
path  as  well  as  the  change  of  the  accompanying 
residual  stress  on  the  specific  RH  and  A4. 
rhese  figures  show  the  discontinuity  at  the  initial 
and  final  times  but  also  a  smooth  continuous 
curve  in  the  time  interval.  The  final  residual  stress 


will  meanwhile  suiklenly  decrease  if  the  linal  tem¬ 
perature  /.  ii.e.  /  /,  "  IS  below  room  tempera¬ 
ture.  Contrarily.  the  final  residual  stress  will 
suddenly  increase  if  the  final  temperature  /,  is 
above  the  room  temperature.  Figure  7  indicates 
the  relation  between  the  final  temperature  7  (r,  ) 
and  log!/,).  Figure  H  shows  the  relation  between 
the  final  residual  stress  r/(7,'  land  log! /,!.  Figures  7 
and  S  do  not  consider  the  effect  of  humidity  after 
the  cure.  Figures  9  and  10  indicate  the  relaturn 
between  the  final  temperature  /  (/,  i  and  its  final 
residual  stress  a!  /,'  )  versus  log(/,)  at  various 


e.sposure  times  under  relative  humidity 
l\l I  ^  By  tracing  the  figure  of  /  /,  \ersus 

log'  /, the  value  of  /  ,  becomes  higher  in  accord¬ 
ance  with  the  higher  RH.  long  A/  iir  shorter  cool¬ 
ing  time  /,.  Besides,  the  figure  of  a\!,'  >  versus 
log!/|i  shows  the  cunes  almost  coincide  despite 
the  value  of  the  RH  when  the  A/  is  quite  shtrrt  i.e, 
1  mini.  This  shows  that  the  final  residual  stress 
ait,' )  can  be  controlled  below  some  level  by  the 
control  of  the  optimal  temperature  path. 

In  the  laboratory,  only  the  residual  stress  after 
fabrication  can  be  measured.  Therefore,  the  cool 


iht'  t'lfci  i.s  of  i'nvin)iiiiu'n!ttl  litiniulin  ufit  i  [>i>M  i  lire  n>i  ihf  Dfiiiinit!  winju’/iiiiirc  /hiih  i  >!  /><i!\  nwt  i  oinfuiMic'-  ]  ( »4 


Fig. 


rhe  vjruiliiin  (if  /  /,  (.ltmis  loi: /,  without  huniiil- 
ity  effect  for  1  2  symmetric  cross-ply  kiminates. 


Fiu.  10.  1  he  sariation  ol  u  \i.rstis  loe  i.  uu.lei  tits 

sarious  i.\posiire  linie  of  ensironiiient  hiiniulits.  Kt! 
lor  12  sMtinielrie  cross-pK  laminate-. 


Fiji.  8.  I  he  stination  of  o  r,'  versus  log. ,  without  humid¬ 
ity  effect  for  I  2  symmeinc  cross-ply  laminates. 


Fit;  n.  (  (imparison  ot  (v sersu-loe  t.  without  humid- 
tt\  elfeet  for  I  2  symmettie  eross-p!\  lammates. 
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Fig.  9.  The  variation  of  Til,  )  vcr.su.s  log!/,)  under  various 
exposure  times  to  environment  humidity.  W//=.S.S"/„  for  12 
symmetric  cross-ply  laminates. 


LOG(tf)  (min.) 


F'ig.  12.  Comparison  ot  oi  t/ *  versus  !ogir,i  under  an 
exposure  time  to  environmental  humidity  of  10  mm,  and 
Rll~  1  .ft!,  for  1 2  symmetric  eross-ply  laminates 
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Fig.  13.  Comparison  of  (tu,*)  versus  logUt!  under  an 
exposure  time  to  environmental  humidity  of  5  min.  and 
RU  =  3.s%  for  1 2  symmetric  cross-ply  laminates. 


Fig.  14.  Comparison  of  versus  log'/,’  under  an 

exposure  time  to  environmental  humidity  of  I  min,  and 
Rfi  =  .S5%  for  1 2  symmetric  cross-ply  laminates. 


Fig.  15.  Comparison  of  j  versus  log(t,)  under  an 
exposure  time  to  environmental  humidity  of  5  min,  and 
Rff-15%  for  1 2  symmetric  cross-ply  laminates. 


F'ig.  16.  Comparison  of  a'/,'  -  versus  log  f, .  under  an 
exposure  time  to  environmental  humidity  of  I  min.  and 
Rll  -  y.''";.  for  1 2  syniiiielric  eivrss-ply  larnmale-.. 


ing  system  of  hot  press  must  be  adjusted  by  the 
theoretically  derived  temperature  path,  and  the 
final  residual  stress  is  then  measured  by  a  strain 
gauge.  Figures  1.3-16  show  an  approximate  coin¬ 
cidence  of  the  residual  stress  between  the  mea¬ 
sured  result  experimentally  obtained  and  the 
theoretical  prediction.  As  a  result,  the  accuracy  of 
such  a  theoretical  analysis  can  be  recognized. 
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Artificial  damage  techniques  for  low  velocity 
impact  in  carbon  fibre  composites 


M.  P.  Clarke  &  M.  J.  Pavier 
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Materials  and  techniques  used  in  artificially  induced  damage  are  evaluated  and 
compared.  The  damage  induced  by  low  velocity  impacts  is  characterised  using 
penetrant  enhanced  radiography  and  deply  techniques.  Phis  information  is 
used  to  construct  specimens  with  simulated  damage  that  will  facilitate  the  study 
.,f  damage  growth.  Specimens  manufactured  match  quite  closely  the  properties 
of  specimens  which  contain  actual  damage. 


1  INTRODUCTION 

Carbon  fibre  composites  are  of  great  interest  to 
engineers  for  applications  that  require  lo'v  weight 
and  high  strength.  Their  use  in  primary  structures, 
however,  has  been  limited  because  of  concern 
over  their  ability  to  sustain  damage  from  low- 
energy  impacts  without  the  damage  being  appar¬ 
ent  e.xcept  under  extensive,  and  expensive  exami¬ 
nation.  In  many  applications  low  velocity  impacts 
are  quite  common;  for  example,  stones  thrown  up 
from  the  runway  hitting  the  wing  (ff  a  plane  or 
tools  dropped  during  maintenance.  The  effect  of 
.his  damage  can  be  greater  than  that  from  a  high 
energy  impact  that  creates  a  neat  puncture  of  the 
component,  especially  if  the  damage  goes  unde¬ 
tected  and  grows  under  subsequent  loading. 

1 . 1  Purpose  of  the  work 

It  would  be  nice  to  simplify  impact  damage  so  that 
it  is  analysable.  but  would  it  be  realistic?  C'an  we 
replicate  impact  damage  artificially  and  still  get 
the  same  strength  reduction?  Damage  caused  by 
low'  velocity  impact  is  complicated,  containing 
fibre  breaks,  matrix  cracks  and  ply  delaminations. 
To  study  the  effects  of  these  defects  the  ability  to 
control  the  type  and  quantity  of  damage  in  a  spe¬ 
cimen  is  crucial.  In  order  to  check  the  predictions 
from  finite  clement  analysis  it  is  useful  to  have 
damage  that  is  easy  to  model.  A  lot  of  work  has 
been  done  using  artificial  damage,  but  very  little 
published  work  has  shown  how  realistic  the  artifi¬ 
cial  damage  is. 


1 .2  Introduction  to  the  paper 

This  paper  looks  at  the  techniques  and  materials 
u.sod  in  implanting  artificial  damage  and  tests  that 
were  carried  out  to  check  their  efficiency  in  repli¬ 
cating  real  damage.  Real  damage  frt>m  impacts 
were  inspected  to  give  a  measure  of  the  extent  and 
types  of  damage  that  would  need  implanting  and 
then  the  specimens  were  manufactured.  Compa¬ 
risons  were  made  between  specimens  with  real 
and  various  lev  els  of  artificial  damage  and  ctmclu- 
sions  drawn. 


2  ARTIFICIAL  DAMAGE  TECHNIQI  ES 

2.1  Review  of  past  methods 

Artificial  damage  has  been  used  extensively  in 
specimens  designed  to  measure  material  proper¬ 
ties  —  for  example  an  insert  in  a  beam  that  encou¬ 
rages  a  starter  crack  in  the  double  cantilever  test 
for  measuring  0^.  and  the  end  notch  flexure  for 
measuring  (/'n^.  In  these  cases  the  region  of  into; 
rest  during  measurements  is  not  close  to  the 
damage. 

Early  work  on  artificially  inserted  damage 
sometimes  removed  the  inserted  material  before 
testing  so  that  you  could  be  sure  that  the  insert  did 
not  affect  the  behaviour  of  the  specimen.  This  was 
possible  because  a  through-the-width  dclamina- 
tion  allows  access  to  the  insert  so  that  it  can  be 
pulled  from  the  specimen.  In  this  case  you  can  be 
sure  that  the  delamination  faces  arc  not  bonded  to 
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each  other.  It  also  allows  you  to  do  a  2D  analy¬ 
sis. 

In  reality  damage  caused  by  impacts  is  quite 
likely  to  be  fully  contained  within  a  panel.  This 
means  that  any  insert  that  is  used  to  replicate 
damage  must  be  left  in  situ? 

2.2  Artificial  delamination 

2.2.1  Materials 

The  resin/fibre  system  chosen  for  these  tests  was 
T3()()/913c.  T36()  is  an  intermediate  modulus 
fibre.  The  resin  is  a  standard  epoxy  resin.  The 
combination  was  chosen  because  it  was  a  well- 
known  composite  and  would  allow  us  to  con¬ 
centrate  on  the  damage. 

Any  materials  chosen  for  the  purpose  of 
delamination  must  not  affect  the  properties  of  the 
specimen.  The  dimensions  of  the  insert  must  be 
such  that  it  does  not  cause  distortion  in  the  lami¬ 
nate  during  manufacture  —  for  example  by  caus¬ 
ing  sharp  bends  in  the  fibres  or  matrix  rich 
regions.  The  insert  must  also  be  able  to  survive 
the  regime  of  pressure  and  temperature  that  is 
used  to  cure  the  resin  during  the  manufacture  of 
the  composite.  Ideally,  it  should  be  easy  to  handle 
and  inexpensive.  Since  the  aim  is  to  replicate 
damage  surfaces  which  do  not  adhere  to  each 
other  it  would  be  better  if  the  material  had  low 
adhesion  without  the  requirement  of  additional 
release  agents. 

The  basic  criteria  for  the  choice  of  material  as 
inserts  were: 

•  thickness  —  the  thinner  the  better. 

•  low  surface  roughness  and  adhesion, 

•  resistance  to  adverse  conditions. 

•  ease  of  use  (handling  and  positioning  of 
damage  i. 

The  materials  chosen  were  aluminium  foil,  gold 
foil,  PTFE  tape  and  P\F¥.  film.  Two  relca.se 
agents  were  tried;  petroleum  jelly  and  Frekotc''^'. 
For  some  of  the  materials  multiple  layers  of 
delaminant  were  used  isee  Table  1 ). 

2.2.2  lechniques 

A  preliminary  test  was  carried  out  using  a  glass 
fibre  composite  to  check  that  inserts  that  were 
simulating  a  delaminatitm  did  not  move  from 
position  during  the  manufacturing  proce.ss.  Vis¬ 
ible  inspection  showed  that  the  assumption  that 
the  delamination  was  where  it  had  been  placed 
before  cure  was  justified.  In  an  opaque  substance 
such  as  carbon  libre  with  a  PTFE  insert  ultrasonic 


Table  1.  Possible  candidates  for  use  as  delaminant 

1  hickncNs 
i/ni 


Gold  foil  t) 

Aluminium  foil  If) 

n'FE  tape  so 

PTFE  film  HI 

For  comparison  Diameter  ot 

typical  carbon  fibre  s 


scanning  or  X-rays  would  not  easily  distinguish 
between  resin  and  insert.  When  cutting  specimens 
from  large  plates  it  is  essential  that  you  kmow 
where  the  damage  is. 

To  determine  the  adhesion  of  the  insert  to  the 
cured  matrix  two  tests  were  used  that  meastire 
interlaminar  properties,  and  interlaminar  strength 
(ILSS)  test  and  a  modified  double  cantilever  beam 
test  (DCB).  The  interlaminar  shear  test  was  incon¬ 
clusive  because  of  the  transverse  forces  involved 
that  swamped  any  effect  in  the  plane  of  the 
damage.  A  modified  DCB  test  was  therefore 
employed  (Fig.  1 ).  In  this  test  instead  of  using  the 
in.sert  as  a  starter  crack  the  force  necessary  to  pull 
the  two  faces  apart  was  measured  from  the  start. 
The  initial  force  needed  to  start  the  opening  was 
recorded  and  alstt  the  force-displacement  curve. 
By  repeating  the  test  after  the  surfaces  had  been 
separated  once  we  were  able  to  see  the  contribu¬ 
tion  to  the  separation  force  provided  by  the  resist¬ 
ance  of  the  two  beams  to  bending. 

2.2.3  Results 

Thin  eight-ply  unidirectional  laminates  20  mm 
wide  and  I  mm  thick  were  used  so  that  the  con¬ 
tribution  due  to  the  adhesion  of  the  artificial 
delamination  would  be  large  compared  to  that 
needed  to  bend  the  ccimposite.  Figure  2  shows  the 
results  of  a  DCB  test  on  a  .specimen  with  two 
layers  of  aluminium  foil  delamination  inserted. 
Table  2  shows  the  values  of  the  force  needed  to 
initiate  the  debonding.  A  repeat  of  the  experiment 
produced  an  almost  identical  trace  for  the  PTFE. 
indicating  that  the  adhesive  force  is  smaller  than 
can  be  measured  by  this  experiment. 

It  should  he  noted  that  the  use  of  a  release 
agent  can  improve  the  effectiveness  of  an  insert  as 
a  delamination,  but  if  a  liquid  is  used  it  is  difficult 
to  ensure  that  the  agent  is  applied  only  in  the 
region  where  it  is  required:  this  is  why  a  release 
agent  on  its  own  was  not  tested.  In  the  case  of  the 
I^'FFE  a  release  agent  is  not  necessary.  PT  FE  tape 
was  much  easier  to  handle  than  the  film,  but  was 
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Fig.  I.  Adapted  double  cantilever  beam  tes'  for  measuring 
adhesion. 
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Fifi-  2.  Adhesive  force  on  artificial  delamination  by  double 
cantilever  test. 


Table  2.  Force  required  in  double  cantilever  beam  test  to 
pull  surfaces  apart 


Delaminant  Thickness  No.  of  Release 

i/im  layers  agent 

Breaking 
force  i  N 

None 

_ 

_  _ 

>  2000 

P  TFF  tape 

SO 

2  None 

450 

P'l  FE  tape 

so 

2  Frekote 

,54 

PTFf ;  film 

10 

2  None 

0-5 

PFTF.  film 

10 

1  None 

0'.5 

Aluminium  foil 

16 

2  Frekote 

0-4 

Aluminium  foil 

16 

2  Petroleum  jelly 

25-0 

later  di.sctncreci  to  be  porous  —  hence  the  large 
adhesive  forces  due  to  matrix  bridging  through 
the  PTFE. 

2.3  Ply  cracks 

A  delamination  is  readily  modelled  by  preventing 
bonding  between  two  layers  during  curing.  A  real 
crack  usually  has  space  at  the  fibre  break,  so  some 
way  of  preventing  the  matrix  material  from  flow¬ 
ing  into  the  gap  must  be  devised.  Also,  a  delami¬ 
nation  is  a  large  piece  of  damage  (compared  to  the 
fibre  dimensions)  and  so  positioning  is  not  a  prob¬ 
lem,  whereas  any  material  used  to  keep  a  crack 
open  could  more  easily  move  during  curing. 

2.?./  Techniques 

We  are  concerned  with  finding  a  good  method  for 
inserting  ply-cracks.  It  is  important  that  the  bro¬ 


ken  ends  of  the  fibres  are  kept  from  overlapping 
either  during  laying  up  of  the  specimen  or  during 
curing  (when  resin  is  mobile).  At  the  same  time  it 
is  desirable  that  the  amount  of  inserted  material  is 
kept  to  a  minimum. 

The  ply-crack  specimens  were  made  by  cutting 
a  slot  (d'S  mm  by  25  mm)  through  two  if  plies 
before  they  were  inserted  in  the  specimen  during 
laying  up.  The  crack  was  held  in  place  during  the 
curing  process  by  inserting  aluminium  foil  or 
PTFE  tape  as  shown  in  F’ig.  3.  Figure  4  shows  a 
micrograph  of  a  cross-section  of  the  ply-crack 
after  cure. 

For  measuring  the  effectiveness  of  artificial  ply- 
cracks  a  standard  tensile  test  was  used.  The  ply 
cracks  were  simulated  by  cutting  fibres  prior  to 
cure.  The  necessity  of  preventing  ingress  of  matrix 
material  into  the  crack  was  also  investigated  by 
using  the  PTFE  film  as  a  barrier  isee  Fig.  3 1. 

The  crack  can  fill  with  matrix  material  during 
manufacture  so  another  technique  that  was  tried 
was  to  apply  a  tensile  load  to  the  specimen  to 
open  the  crack.  The  matrix  plug  in  the  crack  is  the 
weakest  part  of  the  specimen  and  if  a  delamina¬ 
tion  is  present  the  strain  should  be  sufficient  to 
produce  a  crack  in  the  matrix  plug. 

The  effectiveness  of  ply-cracks  can  be  deter¬ 
mined  by  measuring  the  ultimate  tensile  stress  for 
samples  with  and  without  cracks.  Since  the  load  is 
mainly  carried  by  the  0°  plies,  the  strength  of  the 
specimens  should  be  proportional  to  the  number 
of  uncracked  plies.  Test  specimens  of  width  i  2-5 
mm  and  length  250  mm  were  cut  from  the  cured 
plates  such  that  the  artificial  damage  was  posi¬ 
tioned  centrally  and  across  the  whole  width. 
Aluminium  end  tabs  were  adhesively  bonded  to 
the  ends  after  the  specimens  had  been  abraded 
and  de-greased  using  acetone.  The  adhesive  used 
was  Ciba-Geigy  200 1 ,  a  cold  curing  adhesive. 

2.3.2  Re.sulls 

The  strengths  of  specimens  for  the  ply-crack  test¬ 
ing  are  shown  in  Fig.  5. 

These  tests  have  shown  that  the  undamaged 
specimens  have  an  ultimate  tensile  stress  of 
approximately  0-68  GPa  which  indicates  that  the 
lay-up  and  hot-press  curing  procedure  has  pro¬ 
duced  a  reasonable  quality  of  finished  specimen. 
As  expected  the  strength  in  tension  is  not  affected 
much  by  delaminations  when  there  is  no  crack 
present.  When  a  crack  is  present  the  presence  of  a 
delamination  does  not  affect  the  residual  tensile 
strength.  The  presence  of  a  PTFF)  filler  in  the 
crack  does  not  reduce  the  residual  strength.  (In 
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some  cases  it  increases  it!)  Having  a  broken  ply  in 
a  plate  weakens  the  plate  more  than  not  having 
the  ply  at  all,  probably  because  the  fibre  break  is  a 
source  for  further  damage;  an  initiation  point  for 
failure. 

It  was  noted  during  these  tests  that  there  was  no 
indication  that  resin  had  penetrated  between 
doubled  layers  of  PTFE  film.  All  the  specimens 
broke  in  the  test  region. 


Fig.  3.  Artificial  dclamination  and  crack  across  four  plies, 
during  lay-up.  The  layers  are  compressed  during  curing. 


Fig.  4.  .Micrograph  of  the  artificial  delamination  —  cross- 
sectional  view  of  gold  foil  insert  i  negative  view ). 


3  EXAMINATION  OF  IMPACT  DAMAGE 

3.1  Introduction 

Now  that  we  can  be  sure  that  the  artificial  damage 
that  we  introduce  into  the  specimen  is  a  realistic 
simulation  of  real  damage,  we  need  to  quantify  the 
damage  that  occurs  in  a  typical  impact.  This  is 
done  using  radiography  and  a  deply  technique. 

3.2  Creation  of  impact  damage 

The  actual  amount  of  damage  incurred  during 
impact  will  depend  on  the  energy  and  velocity  of 
the  impactor,  as  well  as  the  shape  of  the  impact 
head  (tup).  In  order  to  be  able  to  compare  the 
results  with  other  research  we  have  followed  the 
CRAG  standard.^  The  impactor  has  a  variable 
mass  to  allow  for  the  different  energy  of  impact, 
and  the  tup  has  a  diameter  of  1  2-7  mm.  Different 
materials  will  respond  in  different  ways  to  the 
impact,  and  the  lay-up  of  a  composite  affects  the 
damage  resistance.  Our  results  arc  therefore 
limited  in  scope,  but  will  allow  us  to  compare  the 
effect  of  real  and  artificial  damage  for  this  mate¬ 
rial  and  lay-up. 

Impacts  of  energy  .7.  5.  7.  9  and  1 2  J  were  used, 
and  then  the  majority  of  the  work  carried  t)ut 
u.sing  specimens  with  7  J  impacts.  This  is  because 
other  work  has  shown  that  the  compression  after 
impact  values  does  not  increase  greatly  above  this 
value,  and  at  lower  values  the  damage  is  limited.' 

3.3  Examination  of  impact  damage 

After  impact  the  plates  were  st)aked  with  lead 
iodide  st)lution.  a  dense  liquid  opaque  to  X-rays. 


Residua!  Strength  after  artificiai  damage 
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Fig.  5.  Variation  of  strength  with  nuniher  of  damaged  plies. 
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After  radiography  some  specimens  were  de-plied 
—  the  matrix  burnt  away  and  the  individual  plies 
unstacked.  Various  penetrants  were  u.sed  with  the 
aim  of  leaving  a  deposit  on  the  laminate  to  reveal 
the  position  of  the  delaminations.  The  informa¬ 
tion  from  these  two  methods  allowed  us  to  quan¬ 
tify  the  damage  due  to  the  impact. 

j.J.  I  Penetrant  enhanced  radiography 
The  contrast  of  an  X-ray  can  be  improved  by  add¬ 
ing  an  X-ray  opaque  substance  to  the  areas  that 
are  damaged.  Tetra-bromoethane  (TBE)  and  di- 
iodobutane  (DIB)  are  two  very  dense  organic  pene¬ 
trants  that  have  been  used.'’""^  Lead  iodide  is  an 
alternative  to  TBE,  a  mutagen,  or  DIB.  an  irritant. 
The  solid  is  dissolved  in  equal  volumes  of  water  (a 
polar  solvent!  and  isopropyl  alcohol  (a  non-polar 
solvent)  with  a  small  amount  of  wetting  agent  (a 
linear  alcohol  alkoxylate)  which  reduces  the  sur¬ 
face  tension  of  the  solution.'*  An  advantage  of  this 
particular  mixture  is  that  it  has  been  shown  to 
have  no  detrimental  effect  on  the  properties  of  the 
specimens  of  graphite/epoxy  either  at  room 
temperature  or  at  elevated  temperatures.**  This  is 
helpful  if  you  are  studying  delamination  growth 
because  the  penetrant  may  stay  in  the  specimen 
for  some  time  as  you  continue  experiments,  gra¬ 
dually  increasing  the  load  or  the  number  of  fatigue 
cycles. 

For  those  specimen<i  where  there  was  little 
surface  cracking  (low  energies)  a  small  hole  was 
drilled  through  the  impact  point  to  allow  the 
penetrant  to  flow  into  the  damaged  zone.  Later, 
when  testing  specimens  and  recording  delamina¬ 
tion  growth  with  loading,  it  was  found  to  be  help¬ 
ful  to  drill  a  series  of  small  holes  and  pump  the 
penetrant  in  with  a  syringe.  This  reduced  the  time 
spent  waiting  for  the  penetrant  to  seep  to  the  full 
extent  of  the  delamination.  (This  reduces  the 
effects  it  may  have  on  the  matrix  ). 

T.?.2  Penetrant  enhanced  deply 
One  of  the  potentially  most  informative  methods 
of  evaluating  damage  in  a  specimen  is  a  simple 
destructive  examination  technique  that  involves 
pyrolysing  the  matrix  resin  so  that  the  plies  of 
laminate  can  be  unstacked.  Harris'*  reports  on  the 
work  that  he  has  done  on  the  materials  T300/ 
.5208  and  AS4/3502.  In  his  work  he  was  using  a 
stacking  .sequence  that  did  not  have  any  adjacent 
plies  with  the  same  orientation:  [07145790°]. 
This  meant  that  there  was  only  a  slight  difficulty  in 
separating  adjacent  plies.  In  other  work'*’  there  is 
no  record  of  multiple  plies  of  the  same  orientation 


being  .separated  from  each  other  during  the 
unstacking.  This  should  be  very  difficult  anyway, 
if  the  specimen  has  been  made  properly,  as  there 
should  be  no  obvious  matrix  layer  between  similar 
plies. 

Obviously,  each  material  will  need  a  different 
regime  of  heating  and  cooling  to  pynilyse  the 
matrix  sufficiently  to  allow  separation  of  the  plies 
without  causing  damage  to  the  fibres.  The  heating 
must  be  carried  out  in  an  inert  atmosphere  and 
precautions  taken  in  handling  the  noxious  fumes 
produced  by  the  process.  This  method  enables 
you  to  map  the  damage  to  fibres  in  individual 
layers  and  the  pattern  and  size  of  delaminations 
between  the  successive  plies  of  the  laminate. 

Freeman"'  reports  on  the  use  of  gold  chloride 
for  revealing  the  delaminated  area,  but  other 
authors  have  found  that  this  is  not  always  neces¬ 
sary.  Gold  chloride  is  expensive  and  seems  to  be 
unstable  in  solution  so  that  the  gold  precipitates 
out.  We  have  investigated  other  materials  that 
might  be  suitable. 

The  criteria  for  a  good  penetrant  are: 

•  soluble  (in  order  to  penetrate  fully  ;. 

•  inexpensive. 

•  capable  of  withstanding  temperatures  up  to 
420°C  without  boiling  or  decomposing, 
unless  it  leaves  a  deposit  (gold  chloride 
decomposes  depositing  a  thin  layer  of  gold  ). 

•  low  expansion  on  heating  .so  that  is  does  not 
increase  the  amount  of  damage, 

•  it  should  leave  a  deposit  clearly  visible 
against  the  carbon  fibres. 

Unfortunately,  none  of  the  materials  that 
fluoresce  under  ultraviolet  light  is  capable  of  with- 
.standing  the  temperatures  needed  for  deplying. 
After  consulation  of  reference  books  the  follow  ¬ 
ing  materials  were  tried:  sodium  sulphate 
(Na;S04),  calcium  oxide  (CaO),  pota.ssium{Vl) 
chromate  (K3Cr04)  and  magnesium  sulphate 
(MgS04).  The  X-ray  penentrant  was  also  used 
(ZnL).  All  these  materials  are  water  soluble, 
though  the  calcium  oxide  did  not  dissolve  easily. 
The  addition  of  a  wetting  agent  increases  the 
penetration  into  the  damaged  areas. 

3.4  Results 

The  X-rays  produced  good  results  for  exposures 
of  200  s  at  32  kV  and  4  mA  (distance  from 
source,  60  cm),  using  Agfa  Structurix  D4  film. 
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Fig.  6.  Mapping  of  the  damage  from  a  7  J  impact.  (Thick  line  =  fibre  crack,  thin  line  =  matrix  crack,  dotted  line  =  edge  of 
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Fig.  7.  Mapping  function  of  implants  for  replicating  damage  from  a  7  J  impact.  (Thick  line  =  Tibre  crack,  thin  line  =  matrix 

crack,  dotted  line  =  edge  of  dclamination i. 


In  the  deply  method  all  penetrants  left  a  deposit,  ride  is  by  far  the  best  in  terms  of  performance,  but 

but  for  some  it  was  a  loose  powder  that  was  easily  expensive.  Zinc  iodide  was  adequate,  and  if 

dislodged,  for  example  sodium  sulphate.  The  X-rays  are  also  being  taken,  a  suitable  penetrant, 

most  effective  was  calcium  oxide,  though  the  For  T300/913c  a  regime  of  418‘’C  for  1  h  was 
deposit  was  dark  yellow  rather  than  white.  Zinc  found  to  be  effective  for  18-plies  (it  would  need 

iodide  left  a  mark  on  the  fibres  in  the  form  of  a  less  for  a  thinner  plate).  The  composite  was 

dulling  of  the  surface  finish.  This  is  clearly  visible  heated  in  an  atmosphere  of  argon,  supported  on 

in  the  right  lighting  conditions.  Overall,  gold  chlo-  pins  to  ensure  the  whole  plate  would  be  pyrolysed 
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evenly  and  to  allow  the  gaseous  products  to 
escape.  .A  record  of  the  results  of  delamination  for 
7  J  impact  is  shown  in  Fig.  6. 

4  FABRICATION  OF  ARTIFICIAL  DAMAGE 

Figure  7  shows  the  mapping  of  the  artificial 
damage  implanted  in  the  specimens  with  the  grea¬ 
test  damage.  For  other  levels  of  damage  the 
delaminations  used  were  those  on  ply  1 7  and  ply 
14  (for  the  double  delamination }  and  on  ply  1 7  for 
the  single  delamination.  In  ail  cases  the  ply  crack 
was  a  cut  in  plies  14-16  of  length  25  mm. 
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Fig.  8.  Realistic  artificial  damage  compared  to  actual  artifi- 
ciai  damage,  .Artificial  damage. - ;  real  damage.  — ;  artifi¬ 
cial  damage;  pre-sires.scd. - .  f  ailure  occurs  when  load 
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5  COMPARISON  OF  REAL  AND  ARTIFK  lAL 
DAMAGE 

5.1  Results 

Figure  8  shows  the  stress-displacement  curves  lor 
the  real  damage  and  artificial  damage  '  two  delam¬ 
inations  and  a  ply  crack)  and  the  effect  of  opening 
the  artificial  ply  crack.  In  compression  ply-cracks 
do  not  affect  the  strength  greatly,  but  opening  the 
crack  does  seem  to  change  the  behaviour  of  the 
damage  so  that  it  is  closer  to  the  real  damage. 

Figure  9  shows  how  the  level  of  damage  and 
type  of  damage  affects  the  residual  compressive 
and  tensile  strengths.  Realistic  implanted  damage 
is  very  close  to  real  impact  damage.  More  import¬ 
antly.  a  simple  double  delamination  and  single 
crack  is  close  to  real  damage. 

5.2  Discussion 

We  can  conclude  from  these  tests  that  artificial 
damage  in  the  form  of  PTFE  film  or  aluminium 
foil  with  Frekote ' ''  has  a  low-  enough  adhesion  to 
the  resin  to  be  a  true  representation  of  a  crack  in 
the  matrix  material.  Once  inserted  the  artificial 
damage  remains  in  position  during  the  manufac¬ 
turing  process.  PTFE  is  to  be  preferred  to  alumi¬ 
nium  because  it  does  not  require  the  addition  of  a 
release  agent.  A  single  layer  of  PTFE  is  sufficient 
to  produce  a  debond  and  is  better  than  a  double 
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layer  because  it  is  thinner.  A  PTFE  in.sert  for  ply- 
cracks,  to  keep  the  crack  open  during  the  cure,  is 
not  necessary  as  pre-stressing  the  specimen  opens 
the  crack.  The  filling  of  the  crack  with  resin  does 
not  improve  the  tensile  strength  of  the  specimen. 
The  simpler  form  of  artificial  lamage  is  sufh- 
ciently  realistic  for  us  to  be  justified  ir.  using  it  as  a 
model  which  can  be  analysed  easily  using  finite 
element  methods,  hence  giving  us  a  means  of 
predicting  the  effects  of  damage. 

6  CONCLUSIONS 

The  use  of  PTFE  as  a  delaminant  is  justified  as  it 
produces  an  effective  debond.  Only  one  layer  is 
necessary,  no  release  agent  is  needed  and  posi¬ 
tioning  is  straightforward.  Ply  cracks  can  be  simu¬ 
lated  by  simply  cutting  the  fibres  prior  to  curing 
the  composite. 

Radiography  and  deply  are  effective  tools  for 
characterising  impact  damage  in  compttsiies.  and 
arc  greatly  enhanced  by  the  use  of  suitable  pene¬ 
trants.  Gold  chloride  is  very  effective  for  deply 
work,  but  zinc  iodide  can  be  used  for  both. 

Real  damage  is  complex,  but  simplification  in 
terms  of  the  geometry  and  position  of  damage  can 
be  made  whilst  retaining  realism. 

Further  investigation  on  the  effect  of  position 
and  geometry  of  implanted  damage  should  reveal 
which  areas  of  damage  have  the  greatest  influence 
on  the  strength  of  the  specimen. 
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Mvmcric  composites  that  are  stitched  reinforced  show,  dissimilar  behavirui'^ . 
with  respect  to  regular  ones.  In  this  paper  the  mechanical  characteristics  and 
different  behaviours  of  stitched  reinforced  polymeric  composites  after  impact 
tests  are  investigated  using  an  alternative  approach.  Several  factors  such  as  grid 
size,  stitching  scheme  and  voids  content  modify  the  composite  performances 
and  the  interlaminar  delaminating  processes.  If.  on  the  one  hand,  the  stitching 
technique  is  used  to  prevent  delaminating  damage  phenomena,  then,  oi,  the 
other  hand,  the  process  itself  introduces  a  sort  of  damage  into  the  layers  during 
the  assembled  preform,  that  has  to  be  taken  into  account.  Lehminuting 
processes  due  to  impact  loaus  are  considered  and  the  post-impact  behaviours 
and  damage  tolerance  arc  investigated.  Impact  tests  were  performed  at  several 
energy  levels  known  to  have  an  appreciable  damage  on  the  specimens.  Damage 
evaluation  analysis  was  performed  on  post-impacted  specimens  usin'*  different 
techniques:  as  a  first  step,  using  a  digitalised  image  technique,  the  damaged  area 
was  measured  and  different  zone  shape  was  evaluated,  further  compression 
tests  were  done  ti>  evaltP'tc  the  material  residual  prtiperties  after  impact.  The 
results  coming  from  comprcsi,ion  tests  Jo  not  reveal  the  better  awaited  behav¬ 
iour  of  the  stitched  composites  with  respect  t<t  regular  ones.  On  the  other  hand, 
the  acoustic  emission  technique  is  capable  of  evidencing  the  different  aspects  of 
the  stitching  vvire.  The  image  acqui.sition  technique  represents  a  new  experi¬ 
mental  method  able  to  fully  characterise  damage  zones  and  gives  more 
information  on  the  interlaminar  behaviour  of  composite  material.  This  new 
technique  joined  to  acoustic  emission  measurements  allows  important  results 
on  the  residual  life  prediction  of  materials  mechanical  prtipcrtics  to  be 
obtained. 


INTRODICTION 

In  comparison  with  traditional  materials,  com¬ 
posites  suffer  deterioration  phenomena  which 
from  a  mechanical  point  of  view,  are  difficult  to 
evaluate  following  fracture  mechanics  principles. 
A  well-known  difficulty  in  this  field  is  to  ascribe  to 
some  phenomena,  such  as  fibre  breakage  or 
delamination,  a  value  that  can  indicate  the  pro¬ 
duced  damage  level,  as  regards  structural  proper¬ 
ties  of  the  material. 

In  other  words,  the  question  is  to  evaluate  when 
deterioration  phenomena  (fibre  breakage,  dclami- 
nations  and  debonding;  have  a  critical  effect  on 
mechanical  behaviour  in  composites,  and  so  to 
establish  its  residual  life  and  damage  tolerance. 

In  order  to  achieve  this  goal  a  large  number  of 
theoretical  studies  are  nowadays  available,  con¬ 
cerning  the  modelling  for  different  kinds  of 


damage  development  and  their  effects  on 
mechanical  and  structural  properties,  both  from  a 
dynamic  and  a  cyclic  point  of  view  . 

This  approach  nevertheless  proved  insufficient 
to  interpret  real  damage  phenomena,  especially  if 
the  composite  has  a  complex  structure.  This  is 
what  happens  in  the  case  of  quasi-isotropic  muiti- 
strate  laminates,  sandwich  structures,  and  stitched 
composites. 

In  such  cases  it  is  necessary  to  use  experimental 
methods  to  prove  the  validity  of  models  used  to 
evaluate  damage  and  to  interpret  mechanical  test 
results. 

Situations  which  evaluate  damage  and  are  con¬ 
sidered  to  be  particularly  problematic  arc 
dynamic  solicitation  tests  (impact  testi  and  cyclic 
vines  (fatigue  test). 

Beyond  traditional  methods  of  investigation, 
acoustic  emission  technology  has  been  experi- 
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mented  with  for  a  long  time,  and  it  has  proved  to 
be  very  useful  to  monitor,  in  real  time,  damage 
initiation  and  propagation  and  giving  more  infor¬ 
mation  on  its  critical  condition  state.' 

In  this  work  an  evaluation  methodology,  based 
on  image  analysis  and  acoustic  emission,  is  pro¬ 
posed  to  give  an  interpretation  to  the  results 
obtained  during  a  post-impact  residual  life  evalua¬ 
tion  test,  performed  on  structural  composites. 

Image  analysis  characterises  the  impact  effect, 
while  post-impact  compression  test  monitoring  is 
carried  out  by  acoustic  emission. 

The  methodology  has  been  tested  on  stitched 
laminates,  which  represent  a  new  generation  of 
advanced  composite  materials  primarily  for  their 
w  ide  range  of  application  in  the  impact  problems 
in  aerospace  applications. 

The  weakest  point  of  a  composite  material 
realised  in  prepreg  form,  by  a  lay-up  technique,  is 
the  low  strength  and  the  low  capability  to  absorb 
damage  due  to  impact  load  processes  along  the 
direction  normal  to  the  lay-vp  plane. 

Moreover,  laminated  composites  suffer  from 
delamination  processes  caused  by  interlaminar 
stresses  at  the  stress-free  edges. 

The  stitched  composites  are  tri-dimensional 
grids  of  bundles  of  fibres  woven  in-plane  and 
stitched  along  the  through-thickness  direction 
w  ith  a  w  ire  made  of  the  same  or  a  different  fibre. 

This  -tructure  enhances  the  composite's  resis¬ 
tance  to  delamination  phenomena  giving  rise  to 
more  tough  material  and  allowing  it  to  absorb 
more  impact  energy. 

MKTHOD.S  AND  MATKRIALS 

lest  methodology  is  based  on  post-impact  resid¬ 
ual  mechanical  characteristics  evaluation  by 
compression  testing,  according  to  standards  pre¬ 
scriptions. 

Impact  characterisation  is  performed,  besides 
energy  absorption  curves,  by  observing  the 
damaged  area  on  material,  using  an  image  analysis 
technique. 

C'onipiession  test  monitoring  is  monitored  by 
an  acoustic  emission  technique  in  order  to 
observe  post-impact  damage  beginning  and 
propagation  loads,  and  to  evaluate  damage 
modality  and  critical  conditions. 

The  method  validity  is  verified  by  performing 
tests  on  f.  glass-epo.xy  laminates:  with  fibres 
content  I',  =  60%.  Ten  layers  of  fabric  prepreg 
were  employed,  having  a  total  laminate  thickness 
of  3  mm. 


Three  types  of  laminate  were  employed,  with 
the  following  reinlorcement  eonfigurations; 

(a)  .standard  ,S  ; 

(bi  stitched  St  0.3; 

(c)  .stitched  SMO. 

With  respect  to  standard  (type  a ).  the  two  kinds  of 
stitched  (types  b.  c)  are  realised  using  Kevlar  49 
wire  with  a  5  mm  stitching  step;  St  ('.3  has  a  5  mm 
square  grid,  while  St  1('  has  a  10  mm  square  grid 
(Fig.  1 ). 

1  he  specimens  were  obtained  from  laminate 
plates  made  with  a  resin  transfer  moulding  (RTM 
technique,  so  as  to  have  a  good  void  control  in 
order  to  emphasise  the  real  stitching  effects  on  the 
delamination  process.- 

Specimen  dimensions  were  1  30  90  mm. 


IMPACT  TE,S  r 

Materials  underwent  impact  testing  in  accordance 
with  ASTM  D3029.  An  impact  test  apparatus 
with  a  0-3  in  (1  in  =^2-34  cm  ball-bearing  was 
utilised  ( Fig.  2 1. 
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Specimens  arc  locked,  by  a  pncumalic  system, 
on  a  1-5  in  diameter  annular  bearing,  in  order  to 
obtain  full  distribution  of  radial  impact  energy. 

Ma.ximum  impact  load  and  absorbed  energy 
are  measured  ;F'ig.  .  Impact  veU)city,  measured 
by  photoelectric  cell,  was  held  at  ;i  constant  value 
for  all  tests  performed. 

Three  different  impact  energy  levels  were  se¬ 
lected;  in,  18  and  22  J.  For  each  type  of  material 
and  energy  level,  five  specimens  were  tested. 


PO,ST-IMPACT  IMAGE  AN  ALV  .SES 


Damaged  areas  in  impact  tested  materials  are 
detected  by  a  high-definition  telecamera  and  then 
digitalised,  to  be  post-processed  by  an  image 
analysis  technique. 

Thus,  it  is  easy  to  distinguish  different  damage 
level  areas  by  their  different  colouring  and  tone 
intensity,  which  are  transformed  in  grey  levels,  on 
a  0-2.''.''  scale. 

In  order  to  obtain  an  immediate  interpretation, 
four  false  colours  were  ascribed  to  post-processed 
images  to  represent  typical  damage  levels. 

Fal.se  colours  were:  blue,  azure,  green  and 
yellow. 

Table  1  shows  grey  levels  that  are  represented 
bv  the  four  false  colours  and  damage  phenomena 
connected  with  each  of  them. 


4  -.  as  prescribed  bv  AS  I'M  DOMs  and  lurthcr 
recommended  practices. 

l,oading  velocity  was  0  04  kN  s,  1  he  test  is 
considered  over  when  maximum  loud  was  ev- 
ceeded.  f'or  test  monitoring  by  acoustic  emission, 
two  piezoelectric  resonant  sensors  type  p/t  ‘'.A 
I  .s  were  applied  on  the  specimens. 

•Acoustic  emission  detection  was  done  bv  a 
F(K'.AN-AI  PA( '  apparatus,  (iuard  sensors  were 
applied  on  specimens  locking  frame  in  order  to 
obtain  maximum  measurement  sensitivity  and  a 
high  S/N  isignal  to  noise  ratio,  so  to  minimise 
external  noise  coming  from  compression  machine 
.Acoustic  emission  parameters,  which  seem  to  he 
the  more  significant,  are  signal  energy,  amplitude, 
duration  and  counts. 
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COMPRESSION  TEST  MOMTORINC; 

AC  Ol  .STIC  EMISSION 

Compression  tests  were  carried  out  on  a  Uni¬ 
versal  Instron  machine.  Specimens  are  locked  on 
their  four  sides  in  a  frame  to  avoid  buckling  (Fig. 


1 


T 


Fig.  4.  Compression  lest  apparatus 
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RESl  LTS 

Impact  characterisation 

In  Figs  5-7  digitalised  images  are  represented, 
regarding  specimens  impacted  at  the  energy  ma.xi- 
mum  level  (22  J  l 


Fig.  5,  Digitalised  imago  df  standard  S  after  impact  ( 22  J  s 


In  these  images  it  is  easy  to  itbscrve  that  impact 
area  extension  (internal  blue  ttrea  ne\ei  appreci¬ 
ably  changes.  Whole  damage  area  has  a  larger 
extension,  and  it  presents  ;m  irregular  edge  lor 
stitched  (15  (see  Fig.  b  ,  In  this  case  damage  con¬ 
cerns  many  grids  surrounding  impact  area. 
Instead,  in  the  case  of  stitched  10.  delamination 
area  seems  to  be  limited  only  to  grids  cflectoeh 
impacted  isee  Fig.  7 1, 

In  Table  2  dtimaged  are;i  dimensions  arc  repre¬ 
sented  for  the  three  materitils  at  the  diUcrent 
impact  levels,  normalised  with  respect  to  standard 
S  impacted  at  10  J. 

It  is  clear  from  Fable  2  that  stitched  05  presents 
the  larger  damage,  larger  even  than  the  slamiard. 
Damaged  area  always  appears  smttller  in  stitcher! 
10,  by  as  much  as  50'‘ii. 

In  Figs.  S-IO  typical  damage  level  area  distri¬ 
bution  is  reported  for  the  three  materials  at  the 
different  impact  levels. 

In  these  graphs  we  can  observe  that,  for  impact 
at  10  J,  blue  damage  area  is  never  reached,  while 
azure  area  is  predominant  for  standard  .S.  ;ind 
yellow  area  lor  the  two  stitched  05  and  10  see 
Fig.  8i. 

This  seems  to  signify  that  the  stitching  effect  is 
to  contain  well,  at  low  energy  impact,  ctmtposite 
brittleness:  nevertheless,  we  can  note  also  that  the 
damaged  areti  is  tilready  gretiter  for  stitched  05 
than  for  stitched  10. 


Fig.  6.  Digitalised  image  of  stitched  n.'i  after  impact  (22  J).  Fig- 7.  Digitalised  image  of  stitched  10  after  impact  (22  J!. 
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This  last  cdnsicierativ^n  can  be  repeated  and 
much  more  emphasised  tor  higher  energy  impacts; 
in  these  cases,  tor  all  typical  damage  levels,  the 
curve  representing  stitched  (>5  is  much  higher 
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10.1 

Impact  cnergv 

ISJ 

22. 1 

Standard  ,S 

1-0 

2-5 

.1(1 

Stitched  n,s 

14 

4  s 

Stitched  in 

(It. 

lu 

2-3 

with  respect  to  the  other  tuo  curves,  and  so  it  is 
confirmed  that  stitcheil  05  is  the  more  seriously 
rlamaged  material  by  the  impact  process. 

Residual  life  characterisation 

Acoustic  emission  confirms  that  mechanical 
characteristics  change  for  the  three  cases. 

In  standard  S  fracture  is  rather  brittle  with  a 
sudden  crack  propagation.  In  fact  acoustic  emis¬ 
sion  events  'see  big.  1  1  are  mostly  concentrated 
in  the  final  part  of  testing,  in  particular  there  is  a 
very  important  energy  peak  close  to  ultimate  load. 


600  - 

500  - 

400  - 
U9 

^  300  - 

s 

200  - 

100  - 

0  - 


10  J 


S  t.  1  o 


65 

76 

102 

127 

BLUE 

A2URE 

GREEN 

GRAY  LEVEL 

YELLOW 

Fig.  8.  Damage  area  distribution  at  lb  .1  impact. 
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Fig.  9.  Damage  area  distribution  at  I S  J  impact. 
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(a)  (b) 

Fig.  1 1.  Energy  distribution  in  acoustic  emission  events  (hits)  for  standard  .V, 


From  comparison  with  acoustic  emi.s.sion  de¬ 
tected  on  the  two  types  of  stitched  the  following 
are  noted. 

( 1 )  On  stitched  05  high-amplitude  phenomena 
imore  than  70  dB)  are  very  precocious  in 
compression  test,  while  they  appear  much 
later  in  stitched  1 0,  and  precisely  only  after 
having  reached  half  the  ultimate  load  (see 
Figs  12  and  13). 

(2)  Acoustic  emission  never  stops  during  com¬ 
pression  test  on  stitched  05,  while  it 


weakens  and  later  vanishes  on  stitched  1 0. 
In  this  case,  it  resumes  strongly  only  very 
close  to  the  ultimate  load. 

(3)  Events  total  amount  is  on  an  average  1 0^  in 
stitched  1 0  and  more  than  2  x  1  ()•*  in 
.stitched  05. 

(4)  Cumulative  energy  and  counts  are  four 
times  larger  in  stitched  05  than  in  stitched 
10. 

We  can  thus  affirm  that  in  stitched  1 0  the  initial 
phase  of  compression,  when  damage  is  contained 
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Fig.  12.  F-^nergy  distribution  in  acoustic  emission  events 
'  hits!  for  stitched  05. 
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in.side  the  grids  and  only  impact  damaged  fibres 
fail,  increiises  toughne.ss  at  higher  ctTmpre.ssion 
loads,  while  this  does  not  happen  with  such 
emphasis  in  stitched  05. 

In  Table  3  are  reported  compre.ssion  loads: 
from  this  table  we  note  that  it  is  not  so  easy  to 
observe  the  importance  of  stitching  effects  in 
impacted  materials  by  the  mere  mechanical  test. 

In  fact,  ultimate  load  values  are  rather  dis¬ 
persed  and  not  very  significant. 

By  combined  use  of  image  analysis  and  acous¬ 
tic  emission  we  can  observe  that  stitching  effect, 
on  one  side,  increases  the  resistance  to  delami¬ 
nation,  whereas  on  the  other  side,  it  may  create 


Table  .3.  Compression  load  (WN)  versus  impact  energy  for 
stitched  and  non-stitched  composites 


Material 

Impact 

00  ,I 

10.1 

IS  J 

22  .1 

Srantlaril  S 

4H 

44 

30 

36 

Stitchctl  05 

41 

37 

36 

31 

Stitchcsl  10 

41 

41 

41 

37 

some  local  damage  phenomena,  that  weaken  rein¬ 
forcement  fibre. 

This  problem  is  clearly  much  more  important 
when  stitching  concentration  is  greater,  as  in 
stitched  05. 
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We  can  also  note,  as  a  final  consideration,  that  a 
mechanical  test  does  not  allow,  if  not  supported 
by  other  techniques,  to  evaluate  in  a  critical  way 
residual  life,  especially  if  the  material  has  a  com¬ 
plex  structure  and  can  present  some  different 
types  of  damage  in  the  same  test. 

In  this  case,  in  fact,  the  observation  of  ultimate 
compressive  loads,  does  not  show  clearly  the 
influence  of  stitching  effect  on  damage  after 
impact,  and  what  happens  to  stitched  materials 
when  impact  energy  grows. 

CONCLUSIONS 

Using  an  image  analysis  technique  to  evaluate 
impact  damage  in  close  connection  with  acoustic 
emission  technique  to  characterise  post-impact 
residual  life,  we  can  obtain  much  more  informa¬ 
tion  on  mechanical  behaviour  of  materials  having 
a  complex  structure. 

This  goal  is  achieved  in  two  steps:  first,  by 
observing  typical  damage  initiation  and  propaga¬ 
tion  in  such  material,  and  then  by  supporting 


mechanical  test  results  with  some  considerations 
on  the  real  critical  significance  of  a  damage 
phenomenon. 

These  two  techniques  are  also  very  useful  tor  a 
combined  use.  because  acoustic  emission  permits 
a  closer  and  more  profound  observation  of  the 
damaged  areas  which  appear  to  be  critical  in 
image  analysis. 
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Numerical  investigations  of  free  edge  effects  in 
integrally  stiffened  layered  composite  panels 


I.  Skrna-JakI  &  F.  G.  Rammerstorfer 
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A  linear  finite  element  analysis  is  conducted  to  examine  the  free  edge  stresses 
and  the  displacement  behavior  of  an  integrally  stiffened  layered  composite 
panel  loaded  under  uniform  inplane  tension.  Symmetric  (+<t>.  -d>.  0.  -ct>. 
+4>  i  graphite-epoxy  laminates  with  various  fiber  orientations  in  the  off-axis 
plies  are  considered.  The  quadratic  stress  criterion,  the  Tsai-Wu  criterion  and 
the  Mises  equivalent  stresses  are  used  to  determine  a  risk  parameter  for  onset 
of  delamination,  first  ply  failure  and  matrix  cracking  in  the  neat  resin.  The 
results  of  the  analysis  show  that  the  interlaminar  .stresses  at  the  and 

-<l>/0  interfaces  increase  rapidly  in  the  skin-stringer  transition.  This  behavior 
is  observed  at  the  free  edge  as  well  as  at  some  distance  from  it.  The  magnitude 
of  the  interlaminar  stresses  in  the  skin-stringer  traasition  is  strongly  intlucnced 
by  the  fiber  orientations  of  the  off-axis  plies.  In  addition,  the  overall  displace¬ 
ments  depend  on  the  magnitude  of  the  off-axis  ply  angle,  it  is  found  that  for 
<t>  <  30“  the  deformations  of  the  .stiffener  section  are  dominated  by  bending, 
whereas  for  45°<d)<75°  the  deformations  are  dominated  by  torsion.  The 
failure  analysis  shows  that  ply  and  matrix  failure  tend  to  occur  prior  to 
delamination  for  the  considered  configurations. 


1  INTRODUCTION 

The  use  of  advanced  fiber  composites  in  airplane 
structures  has  increased  significantly  in  recent 
years.  First,  parts  of  the  cabin  interior  as  well  as 
secondary  structures  made  of  aluminum  have 
been  replaced  by  composite  components.  Nowa¬ 
days  the  development  of  primary  airplane  struc¬ 
tures.  mainly  for  aircraft  fuselages,  using 
composite  materials  is  taken  in  hand.  Potential 
fuselage  applications  for  composite  materials  are 
integrally  stiffened  skin-stringer  panels.' 

The  design  of  structures  using  composite 
materials  requires  the  understanding  of  a  number 
of  special  features  like  ‘free  edge  effects',  which 
are  characteristic  for  angle  as  well  as  cross-ply 
laminates,  but  are  not  observed  in  ‘classical*  metal 
structures.  It  is  well  known  that  at  free  edges  of 
layered  inhomogenous  materials  interlaminar 
stres,ses  may  occur  due  to  the  mismatch  in 
material  properties  between  adjacent  layers.^  In 
the  region  near  the  free  edge  the  classical  lami¬ 
nated  plate  theory  is  not  valid  because  a  triaxial 
state  of  stress  is  present.  The  interlaminar  stresses 
may  give  rise  to  free  edge  delamination  and  failure 
of  the  laminate  at  lower  loads  than  those  pre¬ 
dicted  iiy  tnc  first-ply-failure-criterion.  It  depends 


on  the  layup  sequence  and  fiber  orientations  in 
the  adjacent  layers  whether  delamination  or  ply 
failure  is  the  critical  failure  mode. 

Free  edge  effects  in  composite  plates  under 
uniform  extension  have  been  analyzed  by  several 
investigators  and  a  number  of  analytical  ap¬ 
proaches  for  the  interlaminar  stresses  at  free 
edges  are  available. However,  only  limited  work 
on  integrally  stiffened  composite  panels  has  been 
reported.'’  Hence,  the  present  paper  is  focused  at 
the  interlaminar  and  free  edge  effects  in  the 
.skin-stringer  transition.  In  particular  the  influence 
of  the  fiber  orientation  on  the  above  effects  is 
studied  and  comparisons  with  the  behavior  in 
areas  away  from  the  stiffeners  are  discussed. 

A  numerical  approach  is  presented,  which  uses 
the  finite  element  method  for  investigating  the 
free  edge  effects  in  an  integrally  stiffened  com¬ 
posite  panel  in  this  respect.  In  addition,  the  stress 
distribution  in  the  skin-stiffener  transition  at  some 
distance  from  the  free  edge  is  determined.  Sym¬ 
metric  (+<1>,  -O,  0,  -<1) )  layups  made  of 

T300/52()8  graphite-epoxy  laminates' with 
various  fiber  orientations  in  the  off-axis  plies  are 
considered.  The  interlaminar  stresses  in  the  stif¬ 
fened  structure  as  well  as  the  displacements  are 
computed  as  a  function  of  the  fiber  orientation  in 
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the  off-axis  plies.  Furthermore,  the  quadratic 
failure  criterion'*  and  the  Tsai-Wu  criterion"  '- 
are  used  to  calculate  risk  parameters  for  delami¬ 
nation  onset  and  first  ply  failure.  As  the  applica¬ 
bility  of  the  quadratic  stress  criterion  depends  on 
the  accuracy  of  the  stress  results  of  the  finite 
element  analysis  at  the  free  edge,  a  non-stiffened 
panel  is  investigated  first  and  the  predictions  of 
the  quadratic  stress  criterion  are  compared  with 
the  results  of  a  strain  energy  release  rate  criterion 
proposed  by  O'Brien.** 

2  FLMTE  ELE.V1E.M  .MODEL 

The  finite  element  model  represents  one  periodic 
stiffener  section  of  a  thin-walled  stiffened  panel. 
Due  to  the  non-symmetric  fiber  orientation  in  the 
laminates  the  whole  stiffener  is  modelled.  In  order 
to  minimize  computer  requirements  a  coupled 
three-dimensional  (,3D1  solid-shell  finite  element 
approach  is  used.  .Most  of  the  unstiffened  panel 
parts  are  modelled  with  shell  elements,  and  3D 
solid  elements  are  applied  in  the  skin-stiffener 
transition  tr)  compute  the  triaxial  stress  state.  To 
obtain  detailed  information  on  the  stress  distribu¬ 
tion  in  the  vicinity  of  the  free  edge,  the  3D-mesh  is 
refined  towards  the  free  edge  (Fig.  1 ). 

The  connection  between  the  3D  solid  and  shell 
elements  is  handled  via  multi-point  constraints  in 
correspondence  with  Mindlin-Reissner  shell 
theory.  The  structure  is  loaded  under  uniform 
inplane  tension  of  445  N/mm  tran.sversally  to  the 
direction  of  the  stiffener.  On  the  side  opposite  to 
the  free  edge,  the  displacements  in  axial  direction 
(parallel  to  the  stiffener  I  are  fixed,  whereas  the 
displacements  in  the  vertical  direction  —  except 


on  a  horizontal  nodclinc  —  and  the  displacements 
in  the  load  direction,  except  for  one  single  node, 
are  free.  The  material  properties  and  strength 
values  for  the  T30()-52()K  graphite-epoxy  lami¬ 
nate  and  the  neat  resin  are  given  in  Table  1 .  The 
subscripts  1  and  2  indicate  the  inplane  directions 
parallel  and  normal  to  the  fibers,  respectively. 

3  INTERLAMINAR  STRESSE.S 

T  he  results  of  the  linear  finite  element  analysis 
.show  that  the  interlaminar  stresses  at  the  -<1> 
and  -fh/0  interfaces  increase  rapidly  with  s  isee 
Fig  1 )  in  the  skin-stringer  transition.  In  contrast  to 
the  behavior  of  the  interlaminar  stresses  at  the 
free  edge  of  unstiffened  composite  panels,  which 
vanish  at  some  distance  from  the  free  edge,  the 
interlaminar  stresses  in  the  skin-stiffener  transi¬ 
tion  arc  observed  at  the  free  edge  as  well  as  at 
some  distance  from  it.  Figure  2  shows  the  differ¬ 
ent  behavior  of  the  interlaminar  stresses  observed 
in  the  skin-stringer  transition  (position  A)  and  in 
the  unstiffened  parts  of  the  panel  (position  B 
along  a  horizontal  nodeline  parallel  to  the  axis  of 
the  stiffener.  The  off-axis  ply  angle  for  this  exam¬ 
ple  is  chosen  to  be  45°. 

In  the  following  section  all  stress  results  are  dis- 
cu.ssed  in  eight  specific  points  in  the  skin-stringer 
transition.  Positions  and  .4,  at  the 
interface  and  positions  and  at  the  -<!>/ 
matrix  interface  are  placed  in  an  area  where 
maximum  interlaminar  stresses  were  observed. 
Positions  C',;  and  C,  at  the  interface  and 

positions  and  D,  at  the  -0/0  interface  are 
located  in  the  panel  away  from  the  skin-stringer 
transition.  In  order  to  illustrate  the  free  edge  effect 
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I'abte  1.  Material  properties  and  strength  values  for  the 
r300-5208  graphite -epoxy  laminate  and  the  neat  resin  ' 


T.mi 

6, 

!'20H  uraphite-epoxv  laminate 

1.38000  MPa  of 

1 5 1 .3-5  MPa 

=  L..  l.sOOOMPa 

1696  2  MPa 

<^'1; 

.  =  .SOOOMPa 

4,3-78  MPa 

C,,. 

,  S9,S3  MPa 

« t;  =  «*,  =  / 

''  4.3-78  MPa 

•'i: 

=  1', ,  0-2  I 

«T'  = 

86-87  MPa 

0-254 

=  =/ 

' 67-57  MPa 

L 

Seat  resin 

.3450  MPa 

1' 

0-41 

C, 

1 .340  MPa 

<1 

520  MPa 

'Data  taken  from  Refs  8  and  1 1 . 


on  the  magnitude  of  the  interlaminar  stresses.  Figs 
4  and  5  show  the  behavior  of  the  interlaminar 
normal  and  major  interlaminar  shear  stresses  as  a 
function  of  the  fiber  orientation  in  the  off-axis 
plies  at  the  free  edge  (denoted  by  [FREE  EDGE]) 
as  well  as  at  some  distance  from  it,  which  for  the 
present  work  is  chosen  to  be  -;  =  5  mm. 

In  the  skin-stringer  transition  the  magnitude  of 
the  interlaminar  stresses  (po.sitions  A,f,  A,  , 

B,  )  is  strongly  influenced  by  the  fiber  orientations 
of  the  off-axis  plies.  At  some  distance  from  the 
free  edge  both  the  interlaminar  shear  and  normal 
stresses  in  the  and  the  -O/matrix  inter¬ 

faces  are  decreasing  with  increasing  off-axis  ply 
angle.  The  greatest  influence  of  the  free  edge 
effects  on  the  interlaminar  shear  as  well  as  inter¬ 
laminar  normal  stresses  was  found  in  the  range  of 
off-axis  ply  angles  between  <&  =  1 0°  and  0  =  60°. 
It  depends  on  the  interface,  fiber  orientation  in  the 
off-axis  plies  and  the  di.scussed  position  (/l^,  /I, . 
or  B^,  B,  )  whether  the  free  edge  stresses  decrea.se 
or  increase  when  approaching  the  free  edge.  In  the 
panel  apart  from  the  stiffener,  interlaminar 
stresses  are  observed  only  near  the  free  edge  at  all 
interfaces.  There,  the  maximum  interlaminar 
shear  stress  values  are  reached  at  ply  angles 
between  10°  and  50°,  whereas  the  biggest  inter¬ 
laminar  normal  stresses  occur  at  ply  angles 
between  30°  and  60°. 

By  comparing  the  influence  of  the  free  edge 
effects  on  the  interlaminar  stresses  in  the  unstif- 
fened  parts  of  the  panel  with  their  behavior  in  the 
skin-stringer  transition  the  following  observations 
can  be  made  for  the  and  -<l>/0  inter¬ 

faces.  The  absolute  as  well  as  the  relative  change 
of  the  interlaminar  shear  stresses  when  approach¬ 
ing  the  free  edge  is  much  more  pronounced  in  the 
unstiffened  parts  of  the  panel  than  in  the 
skin-stringer  transition.  The  relative  change  of  the 
interlaminar  normal  stres.ses  towards  the  free 
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DISTANCE  FROM  EDGE  -z  [mm] 

Fij>.  2.  Interlaminar  strcvscv  at  the  skin  striniter  transition 
position  A  and  in  the  unsiillened  p;irt  ot  the  panel  posi¬ 
tion  B  . 


Fig.  .3.  Positions  A,  .  An.  li, .  and  ( , .  (  /),. .  /),.  tor 

interlamintir  stress  output. 

edge  behaves  as  discussed  above,  whereas  the 
ab.solute  change  at  the  interface  is  much 

higher  in  the  skin-stringer  transition  than  in  the 
unstiffened  parts  of  the  panel.  At  the  -0/0  inter¬ 
face  the  maximum  of  the  absolute  change  of  the 
interlaminar  normal  stresses  when  approaching 
the  free  edge  depends  on  the  fiber  orientation  in 
the  off-axis  plies. 


4  DEFORMATIONS 

The  overall  displacements  are  predicted  to  be 
strongly  influenced  by  the  fiber  orientation  of  the 
off-axis  plies.  The  variation  of  the  vertical  dis¬ 
placements  along  the  'horizontal  middle  line'  at 
the  free  edge,  see  Fig.  1 ,  with  the  fiber  angle  in  the 
off-axis  plies  is  shown  in  Fig.  6.  It  can  be  .seen  that 
for  <I>  <  30°  the  deformations  of  the  stiffener 
section  are  dominated  by  bending  and  for 
45°<<I><75°  the  deformations  are  dominated  by 
torsion.  The  mode  change  occurs  between 
<I>  =  30°  and  0  =  45°. 
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Fig.  4.  Interlaminar  normal  sircsscs  at  the  +‘t>, -tl>  anti  -th/O  interfaces. 


Fig.  5.  Inierlaininar  shear  stresses  at  the  +<t>/-<hantl  intertaees. 


The  different  curvature  of  the  horizontal 
middle  line  at  the  free  edge  of  the  deformed  stif¬ 
fener  can  be  explained  by  the  difference  of  the 
vertical  position  of  the  neutral  axis  in  the 


skin-stiffener  transition  from  the  neutral  axis  in 
the  panel  away  from  the  stiffener.  The  vertical 
position  of  the  neutral  axis  in  the  skin-stiffener 
transition  depends  on  the  fiber  orientation  of  the 
off-axis  plies  as  well  as  on  the  material  properties 
and  the  size  of  the  neat  resin  core.  For  <I>  =  90°  the 
neutral  axis  in  the  skin-stiffener  transition  lies 
above  the  neutral  axis  in  the  unstiffened  panel 
parts,  so  that  an  inplane  tension  load  transverse  to 
the  stiffener  enforces  a  positive  moment  in  the 
structure.  In  contrast,  an  off-axis  ply  angle  of 
<I>  =  0°  induces  a  negative  moment  in  the  structure 
because  the  neutral  axis  in  the  skin-stiffener 
transition  lies  beneath  the  neutral  axis  in  the 
unstiffened  panel  parts. 

5  FAILURE  CRITERIA 

In  the  following  section  a  brief  description  of 
three  different  failure  criteria  for  delamination 
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onset,  ply  failure  and  matrix  cracking  is  given.  A 
risk  parameter  A  which  will  be  used  to  examine 
the  critical  failure  mode  in  the  skin-stringer  tran¬ 
sition  is  defined  for  all  three  failure  modes.  More¬ 
over,  the  application  of  the  quadratic  stre.ss 
criterion  and  the  Tsai-Wu  criterion  is  tested  on  a 
non-stiffened  layered  composite  panel. 


A  value  of  ()1.37  J/mm-  is  quoted'  for  the 
critical  strain  energy  release  rate  of  a  T.100-.3208 
graphite-epoxy  laminate  with  an  average  ply 
thickness  of  /,,  =  ()■  14  mm.  The  risk  parameter 
^stMJu  •  which  characterizes  the  initiation  of 
delamination  by  using  the  strain  energy  release 
rate  criterion,  is  defined  as 


S.  1  Onset  of  delamination 


To  predict  the  on.set  of  delamination,  the  follow¬ 
ing  quadratic  failure  criterion  proposed  by 
Brewer  and  Lagace*'  is  applied; 


1  O,, 

a,, 

fa.: 

(fj 
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+ 
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Here  a„.  are  the  interlaminar  shear  stresses 
and  a.,  is  the  interlaminar  normal  stress  at  the  free 
edge.  Z''.  Z'-  and  Z'  are  the  interlaminar 
strength  allowables.  For  further  investigation  a 
'risk  parameter'  A^vc  is  defined: 
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>  I  delamination 

The  results  of  the  quadratic  stress  criterion  are 

strongly  influenced  by  the  accuracy  of  the  inter¬ 
laminar  stresses  at  the  free  edge  calculated  in  the 
finite  element  analysis  and  by  the  position 
selected  for  evaluation.  Therefcrre,  another  failure 
criterion  which  does  not  depend  on  discrete  stress 
results  was  employed  hr  verify  the  predictions  of 
the  quadratic  stress  criterion.  O  Brien**  proposes  a 
simple  approach,  employing  strain  energy  release 
rates  for  characterizing  the  onset  of  delamination 
in  an  unnotched  plane  graphite  epoxy  laminate 
under  static  tension  loading.  The  critical  nominal 
strain,  E(  ,  of  the  specimen  is  derived  as 


fr  = 


r  2^; _ 

\lt{E,^„-E*) 


(3) 


where  (ff  is  the  critical  strain  energy  release  rate;  i 
is  the  laminate  thickness;  v,  is  the  longitudinal 
stiffness  of  the  undelaminated  laminate  calculated 
from  laminate  theory '  \  and  E*  is  the  longitudinal 
stiffness  of  the  laminate  completely  delaminated 
along  one  or  more  interfaces. 
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^si/im  ''I  delamination 

^siMM  =  1  onset  of  delamination 

^stKiu  ^  1  delamination 

where  E  is  the  applied  tension  load;  and  h  is  the 
width  of  the  specimen. 

The  strain  energy  release  rate  criterion  is  a 
handy  method  for  calculating  a  risk  parameter  for 
delamination  initiation.  However,  it  should  be 
kept  in  mind  that  the  value  of  O',  may  depend  on 
the  stacking  sequence  of  the  laminate  as  well  as  on 
the  orientations  of  the  plies  which  are  joined  at 
the  delamination  interface^  and  that  it  is  strongly 
influenced  by  the  layer  thickness.  ‘ 

O'Brien''  used  unstiffened  plane  laminates  for 
his  investigat'ions.  For  comparison  it  is  therefore 
nece.ssary  to  compute  the  free  edge  stresses  of  a 
non-stiffened  panel  under  uniform  tension  load¬ 
ing  using  the  finite  element  method.  The  layup 
sequence,  material  properties,  layer  thickness, 
and  mesh  discretization  are  the  same  as  discussed 
above  for  the  stiffener  section.  The  fact  that  the 
ply  thickness  in  the  panel  is  about  five  times  that 
of  the  test  specimen*^  used  may  be  accounted  for 
by  increasing  (I,  to  ()-2()5  J/mm'  as  observed  by 
Brcw'cr  and  Lagace.''  A  comparison  between  the 
risk  parameters  Ay„  ^md  delamination 

initiation  at  the  +0/-<l>  and  -<!>/()  interfaces  as  a 
function  of  the  off  axis  ply  angle  is  shown  in  Fig.  7. 

In  the  -O/O  interface  good  agreement  between 
the  two  criteria  was  found  in  the  range  of  the  off 
axis  ply  angles  between  <l>=^(r  and  <t>  =  6.3°. 
whereas  in  the  interface,  which  actually 

is  the  delamination-prone  interface,  a  difference 
of  3()7o  between  the  risk  parameters  and 
^smR(  was  observed.  It  can  be  seen  that  the  value 
of  G^  depends  on  the  orientations  of  the  plies 
which  are  joined  at  the  interface.  For  the  -<!>/() 
interface  the  chosen  value  of  Cff  is  applicable 
whereas  for  the  interface  it  is  too  small. 

A  similar  difference  betwen  the  two  criteria  was 
observed  by  Brewer  and  Lagaee"'  for  thick  (  +  15/ 
- 1 5/0]„  laminates. 
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Fig.  7.  Compari'-on  of  the  risk  parameters  and 
at  the  -^4>  '-<h  and  -<J>/0  interfaces  of  the  unsliffcned  panel. 


5.2  Ply  failure 

A  pitjynomial  failure  criterion  proposed  by  Tsai 
and  Wu'-  is  used  to  determine  first  ply  failure. 
The  Tsai-Wu  criterion  is  given  by 
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with  positive  values  for  all  .  The  risk  parameter 
for  ply  failure  using  the  Tsai-Wu  criterion  is 
defined  as  follows: 

~z:  (b) 

(k^±(k.. 


where 


A.1 

A  5  =  /•,  0| ,  +  l\o.~  +  /•  ,o-, , 
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A.|x,^^,<\  no  ply  failure 

A,,,,,,  =  1  first  ply  failure 

'^/sio  >  '  ply  failure 

The  ma.ximum  value  of  ,  is  taken  into 
account. 

Prior  to  the  ply  failure  analysis  of  the 
skin-stringer  transition  the  iniluence  of  the  free 
edge  stre.s.ses  on  the  risk  parameter  A,su/ 
c.xamined  in  the  nonstiffened  panel,  which  was 
discussed  before.  Figure  S  shows  the  risk  para¬ 
meter  at  the  and  the  -0/0  inter¬ 

faces  as  a  function  of  the  off-axis  ply  angle.  To 
illustrate  the  influence  of  the  free  edge.  is 

plotted  at  the  free  edge  as  well  as  at  some  distance 
from  it. 

In  the  0°-ply  at  the  -0/0  interface  the  greatest 
influence  of  the  free  edge  effect  is  found  in  the 
range  of  off-axis  ply  angles  between  O  =  20°  and 
O  =  60°.  In  contrast  to  the  behavior  of  .  which 
increases  towards  the  free  edge  of  the  non-stif- 
fened  panel.  A, decreases.  In  the  -O-ply  at  the 
-0/0  interface  the  difference  between  A,siv/ 
the  free  edge  and  A,v„,  at  some  distance  from  the 
free  edge  is  less  than  in  the  0°-ply.  For  O  <  35°  the 
difference  is  negative  and  for  35°<0<65°  it  is 
positive. 

At  the  4-0/-0  interface  A,vik  has  the  same 
value  as  in  the  +0-ply  and  in  the  -O-ply.  In  the 
range  of  off-axis  ply  angles  between  0=10°  and 
0  =  60°  A,vh(  increases  moderately  when  ap¬ 
proaching  the  free  edge.  For  0°  <  O  <  1 0°  and 
60°  <  O  <  90°  no  edge  effect  is  observed. 

In  addition,  the  upper  limit  line  in  Fig.  8  speci¬ 
fies  the  location  and  risk  parameter  of  the  first  ply 
failure  for  any  fiber  orientation  in  the  off-axis 
plies  of  the  non-stiffened  panel.  It  can  be  seen 
easily  that  for  10°<O<23°  ply  failure  starts  in 
the  off-axis  angle  plies  near  the  -f0/-0  interface 


Slime  nail  invesligatio/is  of  free  edge  effects 
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Fig.  8.  Risk  parameter  at  the  +<t>, ami 

interfaces  of  the  unstiffened  panel. 


Klg.  9.  Predietinn  of  the  erilical  failure  niotle  in  the  iiii- 
stiffened  panel. 


at  the  free  edge,  for  23°  <  O  <  48°  first  ply  failure 
occurs  in  the  0°-ply  apart  from  the  free  edge  and 
for  48°  <  <t><  65°  first  ply  failure  is  found  in  the 
-<f)-ply  near  the  interface  at  the  free  edge, 

for  <1><  10°  no  particular  kteation  of  the  first  ply 
failure  can  be  predicted  and  for  <t>  >  65°  ply  failure 
is  initiated  in  the  +<I>  and  -4)  plies. 

As  ail  the  risk  parameters  for  delamination 
onset  and  ply  failure  are  already  determined  it  is 
easy  to  predict  the  critical  failure  mode  rtf  the 
unstiffened  panel  for  any  fiber  orientation  in  the 
off-axis  plies.  Therefore,  the  values  of  the  risk 
parameter  for  delamination  onset  calculated  with 
the  quadratic  stress  criterion  are  compared  with 
the  upper  limit  line  of  Fig.  8.  Figure  4  shows  that 
for 


(f<4)<  5° 

5°<  4><  25° 
25°  <<1X48° 
48°  <4X65° 

65°  <<P<  40° 


ply  failure  near  the 

+4>/  -4)  interface  at  the  free 

edge 

delamination  in  the  +4>/-4> 
interface  at  the  free  edge 
ply  failure  in  the  0°-ply  away 
from  the  free  edge 
ply  failure  in  the  -4>-ply  near 
the  -4>/()  interface  at  the  free 
edge 

ply  failure  in  the  -i-4>  and  -4> 
plies 


are  the  critical  failure  modes. 


5.3  Matrix  cracking  in  the  neat  resin 

As  the  neat  resin  is  an  isotropic  material,  the 
Mises  equivalent  stresses,  d,  are  used  for  a  first 
guess  of  failure  by  comparing  them  with  the 
resin’s  strength,  measured  in  the  uniaxial 
tensile  test.  The  Mises  equivalent  stress  is  a 


proper  stress  measure  for  yielding.  Houever,  in 
the  configuration  investigated  here,  it  leads  id 
similar  results  as  would  be  derived  by  a  certain 
maximum  principal  stress  criterion.  The  risk  para¬ 
meter  A  characterizes  initiation  of  failure  in  the 
neat  resin; 


4  Uls  —  ■" 

(f.,, 

4  MIS  <  1 

no  matrix  failure 

4  MIS  ~  I 

first  matrix  failure 

4  MIS  ^  1 

matrix  failure 

6  FAILURE  ANALYSIS 

A  failure  analysis  is  carried  out  to  examine  the 
critical  failure  mo(te  in  the  skin-stringer  transi¬ 
tion.  The  c)uadratic  stress  criterion  and  the 
Tsai-Wu  criterion  are  used  tt)  compute  risk  para¬ 
meters  for  initiation  of  delamination  and  first  ply 
failure.  Additionally,  Mises  equivalent  stresses  are 
calculated  in  the  neat  resin  core  and  compared 
with  the  critical  uniaxial  stress  values. 

To  predict  the  onset  of  delamination  the  inter¬ 
laminar  stress  results  at  the  positions  /l«.  A,  and 
Hi  in  the  skin-strineer  transition  and  C  f.  C) 
and  /)„,  I)/  in  the  panel  away  fR»m  the  stiffener, 
which  were  already  discussed  before,  are  taken 
into  account.  Figure  10  shows  the  risk  parameter 
Ayvr  ‘t'i  it  function  of  the  fiber  orientation  in  the 
off-axis  plies  at  the  -t-0/-4>  and  -4>/0  (-4>/ 
matrix)  interfaces.  In  order  to  illustrate  the  influ¬ 
ence  of  the  free  edge  effect,  the  magnitude  of  the 
risk  parameter  is  plotted  at  the  free  edge  as 
well  as  at  some  distance  from  it. 
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Fig.  10.  Risk  parameier  at  the  +<t>/  -4>  and  the  -<t>/()  interfaces  in  the  skin-stringer  transition 


It  can  be  .seen  easily,  that  delamination  will 
initiate  in  the  skin-stringer  transition  because  of 
the  high  values  of  the  risk  parameter.  A  com¬ 
parison  of  the  two  diagrams  in  Fig.  10  shows  that 
for 

0°  <  (jx  18°  delamination  starts  in  the 

-<P/'()  interface  at  position  B, 
at  some  distance  from  the  free 
edge 

1 8°  <  <1><  .30°  onset  of  delamination  is 

observed  in  the  inter¬ 

face  at  position  A,  at  the  free 
edge 

30°  <  <J)  <  00°  dclamination  initiates  in  the 
-<I>/0  interface 

It  should  be  pointed  out  that  delamination  in  the 
skin -stringer  transition  does  not  always  initiate  at 
the  free  edge  (0°<<P<18°)  as  observed  in  the 
non-stiffened  panels.  Due  to  the  fact  that  the  mag¬ 
nitude  of  the  risk  parameter  between 
3()°<<|)<9()°  in  the  skin-stringer  transition  is 
l<"vered  by  increasing  the  fiber  angle  in  the  t)ff- 
axis  plies,  the  onset  of  delamination  can  be  pre¬ 
vented  by  an  appropriate  choice  of  the  fiber 
orientation.  However,  ply  failure  and  matrix 
cracking  in  the  neat  resin  must  be  taken  into 
account  additionally  to  predict  the  critical  failure 
mode. 

Figure  I  1  shows  the  maximum  values  of  the 
risk  paramaters  and  ^iswi  in  ihc  neat  re.sin 
and  in  all  +4>.  -<t>  and  0-plies  of  the 

skin-stringer  transition  as  a  function  of  the  fiber 
orientation  in  the  off-axis  plies.  As  there  are  three 
+<t>-plics  and  three  -O-plies  in  the  layup 
sequence  of  the  stiffener,  the  -hO  and  -<I>  plies 
which  form  the  stiffener  will  be  denoted  in  Fig. 


FIBER  ORIENTATION  ANGLE  [deg] 

Fig.  1 1.  Maximum  values  of  and  A,,,,,  in  the 

skin-stringer  transition, 


11  as  and 

depending  on  whether  they  arc  placed  on  the  right 
side  or  left  side  (Fig.  1 )  of  the  geometric  symmetry 
plane  of  the  stiffener,  in  comparison  with  Fig.  10 
it  can  be  seen  that  the  upper  limit  line  of  the 
curve  and  all  curves  exceed  the  critical 

values  of  l/sm  for  all  considered  fiber  orienta¬ 
tions.  Hence,  the  critical  failure  mode  is  matrix 
cracking  in  the  neat  resin  core  for  0°<d'<56° 
and  ply  failure  in  the 
.36°<<l><y0°. 


7  CONCLUSIONS 

A  finite  element  analysis  of  one  periodic  stiffener 
section  of  a  thin-walled  integrally  stiffened  com¬ 
posite  panel  under  uniform  inplane  tension  is 
presented.  Ihe  behavior  of  tl.e  interlaminar 
stresses,  displacements  and  the  critical  failure 


\iinu'ni  iil invcsn^uiions  of  tire  r//(  c  /s 


mode  as  a  tunctiiui  of  the  fiber  mientatiiMi  is 
investigated.  In  the  skin-stringer  transition  high 
interlaminar  stresses  are  obsersed  at  the  free  edge 
as  well  as  at  some  distance  from  it.  Depending  on 
the  fiber  orientation  and  interface,  interlaminar 
stresses  are  found  either  to  decrease  or  increase 
when  approaching  the  free  edge.  The  study  of  the 
overall  displacements  of  the  stiffener  shows  that 
for  the  deformation  is  dominated  by 

bending  and  for  45°  <  d*  <  75°  it  is  dominated  by 
torsion.  The  quadratic  stress  criterion,  the 
Tsai-Wu  criterion  and  the  Mises  equivalent 
stresses  were  u.sed  to  predict  the  critical  failure 
mode  in  the  skin-stringer  transition.  For  the 
considered  configuration  matrix  cracking 

()’  <  cp  <  5b° '  and  ply  failure  '  5(1°  <  (p  <  d0°  ‘  will 
occur  prior  to  delamination. 
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On  closed  form  solution  for  the  elastic  stress 
field  around  holes  in  orthotropic  composite 
plates  under  in-plane  stress  conditions 

N.  Bonora,  M.  Costanzi  &  M.  Marchetti 

AenfsptiCi.'  Ih'pt.  i'niversin  (if  Kiidic  Lu  Siipit'n;ti'  I  >«  l.iitlo'isiiiiui  l<S.  iM)IS4  Ronu’.  Iiai\ 


rtic  present  paper  presents  analytical  work  peii'ormed  care  of  the  Aerospace 
Department  of  the  University  of  Rome  l.a  Sapienza'.  Usini;  the  classical  Airy  A 
function  solution  method  the  expression  of  the  stress-strain  field,  in  a  comp<i- 
site  material,  has  been  determined  for  different  simple  hole  geometries  in  a 
closed  form.  The  results  have  been  compared  with  several  extensive  linite  ele¬ 
ment  calculat'ons  that  confirm  the  accuracy  of  the  theoretical  solutions  found. 


1  INTRODICTION 

Discontinuities  in  a  material  or  structure  always 
represent  a  critical  point  because  they  alter  locally 
the  stress-strain  field  with  the  presence  of 
relevant  gradients.  More  generttlly.  geometrical 
discontinuities,  as  notches  or  holes,  modify  signifi¬ 
cantly  the  stress  field  lines  causing  concentrations 
that  can  be  critical  and  activate  local  damage 
phenomena.  This  situation  can  soon  lead  the  com¬ 
ponent  I  failure  even  if  the  whole  structure  is 
subjected  to  a  stress  state  far  below  the  critical 
one. 

Determination  of  the  state  of  stress  near 
notches  or  holes  in  homogeneous  material  has 
been  strived  by  many  authors  for  a  large  number 
ot  cases'  that  are  commonly  encountered  in  engi¬ 
neering  design.  For  example,  the  stress  field 
around  a  circular  hole  of  radius  a  is  given  by; 


P  +  0  , 
,  ■) 

fAr)  ■  cos 

20 

(1 

p+q 

■  -j 

2 

fj  r  )  ■  cos 

20 

(2 

T,r>=  -  ■  )\{r)  ■  sin  20  (3) 

where  p  and  q  are  the  applied  remote  stre.ss 
components  in  the  x  and  y  direction  respectively 
and  /,(/■)  [i-  1  ,,..,,5)  are  functions  of  the  radius  r 


On  the  edge  of  the  hole  r=  a :  the  stress  com¬ 
ponents  become: 

r,„  =  l) 

f7„=3(/-/).  0={)  4^ 

(y„=yp-q.  0=^ 

’I  he  ratio  belwen  the  effective  and  nominal  stress 
is  commonly  called  the  concentration  factor.  To 
know  ht>w  the  stress  field  is  m-odified  by  the  pre¬ 
sence  of  geometrical  discontinuities  is  useful  in 
many  engineering  cases,  such  as  riveted  aiivl 
bolted  joints,  passages  for  pipes,  and  inspection 
w  indv'ws.  etc. 


'  Fig.  1  i. 


Fig.  1.  Frame  reference. 
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The  identification  of  the  concentration  factor  in 
composite  materials  is  more  difficult  specially  in 
the  case  of  composite  laminates  where  the  consti¬ 
tutive  equations  are  nut  simple  and  have  to  take 
account  of  several  parameters  such  as  stacking 
sequence,  fibre  and  matrix  properties,  etc.  Savin.' 
based  on  the  works  of  Muskhelishvili-  and 
Lekhnitskiy.’  was  one  of  the  first  to  evaluate  the 
stress  field  around  discuniluuities  in  o;  ihotropic 
materials.  Later,  Sampath  and  Hulbert^  developed 
a  numerical  procedure  for  the  evaluation  of  the 
stress  field  in  composite  laminates  weakened  by 
multiple  holes  of  different  geometries. 

Furthermore,  this  subject  has  been  investigated 
by  many  researchers  for  possible  application  in 


aeronautic  engineering.  Venkayya  ei  cil.'  analysed 
the  effect  of  intensification  around  ht)lted  joints  in 
composite  structures.  Here,  using  a  classic  Airy 
solution  method,'’  the  expressions  of  the  stress 
compiments.  in  a  closed  analytical  form,  for  a 
generic  composite  plate  were  found  for  three 
classical  cases;  circular  and  elliptical  hole  and 
sharp  crack.  The  solution  was  fount!  usi-^g  an 
/siry's  function  that  takes  into  account  the  remote 
applied  loads.  The  stress  field  equation  has  been 
determined  for  a  symmetric  balanced  composite 
laminate  and  the  results  have  been  compared  w  ith 
finite  element  analysis.  As  a  bench-mark  test,  the 
solution  for  a  generic  strongly  orthotropic  mate¬ 
rial  has  been  also  found. 


2  THEORETICAL  FORMULATION 

In  this  section  a  rigorous  analytical  solution  for  the  problem  is  given  looking  carefully  at  three  different 
hole  geometries;  circular  and  elliptical  hole  and  sharp  crack  in  two  different  materials;  strongly  ortho- 
tropic  material  and  a  composite  laminate.  Sections  2.1  and  2.2  introduce  the  global  notation  and  the 
general  solution  method.  In  Section  2.3  the  final  expressions  for  the  cases  examined  arc  reported.  .More 
details  on  the  analytical  passages  are  reported  in  the  Appendix. 


2.1  Fundamental  equations 


Let  us  now  consider  a  plate  element  in  the  orthogonal  reference  system  xyz.  The  plate  mid-plane  is 
chosen  to  lay  on  the  xy  plane  and  the  plate  element  has  to  be  submitted  to  the  following  forces;  the 
external  force  q.  the  normal  resultant  forces  A,  and  A",,  the  shear  resultant  forces  7^,,  7',.,  'I\.  (for  unit 
length)  as  shown  in  Fig.  2.  The  bending  and  twisting  resultant  moments  are  A/,.  A/,.  .V/^,  (for  unit  length!  as 
in  Fig.  3. 

If  t<„,  t',,  and  w;,  are  the  displacement  components  in  the  .v,  y,  c  directions  respectively,  the  mid-plane 
strains  vector,  where  the  contribution  of  rotation  is  zero,  can  be  wntten  in  the  following  form; 


) I . 

Tdf  ■ 


f  1(1 

yiidj 


=  < 


0jr 

dt'ii 

dy 


dy  dx 


(5) 


with  the  hypothesis  that  the  element  is  not  deformed  under  shear,  i.e. 


dw„ 

dx 


e- 


dw„ 

dy 


(6) 
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In  the  framework  of  the  classical  laminate  theory,  the  relations  between  the  normal  resultant  forces  and 
moments  with  [xi  vectors  are  linear  and  can  be  written  in  the  following  form  (easily  obtained  from 
Hook's  relations): 

!8i 

(9< 


(lOi 


\e.\-[B]- 

jx} 

{M\-[B\- 

{x\ 

where 

’iVJ 

M,  ' 

1  A,/l  =  , 

■  {A/}=- 

A/v 

id 

0  Vt’„ 

0X 

0X" 

di\, 

>  < 

1  a.v 

0y 

1  0H„  di>„ 

2 

— \ 

1  ^ 
<TD 

h 

1 

0X0  V 

i  •  ’ 


[-4]  = 


[^1  = 


m- 


Ar. 

.^13 

Bu 


-^13 

A  2: 

-4:3  ^33. 

B]2  B,x 


B\z  B22  B22 


Bn 

D, 

D, 


B:2  Bxx 

Dr.  D,2 

Dz:  /->:3 


,D}2  D22  Dxx 

Equations  (8)  and  (9)  can  be  written  in  the  following  semi-inverted  form; 

It  can  be  easily  proved'’  that  the  out-of-plane  shear  resultant  forces  arc  given  by: 


-r  ^4/'  I 

d  V  dx 


r  I 

dx  dy 


Finally  the  system  of  equilibrium  equations  is  given  by; 
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and  the  additional  compatibility  condition  is  obtained  applying  the  Schwarz  theorem: 

d'fi,,  ^  d'c;,, 

dy  dx~  dydy 

2.2  Airy's  stress  function  for  plates 


(19) 


It  is  well  known  that  it  is  possible  to  solve  the  compatibility  and  equilibrium  equations  in  terms  of  dis¬ 
placement  variables  using  what  is  called  Airy's  function,  defined  by  the  following  conditions; 


{20) 


T  = 

'a  V 


d-U 

dydx 


Then,  the  problem  is  completely  solved  if  the  function  U  is  determined.  Equation  (2)  verifies  the  equili¬ 
brium  conditions;  substituting  (20)  in  the  compatibility  equations  we  obtain  a  fourth  order  differential 
equation  where  U  and  w,,  are  the  unknowns: 


d'U  „  d^U 

4  4-,  (2ni2  ^44) 


d^U 


dx 


0.t  dv 


dA'dv 


;  1 1 


d^'U  9’*^,  A  K 

4  ^1 1  4  -.4  ■*"(2^>:4 


dxd  V 


dv’ 


dx ’d  V 


■1-  (/7|  I  + 


d'‘w,i 

dx'dy' 


(2fe,4 


^4:) 


dV,, 

dxdy’ 


•+•  /)|  2 


=  0 


(21) 


where  and  /?„  are  the  elements  of  the  [a]  and  [/?]  compliance  matrices  defined  in  the  previous  section. 
Taking  into  account  the  geometrical  symmetry  of  the  laminate  the  equations  can  be  reduced.  If  the  lami¬ 
nate  stacking  sequence  is  symmetric  with  respect  to  the  mid-plane,  we  have; 


d"U 


d'u 


T-I  -  2fl24  4;, 

dx  dx  dy 


^  d'U  d"U 

dx'dy  dxdy  dy 


(22) 


and  if  the  laminate  is  also  balanced,  that  means  for  each  lamina  6°  oriented  there  is  another  lamina  -  0° 
oriented  with  the  same  mechanical  characteristics  and  thickness,  the  last  equation  becomes  finally: 


yT  +  (2a|2  +  «n;  ^  : 

dx  dx  dv 


d^U  d^U  , 

2  1  a  4  ”  d 

dv 


(23) 


The  solution  for  (23)  is  given  in  the  form: 


t/=2Re[/,(z,)-(-/.(z,)l  (24)' 

where  /|(Z|)  and  fiizi)  are  two  arbitrary  complex  algebraic  functions  that  have  to  be  chosen  in  a  more 
convenient  way  for  the  problem  under  investigation.  The  variables  z,  and  Zi  are  given  as: 


Z|  =  x±.V|y 
Z2  =  x±  .ssy 


(25) 
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where  ±  i  ,  and  ±  s,  are  the  four  purely  imaginary  roots  of  the  characteristic  equation  associated,  given  as: 


i,V,  =  i 


(261,:.  +  a33)  +  ,/(  2fl,; +«,,)■- 4«  I  ifl,. 


ilh. 


^ - 

r'  - - 

,S’|  and  5,  take  into  account  the  material  properties  through  the  compliance  elements  (i  =  v  -  1 ).  Once 
the  Airy  function  is  determined,  going  back  to  the  equilibrium  equations  it  is  possible  to  find  the  expres¬ 
sions  for  the  displacements: 


it„  =  2Rel( 

.ST«,|+«12)' 

'  /  i(^i } 

+  (.S5«||  +n|2)  ■ 

u*  -  ojy 

(27 

/ 

t„  =  2Re 

j  )4-  -“-f  iSUp 

•Lie- 

+  V  *  +  ojy 

’28 

\  -^2  /  J 

and  stress  components  in  the  mid-plane: 

.\  =  2Re!,vi/7(c,)  +  s;/:(j3)| 

A;  =  2Re!/,'(c,)+/'':is:;]  (29) 

-2Re[x,/;(:,)  +  S:/3(2,)l 

where  »,7.  and  oj  describe  the  rigid  body  modes  in  the  .vv  plane.  These  terms  disappear  if  sufficient 
boundary  conditions  are  applied. 

To  solve  completely  the  problem  of  the  determination  of  the  Airy's  function  it  is  now’  necessary  to 
choose  the  fi  z )  functions  and  apply  the  boundary  condition  for  the  geometry  under  investigation. 


2.3  Circular,  elliptical  hole  and  sharp  crack  in  an  infinite  plate 


Let  us  now  consider  a  composite  plate  that  extends  infinitely  in  both  direction  x  and  y.  Let  us  say  that  the 
composite  is  also  symmetric  and  balanced  and  that  it  is  subjected  to  the  remote  loads  A,,,  and  -V,,,  along 
the  .Y  and  y  direction  respectively.  That  means 

.V/,  =  M,  =  ,V/,,  =  7,,  =  T,.  =  K-„  =  p={)  ( 30 ) 

In  addition,  all  the  rigid  body  modes  must  be  constrained.  Sampath  and  Hulbert^  using  a  truncated 
modified  Laurent  series,  suggest  for  the  functions /(c)  the  following  expressions; 

/,;c,i  =  A'  +  A„ln  +  *1  (31) 

/,(:,!  =  +  In  (32) 

where  A,  and  B,  are  complex  coefficients  and  and  t.  are  functions  of  c,  and  C:.  The  form  of  the 
mapping  functions  ^  is  determined  by  the  geometry  of  the  problem. 

Let  us  consider  a  circular  hole,  of  given  radius  a,  in  the  laminate  so  that  its  centre  is  in  the  origin  of  the 
Yv  reference  frame  (Fig.  4).  The  mapping  functions  for  the  first  quadrant  can  be  given  as: 


^ I  =  Ci  +  ( 1  +  .v))  ( 33) 

C;  =  C:  +  7c;-(r'-(i'+sT)  (34) 

and  we  can  pose: 

i:,  '  =  c,--Jcf-«-  Tr+Y;]  (35) 

Cr '  =  c<  -  JzJ- «"•(!+  ,vT)  (36) 
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Fig.  4.  Plate  with  circular  hole. 


where  the  rea]  constants  )a-(  1  and  [«-( 1  +  .V5))'‘  are  already  included  in  the  complex  constants 

A  -  and  B  _  ^  respectively. 

The  functions  /( <; )  are  determined  if  (4N+  4)  coefficients  of  the  series  are  known.  The  determination  of 
these  coefficients  has  been  already  proposed  by  Sampath  and  Hulbert.  They  suggest  expanding  the  series 
up  to  the  seventh  term  and  then  applying  boundary  conditions  at  a  hundred  points  at  least.  This  method 
requires,  of  course,  a  dedicated  code  and  heavy  numerical  calculation  even  in  very  simple  and  common 
geometries,  such  as  circular  holes.  The  problem  of  determination  of  the  stress-strain  field  around  simple 
geometries  has  been  treated  also  by  Zhang  and  others.’"'" 

Here  a  closed  form  solution  is  proposed.  We  suggest  a  modified  expression  for  the  /(c )  functions  that 
take  into  account  the  stress-strain  field  far  away  from  the  hole; 


f\(z,)  =  A'  +  A„  In  + 


4  .VT-.S- 


/,!o)=  In  +  ‘1  + 


4  ,v;-.vT 


(37) 

(38! 


It  can  be  demonstrated  (see  the  Appendix)  that,  in  our  case,  all  the  coefficients  of  the  series  disappear 
except  the  real  parts  of  A  ^ ,  and  B  „ .. 

For  the  sake  of  brevity  we  pose: 

g2(Z;)  =  VZ:  -  rt"  +  xp' 


So,  substituting  in  (29),  the  resultant  forces  around  a  circular  hole  (Fig.  5)  in  an  infinite  plate  under  in- 
piane  loads  are  given  by: 


A,  =  ~  Re 


fl-(l  +  .S-,)-(A„,-.V,A,.,)-.Vf  aH\+Si)-{S,NM-  S]  ' 
.(■S  “■^2)  •  gi(2i)  •  Ui  +g|(Z|)!  (.Vi-.V2)-  g2(Z:)-  + 


(39) 
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In  the  same  way  the  stress  field  around  an  elliptical  hole  (Fig.  6)  of  given  semi-axes  a.  along  the  x 
direction,  and  h.  along  the  >'  direction,  can  be  found; 


,V,=  A;„-Re 


N\.  -  A\.„  ■+•  Re 


.S';  •  ( fl -t-  .S| /? )  •  ( bN^,  -  aS2 A'v „ )  A;  ■  {a  +  .S\ /> )  •  ( aSij\\ 

•  giizi  )  ■  U,  +S,(Z|)1  (.S,  -  .S':)  •  +  _ 

( Cl  +  S^b)-  ( hN,^,  -  aS. /V,.,,)  (fl-l-  .S^f))  •  (aS^N,„-  bN,„] 

(5,  -  .S':)  ■  g,(j, )  •  [z,  >1  (-S',  -  .S':)  •  g:(Z;)  •  }Z:  +  g:(:: H 


7,  =  -  Re 


i  •  .S|  ■  [a  +  Sib)  -  ^  i  •  S.  ■  {a  +  S^h)  -  {(tS^^\i^-  bN,„) 

(-S|  -  .S’:)  ■  giiZi  1  ■  [:,  +g,(Zi  'll  (.V,  -  .S:i  •  g:(z:)  •  [z:  +g;{Z:)l 


where  b'S]  and  1^’=  b'Ss. 

It  is  worth  noting  that  if  the  plate  is  loaded  only  in  the  y  direction,  in  correspondence  with  A  =  i  a:  0 ;  i  Fig. 
7  i  the  intensification  factor  is; 

.\;(«;()i  (I  S,  +  S^ 

.J - =)+ - L - :  i45i 

.V,„  b  SrS. 


that  for  a=  b  icircular  hole!  and  for  .S',  =  .S':  =  1  (isotropic  material!  cqn  (44)  gives  the  well  known  value  of 
.>  compare  with  i4  )|. 

Losing  the  expressions  found  for  the  elliptical  hole,  the  stress  field  lor  a  sharp  crack  i  Fig.  S  can  be  easily 
determined  just  making  the  limit  for  b-^i).  Then  follows; 


A',  =  ,V.„  +  Re 


.v  =  .\;„-Rc 


.S;  ■  erS.N,, 


S-  ■  «-.S, 


■S|  -  A;)  •  g,(Z|  i  •  iz,  )1  iA,  -  A:)  •  g:{Z:)  •  U:  +  g:(Z:)l 


u'.S'.A, 


irA,N„ 


A|-,S,;-g,(z,i-[7,+g|(z,)l  lA|-A:i-g:(Z:)MZ:+ga::i| 


Fig.  7.  Elliptical  hole  notation. 
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'V,,  =  +Re 


a'SyS-,N^.i 


-1 


(5,  -5:)-gi(Z|)-[Zi  +«i(2i)]  {^\-S2)- gziZz 


(48) 


where  ^  =  ^  =  0  and  2a  is  the  crack  length.  It  is  important  to  note  that  in  the  expression  above  the  load  A',,, 
does  not  appear  in  the  stress  intensification  terms.  That  means  that  no  intensification  occurs  if  a  panel 
with  a  central  crack  is  loaded  only  along  the  crack  direction. 


3  COMPARISON  BETWEEN  THEORETICAL 
AND  FEM  RESULTS 

To  check  the  validity  of  the  expressions  found,  the 
theoretical  stress  field  was  compared  with  finite 
element  calculations  for  the  three  different  cases 
described  above.  As  a  first  test  case,  a  strongly 
orthotropic  plate  with  a  central  flaw  was  simu¬ 
lated.  Only  a  quarter  of  the  plate  was  modelled  for 
sake  of  symmetry.  In  Figs  9-1 1  are  reported  the 
models  used.  In  the  calculation  plane  stress  condi¬ 
tions  were  assumed  and  an  isoparametric  eight 
node,  fully  integrated  element  was  employed.  The 
material  chosen  was  an  unidirectional  CFRP 
Epoxy  Matrix  composite,  with  60%  of  fibre 
volume  content.  The  values  of  the  material  pro¬ 
perties  are  summarized  in  Table  1 . 

The  plate  thickness  was  always  kept  equal  to 
1  mm,  the  remote  load  applied  in  the  y  direction 


was  of  1 00  MPa  in  all  cases;  no  remote  load  in  the 
X  direction  was  applied.  To  avoid  size  effect  due 
to  the  finite  plate  dimension,  the  characteristic 
flaw  dimension  was  chosen  iV.  of  the  plate  width, 
that  means  a=  1  mm  for  the  sharp  crack,  r=  1  mm 
for  the  circular  hole  and  a=  1  mm  and  h  =  0-5  for 
the  elliptical  hole.  For  the  plate  with  a  circular 
hole.  Fig.  12  shows  the  comparison  between 
and  along  the  x  axis  [6=  0)  where  the  strongest 
stress  intensification  is  expected.  A  very  good 
agreement  between  the  theory  and  the  FEM  ana¬ 
lysis  was  found  for  each  value  of  6  as  also  shown 
in  Fig.  1 3  for  the  same  components  of  stress  along 
the  y  axis,  i.e.  at  0  =  90°.  It  is  worth  noting  here 
that  the  stress  intensification  factor  is  equal  to  2  5 
instead  of  3  as  in  the  isotropic  material.  That  can 
be  easily  explained  taking  into  account  the  plate 
principal  direction  orientation:  £,2  concordant 
with  the  y  axis.  In  Figs  14-17  are  reported  the 
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Table  1.  Orthotropic  material  properties 


£•11 

t'l; 

»'|2 

•-n 

iMPa) 

(MPa) 

(MPa) 

130000 

6  900 

4480 

()-27 

(H)143 

Fig.  12.  Circular  hole:  stress  cornponents  along  the  v  axis 
m  orthotropic  material. 


33456769 
Distance  from  the  origin  (rnni) 


1C 


Fig.  i.r 


Circular  hole;  stress  components  along  the  v  axis 
in  orthotropic  material. 
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Fig.  14.  Fillipiical  hole;  stress  components  along  the  x  axis 
in  orthotropic  material. 
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Fig.  16.  Sharp  craek:  stress  components  along  the  .v  axis  in 
orthotropic  material. 
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same  comparison  for  the  elliptical  and  sharp 
crack  along  the  x  and  v  axes  respectively.  The 
agreement  is  always  well  verified  in  all  cases. 
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Then,  the  theory  was  applied  to  a  symmetric 
and  balanced  composite  laminate  with  the  follow¬ 
ing  stacking  sequence:  10,90,0,90],,;  the  layer 
thickness  was  01 25  mm  to  have  a  total  laminate 
thickness  of  1  mm  as  in  the  orthotropic  case.  The 
laminate  material  is  the  same  as  the  orthotropic 
case,  the  overall  laminate  properties  are  reported 
in  Table  2, 

The  finite  element  calculation  was  performed 
using  a  three  dimensional  thin  plate,  multi-layer 
element  with  four  nodes.  In  Figs  18-33  the 
comparison  between  the  theoretical  model  (con¬ 
tinuous  line),  and  the  FE  results  (dots)  for  the 
circular  and  the  elliptical  hole,  along  the  x  and  y 
axes,  is  depicted.  In  every  case  the  agreement 
between  theory  and  numerical  approach  is  very 
good.  Some  differences  can  be  found  in  compa¬ 
rison  on  the  calculus  of  the  stress  component 
m  the  ca.se  of  the  elliptical  hole.  These  discrepan¬ 
cies  become  more  evident  the  more  the  free  edge 
of  the  hole  is  approached.  The  differences  and  the 
limits  of  finite  element  calculations  with  respect 
to  the  theory  are  also  given  in  evidence  in  Figs  34 


Table  2.  Composite  laminate  material  properties  (8  lavers 
10,90,0,901,) 


in-plane  constants 

*GPa!  lUPa) 

(-’i: 

(GPa) 

68-66.5 

68-665 

4-480 

0-0272 

00272 

Flexural  constants 

Fii(  £..f 

GPai 

!GPa) 

(GPa) 

91-810 

45-.507 

4-480 

0-041  1 

0-0204 

i\ 

and  35  where  jomparison  tif  the  shear  t,, 
strc.ss,  in  the  function  of  the  angle  0  is  given.  In 
fact,  even  though  the  shear  component  is  very  well 
calculated  by  FEM  far  from  any  free  edges  iFig. 
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Fig.  20.  Circular  hole:  a,,  stress  comps)nent  along  the  t 
tixis  in  composite  laminate  (lamina  2.  yt)"  oriented  . 
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Fig.  18.  Circular  hole:  a,,  stress  component  along  the  x 
axis  in  composite  laminate  f  lamina  2,  yO”  oriented). 


Fig.  21.  Circular  hole:  o,,  stress  compr)iieni  along  the  r 
a-xis  in  composite  laminate  ( lamina  2.  90°  oriented  >. 
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22.  C  ircular  hole:  stress  component  along  the  x 

axis  in  composite  laminate  '  lamina  1 . 0'  oriented  . 
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25.  Circular  hole:  o,,  stress  componeii!  along  ihs  i 
axis  in  composite  laminate  lamina  I  d  unented 
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Fig.  24.  (  ireular  hole:  o,,  stress  component  along  the  y 

axis  in  composite  laminate  damina  1 .  (T  oriented  . 
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Fig.  27,  elliptical  hole:  a,,  stress  eoinponcnt  along  the  \ 
axis  in  composite  laminate  lamina  i.D  oriented  . 


.14!.  the  computation  becomes  more  and  more 
inaccurate  approaching  the  body  boundaries  (Fig. 
.^5i.  1  his  limit  is  inner  to  the  P  F!  formulation 
for  problems  where  composite  m:iterials  are 


involved,  a  more  accurate  solution  requires  either 
an  elcvtited  order  ot  the  shape  functions  or  a  1-1) 
model  with  a  very  large  number  of  degrees  of 
freedom. 
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Fig.  28.  Elliptical  hole:  a,,  stress  component  along  the  v 
axis  in  composite  laminate  (lamina  1,  0°  oriented). 


Fig.  31.  Elliptical  hole:  a,,  stress  component  along  the  x 
axis  in  composite  laminate  (lamina  2.  SME  oriented). 
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Fig.  29.  Elliptical  hole;  stress  component  along  the  r 
a.xis  in  composite  laminate  (lamina  1. 0°  oriented). 
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Fig.  32.  Elliptical  hole:  stress  component  along  the  » 

axis  in  composite  laminate  (lamina  2. 90°  oriented : 
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Fig.  30.  Elliptical  hole;  r;„  stress  component  along  the  x 
axis  in  composite  laminate  (lamina  2.  90° oriented). 
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Fig.  33.  Elliptical  hole:  rr,,  stress  component  along 
axis  in  composite  laminate  (lamina  2.  90°  oriented 


the  V 


4  CONCLUSIONS 

An  alternative  analytical  expression  for  the  Airy’s 
function  has  been  proposed  to  determine  the 
stress-field  intensification  around  simple  hole 


geometries.  The  analytical  solution  for  the 
stress-strain  field,  in  a  closed  form,  was  found  for 
sharp  crack,  circular  and  elliptical  hole.  Extended 
finite  element  analyses  have  been  performed  to 
evaluate  the  accuracy  and  consistency  of  the 


154 


iV.  Hotiora,  M.  Costanzi,  M.  Mun  heui 


10  20  30  40  '  5b  60  70^  80  90 

Angle  (deg) 


Fig.  34.  Circular  hole:  r„  shear  stress  along  the  hole  free 
edge  in  composite  laminate. 


Fig.  35.  Circular  hole:  r„  shear  .stress  at  distance 
r=  10'465  mm  in  compo.site  laminate. 


model  proposed.  A  very  good  agreement  has  been 
found  for  a  strongly  orthotropic  material  and  for  a 
composite  laminate,  too. 

The  expressions  found,  even  if  they  seem  to  be 
complex,  can  be  easily  plotted,  for  any  angle  or 
distance  from  the  hole,  just  inferring  the  compli¬ 


ance  coefficients  of  the  material  under  investiga¬ 
tion.  The  model  proposed  highlighted  the  limits, 
difficulties  and  heavy  computational  costs  neces¬ 
sary  to  solve  accurately  by  FEM.  also  simple 
problems  that  involve  composite  materials. 
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APPENDIX 

Our  problem  is  completely  solved  if  the  following  functions: 

i  =  /F  +  /1„  In  +  *1 

/V ,  J  =  «'  +  In  il  +  /C  *  I 

are  known,  i.e.  the  complex  constants  /!„,  A/.,  A  ^  and  are  known.  In  general  these  coefficients 

can  be  found  by  some  numerical  method,  by  choosing  an  appropriate  value  for  A.  But  in  our  case,  they 
can  be  found  with  some  simple  considc  rations:  all  terms  where  A  >  2  must  go  to  zero  because  their  .second 
order  derivatives  arc  divergent  to  infinity  and  that  would  imply  that  stresses  diverge  too.  As  a  conse¬ 
quence  of  this  we  have: 


( hilioiropw  composite  plates  under  in-plane  stress  conditions 
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/,{c,')  =  /l'  +  /l„  In  [Z|  +Jz't-cr  ■  (I  +  ,vl)l  +  5:^:i  [A^  [s,  +Jzi-a-  ■  (1  +  .vr)r 


+  1-1  ■  (1  “■S’i)r]  + 


1 


.V,  -  A'. 


/il  C:)—  B'  +  In  \  z:  +  Jz2~  «'  •  ( 1  +  .vi)]  +  (Wa  1^:  +  v'z3  —  «'  •  ( 1  +  .v3)l* 

,  M  r  n - T'^TT"; — 1  ~ ‘'V\o 

+  c_A- 1-^  “  •  { 1  +  an)J  jH - ^ - T—  •  z. 

4  a3  “ 

Furthermore,  the  displacement  field  does  not  diverge  to  infinity  when  x  and  ’ 
chosen  in  the  form: 


/4,  =  fl,  =  0 

/f„  =  2«-(  l  +  .S'y)/4 

B,,  =  2a-(l+s])B_: 

A_:^0 

B.2^() 

The /(c)'  functions  become: 


VCi-«'  'fl  +-/) 


C|  VC| 


( 1  +  S] ) 


Jz]~a'  -  (.I  +  .93) 


— ,, - -  1  v  -s~N 

+  4/1. ..,|c, •(l+.Ai)]+---^-T^'-c, 

2  AT  -  A/ 


fcC:)= 


C:  +  Vc3  ~  a"  •  ( 1  +  A’3)  Zz  ~  -fz'z  -  a'  •  ( 1  +  a^  ) 

■Izi  -  a'  •  1 1  +  aT  ) 


-B 


v'c3  —  rt"  •  ( 1  +  at 
+  4/i_ ,  [ci  —  V 


^ ,  1  A' -  at  A',„ 

/-;  -  u-  •  ( 1  +  a;)|  +  -  •  ^  •  c. 

2  a;  -  AT 


In  addition  the  symmetry  conditions  are  given  by 
?',,  =  ()  V(x.()) 

n..  =  ()  VI  ().>■) 

-Symmetry  conditions  can  be  verified  only  if  the  coefficients  /I,.  /I 
A  _  2  ^re  eq  ial  to  zero.  According  to  this  we  have: 


=  4/1  ._,[c, 


I  A'  -a; A. 


to  vt» 


A,  -  A^ 


■  2| 


T,|  ,  1  A/,  — aT<V„ 


/;(c,)  =  4«..!c,-Vc;-a--(l+A;)l  +  4.i^:i^-z, 
■  ■  ‘  -2  at -AT 

Differentiating  again  with  respect  to  z  we  have: 


fliz,)^  -4A 


a'  •  1 1  +  .vi ) 


1  a,„-a;a. 


/z[-a^l  +  a;)- jcr-a^-d +Ar)j  ^ 


-  A. 


-4/Z,. 


a"  •  ( 1  +  aT) 


+ 


1  A„,-aIA„, 


/cT  -  a‘  •  ( 1  +  .A^  •  I  Cl  +  yfzl~a"  •  ( 1  +  -tT)!  ^ 


A.  -  A, 


.'—00  if  the  coefficients  are 


I  and  the  imaginary  part  of 
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Substituting  s,  and  sn  with  i5,  and  15,  gives; 


•izl' 


- - - - - - - - 

-a'  +  a\S;  ■  [z, +721-0" + 

«~-(l  -Sj) _ + 

—  0"  +  a"S’,  •  [j,  +  ^^2  ~  ^ ’1  ~  ' 


where  the  two  coefficients  can  be  determined  imposing  the  boundary  conditions.  In  the  case  of 

a  circular  hole  (Fig.  5): 


/l  =  (o;0)-.\;=7,,  =  0 
8  =  (0;aHN,=  7„  =  0 
hence 


A;(fl;0)  =  N,„  +  8/l_,  •  5,  •  (1  -.S',)  +  8fl_,  •  .S',  •  (1  -.S,)  =  0 
,X(0;fl)  =  A;,  +  8/l.,  •(!  -.S|)  +  8S..,  •(!  -,S,)  =  0 
and  solving  the  above  equations  gives  (conditions  on  7,,  are  automatically  satisfied): 


4 

‘  8(S,-.S:)(l-5,) 

B  - 

8(5, -.S,Kl-5:) 


Finally  the  expressions  for  the  derivatives  become; 


/:'2:)  = 


«--(l  +  5,)-{/V,..-5,/V,. 


1  + 


2  ■  (5,  -  5:)  •  v'si  -  cr  +  ols;  •  fc,  +  7zl  -  o"  +  a^s;)]  ~  5,  5 

«-(l+5:)-(5,,V.,.-A',.) 


2  •  {5|  -  5,  i  •  7^?-  0"  +  o’52  ■  fc'  +  ^fp2  ~ 


.  1  -v,o  +  5i/\;. 
’  '  At  S'- 


which  with  the  set  of  equations  (29)  states  the  solution  for  the  problem.  The  above  expression  is  valid  only 
in  the  first  quadrant;  the  solution  in  the  other  quadrants  can  be  obtained  by  mirroring  the  given  one. 

Now.  following  the  same  procedure  it  is  po.ssible  to  determine  the  stress-strain  field  for  an  elliptical 
hole  (Figs  6  and  7)  of  given  semi-axes  a.  along  the  x  direction,  and  b,  along  the  y  direction.  For  this 
geometry  the  two  /'( 2 )  functions  are: 


2  •  i.S'i  -  .V,)  ■  v^-  a'  +  h'S]  •  [2,  +  -  <■+  +  b"5;)j  ^  ' 

_ i:«+.V,b)-(a5,A(„,-bNJ  _ ^  1  _  ;V,„  +  5iA(,, 

2  ■  (5|  -  .V_,)  • /2)  -  «- +  b".V;  •  12,  + /zf  -  «' +  ^  5,-5, 
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Stresses  in  composite  cylindrical  shells  rotating  with  a  constant  speed  about 
their  longitudinal  axis  are  analyzed.  Each  ply  or  ply  group  is  treated  as  a  separ¬ 
ate  thin  layer  of  homogeneous  and  orthotropic  material  under  the  interfacial 
stresses  as  surface  loading.  There  is  no  limitation  on  the  total  thickness  of  the 
shell.  The  circumferential  stress,  motivated  by  the  conventional  thin  shell 
theory,  is  assumed  to  vary  linearly  through  the  thickness  of  the  layer.  The  radial 
stress  is  determined  in  terms  of  the  circumferential  stress  through  the  equili¬ 
brium  condition,  and  an  average  compatibility  condition  through  the  thickness 
of  the  thin  layer  is  used.  Numerical  results  using  the  pre.sent  analysis  show 
nearly  perfect  agreement  with  the  exact  solution  for  homogeneous  and  iso¬ 
tropic  cylinders.  Some  results  for  cylinders  having  orthotropic  layers  are  pre¬ 
sented  for  illustrative  purposes. 


INTRODUCTION 

Composite  cylindrical  shells  have  been  used 
widely  in  many  engineering  applications.  The  con¬ 
ventional  Kirchhoffean  shell  theory  given  in 
standard  textbooks  on  thin  elastic  shells  such  as 
Refs  1  and  2  is  applicable  for  thin  composite 
shells.  However  for  moderately  thick  shells, 
various  theories  accounting  for  the  shear  deform¬ 
ation  effect  are  available.  A  brief  di.scussion  of 
previous  works  can  be  found  in  Ref  The 
authors^  have  presented  a  ilwoiy  which  has  no 


limitation  on  the  overall  thickness  of  the  cylinder. 
The  analysis  was  made  for  determining  interfacial 
stre.sses  in  cylinders  under  uniform  internal  and/ 
or  external  surface  loading.  The  theory  was  based 
on  a  linearly  varying  circumferential  stress  distri¬ 
bution  and  an  average  compatibility  condition 
through  each  thin  layer  of  the  shell,  and  continu¬ 
ous  deformation  along  all  interfaces  showing 
accurate  results  given  in  Ref.  4.  The  concept  of 
the  analysis  used  in  Ref.  4  is  followed  for  studying 
the  present  problem. 


THEORY 

The  theory  is  derived  for  the  stress  analysis  of  a  complete  cylinder  which  consists  of  a  number  of  homo¬ 
geneous  ply  groups.  The  cylinder  is  rotating  with  a  constant  speed  about  its  longitudinal  axis.  Each  ply 
group  forming  a  layer  is  treated  as  an  individual  thin  elastic  shell  of  generally  orthotropic  material  with 
interfacial  stresses  on  the  inner  and  outer  surfaces  of  the  layer  as  the  boundary  loading.  The  circumferen¬ 
tial  stress  is  assumed  to  vary  linearly  through  the  thickness  of  the  layer  as  being  guided  by  the  usual  thin 
shell  theory.  The  radial  stress  is  determined  from  the  equilibrium  equation.  Such  stress  distribution  is 
believed  to  he  sufficiently  accurate  as  the  thickness  of  each  layer  can  be  taken  far  within  the  usual  thin 
shell  limitation.  While  the  equilibrium  condition  is  satisfied  exactly,  the  compatibility  condition  is  made  to 
satisfy  the  average  value  through  the  thickness  of  each  layer.  With  the  equilibrium  condition  satisfied 
exactly  and  the  compatibility  condition  satisfied  on  the  average,  the  deformation  and  stresses  in  each  layer 
can  be  expressed  in  terms  of  interfacial  .stresses  along  the  exterior  surfaces  of  each  layer.  When  the  conti¬ 
nuity  in  deformation  along  each  interface  between  adjacent  layers  is  satisfied,  a  recurrence  equation  relat¬ 
ing  interfacial  stresses  at  adjacent  interfaces  can  be  established.  All  stresses  throughout  the  complete 
cylinder  can  be  determined  subsequently  after  satisfying  boundary  conditions  at  the  inside  and  outside 
surfaces  of  the  cylinder  in  conjunction  with  the  recurrence  relationship  among  interfacial  stresses. 
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Basic  equations 

The  equilibrium  equation  for  the  axisymmetric  stress  distribution  in  polar  coordinates  for  a  cylinder  in 
the  centrifugal  field  is 

d  ,  ,  I  „ 

—  [ra,)-Og+mw'r^0  ID 

dr 


where  r  and  6  are  radial  and  circumferential  coordinates  respectively,  o  stands  for  the  normal  stress,  m  is 
the  mass  density  of  the  shell,  and  w  is  the  rotating  speed.  The  subscript  j  identifying  the  layer  number  is 
suspended  for  the  convenience  of  discussion.  The  circumferential  stress  is  assumed  to  vary  linearly 
through  the  thickness  h  of  the  layer  as  follows; 


+  -  CTd(r-p) 

h 


(2) 


where  is  the  mean  circumferential  stress  which  is  equal  to  one  half  the  sum  of  the  circumferential 
stresses  and  Og.  Superscripts  +  and  -  denote  locations  of  outer  and  inner  surfaces  of  the  layer 
respectively.  The  subscript  d  denotes  the  difference  in  Og  and  Og.  and  p  is  the  radius  of  the  mid-surface 
of  the  layer.  Substituting  eqn  (2)  into  eqn  (1)  and  integrating  the  resulting  equation  with  respect  to  r.  we 
obtain 


+  ~  ai{r~2p)-\  mw'r'  +  - 
In  3  r 

The  interfacial  stresses  at  r=  and  determined  from  eqn  (3),  are 


1  ^  C  1 

=  +  — --  mw-R; 

2n  R,  3 


(3) 


(4) 


1  ^  C  1  2,,^ 

Or  a,iR,  +  —  --  mw  R; 

2h  R„  3 


(5) 


where  the  subscripts  o  and  i  denote  radii  of  outer  and  inner  surfaces  of  the  layer  respectively.  Subtracting 
eqn  (4)  from  eqn  ( 5),  we  obtain 


[(7d  -  2[a;  -  a- )]R„R,  -  ^  mw^{R:,  - 


(6) 


The  stress,  strain  and  displacement  relations  are 


e,= 


du  1 


dr  Eg 


Og 


(7) 


Vre  ,  1 


(81 


where  e  stands  for  the  extensional  strain,  E,.  and  Eg  are  moduli  of  elasticity,  Vg,  and  v,g  are  Poisson's  ratios. 
The  compatibility  equation  is 


r-— +  Cg-£,  =  0 
dr 


(9) 
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The  well  known  exact  solutions  for  rotating  cylinders  of  homogeneous  and  isotropic  material  can  be 
found  in  standard  textbooks  on  elasticity  such  as  Refs  5-7  as  follows: 


3  +  V 

Or= - mwo' 

8 

3  + V 


1  + 


I  ^ 

lb, 


Vi 


Oe  =  - 


8 


mw'b' 


af  1  +  3v I r 
1+  -  - 


M 

^2' 

[rl 

3+v  \b] 

where  a  and  b  are  the  outside  and  inside  radii  of  the  shell  respectively. 

Analysis 

Integrating  eqns  (2)  and  (9)  through  the  thickness  of  each  layer,  we  arrive  at  the  following  relations; 


ilOi 


ni; 


oJi=  R^,o;  -  R,a;  hmw^[Rl  +  R,,R,  +  Rl) 


(12) 


o. 


1  1 

-  +  - 


W- 


1 


2E^r  2£. 

where  //=  h/p  and 


+ 


=  ~crr  )-\p  ~  +  ^  rnw-H{Rl  +  R,,R,  +  R:)\ 

tl.r  5  Lift)  / 


!  1 3 ! 


H 


'l-iH/2)-]\n2  +  H/2-H 

which  is  close  to  1  for  small  values  of  H.  Substituting  eqn  (13)  into  eqn  (12)  and  after  some  manipulation, 
we  obtain 

Oa  =  a~a;  -a-^o;  + 
where 


a 


1  - 


EA  R„ 


p-\ 


la^ 


\  Egj  p 

e\  R,  ,  1,  , 

I  -/3-1  /a* 
L\  E,j  p  J 


1 14i 


"  \E.  2/ 

mw'b~  E,  2 


Jfi+2 


- 

b 


H 


^R„R,  +  R; 


Equation  ( 1 2)  may  be  written  in  the  following  form; 

(j  = - fj  -  4.  jyf 

h  h 


(15) 
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where  a^  =  and 


M^^-mw^[Rl  +  KR,  +  Rl) 


Adding  and  subtracting  eqns  ( 1 4 )  and  ( 1 5 ),  we  obtain 
//?„  a  ^  \  +  //?i  ct  ~  \  .  1  ,  , 

v^Tr' 


h  2 


In  order  to  maintain  continuity  in  deformation  at  the  general  yth  interface,  we  equate  Eg  requiring 
/  1  ,\  /  1 

cr,  +— Oe  =  -— a,  +— (7«  (18) 

I  R-r  Eg  Ij  \  E,  Eg  [ 

from  which  we  arrive  at  the  following  recurrence  equation  relating  interfacial  radial  stresses  qj  at  adjacent 
interfaces: 

Aj. ,  1  =  B^q^  +  Cy_  I  +  /y  (19) 

where 


R,  1 


E=--\(M,-M,\,,-E,{M,+  M,),] 

E~iEg),.J(Eg\ 

From  the  recurrence  relations  given  in  eqn  ( 1 9),  we  can  express  the  interfacial  radial  stress  at  any  general 
yth  layer  in  terms  of  q^  and  q„  for  y  larger  than  I  in  the  following  general  form: 

where 

o-,  =  '=, 

■  A,  ‘A,  ■  A, 

,  /F /),  +  (',  H.G.  B.V,  +  f\ 

'E-  7“  . . •  (>x  =  -  - — ,  F,  = - ^ ^ 

A 1  A 1  A 1 


,1),  ,  +  r,  :!),  A 
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for y  S;  4.  Solving  from  eqn  (20)  by  taking  /  =  n,  we  arrive  at 

iii=~iqn~G„qo-  VJ  (21) 

where  q^^  and  q„  are  boundary  tractions  at  the  inside  and  outside  surfaces  of  the  cylinder  respectively- 
Once  q^  is  determined  for  given  q^^  and  q„,  all  other  interfacial  stresses  can  be  systematically  computed 
using  eqn  (20). 

A  simple  model 

The  circumferential  and  radial  stresses  in  a  rotating  homogeneous  cylinder  of  isotropic  materials  are 
obviously  tensile  for  the  case  where  both  the  inside  and  outside  boundary  surfaces  are  free  of  tractions. 
However,  some  numerical  results,  obtained  in  examples  considered  later  for  a  compre.ssive  shell  having 
layers  of  ply  groups  of  different  fiber  orientations,  show  that  compressive  interfacial  radial  stress  also 
occurs.  To  give  an  approximate  exploration  of  the  possibility  of  interfacial  radial  stress  being  compressive 
in  cylinders  of  layered  construction,  we  consider  a  simple  model  for  a  cylinder  made  of  two  thin  layers  of 
different  materials.  From  the  exact  solutions  given  in  eqns  (10)  and  (11),  the  maximum  variation  of 
circumferential  stress  through  the  thickness  is  le.ss  than  6-5%  when  the  thickness  h  to  the  radius  ratio  is 
1/20.  The  maximum  variation  is  less  than  1-5%  when  the  ratio  is  1/100.  Therefore,  the  circumferential 
stress  is  considered  to  be  uniform  through  the  thickness  of  each  layer  in  this  model.  The  inner  layer  is 
labeled  as  number  1  layer,  and  number  2  for  the  outer  layer  as  shown  in  Fig.  1 .  The  equilibrium  equations 
for  the  two  layers  having  the  .same  thickne.s.s  h  are 

mhtiw- -  qr^  =  o^h  (22) 

mhr]\sr  +  qr^  =  o^h  (23) 

where  o^  and  are  circumferential  stre.s.ses  in  layers  1  and  2  respectively.  The  corresponding  r^  and  r, 
are  the  radii  of  the  mid-surfaces  of  the  layers.  Adding  eqns  (22)  and  (23).  we  obtain 

fj,  +  Oi  =  mw-Vrj  +  rj)  (24! 

In  order  to  maintain  continuity  in  deformation  by  equating  circumferential  strain,  we  obtain 

[uO\-E^02  (25) 

where  and  lu  are  moduli  of  elasticity  of  the  two  layers.  Equation  (25)  is  valid  because  the  radial  stress 
is  substantially  smaller  than  the  circumferential  stress  as  the  thickness  of  each  layer  is  taken  to  be  small 


Fig.  I.  A  simple  model. 
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with  respect  to  its  radius.  By  substituting  eqn  (25)  into  eqn  (24),  we  obtain 

\  ,  ,  , 

—  +  1  a,  =  mw'{r]  +  /■;) 

/ 

Substitution  of  eqn  (26)  into  eqn  (23)  yields  the  interfacial  radial  stress 
mhw~ 


9  =  7 


E,  +  £,)r. 


(£,r;-£:rl) 


(26i 


i27i 


where  r^.  is  the  radius  of  the  surface  at  the  interface.  Equation  (27)  indicates  that  q  may  be  positive  or 
negative  depending  on  the  stiffness  of  the  materials  and  radii  of  the  two  layers.  From  eqn  (27),  we 
conelude  that 


q>Q 


if 


q  =  Q 


<7<0 


if 


i2S) 


in  which  we  note  that  the  ratio  of  to  r,  is  nearly  equal  to  1  for  thin  layers,  and  the  positive  value  of  q 
corresponds  to  tensile  stress.  Consequently,  radial  stress  could  be  tensile  or  compressive  in  rotating 
layered  shells. 


EXAMPLES 

In  order  to  partially  check  the  accuracy  of  the 
present  analysis,  a  rotating  homogeneous  cylinder 
made  of  isotropic  material  where  exact  solutions 
are  available  is  used  as  the  first  example.  Stresses 
are  computed  in  terms  of  p==  myrh-  for  various  a 
to  h  ratios.  The  Poisson  s  ratio  is  taken  to  be  025, 
and  the  total  thickness  of  the  cylinder  is  divided 
into  45  layers  of  the  same  thickness  in  the  present 
analysis.  Hence,  the  thickness  of  each  layer  is 
equal  to  (a~6)/45.  Results  for  a  =  4h  are  given  in 
Table  1.  For  this  case  the  h  to  p  ratio  varies 
between  1/9  and  1/60.  Layers  near  the  inner 
boundary  surface  arc  close  to  the  limit  of  the  usual 
thin  shell  theory  while  layers  near  the  outer  boun¬ 
dary  surface  are  far  within  the  thin  shell  limit. 

I'he  results  given  in  Table  1  show  nearly 
perfect  agreement  between  the  present  results  and 
exact  solutions.  The  interface  numbers  0  and  45 
correspond  to  locations  at  the  inner  and  outer 
surfaces  of  the  cylinder  respectively. 

As  a  second  example,  we  consider  a  cylinder 
consisting  of  45  layers  of  alternating  ply  groups  of 
0°  and  90°  fibers.  All  ply  groups  have  the  .same 


thickne.ss  h,  and  the  exterior  layers  are  90°  ply 
groups.  The  fiber  orientation  angle  is  measured 
with  respect  to  the  longitudinal  axis  of  the  cylin¬ 
der.  The  material  properties  £,.=  £„=  2  2  x  10'' 
psi  and  =  0-2 1  for  0°  ply  groups.  E,  =  2-2x1 0" 
psi,  E„=2{)-2  X  10'’  psi.  and  v„,  =  0-21  for  90°  ply 
groups  are  tho.se  used  in  Refs  8  and  9.  Results  for 
the  radial  and  circumferential  stresses  at  the  loca¬ 
tions  of  interfaces  for  a  to  h  ratios  ranging  from 
I  'OI  to  10  are  computed.  The  thickness  of  each 
layer  h  is  equal  to  (n-  h)IA5.  Therefore,  the  h  to 
p  ratio  for  the  thickest  cylinder  with  a=  106 
ranges  between  I  /5  and  1  /50.  The  ratio  for  the 
thinnest  cylinder  with  a-  1-016  is  about  1/4500. 
Numerical  results  for  cylinders  having  a  to  6 
ratios  equal  to  1-1,4  and  10  are  given  in  Tables  2. 
3  and  4. 

The  positive  numbers  in  Tables  2-4  are  tensile 
stresses  and  the  negative  sign  denotes  compres¬ 
sive.  Two  numbers  are  given  for  o„  at  each 
interface  location.  They  repre.sent  stress  disconti¬ 
nuities  in  adjacent  layers.  The  numerical  results 
given  in  these  tables  indicate  that  all  radial 
strcs.ses  at  even  number  interface  locations  arc 
algebraically  smaller  than  those  in  their  immediate 


Stresses  in  rotating  c  omposite  cylindrical  shells 
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Table  I.  Comparison  of  stresses  in  an  isotropic  cylinder 
(a=4b) 


interface 

no. 

a, 

Present 

Ip 

Exact 

o,,!, 

Present 

P 

Exact 

0 

0 

0 

1.3-1869 

1.3-1875 

1 

0-7319 

0-73 1 1 

12.3690 

12-3703 

n 

1-3251 

1-3239 

1 1-6841 

11-6858 

3 

1-8088 

1-8074 

1  1-1031 

11-1051 

4 

2-2048 

2-2032 

1 0-6044 

10-6065 

5 

2-5294 

2-5278 

10-1714 

10-17.36 

10 

.3-4392 

.3-4378 

8-6.365 

8-6.386 

15 

3-6573 

3-656.3 

7-6545 

7-6563 

20 

3-5013 

.3-5006 

6-9077 

6-9092 

25 

3-1038 

3-1033 

6-2635 

6-2648 

30 

2-528! 

2-5278 

5-6586 

5-6597 

35 

1-8076 

1-8074 

5-0597 

5-0607 

40 

0-96 1  1 

0-9610 

4-4479 

4-4487 

41 

0-7777 

0-7777 

4-3229 

4-32.37 

42 

0-5899 

0-5899 

4-1968 

4-1976 

4.t 

0-3976 

0-3976 

4-0696 

4-0704 

44 

0-2010 

0-2010 

3-94 1  3 

3-942 1 

45 

0 

0 

.3-81  16 

.3-8125 

Table  2. 

Stresses  in  a  composite  cylinder  (<7=1-16) 

Interface 

(7,  X  10  7/» 

ojp 

no. 

0 

0 

2-069.3 

1 

2-3605 

2-064310-2253! 

•s 

0-6245 

0-224.3  .'02-058.5) 

.5 

2-9305 

2-0535. 0-2242  i 

4 

1-1798 

0-2232.2-0477} 

5 

.3-4302 

2-0427  01-2231 1 

10 

2-4260 

0-2200(2-0160. 

15 

4-9072 

1-9906.0-2177! 

20 

3-1692 

0-2  1 46  ( 1  -965 ! ' 

25 

4-7635 

1-9408(0-2123! 

.30 

2-3372 

0-2091  i  1-9163 

33 

3-0986 

1-8927(0-2067;. 

40 

0-0241 

0  2036.:  1-8690) 

4! 

1-4063 

1-8646(0-2033! 

42 

-0-0689 

0-2024(1-8597. 

43 

0-7306 

1-855410-2022) 

44 

-  1-2971 

0-2013.:  1 -8.504  i 

45 

0 

1-8462 

adjacent  odd  number  interface  locations.  This 
means  that  the  interfacial  stress  is  smaller  at  the 
interface  where  a  90°  ply  group  is  on  the  trutcr 
side  of  the  0°  ply  group  than  that  where  a  90°  layer 
is  on  the  inner  side  of  the  0°  layer.  The  trend  is 
correct  since  E„  for  the  90°  ply  group  is  larger 
than  that  of  the  0°  ply  group.  For  the  same  rea.son, 
the  circumferential  stress  in  the  90°  layer  is  higher 
than  those  in  the  adjacent  0°  layers  as  expected. 
While  all  interface  radial  stresses  are  positive  for 


Tabic  3.  Stresses  in  a  composite  cylinder  (a  =  4h) 


Interface 

no. 

a, Ip 

Oi,lP 

0 

0 

12-1.396 

1 

0-6685 

1 1-3879- 1-3750;- 

T 

0-6371 

1-31751  1  1-2096, 

3 

1-1.325 

10-6202(1-391  1 1 

4 

1-0652 

1-3589(10-9121' 

5 

1-4605 

10-4120. 1-4.361; 

10 

1-7615 

1-5426(1  1-4399. 

15 

2-1731 

1  1-7333.1-71581 

20 

2-0472 

1  76481 12-9.309. 

25 

2-0700 

12-9549. 1-8210. 

.30 

1  -654 1 

1-7491  113-3684 

.35 

1.3404 

12-8466  11-6619 

40 

0-6487 

1-4540.12-2815 

41 

0-6097 

12-0222  1-4285- 

42 

0-3745 

1-.3598. 1  1-8664 

43 

0-3171 

1  1-6146:  1-3270 

44 

0-0758 

1-2537  1  1-3835 

45 

0 

1 1-1394 

Table  4. 

.Stresses  in  a  composite  cylinder  (<i  =  1 06) 

Interlace 

IU>. 

ojp 

0 

0 

28-0547 

1 

4-1092 

2.3-6822:3-5146' 

•> 

.3-78.3! 

3-5258. 28-6.567- 

•% 

6-42.31 

25-6559 .4-299.3. 

4 

5-8733 

4-4375.33-6732- 

5 

8-155(1 

30-9335 -5-2240! 

10 

10-0512 

7-1 296 -  5  1-0940- 

15 

13-5231 

58-7264(9-2167 

20 

13-2391 

10-2059(73-1861  - 

25 

14-1646 

76-1051  i  1  1-1459 

30 

1  1  -6064 

10-9890(82-3246 

35 

9-7443 

79-8,369-  10-6274. 

40 

4-8023 

9-2331  76-9452 

41 

4-5491 

74-9965  -9-0651 

42 

2  7996 

8-5640(74-0460: 

43 

2-3840 

72-1630  i8',3300' 

44 

0-5795 

7-7870-70-5244- 

45 

0 

68-7085 

thicker  shells,  some  negative  radial  stresses 
appeared  in  the  thinnest  case  for  a^l-lh  as 
shown  in  Table  2.  Negative  radial  stresses  begin  to 
occur  at  36th  interface  location  for  ti=  1  056,  and 
at  all  even  interface  locations  for  «=  101  cases. 

CONCLUDING  REMARKS 

The  theory  presented  in  the  study  divides  a 
composite  circular  cylindrical  shell  into  a  number 
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of  thin  layers  of  ply  groups.  Each  layer  is  treated 
as  an  individual  thin  shell  of  orthotropic  material. 
Interfacial  stresses  at  the  inner  and  outer  surfaces 
are  considered  as  the  loading  on  the  thin  layer. 
Motivated  by  the  usual  thin  elastic  shell  theory, 
the  circumferential  stress  is  assumed  to  vary  line¬ 
arly  along  the  radial  directi  m.  The  radial  stre.ss  is 
determined  from  the  equilibrium  equation  exactly, 
and  the  compatibility  condition  is  satisfied  on  the 
average  through  the  thickness  of  each  thin  layer  of 
ply  groups  of  composite  materials.  The  theory 
leads  to  an  analysis  procedure  allowing  systematic 
calculations  of  all  stresses  in  layered  composite 
cylindrical  shells  in  the  centrifugal  field.  The 
theory  is  accurate  as  evidenced  by  the  comparison 
made  with  numerical  results  to  exact  solutions  of 
degenerated  cases.  While  all  ten.sile  stresses  occur 
in  rotating  homogeneous  cylinders  of  isotropic 
materials,  numerical  results  indicate  that  com¬ 
pressive  radial  stress  may  occur  in  cylinders  of 
composite  materials  of  layered  constructions.  A 
simple  model  presented  in  the  study  supports  the 
fact  that  compressive  stress  could  arise  depending 
on  the  relative  stiffness  of  the  adjacent  layers.  All 
computations  indicate  that  the  procedure  esta¬ 
blished  for  the  analysis  is  effective,  and  has  no 
limitation  on  the  total  thickness  of  the  shell. 
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A  unified  formulation  of  laminated  composite, 
shear  deformable,  five-degrees-of-freedom 
cylindrical  shell  theories 
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Department  of  Theorelkal  Mechanics,  University  of  Nottingham,  Nottinjiham,  UK 


The  main  objective  of  this  paper  is  a  theoretical  unification  of  most  of  the 
variationally  consistent  classical  and  shear  deformable  cylindrical  shell  theories 
available  in  the  literature.  This  is  achieved  by  introducing  into  the  shell 
displacement  approximation  certain  general  functions  of  the  transverse 
coordinate  which  account  for  the  incorporation  of  the  transverse  shear  defor¬ 
mation  effects.  Avoiding  having  to  provide  a  single  choice  of  the  forms  of  these 
shear  deformation  shape  functions'  before  or  during  the  variational 
formulation  of  the  general  theory,  the  prc.sent  formulation  leaves  open  possi¬ 
bilities  for  a  multiple,  a-posteriori  specification  of  particular  shear  deformable 
shell  theories.  As  a  result,  the  classical  DonncIT.  Love-  and  .Sanders-type  shell 
theories  as  well  as  their  well  known  uniform  and  parabolic  shear  deformable 
analogues  are  obtained  as  particular  cases.  Moreover,  a  generalized  ’zig-zag' 
displacement  model  is  presented  which  gives  further  multiple  freedom  in 
achieving  continuous  distributions  of  interlaminar  stresses  through  the  thick¬ 
ness  of  an  unsymmetric  cros.s-ply  laminated  cylindrical  shell. 


1  INTRODUCTION 

The  rapid  increase  in  the  industrial  use  of 
advanced  hvtmogeneous  or  laminated  composite 
materials  has  necessitated  and  resulted  in  the 
formulation  and  analytical  use  of  several  two- 
dimensional,  higher  order  theories  suitable  for  the 
static  and/or  dynamic  analysis  of  cylindrical 
shells.  Most  of  them  are  refined,  displacement 
based,  theories  which  enable  consideration  of 
transverse  shear  deformation  effects. 

The  development  of  such  a  refined  shell  theory 
is  usually  based  on  a  displacement  approximation 
which  involves  five  unknown  displacement  com¬ 
ponent  (degrees  of  freedom).  I'hree  of  the.se  are 
the  ones  involved  in  a  corresponding  clas.sical 
shell  theory  (displacement  components  of  a  refer¬ 
ence  surface  ).  The  additional  degrees  of  freedom 
are  multiplied  by  a  certain  function  of  the  trans¬ 
verse  coordinate  and  are  suitably  superposed  with 
the  in-plane  displacement  field  of  a  corresponding 
classical  shell  theory,  accounting,  thus,  for  the 
effects  of  transverse  shear  deformai  ion. 

The  choice  of  such  a  shear  deformation  ‘shape' 
function  is  not  unique.  It  is  based  on  the  satisfac- 
tmn  of  certain  mech.-iiical,  material  and/or 
geometrical  constraints  of  the  problem  consid¬ 


ered  and,  in  general,  characterizes  the  degree  of 
sophistication  or  even  the  degree  of  accuracy  of 
the  resulting  shell  theory.  Hence,  different  shape 
functions  have  been  used  over  the  years  by  differ¬ 
ent  lesearchers. 

The  main  objective  of  this  paper  is  the  develop¬ 
ment  of  a  variationally  consistent,  static  and/or 
dynamic  shear  deformable  cylindrical  shell  theory 
which  is  independent  of  the  choice  of  that  shape’ 
function.  This  is  achieved  by  introducing  general 
shape  functions  and.  henceforth,  avoiding  having 
to  provide  a  single  choice  of  their  forms  before  or 
during  the  variational  formulation  of  the  theory. 
Such  a  procedure  leaves  open  possibilities  for  a 
multiple,  a-posteriori  specification  of  such  a  shear 
deformation  shape  function,  while  it  eventually 
results  in  a  theoretical  unification  of  most  of  the 
classical  and  shear  df'formable  cylindrical  shell 
theories  available  in  the  literature. 

Starting  with  an  identically  zero  shape  function, 
the  widely  used  laminated  composite  classical 
shell  theories  of  the  Donnell-,  Love-  and  Sanders- 
type  can  be  obtained  as  particular  ca.ses.  This  is 
achieved  by  incorporating,  where  it  is  necessary 
throughout  the  theoretical  formulation,  certain 
tracers  which  have  the  form  of  Kronecker's 
deltas.'  As  a  result,  each  bve-degrees-of-freedom 
I6.S 
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shell  theory  produced  on  the  basis  of  the  pro¬ 
posed  formulation  is  a  transverse  shear  deform¬ 
able  analogue  of  one  of  the  aforementioned  classi¬ 
cal  shell  theories. 

Upon  choosing  a  linear  form  of  that  function,  a 
so-called  uniform  shear  deformable  shell 
theory-  *  is  obtained,  while  a  particular  cubic 
choice  leads  to  a  so-called  parabolic  shear 
deformable  shell  theory.’'"'*  Nevertheless,  different 
choices  can  be  employed''  and,  with  some  of  them, 
the  analogues  of  certain  refined  shear  deformable 
cylindrical  shell  theories""'  can  al.so  be  obtained 
as  particular  cases  of  the  proposed  formulation.  It 
is  important  to  notice,  that  any  of  the  choices  con¬ 
sistent  with  Refs  2-10  leads  to  shell  theories 
\shich  violate  continuity  of  transverse  shear 
stresses  at  the  material  interface.^  of  a  laminated 
composite  shell.  On  the  other  hand,  a  choice  con- 
'.istent  with  Ref.  1  1  leads  to  shell  theories  which 
account  for  continuous  interlaminar  stresses  at 
those  material  interfaces. 

Consideration  of  this  latter  feature  is  of  particu¬ 
lar  importance  for  the  development  of  refined 
theories  suitable  for  the  static  and  dynamic  analy¬ 
sis  of  laminated  composite  thin-walled  structures. 
This  is  the  direction  in  which  the  field  is  currently 
growing,  with  particular  attention  given  to 
laminated  c<impo.site  beams’-  and  plates"  ' 
where  geometrical  simplicity  facilitates  theoretical 
modelling.  However,  with  the  propetsed  unified 
formulation,  any  choice  which  is  consistent  with 
Refs  12-Ib  can  al.so  lead  to  shear  deformable, 
five-degrees-of-freedom.  shell  theories  that 
account  for  interlaminar  .stress  continuity.  Hence, 
the  second  c'bjective  of  this  paper  is  the  derivation 
of  a  generalized  ‘zig-zag’  displacement  model 
which  gives  multiple  freedom  in  choosing  con¬ 
tinuous  distributions  of  interlaminar  stres.scs 
throughout  the  thickness  of  a  cr<tss-ply  laminated 
cylindrical  shell. 

2  THEORY 

Consider  a  circular  cylindrical  shell  with  a  con¬ 
stant  thickness  h.  and  denote  I  y  R  and  /.  the 
radius  and  the  axial  length  of  its  reference  surface, 
respectively.  Upon  denoting  the  length  para¬ 
meters  along  the  axial,  circumferential  and  normal 
to  that  reference  surface  directions  by  jr,  .v  and  z, 
respectively,  consider  further  the  curvilinear 
coordinate  system  Oxsz.  Finally,  assume  that  the 
shell  considered  is  subjected  to  an  external  stress 
distribution,  q.  acting  normally  on  its  top  surface. 


I  he  shell  is  constructetl  b\  either  a  hornogene 
ous  or  a  laminated  composite  elastic  material 
having  dctisitv  Under  this  consHleration.  it 
generallv  assumed"  th.it  there  e.siets  a  strain 
energy  density  function,  l  l,  / i ..  i  .  y.  .  y,  . 
such  that:  " 

‘ rr,.  O,.  o..  T,  .  r,..  r, 

_  di;,  ai;.  ai:  au.  ai;  ai  ,  I  ^ 

dr,  dr,  dr  dy  cU'.  d;.'.,j 

Denoting  bv  i  .  I  and  U  the  ehell  tiisplace- 
ment  components,  along  the  x.  s  and  r  directions, 
respectively,  the  present  theoretical  formulation 
starts  w  ith  the  superposition." 

tU.  i:  U’i  =i  U'.  l\  VU  -  f  .!  '.(I  2 

of  two  different  displacement  fields.  The  basic 
displacement  field. 

f/b.v..v.c:ti  =  /r-V.v;/  -:xv  , 

I’bA'..s.c;/i  =d  -r  a,  I  •*-  d,,,  z  R\r  x.s:i  -  :vv 

W^ix.s.z'J  -  w  x.s:t  .' 

produces  in  particular  cases  the  disphicement 
field  used  in  classical  shell  theories  of  Donnell-. 
Love-  and  Sanders-type,  by  setting  'I  =  D.  I.  and 
.S',  respectively.'  Here,  d  is  the  Kronecker  symbol 
and  i  denotes  time,  while  ii.  r  and  u  represent 
unknown  displacement  components  of  the  shell 
referenee  surface.  The  additionui  displacement 
field. 

U''{x.s.z:i)  =  y  y  z'liy.x.s:!:  ^ 

V''{x,s.z:n  =  q  y  Zii'y  x.su^ 

dismisses  the  validity  of  the  Kirchhoti-Love 
assumptions  and,  as  will  become  apparent  from 
the  kinematic  relations  '  »  and  i  b  e  below,  it  ineor- 
porates  into  the  theory  the  effects  of  transxerse 
shear  deformation.  For  a  notation  convenience,  it 
is  a.ssumed  that  q  y^Z'  and  qy[Z'  have  dimensions 
of  length.  Imposing  no  further  restrictions  on  the 
choice  of  these  shape  functions,  an  obvious 
multiple  freedom  is  introduced  in  the  choice  of 
through-thickness  displacement  distributions. 

Introduction  of  the  displacement  approxima¬ 
tion  l2)-(4!  into  the  cylindrical-polar  form  of  the 
kinematic  relations  of  linear  elasticity-"  yields; 

f,  =  <'\  +  zk\  +  qpy  z)k'l.  i\-  e\  +  zk\  -r  q'y  z  >k'l 
t’\,  +  zk\,  +  y  ,(ciA:2i  y'-irik,'.' 
y,.  =  q>\{z)e'‘,.  f,  =  0 


Laminated  composite,  shear  deformahle,  five-dej’rees-of-freedom  cylindrical  shell  theories 


167 


where  a  prime  denotes  ordinary  differentiation 
with  respect  to  c  and. 

e\  =  u  „  u  ,  +  f  ^ 

—  —  H',,.  k\  —  —  H’,. -f-(d(  I  +  d..f]v  J  R 

A’i.  =  -  2  w ,  +  3(5sT/2)f.’ ,//?  -  .  (6) 

A-;  =  n|.,,  A';  =  ri,..  k'\  =  ii^  ,.  Ai‘,  =  r,,, 

■  e;'-,  et)  =  (n|,/’,) 


Upon  setting  T-I).  L  or  .S',  expressions  ihlai-ic)) 
are  reduced  to  the  conventional  reference  srrface 
strains,  changes  of  curvature  and  twist  occurring 
in  a  classical  shell  theory  of  Donnell-.  Love-  or 
Sanders-type,  respectively.  The  occurrence  of  the 
quantities  defined  by  expressions  (6,  last  two)  is 
clearly  due  to  transverse  shear  deformation 
effects.  These  represent  additional  strains, 
changes  of  curvature  and  twists  of  the  shell  refer¬ 
ence  surface,  and  are  therefore  appropriately 
denoted  with  e^-  or  A“-symbols,  respectively. 

In  a  close  relation  with  expre.ssions  (1),  the 
approximate  stress  field  corresponding  to  the  dis¬ 
placement  approximation  (2)-(4)  is  represented 
by  introducing  the  following  generalized  stress 
components; 


o,.  a.,  r„i  = 


IdK  ^ 

'  de' 


r... 


(7) 


together  with  the  following  generalized  moment 
components: 


*  tn".  m\.)  = 


(dK  dK  dio] 
\dA:  '  dA^  ■  dA;J 


( m  'l.  w  ','.  m  'l. 


(8) 

dK  dV„  dK, 
dA-;  ’  dkl '  dkij 


Under  these  considerations,  the  generalized  force 
and  moment  resultants  of  the  present  theory  arc 
defined  as  follows: 


'A’i.  N'.,  N 


/du,  du,  dv,\ 

\  d‘'^  ■  'de^J 

ia%  a.,  rl.)  dz 

J/ 

r 

I  (o,,  r.jdz 


(‘>a) 


yb 


yc 


=  IviO,.  (/,  r,..  </;r,.ldz  yd 

/ 

where,  for  the  derivation  of  these  expressions,  the 
chain  rule  of  partial  differentiation  has  been 
u.sed.'^  ''' 

These  definitions  make  clear  that  the  resultants 
denoted  with  a  superscript  'c'  are  the  well  known 
conventional  force  and  moment  resultants 
employed  in  classical  plate  and  shell  theories. 
They  are  therefore  considered  as  resultants  of  a 
certain,  basic  part  of  the  deformation  in  which  the 
shell  is  deformed  in  accordance  with  the  Kirch- 
hoff-Love  assumptions.  Similarly,  the  set  of  the 
remaining  force  and  moment  resultants,  denoted 
with  a  superscript  'a',  is  considered  as  describing  a 
certain,  additional  part  of  the  shell  deformation 
which  is  due  to  the  incorporation  of  the  transverse 
shear  deformation  effects.  During  that  part  of  the 
deformation,  the  shell  reference  surface  is 
deformed  in  accordance  with  the  pattern 
de.scribed  by  the  set  of  the  additional  reference 
surface  strains,  curvatures  and  twists  denoted  with 
a  superscript  'a’  in  eqns  (6). 

Upon  employing  Hamilton's  principle,  the 
following  equations  of  motion  are  obtained; 


f  (dl'„  df',  di; 


\dk\  '  dk: ’dA;j 
[m\.  tn].}  d; 

i  O',,  o,,  T., ;  z  dz 


\LK.  C)j  = 


dz 


/dU,  dL,' 
/  •  del/ 

{r;'-.  r  '.  tdz 


dz 


iMl.  Ml.  m:..  a/;'.) 


r  / 


dU,  dlj,  df  „  dL, 
■  dA  '  ■  d^,  ■  dP, 


(m','.  ml.  m'l.  m'l)  dz 
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NU-\-Nl 


2^  ^sr^x>.s  - 


+  ~  [( <5i;i  +  ^st)^  ", 

-  N^JR  +  +  2ML,„  +  g  +  /,  ^  ^ 

The  inertia  terms  are  defined  as  follows: 

A  =[A)«“Pi‘^., +,o//w,j„ 

/,  =  {[o„  +  ( 2p  I  /  «  +  p,//^- ){ ^  +  dsT  )!'■ 

+  (Pi  -p,/«)H',  +  (pn'  H-pf'//? )/.•,}„ 

/,  =  {p„  vv  -p,!  H'„  +  Vi’„)  +P|  t(^ 

-ip,-(6|,  +  dsTip:/«lr, 

+  /A"«i,.  +  Pf''’i,J.„  (11) 

/4  =  (p,Vi<  +  pi-£/|  -pj'H’J,, 

A  =  {[p,V  +  (^LT+  <5sT)Pi'//?lt’  +  pr,A-, 

where 


Hence,  a  subsequent  introduction  of  these  latter 
expressions  into  eqns  (10)  yields  the  so-called 
Navier-type  equations  of  the  present  theory.  In 
accordance  with  the  number  of  the  edi'e  boundary 
conditions  (13),  these  will  form  a  twelfth-order 
system  of  partial  differential  equations. 

As  can  easily  be  verified,  the  formulation 
presented  has  eventually  resulted  in  a  theoretical 
unification  of  most  of  the  classical  and  shear 
deformable  cylindrical  shell  theories  available  in 
the  literature.  Starting  with  identically  zero  shape 
functions,  the  widely  used  laminated  composite 
classical  shell  theories  of  the  Donnell-.  Love-  and 
Sanders-type  are  obtained  as  particular  cases. 
Upon  choosing  these  functions  to  be  linear  in  c.  a 
so-called  uniform  shear  deformable  shell 
theory-"*  is  obtained,  while  a  particular  cubic 
choice  leads  to  a  so-called  parabolic  shear 
deformable  shell  theory."'  "  Nevertheless,  different 
choices  can  be  employed"*  and,  with  some  of  them, 
the  analogues  of  certain  refined  shear  deformable 
cylindrical  shell  theories""'  can  al.so  be  obtained 
as  particular  cases  of  the  present  formulation. 


3  CONTINUITY  OF  INTERLA.MINAR 
STRESSES 


(/  =  0,1,2)  (12a) 


P, 


p\(p„{z]fz'  dz 


(/  =  0,l;a,y8=l,2) 
{12b) 


Moreover,  Hamilton's  principle  yields  the 
following  boundary  conditions  imposed  at  the 
shell  edges  x  =0,L; 

u  prescribed  or  iV‘;  prescribed, 

f  prescribed  or  N',  +  ( J  +  <3^4 

prescribed. 


w  prescribed  or  ,  -t-  2A/(i, ,  prescribed, 

( 13) 

w’ ,  prescribed  or  pre.scribed, 

u  I  prescribed  or  M“  prescribed, 

f’l  prescribed  or  A/“,  prescribed. 

For  an  explicitly  given  form  of  the  strain  energy 
function.  L),,  all  force  and  moment  resultants  (9) 
can  be  expres.sed  in  terms  of  the  five  unknown 
degrees  of  freedom  and  their  partial  derivatives 
with  respect  to  the  spatial  coordinates  and  time. 


Any  choice  of  shape  functions  consistent  with 
Refs  2-10  leads  to  shell  theories  which  violate 
continuity  of  transverse  shear  stresses  at  the 
material  interfaces  of  a  laminated  composite  shell. 
On  the  other  hand,  a  choice  consistent  with  Ref. 
1 1  leads  to  a  layerwise  linear  distribution  (zig-zag 
variation)  of  the  in-plane  displacement  com¬ 
ponents  which  results  in  a  continuous,  linear 
variation  of  transverse  shear  stresses  throughout 
the  shell  thickness.  Such  a  zig-zag  displacement 
approximation  can  be  improved  in  a  sense,  as  for 
instance,  by  Lee  et  al.''  for  corresponding  prob¬ 
lems  dealing  with  cross-ply  laminated  flat  plates. 
In  Ref.  13.  the  improved  zig-zag  displacement 
model  employed  was  .selected  in  such  a  manner 
that  the  resulting  continuous  transverse  shear 
stresses  were  parabolically  distributed  through 
the  thickness  of  the  laminated  plate  considered. 
The  generalized  ‘zig-zag  displacement  model 
proposed  in  this  .section  gives  further  multiple 
freedom  in  appropriately  choosing  continuous 
distributions  of  interlaminar  stresses  through  the 
thickness  of  a  cross-ply  laminated  cylindrical 
shell. 

Consider  a  thin  cross-ply  laminated  circular 
cylindrical  shell  composed  of  an  arbitrary 


Laminated  composite,  shear  deformable,  five-degrees-of-freedom  cylindrical  shell  theories 


169 


number,  N,  of  perfectly  bonded,  coaxial  specially 
orthotropic  layers  and  denote  with  the  position 
of  the  material  interface  between  its  ^th  and 
(A:  +  l)th  layers  (A  =  1,2,..., A'—  1 ).  Denote  further 
by  and  and  the  middle  surface  radius 
and  the  transverse  shear  elastic  moduli,  respec¬ 
tively,  of  the  /:th  layer  {k=  1,2,..., N).  Under  these 
considerations,  the  transverse  shear  stresses  and 
strains  are  related  as  follows: 

(^  =  1,2,...,  Al) 

(14) 

Consider  next  the  /cth  layer  as  an  independent 
cylindrical  shell  and.  in  a  close  relation  with  the 
displacement  model  {2)-(4).  approximate  its  dis¬ 
placement  components  as  follows: 


UiSx,s,zd)  =  ii„k -zw,  +fu(z)u^k 

(15a) 

I'd  ;/)=[!  +(d,j  +  d^j)zlRk]v„k 

-zw,^f.Jz)v^^ 

(15b) 

Wi;.(x,s,z\t)  =  W{X,S',t) 

(1 5c) 

Mu  = 


l’a  = 

where 

c\- 


'/;  a 

dZk  i! 

Q\ 

(a-iT . . 

QL 

'/^A 

|(^A  l) 

Q 

'  /'lA 

1  (^A  1  ) 

Q', 

/n 

(Za  •  1 ) 

at 

'  /:  a- 

,(A.,) 

f  Ik 

(Zk  l) 

(17) 


I  —  ■  ■  •  (  id'  n 


(18) 


Now  inserting  eqns  (17)  into  the  expressions 
(15)  and  requiring  continuity  of  displacements  at 
the  (/c-l)th  shell  material  interface  vields 
(A:  =  2,3 . N): 

'6)*  ~  *^111  I  jyj 

~  ^ /<^'n  ~  I’m  ^ k^'n 


where  u,n,  it^.  t  and  I’n  are  functions  of  .r.  .v 
and  f  only.  Equation  (15b)  makes  clear  that  the 
middle  surface  of  each  particular  layer  has  been 
selected  as  its  reference  surface.  It  is  again 
as.sumed  that  fuiz)  and  have  dimensions  of 
length.  It  is  moreover  emphasized  that,  although 
their  forms  may  differ  from  layer  to  layer,  their 
derivatives  should  take  non-zero  values  at  the 
shell  material  interfaces. 

In  what  follows,  a  procedure  is  outlined 
according  to  which,  independently  of  the  choice 
of  their  forms,  f,f,z)  and  /;/,(z}  (k  =  1.2.. ...A')  are 
connected  in  a  manner  that  guarantees  inter¬ 
laminar  continuity  of  both  displacements  and 
transverse  shear  stresses.  To  this  end,  the  middle 
surface  of  the  first  layer  is  selected  as  the  refer¬ 
ence  surface  of  the  entire  sh"!!  (/^  =  /?,).  This  is 
not  an  essential  restriction  but,  in  the  present  ca.se 
dealing  with  un.symmetric  cros.s-ply  laminated 
shells,  it  is  found  convenient  for  the  description  of 
the  outlined  procedure.  Nevertheless,  for  a  differ¬ 
ent  choice  of  the  shell  reference  surface,  the  whole 
procedure  can  be  appropriately  modified. 

In  accordance  with  eqns  (5)  and  (6),  eqns  ( 14) 
yield  the  following  expressions  for  the  transverse 
shear  stresses  in  the  A:th  layer: 

rt  =  (>'..4/(*{2)?'io  U-'  =  (?s‘/u(z)nu  (16) 

Requiring  continuity  of  these  interlaminar  .stresses 
on  the  ik  -  \  )th  material  interface  yields 

ilr  =  2,3 . N): 


where  k  =  2.3,...,N. 

A 

Rk~ 'i-  l^i  i/i.i  I  (s,(” -4,/i,(^,)] 


ry  ^  *^St)^  a  i/^A  -  |] 

*  [\+(du  +  d,,)zJRk\ 

A 

F;  =  D,  1(E,/I),),  /•-,=() 


D,  =  l 
(20) 


Ea  —  1 1  ■•■( f^i.i  <^si  )^A  -  i/^a!  '  a  -  i/:  a  - 1  (^a ) 
“  ^  a/:a(^a  )1 

Inserting  finally  eqns  (17)-(20)  into  eqns  ( 15) 
yields  the  shell  displacement  approximations  in 
the  following  form: 

UA(x..v.z;t)  =  n,„  - zw,,+[AJf^{k)  + 
k'i,(x,s,z',t)~  [1  ■(■  ( I  +  dyi  )zl  R  ~  ^ 

+  \[\+lA,  +  d,i)zlR,\Fk  (21) 
“*■  k  a/taIt)!^'!  I 
Wi^{x.s.z:t)  =  w{x,.s:t) 

Hence,  independently  of  the  cho.sen  forms  of  the 

shape  functions  /,a  and  (^=1,2 . A'),  a 

displacement  approximation  of  the  form  (21) 
guarantees  the  desired  continuity  of  both 
displacements  and  transverse  shear  stresses 
throughout  the  laminated  shell  thickness. 
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Under  the  present  considerations  [R  =  R^),  a 
comparison  of  eqns  (21)  with  the  displacement 
approximations  (2 )-( 4)  yields, 

(22) 

~[  1  ^ST  ^kflki^) 

which  relate  the  present  refined  displacement 
approximation  to  the  unified  shell  theory 
presented  in  the  preceding  section.  Inserting  these 
forms  of  (pf  and  (p,  in  definitions  (9d)  and  (12b), 
as  well  as  their  derivatives  in  definitions  (9c),  the 
constitutive  equations  and,  therefore,  the  left- 
hand-sides  of  the  five  differential  equations  of 
motion  ( 10)  of  the  present  unified  shell  theory  can 
be  expressed  in  terms  of  the  same  number  of  main 
unknown  functions,  Wy,,  u^,  v^,t,  r’l,  and  w,  and 
their  derivatives  with  respect  to  the  spatial  coordi¬ 
nates.  In  such  a  case,  n,, , ,  « , , ,  , ,  f , ,  must  also  be 
inserted  in  place  of  the  corresponding  displace¬ 
ment  functions  appearing  in  eqns  (11). 


4  CLOSURE 

A  displacement  based  theory  suitable  for  the 
static  and  dynamic  analysis  of  transverse  shear 
deformable  circular  cylindrical  shells  constructed 
of  a  homogeneous  or  a  laminated  composite 
elastic  material  has  been  presented.  By  introduc¬ 
ing  into  the  shell  displacement  approximation  cer¬ 
tain  genera]  functions  of  the  transverse 
coordinate,  which  account  for  the  incorporation 
of  the  transverse  shear  deformation  effects,  the 
present  formulation  has  effectively  resulted  in  a 
theoretical  unification  of  most  of  the  variationally 
consistent  classical  and  shear  deformable  cylindri¬ 
cal  shell  theories  available  in  the  literature. 

In  more  detail,  the  classical  Donnell-,  Love- 
and  Sanders-type  shell  theories  as  well  as  their 
well  known  uniform  and  parabolic  shear  deform¬ 
able  analogues  were  obtained  as  particular  cases 
of  the  proposed  formulation.  Moreover,  havmg 
left  the  forms  of  the  aforementioned  ‘shear  detor- 
mation  shape  functions’  unspecified,  this  formula¬ 
tion  left  open  further  possibilities  for  a  multiple, 
a-posteriori  specification  of  particular  shear 
deformable  shell  theories.  In  particular,  the 
generalized  ‘zig-zag’  displacement  model  pro¬ 
duced,  as  an  application  of  the  present  analysis, 
gives  further  multiple  freedom  in  achieving  con¬ 
tinuous  distributions  of  interlaminar  stresses 
through  the  thickness  of  an  unsymmetric  cross-ply 
laminated  cylindrical  shell. 


For  the  free  vibration  problem  of  certain 
symmetric  cross-ply  laminated  cylindrical  shells, 
numerical  results  obtained  on  the  basis  of  the 
present  unified  shell  theory  are  presented  in  Ref. 
21,  for  several  choices  of  the  shear  deformation 
shape  functions.  These  are  also  compared  with 
corresponding  numerical  results  obtained  and 
tabulated  in  Ref.  22  on  the  basis  of  several  two- 
dimensional  shell  theories,  as  well  as  with  corre¬ 
sponding  results  based  on  an  exact, 
three-dimensional  vibration  analysis.-’  -■*  Accord¬ 
ing  to  the  numerical  comparisons  made  in  Ref.  2 1 . 
employing  a  linear  form  for  the  .shape  functions  /,  ^ 
and  flk  introduced  in  the  preceding  section 
(A:  =  l,2,..., A^)  yields  essentially  the  values  and 
corresponding  wave  numbers  of  all  fundamental 
vibration  frequencies  obtained  in  Ref.  22  on  the 
basis  of  Di  Sciuva"  shell  theory.  Moreover,  it  is 
further  shown’'  that  certain  non-linear  choices’'  of 
those  shape  functions  lead  to  frequency  predic¬ 
tions  which  are  even  closer  to  the  corresponding 
exact  frequencies  of  vibration.” 
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Nonlinear  analysis  of  laminated  composite  plates 
and  shells  including  the  effects  of  shear  and 

normal  deformation 


V.  E.  Verijenko 

Department  of  Mechanical  Engineering,  University  of  Natal.  Durban  4001.  .South  .Africa 


A  nonlinear  higher-order  theory  for  laminated  composite  plates  and  shells  with 
an  arbitrary  number  and  sequence  of  layers  is  presented.  The  theory  takes  into 
account  both  transverse  shear  and  normal  deformation  and  considers  the 
elasto-pla.stic  behaviour  of  the  composite  materials.  The  results  presented 
illu.strate  first  the  importance  of  modelling  the  nonlinear  behaviout  of  the 
material  especially  at  high  levels  of  loading,  and  .secondly  the  importance  of 
modelling  both  transverse  shear  and  normal  compression. 


1  INTRODUCTION 

The  motivation  for  the  current  investigation  arises 
from  the  fact  that  most  engineering  materials  exhi¬ 
bit  nonlinear  stress-strain  behaviour  even  at 
moderately  low  strains.  Moreover  it  is  well- 
known' that  in  the  analysis  of  laminated  compo¬ 
site  structures,  the  use  of  the  classical  theory 
based  on  the  Kirchoff-Love  assumptions  leads  to 
substantial  errors.  Although  numerous  appro¬ 
aches  have  been  suggested^'"'  to  refine  cla.ssical 
theory,  the  analysis  of  laminated  structures  with 
nonlinear  stress-strain  relations  on  the  basis  of 
higher-order  theories  has  not  been  developed  suf¬ 
ficiently. 

In  the  present  study  the  basic  equations  of  a 
nonlinear  higher-order  theory  for  transversely 
isotropic  laminated  plates  and  shells  are  pre¬ 


sented.  This  theory  is  based  on  the  kinematic 
hypotheses  which  are  not  assumed  «  priori  hut  are 
derived  on  the  basis  of  an  iterative  technique. 
Material  nonlinearity  is  included  at  the  initial 
stage  of  the  derivation  of  the  theory  when  the 
kinematic  hypotheses  are  formulated.  This 
approach  leads  to  a  comprehensive  consideration 
of  material  nonlinearity  in  the  higher-order 
theory. 

The  nonlinear  theory  presented  in  this  study  is 
capable  of  treating  laminated  plates  and  shells 
with  an  arbitrary  number  and  .sequence  of  layers, 
and  takes  into  account  transverse  shear  and  nor¬ 
mal  deformation.  Numerical  results  illustrate  that 
the  influence  of  transverse  shear  and  normal 
deformation  is  more  pronounced  in  nonlinear 
analysis  of  laminated  structures  than  it  is  in  linear 
analysis. 


2  DERIVATION  OF  THE  KINEMATIC  HYPOTHESES 

The  derivation  of  the  nonlinear  higher-order  theory  of  plates  and  shells  is  based  on  kinematic  hypotheses 
which  reduce  a  three-dimensional  problem  in  the  theory  of  plasticity  into  a  two-dimensional  problem  in 
the  theory  of  plates  and  shells.  The  theory  of  plastic  deformations  of  composite  materials  presented  by 
Pobedrya'’  is  employed  in  this  study.  In  this  theory,  Lagrange’s  and  Castiliano's  principles  are  valid  and 
the  quasi-static  problem  may  be  solved  efficiently  using  the  method  of  elastic  solutions.’  This  method  is 
mathematically  analogous  to  the  extended  Kantorovich  method  and  exhibits  good  convergency. 

The  equations  of  the  theory  of  plasticity  for  a  transversely  isotropic  continuum  may  be  expressed  in  a 
conventional  form.  The  stress-strain  relationship  is  given  by 
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where  the  symbol  ^  indicates  that  the  expression  for  is  of  the  same  form  as  that  for  e, ,  with  the  provi¬ 
sion  that  the  subscript  1 1  is  replaced  with  22  and  vice  versa.  A  superscript  or  subscript  k  refers  to  the  A:th 
layer.  Also.  and  are  modulus  of  elasticity  and  Pois.son's  ratio  in  the  plane  of  isotropy,  and  E\  and  v\ 
are  the  corresponding  constants  in  the  transverse  direction. 

The  'secant'  shear  moduli  for  the  A:th  layer  are 

Gk  =  Pkl2Pk  =  f/V,  1  -  ) 

<^Ek^Qkl2qk=Cj\(\-K;}  i2i 

where  G^=  E^jli  1  +  and  Ci\  are  the  initial  'tangent'  shear  moduli  and  Jr^Pk)  and  '  are  plasticity 
functions  w  hich  are  zero  if  the  material  remains  linearly  elastic. 

The  secant'  moduli  may  be  found  using  the  generalized  .stresses  and  strains.'’  viz. 


Qk  =  -jiOt\f  +  la.E]- 


(3' 


and 


^  “  It  '  ^  ^  1_  i  /  ^  ^ 

Pk^--  V'Cii  -e,,)  +4{e|>) 


(/k  =  P  e  \y  )■  +  i  Cm 


i4t 


Using  eqn  (2),  .t*  and  may  be  expres.sed  as 


2pk(h  ’ 


!'5t 


Clearly  the  plasticity  functions  and  sr*  defined  in  eqn  (5)  are  functions  of  the  stress  and  strain  state  of 
the  A:th  layer.  Therefore,  the  'secant'  moduli  are  also  functions  of  the  stress  and  strain  state,  viz. 
C,  =  C'4(.r,zKU;=6’'*(.r,;). 

The  kinematic  hypotheses  are  now  derived  using  the  above  equations  of  the  theory  of  plasticity.  A 
laminated  shell  is  defined  in  a  curvilinear  coordinate  system  JCiO.v,  (see  Fig.  1 ).  The  axes  of  the  curvilinear 
orthogonal  coordinates  a:,  =  constant  (f=  1,2)  coincide  with  the  principal  lines  of  curvature  and  the 
coordinate  z  =  a:,  is  perpendicular  to  the  reference  surface  jCiOx;  which  is  positioned  arbitrarily  in  the 
sequence  of  layers.  The  shell  is  constructed  of  traasversely  isotropic  elastic  or  e'.asto-plastic  materials. 
The  loads  applied  on  the  outer  and  inner  surfaces  p^  - p^ {x),  p  ~ p,  (x)  (.v=  1 ,2,3)  are  functions  of  the 
curvilinear  orthogonal  coordinates  jr=  \Xf,X2  j. 

In  the  following  derivation  a  subscript  after  a  comma  denotes  differentiation  with  respect  to  the 
variables  following  the  comma. 
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Fig.  1,  Geometry  of  a  laminated  shell. 


The  loading  conditions  on  the  external  surfaces  z  =  fl„  and  c  =  «„  are  written  as 
<7.V=-/7r  (Z=Mo,/c=l) 

(6) 

o:\  =  p:  (c=rt„.A'=n) 

The  layers  are  assumed  to  be  rigidly  bonded  and  the  rigidity  conditions  for  an  arbitrary  surface 
are  given  by 

o'A=(7,i“'  (static! 

(kinematic)  (7) 

In  order  to  derive  a  higher-order  theory  for  the  stress  and  strain  analysis  of  the  multilayered  shell 
described  above,  a  model  based  on  classical  hypotheses  must  be  derived  in  the  first  instance.  Therefore 
eqns  ( 1 !  are  rewritten  taking  into  account  eqns  (2)  and  assuming  that  E\  =  (}\  =  .  viz, 

,  A  =  _1  [i  _J__ 

2C,\l  +  v,  2  l-.T,  2  / 


(10) 
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and 


d|V  =  2G^ 


■Ou 


a,,  =  26*^,; 


(Hi 


where  e,f  =  -  ji^ef  ( /,/=  1 ,2 ). 

Equations  (9)  now  may  be  rewritten  as 

;  /,y=  E2  (12) 

For  the  derivation  of  the  other  components  of  the  stress  tensor,  the  equations  of  equilibrium  of  a  shelF  are 
considered  and  for  the  itth  layer  are 

o  r- ,  3  +  (12) 

where  /c,,  are  curvatures  of  the  shell. 

From  eqns  ( 1 2)  and  ( 1 3),  the  transverse  shear  stresses  may  be  derived  as 


r 

\ 

a,\  =  a,\  -t-  d,\  =  - 

1 

1 

d,,^dz 

L  J 

ih-\  • 

'<*  1 

where  the  constants  of  integration  =  <!>,*,  +  4),^.  are  obtained  using  eqns  (6)  and  (7). 

The  linear  components  of  the  stresses  in  eqns  (14)  are  determined  by  substituting  eqns  ( 10  )  and  follow¬ 
ing  the  procedure  described  by  Piskunov  et  ai,"  viz. 

+  +  (12i 

where  V  is  the  Laplace  operator;  p,',  p"  are  given  functions  of  the  external  load;  and  j\)iz){s=  1,2.3)  are 
functions  which  enable  the  given  conditions  on  the  external  surfaces  of  the  shell  to  be  satisfied  once  the 
reference  surface  has  been  positioned  arbitrarily  through  the  sequence  of  the  layers. 

The  functions  are  given  by 


d; 


dz 


P" 

B^\  /:,„dr; 


Bi  —  B^nZ  dr 


where /:'„;  =  2 (,;/(!  -  v^.  ). 

1  he  nonlinear  components  of  the  transverse  shear  stre.sscs  are  defined  as 

=  -iVw,/n  +  !  w,,  - 
d(',  =  -lVw/n+2w,,/,^4-(W;,- 
where 


f]kix,Z)^ 


(ikZtkZ  dz 


b/^ 
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(’kZtk  clt: 


(■/'tTrjirdc- 


B: 

fi 


(ikZikj  dz 


i  16) 


(.17) 


Nonlinear  analysis  of  laminated  composite  plates  and  shells 


177 


hk{x,z)=  - 


Gi,7ti,2Zdz — ^  GtJTt.dz 


B I  =  dz;  6:  =  Gtzr*  |Z  dz 


S,  =  G^zr^  jzdz;  B=  G*  dz 

•  ^<0  J 

Now  the  transverse  shear  stresses  in  eqns  (14)  may  be  rewritten  as 
a  -  V  w ,  (/n  -  /,  J  +  /? +  p f /,*  -  ( w , ,  -  w ,3 )/,^  -  2  w 

Substituting  eqns  ( 1 9)  into  the  second  equation  of  ( 1 3)  the  transverse  normal  stresses  are  derived  as 

of 2  =  ofy  +  d\\ 


{o'if-k.iafidz  -t-O 


where  the  constants  of  integration  =  <^),^^-<i),^are  determined  using  eqns  (6)  and  (7). 

The  linear  component  of  eqn  (20)  is  obtained  as'* 

=  PuUk  +  Puhk  +  Pf  Uk  +  P.f  f2k+B„  (21 ) 

where  pf ,  pf  are  known  functions  of  the  normal  components  of  the  external  loading  and  the  function  B„ 
is  given  by 

Bg—  Bg{x,  Z )  ~~  l^ij^ijfnk  ^ij^ijf'tk  '^(^ll^22~2k|2Ci2  +  ^22^  1 1  ^fuk  '^i^\\^22~'^^\2^]2'^  ^22^11  )f'kk  (22  ) 

where  e,^,  k,^  are  the  deformations  of  the  reference  surface  which  may  be  expressed  as 

(231 

The  distribution  functions  of  the  transverse  shear  stress  through  the  thickness  of  the  laminated  shell  are 
given  by 

fskiz)-F,,D2Df  >  -  T.,;  Uz)=F,,D,D;  '  -  F,, 

/,,(z)=r„or'-i;  f2,iz)=F,,Dr 

fkkiz)  =  fk~F,,BD,'-  /.*( 2 ) = / u -  T, * B, D,- ' 


Uz)=rk-F,,B\D;'-,  FJz)=  /,*dz 


f),=  /,*dz;  /u(z)=  t'o^ndz;  /*(z)=  Fg^v^zdz 


S=  Botv^dz:  B,'=  £o*nzdz;  5=  1,2,3 

J  "e  J  do 

The  nonlinear  component  of  eqn  (20)  may  be  expressed  as 
afi  =  VwJ^,FVwJ,,  +  2w,  j^^  +  iw^,-  W22)L  +  B„ 


(25) 
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where 

D:  r. 

-  /),- 

hkix.z)^ 

En  - 

/7,  ’ 

Eh 

A  ,  -  ^5,  . 

ft,kix^Z)  = 

f'u- 

/),  ■ 

./;4(A,r)=P,<-'^  Tn 

-  Da  - 

/?„(. v.c F, 


F,,Fx.z)=  .r,.Adc:  />=  1 . 5 

F„^<x.:.]=  k„d,'  dz\  /./=  1,2 


./■m  ~  dc:  /:; +/u,i 

y  t*i-V,c  i  =  /u ■•■/u,:;  /  ■*■/.«. I ^  (26) 


The  general  equation  tor  transverse  normal  stress  may  be  written  as 

Aa  ■+■  p.iAa + Aa + p; Aa + ^ ‘'’../aa + V »;i/«  +  2v w  ,j„k + ( v': 1 1  - +b„  12?) 

Kinematic  hypotheses  are  now'  formulated  for  the  derivation  of  a  nonlinear  higher-order  theory.  Accord¬ 
ing  to  the  procedure  described  by  Piskunov  ei  al.,"'  eqns  ( 1 0)  and  (II)  for  the  stresses  .  and  eqn  (27)  for 
(■;/,  are  substituted  into  eqn  ( 1 )  for  t'  ,\.  Then  we  may  write 

c' A  -  c  A  -H  eU  =  Viva n  -h  «,  ,a_,;  -s p' «  u  +  /A‘ Oaa  +  ID  «>a  +  Py  «<-a  +  B'„  +  V «• ,  d  +  V 

+  2vV|,d5;,-t-(vV||  -  vv,,id,,^  +  Fi'„  (28) 

where 

Mii.' ■*=  VoA-':  «:a*')=  “  A, A 

«,m' ''=Aa/^'a;  <Fik'~''^UIt:\\  <7=3 . 6;  K=d+1 

H:  =  BjF,:  n[=il  =  F\-.  v,,  =  E,v\IE\(\-vo  (29) 

Since  cA  =  (//,.  the  normal  components  of  the  displacement  vector  are  obtained  from  eqn  ( 28) 


It  i  ■  .r.  r !  =  H’(  j  '  A  i  dr:  +  ( \  30 ) 

where  the  constants  of  integration  6'.^  may  be  determined  from  eqn  (7)  and  the  condition  that  u"' 

'  .V.  0  i  =  w’!  A’  /  f or  r  =  0 1  k  —  m ). 

Tquation  (  30  )  may  now  be  rewritten  as 

it « A,  r  .  =  VV+  V  W((: , ,  +•  tt,  ,</;,*  +  +  p,  +  p;  +  V  w  I  <7’4a  +  2  V4' ,  :<r5A 

+  (W||  - 


(31) 
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where  the  dislrihution  functions  of  the  norn^al  dispiacement  through  the  thickncsN  of  the  laminated  shell 
are  given  bv 


#,,d.v,c  i=  dc;  f/  =  3 . 6 


B:.dz:  C  = 


B'„dz:  B\-BJE', 


The  tangential  components  of  the  displacement  vector  may  be  found  from 

i<X  I 

in  conjunction  with  eqns  ( I ),  ( 2 )  and  (19). 

The  shear  deformations  are  given  by 

2<'|S  =  a,,/6",  =  V»v,9?*-pr  +  -  h',::  -  2m' , 

2eA  =  o.\!G'.  =  V  w.<fy  -  pd  pT  +  V  - 1  n',,  -  m , ,  ?,4 

vs'here 

qpx.zi= -fu/Cy^:  q-idx.z)^  fzkiC’'k-  ^xkix.z)=  ‘35' 

By  substituting  eqn  1 34'  into  eqn  (33)  and  then  integrating,  the  tangential  components  of  the  displacement 
vector  are  derived  a.s 

n/  =  n,.  -  vv, ’  -  V M;(;f  n  -  -  p,  -  p  '^q^^  -  p{^q,^  -  p  *  -  p-  y  -  p-  ^  s*  "  V  w,q , 

'^k-  Pi,V-k,-  P:,<i 

/././=  1.2;  i^i  ,36 

where 


P|.  =  u-i,  -  ie,o  /;|>  =  2ve,,;  /;,,=2n-  .,;  P::  = 'v,,  -  u  , , 

and 


37: 


V’u'.v.e' 


>Gdx.z)  = 


H'ln'X.Z 


if'-n’X.Zr 


{q,^-qOdz:  q,,pz.)  = 


(/,idc,  r/=2 . 6 


r 


q,^  dc.  ,g  =  7. 8 ;  V':a  i  ( 'V.  7  -  =  I  u.  i 


dc;  q,,px.z)^ 

‘4ik^^  4i,k\)dz-.  q^^^{x,z.)-= 

rp:^dx,z)^ 


J. 

(fi,kdz  f/=3 . 6 

n 

i‘kk.2 
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yp-r'Ax.Z)^ 


fn2ix,z)  = 


<t>,,(x,c)^ 


+  C..)dj 


(38) 


The  above  equations  for  e,f,  and  <73*,  and  eqns  (36)  and  (3 1 )  are  not  relevant  to  the  model  based 
on  the  classical  hypotheses  since  they  only  demonstrate  the  contradictions  in  this  model,  but  are  import¬ 
ant  for  the  derivation  of  a  higher-order  theory. 


3  NONLINEAR  HIGHER-ORDER  THEORY 


The  derivatitm  of  a  nonlinear  higher-order  theory  of  laminated  plates  and  shells  is  based  on  kinematic 
hypotheses.  Using  eqns  (31)  and  (36)  these  hypotheses  are  formulated  as 

///  =  u-  w  A, 

/=  1,2;  <7=  3,..., 6;  g=7,8 

Uy  x^(p^^  + x-^_cp^_^+ x^(p^i,  + k^^^^  q=3 . 6  (39) 

where  H'(.r )  are  unknown  displacements  of  the  reference  surface,  and  X|(x).  X;(x)  are  new  unknown 

functions.  The  first  of  these  functions.  x,(jr),  is  termed  the  ‘shear  function'  and  the  second,  Xilx).  the 

'compression  function’.'^ In  eqns  (39)  we  also  have 


x^(x}  =  p--,  X4(,v)  =  X^{x)  =  p; 

xjx)  =  p;;  Xj(x)  =  p~;  Xni(x]p;  (40) 

which  may  be  determined  directly  from  the  given  external  loading.  The  distribution  functions  in  eqns  (39) 
are  given  in  eqns  ( 38 ). 

In  eqns  (.39)  we  also  use  the  following  notations  for  the  given  functions 


,  =  V  M’„  /, 

r  A3,— 

v%,„ 

A4. 

'll 

tsj 

12/'  A^, , 

=  (>^.1.11 

A7., 

f  Pi  r 

^s.,  =  P:r 

/.f=  1,2; 

/'/ 1 

where  h„(T  j  is  a  known  function  of  the  deflection  determined  from  the  solution  obtained  using  the  model 
based  on  the  classical  hypotheses.  The  solution  of  the  ‘nonclassical  part'  involves  the  determination  of  the 
unknown  functions  w,  x,  and  x^.  The  other  functions  in  eqns  (39)  are  known  and  are  functions  of  the 
external  load  or  of  ihe  'classical  part'  of  the  solution. 

Using  the  kinematic  model  (39)  and  Cauchy's  equations,  the  transverse  shear  components  of  the  strain 
tensor  are  obtained  as 


2e,\  -  4-  ul  =  -  k,,4>u  =  0',"Aa.; 

(=1,2;  /=  1,7,8 

where  we  have  denoted 

fi\k  9’ai  $ik~  EkK  '  *pkk 

A,  =-©)'■ 

I  he  deformation  in  the  mirmal  direction  is  given  by 
•,',  *  =  M',*,  =  x,a,^-(-  XiOj*  +  x,^a^,  -l-  A^d^^  q=3,...,6 


(42) 


(43) 


(44) 


iuimci  me  euiviiiiicar 
coordinate  system  Oxsz.  Finally,  assume  that  the 
shell  considered  is  subjected  to  an  external  stress 
distribution,  cj,  acting  normally  on  its  top  surface. 


^'t\z 

I  A,,  t  ,  =  e. 

rx,  -r  y  .iCiA 

'  +  zk 

+  Vii 

zik  +  y  :■ 

iz<k:y 

y..;  = 

q^[{Zief.  i 

=  0 
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and  the  tangential  components  of  the  strain  tensor  are  given  by 

1 1‘  =  f  n  +  1 1  -  +  I  +  0 1'  V',r.  1  +  ^  1 1  ^  I’l  Va  r  +  f’l  V',./,  +  ©  )'  V-’a  i  i  +  ©  /'  V i  +  ^  1 1  V 

v\\ 

=  <  +  \  I©  /  V'a.i ')+ +  :  /j  VVi 

+  5  (©i'  V’ai.:  +  ©:'  'Pa.M  •  +  ;  '©f  V,,*.:  +  ©f'  V'Vr.i ’+  ' . 

r=  1,7,8:  .s=  1.2,7.8  r/=  1 . 6:  p=3....,6  4>' 

In  eqns  (45  )  we  also  have 

K-j  =  -  X  K  (Y;  “  K  (81  =  0;  srf;  I  -  ^  =  0 

0;  =  -  A,  ,;  Qf  -  -  a,,,;  g=  1 . 8  46; 

The  components  of  the  stress  tensor  can  be  found  using  the  constitutive  equations  I  except  for  the 
transverse  normal  stresses  o  since  they  are  not  compatible  with  conditions  ( 6  and  ( 7  ,  In  order  to  salisiy 
these  conditions,  eqn  !27)  is  taken  as  a  hypcinesis.  Using  the  notation  defined  in  eqns  40'  tind  41  .  for 
If,  =  B„  =  0  we  can  write 

<4o  =  x/„.u  +  A„/„.|,i  r/=3 . 6  47' 

The  equations  of  equilibrium  and  the  boundary  conditions  are  derived  using  L  agrange's  variational 
principle  under  the  condition  that  the  constitutive  equations  must  comply  with  the  iransversc  normal 
deformation  ely 

The  equations  of  equilibrium  are  obtained  as 

.V„,  +  p,  =  () 

^fLr'n,-0,'.~Qy~k.^:  =0 

-f?:  -  0  48: 

and  the  boundary  conditions  as 

■  \I„„ 

SI,,- 

■  -kl Ih'  '  )^x,  =  () 

ldx,,„  =  () 

I  he  integral  characteristics  of  the  stresses  due  to  internal  forces  and  moments  in  eqns  i48'  and  :4s>i  arc 
given  by 


q: 


o‘  dr; 


oSfi,^6z:  A/„  = 


f^„*<if,Adr;  g, 
0‘rdr;  A/,f 


o,\  dr 

M  V’,,t  <J7 
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o  a 


d:; 


V’l 
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where  the  higher-t)rder  forces  and  moments  which  rctlect  the  influence  of  the  trans\ersc  shear  and 
normal  deformation,  are  denoted  by  superscripts. 

Alsti.  the  generalized  reactions  in  ccjn  i  4^>;  are  given  by 

Rp’ =  (J*  ^'  +  M%!;:  /)=1.2 


c?r 


(f'lSUrk  <-1: 


,8  1 


and  generalized  functions  of  e.sternal  loads  are  denoted  as 

p  =  R  ^p: 

p-.  =  u,<p.',  +  (i.,p2,  +  /t-"  + 

Pi  =  VVi 

p,  -  ii,.pr  + 

PP  =  +  ^',pi‘.PPh^^  />=  I-- 

As  in  the  linear  higher-ttrder  theory.''  the  boundary  conditions  i4b  are  able  to  model  constraints  on  the 
boundary  of  the  reference  surface  i4:  =  0i  and  the  constraints  which  model  lr;msverse  shear  and  normtil 
compression  on  the  edge  of  the  shell. 

The  equations  given  above  define  the  nonlinear  higher-order  thetuy  of  laminated  plates  and  shells  and 
take  into  account  the  effects  of  transverse  shear  and  normal  deformation. 


4  M  MERIC AL  RF.Sl  LTS  AM) 

DISCI  S.SION 

The  solution  of  a  nonlinear  problem  based  on 
higher-order  theory  requires  an  iterative  proc 
edure  in  which  for  each  level  of  loading,  the  non¬ 
linear  theory  based  on  classical  hypotheses  is  used 
as  a  first  step  anil  then  the  higher-order  theorv  is 
applied. 

A  special  scheme  for  the  finite  clement  itnple- 
mentation  of  the  nonlinear  higher-order  theory 
anil  different  types  of  finite  elements  have  been 
developed.' '  ' '  Some  examples  are  now  presented 
to  illustrate  the  application  of  the  theory. 

(  onsider  a  three-layered  square  plate  which  is 
simply-supporteil  ami  whose  bearing  layers  are 
aluminium  and  have  the  characteristics:  Youngs 
modulus  /.=-7z|()‘  MPa.  ultimate  strength 
r;,„  "2.)l)  MPa,  yield  point  =  10(1  MPa  and 
Poisson's  ratio  r  =  0  32.  The  load  is  applied  at  the 
centre  ol  the  plate  m  steps  of  A/’=  I  0  kN  up  to  a 
final  vtilue  of  /'=H  kN  I  he  stress  intensity  law  is 
given  by 


f;,=  1 -e 

w  here  a  =  .3  (/  o,,,,. 

I  he  deflection  of  the  centre  of  the  plate  versus 
the  ratio  f/n  Ar|  of  the  initial  shetir  moduli  of  the 
bearing  and  filler  layers  is  consiilered  in  order  to 
stuily  the  influence  of  tninsverse  shear.  The  thick¬ 
ness  ratii's  /;;(/=  15.  1/10.  I  25  are  considered. 
For  comparison  the  filler  laver  is  treated  as  both  .i 
linear  and  a  nonlinear  material. 

1  he  results  of  this  study  are  shown  in  Figs  2  a 
and  2  b  w  here  the  parameter  ( is  the  ratio  of  the 
deflections  obtained  using  finite  elements  which 
include  transverse  shear  to  the  deflections 
obtaineil  using  finite  elements  based  on  the  classi¬ 
cal  hypotheses.  Both  of  these  elements  allow  for 
the  nonlinear  behaviour  of  the  matcri;il.  Figure 
2: a:  shims  the  results  for  a  nonlinear  filler  mate¬ 
rial  and  Fig.  2  b:  for  a  linear  filler  material.  I  hesc 
graphs  show  the  influence  of  transverse  shear  on 
plates  for  different  thickness  ratios  under  equal 
loading.  When  Ihe  ratio  of  the  shear  moduli  of  the 
hearing  ami  filler  layers  is  of  the  order  one 
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Kti;.  2.  DiagraiTiN  ilL-picting  ihi:  intlucncc  of  transverse  shear:  Ut;  nonlinearly  elastic  tiller  material:  b  linetirh  elastic  tiller 

material. 


In  -  1 1  the  influence  of  transverse  shear  is 

negligible  i  (  „  =  1 1.  The  appearance  of  a  pla,stic 
/one  in  the  bearing  layers  and  sublayers  of  the 
filler  layer  leads  to  failure  and  we  observe  sharp 
increases  in  the  value  of  (  This  is  cau.sed  by 
delamination. 

The  graphs  in  f  ig.  2  b)  show  a  decrease  in  the 
strength  of  the  structure  when  the  filler  is  treated 
as  a  linettr  material,  f  he  plate  with  the  thickness 
ratio  //  ,  </=  1 ;  10  fails  on  the  third  step  of  loading, 
whereas  the  plate  with  the  thickness  ratio  /;/</=  1/ 
,3  fails  on  the  second  step.  For  these  plates,  'inter¬ 
nal  failure'  is  observed,  i.e.  internal  sublayers  of 
the  lillei  layer  fail  before  the  bearing  layers,  and 
the  mnuence  of  transverse  shear  increases  and 
this  leads  to  the  failure  of  the  structure  as  a  whole. 


In  plates  whose  filler  layer  is  treated  as  a  nr>n- 
linear  material,  the  structure  fails  simultaneously 
w  ith  the  failure  of  the  bearing  and  filler  layers. 

C'onsider  a  three-layered  shell  which  is  a 
slightly  curved  cylindrical  panel.  The  shell  is 
hinge-supported  at  its  straight  edges  and  free 
aU)ng  the  eurved  edges.  I  he  external  layers  havy: 
the  same  mechanical  characteristics  as  the  plate 
de.scribed  above  and  the  filler  is  subdivided  into 
four  layers  which  have  the  characteristics:  /,  =  34 
MPa.  o,j,^  =  007  MF’a  in  compression  and 
r/„„ ,  =  O-b.S  MPa  in  tension.  Finite  elements  which 
include  both  transverse  shear  and  normal  defor¬ 
mation  were  used  in  the  analysis  of  this  problem. 
In  Fig.  3  the  dellection  of  the  centre  of  the  shell  is 
given  for  various  thickness  ratios  and  the  levels  of 
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loading.  The  filler  layer  is  considered  as  a  linear 
material  (solid  line)  and  as  a  nonlinear  material 
(dashed  line).  In  Fig.  3  it  is  clear  that  the  treatment 
of  the  filler  as  a  linear  material  tends  to  a  decrease 
in  the  overall  stiffness  of  the  system  when  the  load 
is  moderately  high. 


FiR.3.  C  urves  depicting  the  influence  of  transverse  shear 
in  the  nonlinear  analysis  of  shells. 


In  order  to  study  the  influence  of  both  trans¬ 
verse  shear  and  normal  compression,  a  plate  with 
thickness  ratio  1/5  is  considered.  In  Fig.  4 
the  diagrams  of  the  greatest  normal  deflections 
and  stres.ses  through  the  thickness  at  the  centre  of 
the  plate  are  presented  for  the  level  of  loading 
P,  =  4-8  kN.  The  first  value  on  the  diagrams 
corresponds  to  nonlinear  analysis  and  the  second 
to  linear  analysis.  Clearly  the  results  obtained 
using  the  full  model  are  substantially  different 
even  from  those  of  the  shear  model.  Moreover,  a 
substantial  difference  exists  between  the  results  of 
the  linear  and  nonlinear  analyses.  The  model 
based  on  classical  hypotheses  is  found  to  be 
inadequate  for  the  analysis  of  such  structures. 

5  CONCLUSIONS 

A  new  nonlinear  higher-order  theory'  of  laminated 
plates  and  shells  is  presented.  The  theory  takes 
into  accoum  transverse  shear  and  normal  defor¬ 
mation  and  is  based  on  kinematic  hypotheses  in 
which  material  nonlinearity  is  included.  The  pro¬ 
posed  theory  is  capable  of  treating  plates  and 
shells  with  an  arbitrary  number  and  sequence  of 
layers  which  may  differ  significantly  in  their  physi¬ 
cal  and  mechanical  properties. 
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Ur.  4.  Diagrams  of  normal  deflection  «,  and  stresses  o,\:  at  the  centre  of  a  sandwich  plate:  (a'  model  with  transverse  shear 
and  normal  compression;  (b)  mtKicI  with  transverse  shear  only,  .c)  classical  mrxlel 
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The  results  presented  illustrate  the  importance 
of  modelling  the  nonlinear  behaviour  of  the  mate¬ 
rials  especially  at  high  levels  of  loading.  The  pre¬ 
sent  study  shows  that  the  intluence  of  transverse 
shear  and  normal  deformation  is  more  pro¬ 
nounced  in  the  case  of  a  nonlinear  analysis. 
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Calculation  of  effective  moduli  of  fibrous 
composites  with  micro-mechanical  damage 


Y.W.Kwon 

Department  of  Mechanical  Lngineering,  Xaval  I’ostgrailuute  School,  Monterev,  (  A  USA 


A  micro-mechanics  model  for  continuous  fibrous  composites  was  developed  in 
order  to  determine  the  effective  moduli  of  composites  based  on  the  material 
properties  of  their  constituents,  i.c.  fiber  and  matrix  materials.  The  model  can 
calculate  elastic  or  nonelastic  effective  moduli  of  composites  depending  on 
their  constituents'  behavior.  Furthermore,  micro-mechanical  damage  can  also 
be  considered  in  the  present  model  to  determine  effective  moduli.  Predicted 
effective  moduli  from  the  present  model  compared  very  well  with  experimental 
data  available  elsewhere  for  both  undamaged  and  damaged  composites. 


INTRODICTION 

Prediction  of  effective  moduli  of  fibrou.s  compo¬ 
sites  from  material  properties  of  their  constitu¬ 
ents,  i.e.  fiber  and  matrix  materials,  has  been  a 
major  research  concern.  Many  different  micro¬ 
mechanics  models''’^  have  been  proposed  to 
predict  effective  moduli.  Most  of  the.se' were 
two-dimensional  models  for  elastic  deformation 
of  composites.  On  the  other  hand,  some  micro- 
mechanics  models  have  been  proposed  for  the 
three-dimensional  configuration  and  for  material 
nonlinear  behavior  of  composites.’’ ' ' 

Dvorak  and  Bahei-EI-Din'  assumed  cylindrical 
fibers  with  vanishing  diameters  in  order  to  main¬ 
tain  the  axial  constraint  of  the  constituents.  They 
postulated  that  the  fiber  and  matrix  had  the  same 
stresses  in  all  directions  other  than  the  longi¬ 
tudinal  normal  stress.  Aboudi''  considered  a 
representative  cell  to  model  a  fiber  and  a  sur¬ 
rounding  matrix.  The  fiber  was  assumed  to  be  of 
rectangular  shape  and  the  cell  was  divided  into 
four  subcells.  He  used  linear  displacement  fields 
w  ithin  each  subcell  and  imposed  continuity  of  dis¬ 
placements  at  the  cell  and  subccll  interfaces  on 
the  average  sense.  As  pointed  out  by  Pecknold,” 
Aboudi's  micro-mechanical  model  is  conceptually 
a  crude  finite  element  model.  More  detailed 
micro-mechanical  models  were  also  considered 
using  refined  finite  element  discretizations  of  a 
typical  re|:x;ating  unit  cel!.''*  ''  However,  they  are 
computationally  intensive.  Pecknold'  *  proposed  a 
simple  unit  cell  model  represented  by  serial  and/ 
or  parallel  springs. 


All  the  works  mentioned  above  computed 
stresses  at  the  composite  level.  However,  in  order 
to  investigate  damage  progress  at  the  micro¬ 
mechanics  level,  computation  of  stresses  occur¬ 
ring  in  the  fiber  and  matrix  are  very'  beneficial.  In 
addition,  for  a  composite  with  plastic  deformation 
of  the  matrix  and  elastic  deformation  of  the  fibers, 
calculations  of  fiber  stresses  and  matrix  stresses, 
respectively,  are  also  useful  to  determine  the  state 
of  stresses  in  each  constituent.  To  this  end.  a  new 
micro-mechanical  model  was  developed  by  the 
author."  '-  The  model  computes  fiber  and  matrix 
stresses  and  uses  a  yield  criterion  for  each  con¬ 
stituent.  if  applicable,  directly. 

The  previous  model"  '■  was  based  on  rather 
simple  assumptions  such  as  transverse  normal 
stresses  are  the  same  for  both  fiber  and  matrix.  In 
this  paper,  a  refined  micro-mechanics  model  is 
presented.  The  present  model  is  more  general 
than,  but  still  as  efficient  as.  the  previous 
model."  '-  The  model  can  be  used  to  predict 
composite  material  properties  from  elastic  or 
nonelastic  constituent  material  properties.  More¬ 
over,  it  can  also  be  used  to  study  the  evolution  and 
effects  of  micro-damage  in  composites. 

The  following  sections  describe  the  micro¬ 
mechanics  model  and  some  results.  Both 
damaged  and  undamaged  composites  were  con¬ 
sidered.  For  undamaged  composites,  composite 
material  properties  were  computed  from  constitu¬ 
ents'  material  properties  using  the  proposed 
model  and  their  results  were  compared  with 
experimental  data.  Transverse  cracking  was 
studied  for  damaged  composites.  Transverse 
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matrix  cracking  was  observed  in  cross-ply  com¬ 
posites  by  Broutman  and  Sahu.'"  After  the  obser¬ 
vation,  several  investigators  have  studied  the 
phenomenon  analytically  and  experimentally. 
Highsmith  and  Reifsnider'^  conducted  an  experi¬ 
ment  to  measure  the  longitudinal  stiffness  reduc¬ 
tions  of  various  laminates.  Later  some  analytical 
studies  were  performed  to  predict  the  stiffness 
reduction."'  Talreja"'^  used  continuum 
damage  mechanics.  He  represented  damage  as 
internal  variables  in  a  phenomenological 
approach.  Hashin-"  used  the  principle  of  mini¬ 
mum  complementary  energy  while  Aboudi-' 
solved  a  periodic  crack  problem.  The  present 
model  is  also  used  to  predict  the  stiffness  reduc¬ 
tion. 

MICRO-MECHANICS  MODEL 

Consider  a  unit  cell  made  of  a  fiber  and  a 
surrounding  matrix  material.  The  fiber  is  a.ssumed 
to  have  a  square  cross-section.  Because  of 
symmetry,  a  quarter  of  the  unit  cell  is  considered 
as  shown  in  Fig.  1.  The  cell  is  divided  into  four 
subcells  and  the  size  of  each  subcell  depends  on 
the  fiber  volume  fraction.  The  following  develop¬ 
ment  is  based  on  average  stresses  and  strains  in  a 
subcell.  Stresses  and  strains  at  the  compo.site  level 
or  the  unit  cell  level;  arc  expressed 

a ,  =  V  O,]  -t- vf'l  1  - vf'  )o^,  +  Vf'(  1  -  -Jr  ) 

X  o],  +  { \  - -I  r‘‘ )' o''l  ;.  y=l,3  (I) 

(■,.  -  v"'  +  vt''!  I  -  v'f'  )f|’,  +  ■jv'i  1  -  v'/''; 

X  f  1  -^v’Ye^  /,;=  1. 3  ill 

vv  here  a,,  and  i,,  =  composite  stresses  and  strains. 
o',‘  and  f  "  =  stresses  and  strains  of  a  subcell  ( a  =  a, 
b.  c  or  di.  /  '  =  fiber  volume  fraction,  and  subcell 
a'  represcms  a  fiber  and  the  rest  of  the  subcells 
are  matrix.  The  compo.site  stresses  or  strains  arc 
determined  by  the  volume  average  of  the  stresses 
and  strains  of  the  subcells. 

Stress  continuity  at  the  subcell  interfaces 
requires 


f;T  = 

(3) 

and 

.  =  T|L,  o'l,  =  o'^i  „  =  0^1^, 

o'l 

,  =  r; 

r5,  =  OS,  -  fri, 

(4) 

3  he  coordinate  system  for  cqns  (3)  and  (4)  is 
given  in  Fig.  I.  Axis  1  indicates  the  fiber  longi¬ 


tudinal  direction  and  axes  2  and  3  are  normal  to 
the  fiber  direction.  In  addition,  strains  of  subcells 
are  postulated  to  satisfy  the  following  relationship 
of  deformation: 


in  +  C’l  =  f rij  A 

and 

fi:  +  f  i:  =  f  i:  +  f  i:-  ^ b  ==  ^  1.= 

The  relationship  among  normal  strains  is  based 
on  the  assumption  that  deformation  of  a  unit  cell 
is  uniform  although  each  subcell  may  have  dif¬ 
ferent  normal  strains. 

A  constitutive  equation  for  each  subcell  can  be 
expressed  as 

of,  =  iLj=  I  ■  2.  3  and  a  =  a.  b.  c.  d :  .7  ■ 

The  constitutive  equation,  eqn  (71.  is  substituted 
into  the  stress  continuity  equations,  eqns  i  3!  and 
(4i.  The  substitution  results  in  stress  continuity 
equations  in  terms  of  strain  components  of  sub¬ 
cells.  These  expressions  arc  solved  along  with  the 
strain  relations,  eqns  (.3  i  and  i6i.  simultaneously. 
This  algebraic  operation  yields  expressions  for 
subcell  strains  in  terms  of  average  composite 
strains. 

Subcell  stresses  in  eqn  ( 1 1  arc  replaced  by  sub¬ 
cell  strains  using  the  constitutive  equation  for  sub- 
cells,  eqn  (7).  This  results  in  composite  stresses 
expres.sed  in  terms  ttf  subcell  strains.  These  sub¬ 
cell  strains  are  then  replaced  by  composite  strains 
obtained  in  the  previous  paragraph.  As  a  result, 
the  composite  stresses  are  given  in  terms  of  com¬ 
posite  strains  using  the  material  properties  of  sub- 
cells.  In  other  words,  the  effective  material 
property  at  the  composite  level  can  be  written  in 
terms  of  the  properties  of  the  fiber  and  matrix 
materials.  The  properties  of  each  constituent  may 
be  anisotropic,  in  general.  For  the  elastic  range. 
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subcelLs  b.  c  and  d  in  Fig.  1  may  have  the  same 
material  propcny  because  they  are  the  matrix.  For 
the  plastic  range,  however,  each  subcell  may  have 
different  material  properties  since  they  are 
dependent  on  the  state  of  the  stresses. 

The  procedure  for  analyzing  the  material  non¬ 
linear  deformation  of  a  composite  structure  using 
the  present  micro-mechanics  model  can  be 
summarized  as  given  below.  The  procedure  is 
described  in  conjunction  with  the  finite  element 
analysis. 

iAi  Initially  assume  elastic  deformation  and 
compute  the  effective  material  properties 
of  the  composite. 

;  B I  Obtain  the  displacement  field  of  the  com¬ 
posite  using  the  elastic  effective  material 
properties. 

C  Compute  composite  strains  from  the  dis¬ 
placement  field. 

D  Compute  subcell  strains  (or  strains  at  the 
constituent  level'  from  the  composite 
strains. 

F  ‘  Compute  subcell  stres.ses  from  the  subcell 
strains.  If  there  is  yielding,  the  subcell 
stresses  are  modified. 

F  I  Compute  composite  stresses  from  the  sub- 
cell  stresses. 

G  Compute  internal  forces  from  the  compo¬ 
site  stresses.  If  the  internal  htrces  are  not  in 
equilibrium  with  the  external  forces,  a 
residual  is  computed.  With  the  residual 
forces,  go  back  to  (Bl  and  repeat  the 
process  until  the  residual  eomes  within  a 
given  tolerance. 


RESCLTS  AND  DISCUSSION 

I  he  effective  moduli  ot  the  composites  predicted 
by  the  present  model  were  compared  with  experi¬ 
mental  data  available  elsewhere.  The  first  case 
was  a  graphite/epoxy  composite.  Graphite  fibers 
were  considered  to  be  transversely  isotropic  and 
the  epoxy  matrix  was  considered  to  be  isotropic. 
I  he  corresponding  properties  arc  given  below. 
I  he  graphite  fibers  have  longitudinal  and  tran.s- 
verse  elastic  moduli  of  232  GPa  a  id  15  GPa, 
respectively.  Their  longitudinal  and  transverse 
Poisson's  ratios  are  {)-275  and  0-49.  and  the 
inplane  shear  modulus  is  24  GPa.  The  epoxy 
material  has  an  elastic  modulus  of  5-35  GPa  and  a 
Poisson's  ratio  of  0'354,  fixperimental  results 
were  given  for  this  composite  in  Ref.  22  and  they 
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are  compared  with  present  predicted  values  in 
Figs  2-6.  Elastic  moduli  and  shear  moduli  in  both 
longitudinal  and  transverse  directions  respectively 
are  compared  as  well  as  the  transverse  Poisson  s 
ratio.  The  experimental  and  computed  material 
properties  of  the  graphite/epoxy  composite  show 
good  agreement  between  them. 

The  next  comparison  was  for  a  glass/epoxy 
composite.  Both  constituents  were  isotropic.  The 
elastic  modulus  and  Pois.son's  ratio  for  the  glass 
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Kig.  2.  l.onsiiualinal  clusiic  mdiiulus  of  a  graphite  cpt'.sy 
ci'mposiic. 
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Hg.  3.  I'ransvcr.sc  clastic  modulus  of  a  graphite/eptrxy 
comprrsilc. 
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Fig.  4.  Inptanc  shear  modulus  of  a  graphitc/epoxy  compo¬ 
site. 


Fig.  5.  I'ransversc  shear  modulus  of  a  graphitc/epoxy  com¬ 
posite. 


are  72-38  GPa  and  ()-2  while  tho.se  for  the  epoxy 
are  2-75  GPa  and  0-35.  The  present  predicted 
value  of  transverse  shear  modulus  was  compared 
with  the  experimental  data.*’  Comparison,  as 
shown  in  Fig.  7.  is  very  good. 

The  next  cases  considered  damage  in  compo¬ 
sites.  The  reduction  in  stiffness  caused  by  matrix 
cracks  was  considered.  Glass/epoxy  composites 
of  cross-plies  [0/90],  and  (O/QO^j.^  respectively 
were  used  for  this  study.  Transverse  matrix  cracks 


FIBER  VOLUME  FRACTION 

Fig.  6.  Transverse  Poisson's  ratio  (rf  a  graphitc/epoxy  com¬ 
posite. 


Fig.  7.  Inpiane  shear  modulus  of  a  glass/epoxv  composite. 


in  the  90°  layer,  which  was  normal  to  the  loading 
direction,  reduced  the  longitudinal  elastic  modu¬ 
lus  of  the  composites.  Experimental  data  arc  avail¬ 
able  in  Ref.  1 7.  The  material  properties  for  the 
composite  are  elastic  moduli  of  41-7  GPa  in  the 
longitudinal  direction  and  13  GPa  in  the  trans¬ 
verse  direction,  inplane  and  out  of  plane  Poisson's 
ratios  of  0-3  and  ()-42,  and  inplane  shear  modulus 
of  3-4  GPa.  The  thickness  of  a  layer  is  0-2(13  mm. 
Because  the  composite  properties  were  known 
but  not  the  constituents'  properties,  the  properties 
of  each  constituent  were  determined  using  the 
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present  micro-mechanics  model  by  trial  and  error. 
The  result  gave  an  elastic  modulus  of  72-5  GPa 
and  a  Pbisson's  ratio  of  0-23  for  the  glass  and  an 
elastic  modulus  of  4-0  GPa  and  a  Poisson’s  ratio  of 
0-35  for  the  epoxy  with  a  fiber  volume  fraction  of 
0-5.  The  composite  material  properties  using 
these  constituent  properties  yielded  the  glass/ 
epoxy  composite  properties  within  an  error  of 
3%. 

The  reduction  in  the  longitudinal  stiffness  was 
computed  for  different  crack  densities  (1/2L) 
using  the  finite  element  method  and  the  present 
model.  Here  2L  denotes  the  longitudinal  distance 
of  periodically  spaced  damage  zones  containing 
transverse  matrix  cracks.  Three-dimensional  solid 
elements  were  used  for  the  computation.  Trans¬ 
verse  matrix  cracks  in  the  90°  layer  were  modeled 
as  described  below.  If  the  loading  was  in  the  direc¬ 
tion  of  axis  2  in  Fig.  1,  then  subcells  b  and  d  within 
the  transverse  crack  zone  were  considered  not  to 
support  normal  stresses.  As  a  result,  the  elastic 


Fig.  8.  Stiffnes.s  reduction  in  a  gla.ss/epoxy  composite  of 
cross-p!y  due  to  tran.sverse  matrix  cracks. 


CRACK  DENSITY  (I /2L) 

Fig.  9.  Stiffness  reduction  in  a  glass/cp<ixy  composite  of  jO/ 
90/90/0]  due  to  transverse  matrix  crack.s. 


modulus  in  these  subcells  was  reduced  to  a  small 
value  close  to  zero.  The  reduced  stiffness  ratio  is 
plotted  in  terms  of  the  crack  density  in  Figs  8  and 
9.  The  reduced  stiffness  ratio  is  equal  to  the 
cracked  elastic  modulus  divided  by  the  uncracked 
elastic  modulus  in  the  longitudinal  direction. 
Overall,  the  present  prediction  compares  well 
with  the  experimental  data.  Especially,  the  agree¬ 
ment  was  very  good  for  a  glass/epoxy  composite 
with  [0/90],. 


CONCLUSIONS 

A  micro-mechanics  model  was  presented  in  order 
to  predict  the  effective  material  properties  of 
composites  based  on  their  constituent  material 
properties.  Both  the  elastic  and  non-elastic  defor¬ 
mations  of  composites  can  be  analyzed  using  the 
present  model.  In  addition,  the  model  can  include 
micro-mechanical  damage  in  composites.  For 
both  cracked  and  uncracked  composites,  com¬ 
parisons  between  the  present  predicted  values 
and  experimental  data  proved  the  accuracy  of  the 
present  model. 
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Effect  of  motion  parameters  on  the  tribological 
behaviour  of  ptfe-based  composite 
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The  effect  of  motion  parameters  such  as  average  contact  pressure,  sliding  speed 
and  temperature  on  the  tribological  behaviour  of  polytetrafluoroethylene  (ptfei 
composite  containing  607o  by  weight  of  bronze  powder  were  studied  and  evalu¬ 
ated,  The  rotatable  plan  was  utilized  to  get  more  accurate  values  of  motion 
parameters.  Measurements  of  friction,  wear  and  temperature  were  carried  out 
continuously  during  the  wear  process.  The  results  showed  that  there  are  two 
regions  of  motion  parameters  where  the  wear  intensity  was  minimum  and  the 
coefficient  of  friction  attained  its  lowest  value. 


NOTATION 

The  coefficient  of  regres.sion  function 
//  Hardnes,s  of  the  steel  surface  (HRC) 

I,  Wear  intensity  (wm/km) 

L  Friction  distance  ( m ) 

.\'  N  umber  of  experiments 

.V ,  Number  of  experiments  at  central  point 

p  Average  contact  pressure  ( MPa) 

R.  Surface  roughness  of  the  steel  counter¬ 
part  (/zm) 

.S  Number  of  the  investigated  factors 

Initial  temperature  (°C’) 

/,  Final  temperature  (°C) 

r  Sliding  speed  (m/s) 

A'l  -A',  The  input  quantity  in  the  experiments 
y,  -  V  j  The  output  measured  data 

ju  Coefficient  of  friction 

p  The  value  of  stellar  (sidereal)  radius 

obtained  in  the  rotatable  plan  for  the 
polynomial  of  the  second  degree 


INTRODUCTION 

The  extremely  low  coefficient  of  friction  of  poly- 
tetrafluorocthylene  (ptfe)  makes  it  an  attractive 
material  for  lubrication  of  any  type  of  sliding 
component.  The  usually  quoted  value  of  0  04  for 
p  is  lower  than  that  for  graphite,  MoSj  or  any 
other  known  solid.'  However,  there  are  several 
properties  of  ptfe  that  limit  its  applicability.  One 


fundamental  defect  of  ptfe  which  limits  its  techni¬ 
cal  use  is  the  higher  wear  rate.  Also,  ptfe  is  a  poor 
conductor  of  heat;  thus  the  excess  heat  generated 
under  sliding  is  not  readily  dissipated  and  contri¬ 
butes  to  the  decomposition  of  the  ptfe.-  It  also  has 
a  relatively  low  compressive  strength  which 
results  in  the  cold  flow  of  ptfe  films  so  that  the 
tolerances  of  the  bearing  are  changed.  In  thin  film 
applications  the  films  are  removed  to  the  point 
that  the  underlying  surfaces  are  exposed.  ' 

The  wear  of  a  polymeric  material  depends 
upon  the  sliding  speed  and  the  load  conditions.  In 
general,  high  loads  and  high  speeds  cau.se  exces- 
.sive  wear.  This  is  probably  due  to  heating  at  the 
interface  which  may  be  high  enough  to  cause 
melting  or  softening  of  the  sliding  polymer  sur¬ 
face,  thereby  abruptly  increasing  the  rate  of  wear. 
This  kind  of  behaviour  for  ptfe  has  been  ob.served 
by  Lancaster.^  Lontz  and  Kumnick'’  demonstrated 
that  the  wear  rate  of  ptfe  is  directly  proportional 
to  the  flexure  modulus  and  inversely  proportional 
to  the  yield  strain.  Kar  and  Bahadur^  showed  that 
the  wear  of  ptfe-filled  polyoxymethylene  and 
unfilled  polyoxymethylene  is  directly  propor¬ 
tional  to  the  normal  load,  sliding  distance  and 
surface  energy,  all  raised  to  different  powers  grea¬ 
ter  than  one,  and  inversely  proportional  to  the 
modulus  of  elasticity  rai.sed  to  a  much  higher 
power. 

The  object  of  this  work  is  to  .study  the  effect  of 
the  motion  parameters  average  contact  pressure, 
sliding  speed  and  temperature  (p,  t^)  on  the 

tribological  behaviour  of  a  ptfe-based  composite 
containing  607o  by  weight  of  bronze  powder. 


(  iimposiie .Sln^(luresi)2ft^-H22^|^3/S()(^^)()  O  1993  I'.lscvicr  .Science  Publishers  I.td.  I’.ngliind.  Printed  in  Great  Britain 
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ROTATABLE  PLAN 

This  is  one  of  the  statistical  programs  used  in 
multi-level  design  (five  levels).  It  is  used  in  the 
experimental  data  and  is  carried  out  according  to 
the  exact  number  of  experiments,  defined  previ¬ 
ously,  and  it  distributes  these  data  in  a  spherical 
shape  so  that  the  variance  in  the  central  point 
should  be  the  same  as  in  the  other  points  sur¬ 
rounding  the  central  point  with  radius  p,  where  ,o 
is  the  value  of  stellar  radius  which  depends  on  the 
degree  of  the  polynomial  and  the  number  of 
experiments  at  the  central  point.  The  polynomial 
regression  function  contains  three  independent 
variables  (5  =  3),  of  the  second  degree  (/?  =  2)  with 
ten  factors  of  regression  function  10).  From 
the  above  mentioned  terms  can  be  calculated  the 
following  statistical  values:  coefficients  of  regres¬ 
sion  function,  standard  deviation  of  the  remain¬ 
der.  variance  estimation  of  the  regression  function 
and  polynomial  correlation  factor.  Lastly,  the  out¬ 
put  at  any  values  of  the  input  independent  vari¬ 
ables  could  be  calculated  whether  the  experiments 
were  carried  out  at  these  variables  or  not. 


EXPERIMENTAL  WORK 

The  pin  on  uoc  testing  machine.  Fig.  1.  used 
previously'  was  employed.  The  tests  were  con¬ 
ducted  at  five  planes  according  to  a  rotatable 
plan'  to  obtain  identical  variance  of  results  both  at 
the  points  on  the  surface  of  a  sphere  with  radius 
,o=  1  and  at  the  central  point  of  the  plan.  Selection 
of  the  number  of  experiments  at  the  central  point 
is  required  in  order  to  obtain  variance  at  the 
central  point,  the  same  as  in  the  other  points  in  the 
experimental  plan  with  radius  p  =  1;  the  recom¬ 
mended  number  of  experiments  is  A(,  =  6  where 
0<o:Sl.'  practical  acceptance  is  exactly  as  in  the 


Fir,  1.  Pin  on  disc  machine  ;1,  AC  motor;  2,  VI. T  fre¬ 
quency  converter;  bevel  gears;  4,  lestpiccc;  .S.  counterpari; 
b,  electric  heater;  7.  lever;  8.  strain  gauge;  9.  dead  weight). 


uniform  plan.  It  was  assumed  that  the  star  arm  of 
the  plan  for  the  number  of  investigated  factors 
5=3  (contact  pressure,  sliding  speed  and  initial 
temperature)  was  a  =  '^j2''=  1-6817  (these  values 
selected  on  the  basis  of  tabular  recommendation.' 

The  overall  number  i\=  2()  tests  was  calculated 
using  the  relationship; 

A/=2'  +  25+-V„ 

N  is  number  of  experiments. 

5  is  number  of  the  investigated  factors. 

is  number  of  experiments  at  the  central 

point. 

Moreover,  after  the  initial  investigations,  the 
experiments  were  carried  out  at  the  following 
conditions: 

—  The  hardness  of  the  sliding  suriaces  of  the 
counterparts  (made  of  thermally  improved 
steel  45)  were  45  =  ±  1  HRC  and  its  surface 
roughness  ranged  from  0- 1 3  to  0- 1 6  //m. 

—  The  samples  were  made  of  ptfe  (its  density  is 
2-18  g/cm-\  melting  temperature  is  327°C) 
filled  with  60%  by  weight  of  bronze  (MB  10. 
density  9-47  g/cm\  grain  size  of  50-100 
/<m)  containing  30%  Pb. 

The  following  parameters  were  varied  as  follows: 

—  average  contact  pres.sure.  /?  =  0'05-l-95 
MPa; 

—  sliding  .speed.  r  =  0-50-2-50  m/s: 


Table  1.  The  input  variables  {p.  r,  /„)  and  output  data  (/,. 
p )  of  experiments 


FAp.  no. 

-v, 

pi  MPa' 

'V: 

r  im/.s 

.V, 

6'7C  1, 

[,wm/km‘ 

\  ; 

u 

1  1 

()-43 

0-90 

39 

40 

2() 

on 

T 

1-56 

0-90 

39 

60 

5-6 

0-58 

3 

0  43 

209 

39 

55 

2'3 

012 

4 

>  T  ' 

1  -.36 

209 

39 

86 

3-6 

0-57 

.S 

0-43 

0-90 

81 

102 

2-4 

0- 1 6 

6 

1-.36 

0-90 

81 

105 

2-0 

0-57 

7 

0'43 

209 

81 

125 

3‘6 

0-21 

«J 

1  .36 

209 

81 

135 

3-2 

0-60 

9  ] 

()()3 

1  50 

60 

60 

3-0 

0-08 

II) 

1-9  5 

l-,30 

60 

1  15 

70 

0-69 

1  1 

10 

03() 

60 

70 

24 

0-26 

12 

10 

2-30 

60 

110 

1-6 

0-31 

13 

1-0 

1-50 

25 

35 

2-4 

0-3  1 

14  J 

10 

1'30 

9.3 

1  10 

2  0 

033 

\5  ] 

1-0 

1-50 

60 

80 

30 

0-34 

16 

10 

I -SO 

60 

85 

30 

0-28 

17 

10 

1-50 

60 

95 

2-8 

0-30 

18 

1-0 

1  -SO 

60 

100 

2-8 

0-3 1 

19 

1  No 

M) 

ISO 

60 

100 

2-4 

0-33 

20  J 

10 

l-S 

60 

95 

2-8 

0-31 
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—  initial  temperature,  /p  =  25~‘>5°C: 

—  friction  distance  (length  of  action),  L=^500() 
m. 

The  flat  end  of  the  ptfe  pins,  which  were  8  mm  in 
diameter,  were  rubbed  against  the  steel  discs 
1  counterparts  )  in  the  conditions  of  technically  dry 
friction.  The  diameter  of  the  frictional  tracks  on 
the  discs  was  60  mm.  After  the  specimen  had 
been  mounted  in  the  specimen  holder,  the  pin  was 
initially  rubbed  against  600  grade  emery  paper 
placed  on  the  disc  to  ensure  good  contact  between 
the  pin  and  the  disc.  Before  the  wear  tc'l  was 
started,  the  pin  and  disc  surfaces  had  been 
cleaned  by  rubbing  with  a  soft  cloth  dipped  in 
ethyl  alcohol.  The  coefficient  of  friction  and  wear 
intensity  were  obtained  during  the  steady  state 
stages  of  friction  and  wear,  respectively. 

I  he  results  obtained  were  interpreted  using  a 
computer  routine  with  which  the  coefficients  of 


the  polynomial  regression  function  of  the  output 
quantities  measured  were  determined.  The  simpli¬ 
fied  polynomial  of  the  second  degree  of  the  three 
independent  variables  may  be  expressed  as  fol¬ 
lows; 

y=  b„+h,X,  +  b.X.  +  b,X,  +  6, i  +  br:X] 

+  h,,X\  +  A.  +  6,,Ai  A,  +  b.^.X^X, 

where 

y  is  the  output  quantity  of  the  experi¬ 

ments. 

/?, . are  the  coelficients  of  the  regression 

function. 

A|..Y,.  A,  are  the  input  quantities  in  the  experi¬ 
ments. 

The  input  vadabit;  A"|~A„  and  the  m-^tsured 
outp  jt  data,  _v,-y are  show  n  in  Table  1 . 


Fig.  2.  Wear  intensity  nf  a  ptfe-based  composite  sliding  Fig.  J.  (  ocfficieni  t)f  friction  of  a  pifc-bascd  comptvsitc 

against  a  steel  disc  at  a  sliding  speed  of  2  5  m/s  in  two  forms  sliding  against  a  steel  disc  at  sliding  speed  of  2  5  m  s  in  two 

'a>  spat' tl:  lb; contour.  forms;  ui)  spatial; ib; eont  nir. 
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Rt:si  LTS  AND  DISCI  SSION 

rhc  test  results  arc  presenteti  in  twii  I'orms:  three 
dimensional  espatiali  diagrams  and  contour  forms. 
Wear  intensity,  /,.  coefficient  of  friction,  u.  and 
final  temperature,  as  functions  of  contact  pres¬ 
sure,  p.  sliding  speed.  t\  and  initial  temperature, 
are  shown  in  Figs  2-9. 

(a)  The  effect  of  motion  parameters  {p.  e.  t^)  on 
wear  intensity  and  coefficient  of  friction 

Figures  2  and  ?  show  the  wear  intensity  and  ctr- 
efficient  of  friction  versus  the  contact  pressure 
and  initial  temperature  at  the  sliding  speed  of  2-5 
m,  s.  F  igure  2i  b  i  indicates  that,  at  low  initial  tem¬ 
perature  of  25^C,  wear  intensity  starts  to  increase 
rapidiv  above  a  cmitact  pressure  of  about  1  Mpa. 
.At  the  high  initial  temperature  of  95°C,  increasing 
the  contact  pressure  results  in  a  gradual  decrease 


in  wear  intensity  to  about  so",,  ol  its  ini'uil  value 
at  1  .Mpa  then  it  gradually  increased  with  increase 
in  pressure.  Also,  increasing  initial  temperature 
tends  to  a  sharp  increase  in  wear  intensity  at  low 
pressure,  but  it  tends  to  reduce  wear  intensity  at 
high  pressure. 

F'igure  .s  shows  that  there  is  an  increase  in  the 
coefficient  of  friction  with  increase  m  contact 
pressure  regardless  of  the  initial  temperature. 
Figure  b  shows  that  the  coefficient  of  Irietion 
increases  gradually  with  increasing  initial  tem¬ 
perature  and  much  more  rapidly  with  increasing 
pressure.  I’his  may  be  attributed  to  the  laet  that, 
the  coefficient  of  friction  of  ptfe  is  generally  inde¬ 
pendent  of  temperature  in  the  high  temperature 
range." 

Figures  2‘  it  and  .v  b  show  that  there  is  a  region 
of  low  initial  temperature  and  low  contact  pres¬ 
sure  where  both  the  coefficient  of  friction  and 
wear  intensitv  are  relativelv  low  the  hatched 
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Fig.  4.  Wear  intensity  of  a  ptfe-based  composite  sliding 
against  a  steel  disc  at  initial  temperature  of  2.‘>'’C’  in  two  forms 
(at  spatial;  (h)  contour. 


Fig.  5.  Coefficient  of  friction  of  a  ptfe-hased  compsisiic 
sliding  against  a  steel  disc  at  initial  temperature  of  25'’C  in 
two  forms: (a)  spatial;  (hi contour. 
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Kil*.  6.  Wi.;ir  intensity  of  ;i  ptlc-lmscil  composite  sliilint; 
iistainsi  a  steel  disc  at  initial  tcnipertiturc  of  dO’C  in  two 
fortns:  a  spatial;  li  contour. 
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Fi};.  7.  Coefficient  of  friction  of  a  ptfo-hased  composite 
sliding  against  a  steel  disc  at  initial  temperature  of  tiO'C  in 
two  forms;  a'  spatial;  b  contour 


tirciis)  where  ,wm/km  at  /’=  ()  ()5- 1  -5  MPa, 
up  to  6()X'  and  at  Mpa,  up 

to  I  OPT. 

Figure.s  4  and  5  depict  the  results  of  wear 
intensity  and  coefficient  of  friction  versus  the  slid¬ 
ing  speed  and  contiict  pressure  at  an  initial  tem¬ 
perature  of  25X'.  It  can  be  observed  that  wear 
intensity  and  coefficient  of  friction  brtth  increa,se 
with  increasing  contact  pressure,  regardless  of  the 
sliding  speed.  Increasing  sliding  speed  has  almost 
no  effect  on  wear  intensity  and  coefficient  of  fric¬ 
tion.  In  Figs  4(b)  and  5(b).  can  be  seen  another 
area  of  motion  parameters  (the  hatched  areas) 
where  the  wear  intensity  is  a  minimum  and  the 
coefficient  of  friction  still  has  a  low  value  (/,^4 
/<m/km  and  at  /j  =  ()05-()'7  MPa. 

t’  =  0-5-2'5  m/s  and  /p  =  25°C).  This  may  be 
explained  on  the  grounds  of  the  mechanical-adhe¬ 


sive  theory  of  friction  of  thermoplastic  polymers 
as  follows:  on  the  sliding  surface  of  the  steel  coun¬ 
terpart.  the  spread-bronze  metallic  film  is  coated 
with  a  ptfe  film  which  smoothes  the  surface  result¬ 
ing  in  a  reduced  degree  of  interaction  between  the 
bulk  materials  in  contact,  this  tends  to  reduce  fric¬ 
tion. 

The  same  effects,  as  in  Figs  4  and  5.  are  shown 
in  Figs  6  and  7  but  at  a  relatively  high  initial  tem¬ 
perature  of  6()°C.  It  is  seen  that  there  is  less 
change  in  wear  intensity  and  coefficient  of  friction 
with  contact  pre.ssurc  and  sliding  speed  at  that 
temperature  than  at  25°C.  however  both  have 
higher  initial  values.  Also  from  Figs  6  and  7  it  can 
be  seen  that,  at  severe  friction  conditions  (high 
sliding  speed  and  high  contact  pressure),  the  wear 
intensity  and  coefficient  of  friction  attained  high 
values  (/,  =  1  ^  //m/km  and  //  =  0-74  at  /'  =  2-5  m/s. 
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Fig.  8.  Final  temperature  ol  a  ptfe-hased  eompo'-ite  sliding 
against  a  steel  disc  at  initial  temperature  of  6(l°C  in  two 
forms:  a  spatial;  b  contour. 


Fig.  9.  F  ina!  temperature  of  a  ptfe-bascd  etmiposite  sliding 
against  a  steel  dise  at  initial  temperature  ol  u.s  C'  in  two 
forms:  a  spatial;  h  contour. 


p  =  2  MPa  and  /p  =  6()°Ci.  This  may  be  atlributcd 
to  a  partial  degradation  of  ptfe  resulting  in  an 
increase  of  metal  to  metal  cttntact  of  the  two  slid¬ 
ing  surfaces.  This  cau.sed  an  increa.se  in  the  adhe¬ 
sion  contribution  to  the  process  of  friction, 
increasing  the  friction  coefficient  and  resulting  in 
more  rapid  wear  of  the  comptjsite." 

(b)  The  effect  of  motion  parameters  (p,  v,  t^)  on 
the  final  temperature  of  friction 

The  effect  of  sliding  speed  and  contact  pre.ssure 
on  the  resultant  final  temperature  of  friction  is 
shown  in  Figs  X  and  9  from  initial  temperatures  of 
60“C  and  95°C,  respectively.  It  is  obvious  that  the 
value  of  the  final  temperature  is  determined  by 
the  value  of  the  initial  temperature  and  by  the  fact 
that  it  increa,ses  with  inei easing  sliding  .speed. 
Figure  8(a),  /p  =  60°C,  indicates  that  the  final  tem¬ 
perature  increases  with  increasing  contact  pres¬ 


sure  and/or  sliding  speed.  While,  at  95“C.  there  is 
almost  no  effect  of  increasing  contact  pressure  on 
the  final  temperature  of  friction  except  at  high 
sliding  speed.  Fig.  9.  On  the  other  hand,  increas¬ 
ing  sliding  speed  tends  to  a  gradual  increase  in  the 
final  temperature,  regardless  of  the  conttict  pres¬ 
sure. 


CONCLLSIOINS 

From  the  conducted  experimental  friction  and 
wear  tests  of  ptfe  filling  with  bronze  powder  rub¬ 
bing  against  a  steel  counterpart  at  different 
motion  parameters,  the  following  conclusions 
could  be  drawn; 

( I )  There  are  two  regions  of  motion  para¬ 
meters  where  wear  intensity  and  the  coeffi¬ 
cient  of  friction  both  have  low  values.  It  is 
advantageous  for  the  designer  to  predict 
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the  values  of  wear  intensity,  coefficient  of 
friction  and  final  temperature  ot  triciioii  tu" 
that  material  if  he  knows  the  motion  para¬ 
meters  and  the  inverse  is  correct. 

'  2i  The  final  temperature  increases  with 
increasing  contact  pressure  and/or  sliding 
speed  at  relativelv  high  initial  temperature 

i6irc). 
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This  paper  discusses  ihc  damage  toicrant  design  melhodology  for  adhesively 
btmded  joints  and  bonded  repairs,  Aticnii»>n  Is  focuseti  on  the  effects  of  rate 
dependence,  creep,  and  strain,/load  holds  on  the  load  carrving  performance  of 
structural  adhesises. 


1  INTRODUCTION 

The  research  undertaken  as  part  of  the  Primary 
Adhesively  Bonded  Structure  Technology 
'PABSTi  program'  revealed  that  adhesively 
bonded  structures  are  significantly  more  tolerant 
to  large  di.sbonds  than  had  previously  been 
thought.  The  PABST  fuselage  was  made  using 
’development'  tooling  and  contained  a  number  of 
significant  flaws.  These  flaws  did  not  grow  during 
testing.'  Similarly,  the  environmental  fatigue  test¬ 
ing  of  representative  coupons  did  not  damage  the 
adhesive  bonds.- 

Following  this  work  it  was  shown  (see  Ref.  3) 
that  externally  bonded  composite  patches  were  an 
effective  method  of  repairing  cracked,  or 
damaged,  structural  components.  Whilst  this 
repair  methodology  was  first  used  to  repair  cracks 
in  military  aircraft  it  has  recently  been  applied  to 
civilian  aircraft.  An  application  to  Boeing  727  and 
747  aircraft  is  described  in  Refs  4  and  5.  which 
outline  a  series  of  flight  demonstrator  programs, 
whilst  repair  to  the  keel  beam  of  a  Boeing  767  air¬ 
craft  is  described  in  Ref.  6.  A  summary  of  the 
relevant  structural  design  consideration  is  given  in 
Ref.  7. 

In  1990,  with  the  support  of  the  Australian 
Civil  Aviation  Authority  (CAA),  a  world  wide 
study  into  the  commercial  application  of  thi.s  tech¬ 
nology  was  performed,  see  Ref.  S.  Thirty  four 
organisations  in  eight  countries,  including  10 
manufacturers  and  seven  regulatory  authorities 
were  consulted.  The  following  proposed  de.sign 
rules  and  procedures  were  sub.sequently  adopted 
by  the  CAA:  viz. 

!  1 )  Designs  shall  be  substantiated  against  the 
Damage  Tolerance  provisions  of  the 


United  Stales  federal  Aviation  Rcgulatitms 
(FARi  Part  25. 5^ !  at  Amendment  45. 

(2)  The  repair  of  any  structural  component 
which  contains  damage  sufficient  to  reduce 
the  aircraft  structure  to  below  design  limit 
load  residual  strength  shall  not  normally  be 
attempted. 

(3)  Sers'ice  time  degradation,  environmental 
and  impact  damage  substantiation  evidence 
shall  he  provided  for  the  composite 
material  and  the  structural  bond,  as  appro¬ 
priate  to  the  design.  This  should  include 
sufficient  work  to  enable  the  composite 
repair  to  meet  the  intent  of  the  damage 
tolerance  requirements. 

i4)  Quality  control  considerations  should 
include,  for  all  critical  areas,  wedge  testing 
of  bond  strips  produced  during  the  repair 
process. 

The  put  pose  of  this  report  is  to  discuss  the  design 
methodology  for  the  damage  tolerant  design  of 
bonded  joints  and.  by  analogy,  composite  repairs 
to  cracked  metallic  structural  components. 

In  the  CAA  Airworthiness  Advisory'  Circular  it 
was  stated  that: 

...civil  requirements  do  not  mandate  an  initial 
flaw  approach.  However,  it  is  often  convenient 
to  do  so  and  this  may  reduce  the  threshold 
fatigue  testing  requirement.  This  may  be  in 
recognition  of  leaving  the  initial  crack  in  the 
metal  unchanged  but  also  may  cover  the  pre¬ 
sence  of  an  unbonded  region  in  the  joint. 

In  light  of  fhe.se  comments  the  initial  PABST 
methodology,  see  Ref.  9,  has  recently  been 
extended  to  include  damage  tolerance  considera¬ 
tions,  see  Ref.  10.  In  Ref.  10  this  work  was  sub- 
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stantiated  by  a  series  ol  fatigue  test  programs  in 
which  the  joints  contained  either  in-built  disbonds 
and/or  impact  ritimagc. 


2  DESIGN  METHODOLOGY 

2 . 1  Maximum  load  carrying  capacity 

I'he  results  of  the  PABST  te.^t  piogiam  led  to  the 
w  idespread  acceptance  of  several  simple  formulae 
for  calculating  the  maximum  load  carrying  capac¬ 
ity  of  a  bonded  joint.  For  a  symmetrical  bonded 
joint,  subjected  to  a  uniform  remote  tensile  stress, 
it  was  suggested''  that  failure  will  occur  when 

the  maximum  value  of  the  s>rain  energv 
density  in  the  bond,  equals  IV  ,  the  maximum  per¬ 
missible  value  of  the  strain  energy  density  of  the 
adhesive  as  determined  from  a  thick  adherend 
test,  i.e.  w  hen 

'Snux  =  ''K  i  n 

It  was  also  shown,  see  Ref.  9.  that  for  thin  ad- 
herends  the  ma.xinium  load.  that  can  be  car¬ 
ried  by  the  bond  was  related  to  VV,„.,^  by  the 
formulae: 

Here  /.  is  the  Young's  modulus  of  the  adherends 
skini  whilst  /  and  T  are  the  thicknesses  of  the 
adhesive  and  the  adherend  respectively,  sec  Fig.  1. 
Consequently,  for  a  symmetrical  'thin  skinned' 
bonded  joint,  subjected  to  a  uniform  remote 
tensile  stress,  the  maximum  load  that  can  be 
carried  by  the  bond  was  given,  see  Ref.  9.  as; 

=  ,3) 

1  he  analysis  used,  in  Ref.  9.  to  determine  these 
formulae  made  no  explicit  allowance  lor  the 
effects  of  load  dwells  or  strain  holds.  This  effect, 
which  can  be  quite  significant,  is  shown  in  Fig.  2 
for  the  thin  film  adhesive  FM73  at  various  strain 
rates.  'Note  that,  as  can  be  seen  in  Fig,  2,  during  a 
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Fiji.  I.  Cicometry  of  the  lap  joint. 


strain  hold  the  stress  decays  to  an  asymptotic 
value  wtiich  is  independent  of  the  strain  rate  and 
of  the  value  at  which  the  strain  was  held.  .As  such 
these  formulae  are  only  applicable  for  loading 
which  is  strictly  monotonic.  This  limitation  can  be 
removed  by  modifying  eqn  :  s  as  iollovs  s. 

/^„.  =2y//:7TH;  -  11  'I  4 

where  IT'  is  the  irreversible,  i.e.  inelastic,  energy 
resulting  from  either  a  load  dwell  or  a  strain  hold. 
In  general  IT'  will  depend  on  the  loading  rate. 
However,  for  strain  holds  the  quantity  IV'  can  he 
approximated  by  the  formula: 

lT'  =  f  '7;“  o,i'/2/-.;,  5^ 

where  is  the  Y'oung's  modulus  of  the  adhesive. 
(7^.  is  the  maximum  value  of  the  von  Mises  equi¬ 
valent  stress  in  the  adhesive  and  r;,,,  is  the  thres¬ 
hold,  i.e.  the  endurance,  level  of  the  von  Mises 
equivalent  stress.  .As  shown  in  Ref.  10  whilst  the 
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Fig.  2.  .Stress/s! rain  response  of  FM7.t:  Ui  i  S  Kt)c-2,;s; 
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von  Mises  equivalent  stress  a^.  is  strain  rate 
dependent  the  threshold  stress  a,,,  is  strain  rate 
independent.  :Here  it  should  be  mned  that  for 
pure  shear  problems  oj  equals  3r^) 

A  conservative  estimate  lor  is  obtained  by 
using  the  value  of  o,.  obtained  from  test  data  at 
high  strain  rates.  For  FM7.3  this  value,  at  room 
temperature,  is  tippro.ximately  40  VlPa.  see  Ref. 

10.  For  FM73  the  room  temperature  "threshold' 
stress  tr,f,  is  appro.ximately  25  MPa,  which  cor¬ 
responds  to  a  "threshold'  energy  VV,  of  0-4 1 6  MPa. 
As  can  be  seen  from  Table  1  the  "threshold'  stress 
corresponds  to  the  lower  limit  of  the  yield  (shear! 
stress,  i.e.  the  value  of  the  yield  (shear)  stress  at 
vanishingly  small  strain  rates. 

During  strain  holds,  which  frequently  occur 
during  proof  tests,  in  laboratory  testing  and  in 
pressurised  fuselage  structures,  the  recoverable 
i.e.  elastic '  strain  energy  is  converted  into  irrever- 
s'^'ie  energy,  and  as  such  is  a  direct  rellection  of 
the  degradation  of  the  adhesive.  The  boron/epetxy 
reinforcement  i  doubler  )  to  a  F 1 1 1  wing  pivot  fit¬ 
ting  is  an  interesting  example  which  illustrates  the 
importance  of  this  effect.  Ffere  the  doubler  is 
bonded  to  the  wind  pivot  fitting  under  Uvad.  In 
one  instance,  due  to  a  problem  in  the  application 
process,  a  doubler  disbonded  during  a  strain 
survey.  This  failure,  which  is  documented  in  Ref. 

1 1 .  did  not  occur  instantaneously,  upon  com¬ 
mencement  of  the  strain  hv)ld.  and  took  a  sig¬ 
nificant  time  to  occur. 

It  is  important  to  note  the  fundamental  assump¬ 
tions  underlying  eqn  (3  i.  These  are; 

i  i  In  the  adherends  (skin)  the  shear  stress  and 

the  normal  stress  (peel)  are  negligible. 

ii  I  Fach  point  in  the  adhesive  lies  on  the  same. 

i.e.  unique,  rate  independent  stress/strain 
curve. 

The  first  assumption  is  only  true  for  thin  ad¬ 
herends.  For  3175  mm  thick  aluminium  alloy 
skins  it  has  been  shown,  both  experimentally  and 
analytically,'-  that  this  assumption  is  invalid  over 
a  distance  of  approximately  2  mm  on  either  side 


t  able  I.  Yield  shear  stress  and  elastic  shear  modulus  of 
FM73  at  various  strain  rates 


Strain  rates 

')  Yield  stress  (MPa i 

Shear  modulus  (MPa) 

H-68C--S 

26-7H 

753 

8-78e-4 

.52-81 

746 

H'67e-,1 

.5.S-d4 

766 

SH(tc-2 

,59-()6 

758 

of  the  j(;int.  in  this  region,  w  hich  is  the  peak  shear 
stress  region,  the  inner  adherend  skin  experi¬ 
ences  significant  compressive  nornuii  peel 
stresses.  As  such  cqns  3  ■  and  (4  ^  are  only  valivi  tor 
thin  skinned  structures.  For  aluminium  alloy  skins 
they  are  questionable  when  the  skin  thickness  is 
greater  than  approximately  3  mm. 

The  assumption  that  each  point  is  on  a  single 
rate  independent  stress/strain  curve  is  also  ques¬ 
tionable.  As  shown  in  Ref.  Id  adhesives  arc 
strongly  rate  dependent.  Fhe  linear  clastic  solu¬ 
tion  for  the  strain  in  the  joint  yields  strains  which 
vary  from  a  minimum  of  zero  in  the  centre  of  the 
joint  to  a  maximum  of 

7"=  A/'  2(;',,  d 

at  the  ends.  Here  t P!2.  P  is  the  applied  loatl. 
r„  is  the  average  shear  stress.  is  the  shear 
modulus  of  the  adhesive  and  A/ =  2 (/  ,  /.//  .  If  it 
took  t„  s  to  apply  the  load  then  the  strain  rate  in 
the  adhesive  would  vary  from  zero,  in  the  centre 
of  the  joint,  to  a  maximum  v  alue  of  v  7  at  the 
ends.  As  can  be  seen  from  I'able  1  this  would 
result  in  a  significant  range  of  the  apparent  yield 
stress'. 

As  a  result  of  this  effect  each  point  in  the  adhe- 
,sive  can  be  c.xpected  to  be  on  a  different,  time 
dependent,  stress/strain  curve.  .\s  load  is  shed 
from  the  adhesive  at  the  ends  of  the  joint,  due  to 
the  on.set  of  plasticity,  it  can  be  expected  that,  at 
points  away  from  the  ends,  the  local  strain  rate 
will  increase.  Consequently,  it  is  anticipated  that 
any  given  point  in  the  adhesive  will  not  remain  on 
a  single  stress/strain  curve.  Initially  it  will,  in 
general,  lie  on  a  low'  strain  rate  curve  and  ‘sub¬ 
sequently  move  to  a  series  of  higher'  strain  rate 
curves  as  the  load  increases.  Whilst  this  effect  may 
invalidate  the  formulae,  derived  in  Ref.  d.  for  the 
shear  stresses  and  strains  the  expression  for  the 
strain  energy  VV  remains  unchanged.  (This  pheno¬ 
menon  will  be  clarified  in  Section  3.)  As  a  result 
eqns  (3)  and  (4)  are  still  applicable. 

2.2  Damage  tolerance  considerations 

For  bonded  structures  the  PABST  program 
revealed  that,  for  thin  skinned  structures,  the  use 
of  d«/dn  calculations,  to  life  a  bonded  joint,  is 
often  inappropriate  and,  in  some  instances,  poten¬ 
tially  detrimental,  see  Ref.  2.  For  such  structures 
the  bond  (joint)  can  be  designed  such  that  damage 
will  not  initiate.  Furthermore,  if  the  bond  is  found 
to  contain  damage,  i.e.  delamina tions  or  di.sbond.s. 
then  this  damage  will  not  grow,  even  under 
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adverse  environmental  conditions,  see  Refs  2.  4,  S, 
10.  13.  In  this  case  the  joint  should  be  designed 
such  that  the  stresses  and  strains  in  the  adhesive 
are  below  a  limiting  value,  which  is  termed  the 
threshold.'  or  endurance,  value  for  the  particular 
adhesive,  see  Ref.  1 0  and  Chapters  4  and  6  in  Ref. 
3. 

To  address  the  damage  tolerant  requirements 
inherent  in  the  CAA  Airworthiness  Advisory 
Circular  it  is  possible  to  define  the  fatigue  ihres- 
hoid  load  /’,.  tuid  the  associated  fatigue  'thresh¬ 
old'  strain  f..  below  which  irreversible  damage  in 
the  adhesive  will  not  cK’cur,  see  Ref.  10.  For  'thin' 
adherends  skins'  this  is  done,  as  in  eqns  i  1 )  and 
.  3  s  from  the  formulae: 

/'  =  2./U;0'  i7> 

=  iSi 

where  U',  is  the  'threshold'  value  of  the  strain 
energy  density  of  the  adhesive,  i.e.  the  value  below 
which  irreversible  effects  will  not  occur.  The  value 
of  H  .  can  be  determined  e.xperimentally  using  the 
thick  adherend  test  specimen,  sec  Ref.  10.  In  this 
case  irreversible  damage  w  ill  not  occur.  For  FM73 
the  threshold'  stress  is  approximately  2.3  MPa. 
which  corresponds  to  a  'threshold'  energy  H',  of 
0416  .VI Pa.  see  Ref.  10. 

For  aerospace  applications  as  calculated 
from  eqn  (3)  should  be  greater  than  the  ultimate 
load  for  the  component  and  the  value  of 
calculated  using  eqns  i7)  or  (8),  should  be  greater 
than  the  limit  load  (strain).  In  general  if  the 
requirement  for  /■’,((■,  )  is  met  then  the  requirement 
for  will  usually  be  satisfied.  However,  there 
will  be  instances  when  it  is  not  possible  to  meet 
the  requirement  for  /’J  r, ).  In  these  cases  the  adhe¬ 
sive  joint  may  still  exhibit  an  adequate  fatigue  life. 
For  bonded  composite  repairs  this  means  that  if 
FAR  2.S  !  Part  25.57 1  i  and  the  associated  damage 
tolerant  requirements  are  to  be  met.  see  .Section  1 . 
then  a  more  detailed  fatigue  analysis  of  the  joint 
possibly  including  coupon  tests,  both  with  and 
without  damage,  in  an  aggressive  environment,  i.e. 
ii  hot  wet  3-5 -.s'V)  salt  environment,  may  be 
required.  However,  it  should  be  noted  that  for 
composite  repairs  the  fatigue  life  of  the  repaired 
structure  only  needs  to  be  greater  than  that  of  the 
undamaged  structure. 

As  an  example  let  us  consider  a  typical  thin 
skin'  joint  where  /^0'2  mm,  7=T2  mm  and 
/.  =  70  GPa.  T  his  results  in  a  threshold  strain  f,  of 
approximately  0  ()02  which,  in  many  cases,  would 
be  above  the  limit  strain  for  the  component.  (For  a 


typical  witle-bodied  transport  aircraft  the  peak 
I  limit  .'  fuselage  strain  is  approximately  0  (H)  1  3,  see 
Ref.  13.1  To  further  illustrate  the  need  to  keep 
below  the  endurance  level  consider  the  case 
where  this  joint  experiences  a  load  spectra  con¬ 
sisting  of  the  following  loading  blocks:  A  strain 
excursion,  in  the  )  remote ;  adherend.  with 
Turn  =  O'Ob  and  r,„ ,,  =  0-003 1  w here  the  ma.ximum 
strain  is  achieved  in  O-.sO  s.  Using  eqn  6  this 
corresponds  to  a  maximum  shear  strain,  in  the 
adhesive,  of  approximately  0'0.s2.  and  an  asso¬ 
ciated  strain  rale  of  approximately  0()08  s'.  Ihis 
strain  rate  corresponds  approximately  to  the 
fastest  rate  given  in  Table  I .  .At  this  rate  the  strain 
excursion  corresponds  to  a  stress  excursi()n  tn  the 
adhesive  of  approximately  3b  MPa.  This  strain 
excursion  is  then  followed  by  a  2-s  strain  hold.  i.e. 
at  r,,,,,,  =  0()03 1.  after  which  the  specimen  is 
unloaded  to  /.ero  load. 

The  initial  strain  excursion  produces,  in  the 
adhesive,  very  little  inelastic  strain.  However,  the 
2-s  strain  hold  results  in  an  inelastic  strain,  in  the 
adhesive,  of  approximately  OOlb.  which  accumu¬ 
lates  with  each  consecutive  strain  hold.  However, 
the  maximum  strain  that  the  adhesive  can  tolerate 
is  approximately  ()-7.  Thus  as  a  first  approxima¬ 
tion  the  joint  can  be  expected  to  withstand  of  the 
order  of  40  such  blocks  of  loading,  after  which 
dciamination  damage  can  be  expected  to  initiate. 
(A  similar  'ratcheting'  process  can  be  seen  in  the 
experimental  test  data  given  in  Ref,  10.  This 
damage  can  subsequently  be  expected  to  result  in 
fatigue  failure.  On  the  other  hand  taking,  as  a  con¬ 
servative  estimate,  to  be  2.3  MPa.  we  obtain 
r  to  be  in  e.xccss  of  1000  MPa.  which  is  well 
above  the  strength  of  most  aluminium  alloys. 

This  example  illustrates  how  a  joint  may  fail  in 
fatigue  at  a  strain/stress  well  beneath  the  ultimate 
load  carrying  capacity  of  the  joint  and  highlights 
the  need  to  consider  fatigue  implications  in  the 
design  process.  By  reducing  the  number  of 
cycles  that  can  be  withstood  is  increased,  f  fow- 
ever,  if  the  skin  thickness  had  been  increased,  to 
say  /'=  3  mm,  then  to  achieve  a  similar  degrada¬ 
tion  in  the  fatigue  performance  of  the  joint  would 
require  a  lower  value  of  f,„„.  i.e.  approximately 
()•()()  1 8  for  the  case  when  7  =  3  mm. 

In  previous  sections  we  have  seen  that  when 
designing  a  bonded  joint,  the  stress/strain 
response  of  the  adhesive  plays  a  central  role  in 
determining  both  the  load  carrying  capacity  and 
the  fatigue  performance  of  the  joint,  see  Refs  1 . 2. 
9,  10.  An  analytical  representation  for  this  rate 
dependent  stress/strain  response,  which  uses  a 
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‘State  Variable"  approach  and  which  can  he  imple¬ 
mented  on  an  IBM  PC.  is  given  in  Ref.  H).  I'he 
computational  advantage  of  expressing  the 
■fatigue  threshold"  load  l\  in  terms  of  the  quantity 
W,,  rather  than  the  associated  stress  or  strain 
threshold  values,  was  discussed  in  Ref.  10  and  will 
also  he  disemssed  in  the  next  section. 


3  RATE  DEPENDENT  ANALYSIS  OE 
BONDED  .JOINTS 

To  evaluate  the  effect  of  the  loading  rate  on  the 
critical  design  variables  we  will  consider  the 
specific  joint  analysed  in  Ref.  14.  Here,  as  in  Ref. 
14.  the  elastic  shear  modulus  fr,  of  the  adhesive 
was  taken  as  7.s0  MPa.  the  overlap  length.  /,  of  the 
joint  was  !()(>  mm.  the  adhesive  thickness.  /.  was 
0-2  mm.  and  the  adherend  thicknesses.  1.  were 
."i-n.s  mm  whilst  the  remote  stress  in  the  adher¬ 
end  s  was  900  MPa.  An  elastic,  a  traditional 
incremental  elastic-plastic  and  an  clastic-plastic 
rate  dependent  finite  element  analysis  of  this  joint 
was  performed  using  the  mesh  described  in  Ref. 
14.  see  Fig.  ,7.  with  four  elements  across  the  adhe¬ 
sive  layer.  In  this  work  the  adhesive  properties 
were  taken  to  be  as  for  FM73  with  the  strain  rate 
dependence  as  measured  in  Ref.  iO.  Here  it  was 
fi')und  that  for  FM7.7  the  slope  of  the  post  yield 
curve  was  esscntialh  rate  independent  and  was 
approximately  MPa.  The  strain  rate  depend¬ 
ence  of  the  yield  stress  was  given  in  Table  1.' 
However,  for  comparative  purposes  a  variety  of 
post  yield  slopes  were  also  considered,  see  Table 


For  this  geometry  the  maximum  value  of  the 
strain  energy  density  iworki.  was  calculated  from 
the  results  of  an  clastic,  an  incremental  clastic 
plastic  and  a  rate  dependent  elastic -plastic  analv- 
sis.  see  Refs  10.  I.''  lor  details,  f  he  resultant 
values  are  given  in  'Fable  2  for  a  remote  stress  m 
the  adherends  of  900  MPa.  Here  we  sec  that  the 
differences,  in  the  calculated  values  for  the  strain 
energy,  were  approximately  5"..  and  were  similai 
to  the  differences  given  by  the  rate  independent 
analysis.  This  work  can  thus  be  seen  to  suppiut 
the  fundamental  assumption,  umlcriying  the 
simple  design  formulae  developed  in  Ref,  0  as 
part  of  the  PABS  F  program,  that  although  adhe¬ 
sively  bonded  joints  are  strongly  rate  dependent 
the  maximum  value  of  the  critical  design  variable, 
i.e.  the  maximum  value  of  the  strain  energy  in  the 
joint,  is  relatively  rate  independent. 
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I  able  2.  Ffffct  of  strain  rate 
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Whilst  the  strain  energy  was  relati\oly  insensi¬ 
tive  to  strain  rate  eet'  the  individual  stress  and 
strain  comptrnents  were  not.  I'his  can  be  seen  in 
Fig.  4  where,  tor  point  A.  the  equivalent 
stress-equivalent  strain  relationship  is  plotted  lor 
the  twii  cases  w  hen  the  ioad  was  applied  over  !  s 
and  1 00  s  respectively. 

.At  any  given  point,  the  strain  rate  and  hence 
the  associated  stress-strain  curve  also  vary  with 
time.  Once  the  inelastic  irreversible  process  com¬ 
mences.  there  are  three  effects.  Since  the  post- 
yield  slope  IS  small,  the  ’resistance'  to  any  increase 
in  load  is  lowered.  This  effect  tends  t()  increase 
the  strain  rate.  However,  as  the  yielded  region 
becomes  larger  this  local'  region,  which  is  less 
stiff,  sheds  load.  1  his  effect  tends  to  reduce  the 
local  strain  rate.  F. vcntually.  a  ’steady  state'  level  is 
reached.  These  three  phenomena  can  be  seen  in 
Fig.  .s.  where  the  strain  rate  behaviour  of  the 
arlhcsise  is  plotted  tor  points  at  various  distances 
from  point  /\.  Initialh  the  first  effect  dominates. 
1  hen  as  loatl  shedding  becomes  more  dominant 
the  strain  reduces  to  a  steady  state  value.  The 
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Fig.  5.  Strain  rale -time  relationship  at  various  loctitions  in 
the  adhesive  layer. 


strain  rttte  at  each  point  in  the  adhesive  is  ililfeienT 
and  varies  with  time.  It  is  thus  apjsareni  th.it  n-.> 
single  stress-strain  curve  is  app!ic;ible  amt  ihal.  ti 
each  point,  the  appropriate  curve  is  deiet mined 
In  the  local  strain  rate  at  that  instant  of  time 


4  IMPLK  ATIONS  FOR  (  ()■(  I  RKI) 
(OMPOSriF.IOlMS 

The  previous  .inalysis  hits  coiicentiateii  on  aiihe 
siveiv  bonded  |oints  where  the  load  is  transnnlted. 
via  shear,  through  the  adhesive  layer  SymmeliK 
co-cured  composite  joints  are  somewhat  similar  in 
that  the  lo;id  is  transiniticd  via  inierhimimir  she.tr 
in  the  composite  Ae  also  know  that,  in  sh '  U, 
composite  materials  behtive  in  a  lashion  smuiar  to 
adhesives,  sec  Ref.  lb.  lo  illustrate  this  a  simple 
two  rail  shear  lest  was  (verformed  in  .iccordtinee 
with  .ASTNl  test  standard  1>42,''’s-n.'  methoil  \ 
rite  lest  specimen  was  a  r.sOt)  b!4('  graphite 
epoxy  laminate  with  a  d.bl)'.,  piv  eonbeuration  o! 
dimensions  7b  mm  by  I, •'2  mm.  lire  tests  were 
performed  in  strain  control.  lests  were  .lUt' 
performed  during  which  the  stniin  was  held  ctni- 
stant.  until  the  stress  retiched  its  ;isy  mptotic  value, 
at  various  strain  levels.  .\  ty|ncal  shear 
stress-shear  strain  curve  is  given  in  Fig.  b,  Here, 
after  the  second  strtiin  hokl  the  specimen  was 
unloaded  ;ind  then  relotulcd  at  the  same  stniin 
rate. 

The  composite  behaviour,  as  given  in  Fig.  b.  is 
quite  similar  to  that  shown  in  Fig.  2  for  the  thin 
film  adhesive  F.Vl7,v  In  both  cases  riming  a  strain 
hold  the  stress  relaxes  to  an  asymptotic  level 
regardless  of  the  strain  level.  The  slope  of  the 
’reloading'  curve,  following  ciilici  a  strain  hold  or 


Fig.  6.  Slrcss/slrain  response  nt  1301),  ')  1 4. 
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Linioading.  is  parallel  to  its  initial  elastic  curve. 
1  his  implies  a  traditionar.  i.e.  metal-like,  inelastic 
hehaviour.  As  such  conventional  I'ornuilaiions  tor 
the  load  ctirrving  e;ip;icit\.  and  durabilitv.  of  eo- 
eured  ioints  need  to  be  extended  to  allow  lor  this 
time  dependent  behtiviour. 


5  (ONC  Ll  SION 

This  repoit  has  presented  the  extended  R-M^S  I 
phih'suphy  for  the  damaee  tolerant  desiun  of 
adlu.axely  bonded  joints.  In  this  approach  the 
adhesive  stresses  and  strtiins  are  kept  benetith 
their  threshold  values.  These  threshold  values 
have  been  presentevl  for  the  thin  film  adhesive 
1M73.  which  is  widely  used  in  aerospace  applica¬ 
tions.  1  he  stress  strain  response  ol  this  tidhesive, 
at  various  strain  rates,  together  with  the  associated 
Viilue  of  U,  is  presented  in  Ref.  Id.  as  is  an  tinalv- 
iietil  repiesentiition  for  the  rate  tlepemlent 
rc'-poiise. 
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Stress  and  strength  analysis  of  composite  Joints 
using  direct  boundary  element  method 


Chien-Chang  Lin  &  Chuen-Horng  Lin 

Institute  ot  Applied  Mtilheiruuics,  Sittionul  Chun^- Using  L  'nteersin.  hnchung.  laiuan 


In  ihi>  paper,  the  stress  distribution  and  the  strength  of  bolted  joints  of  ortho¬ 
tropic  composite  plates  under  uniform  loading  are  investigated.  \  direct 
boundary  elenieni  method  with  quadratic  isoparametric  elements  in  conjunc¬ 
tion  with  a  fundamental  solution  derived  by  Ki/zo  and  .Shippy  '  is  usetl.  Plates 
with  rigid  bolts  tire  treated  as  two-dimensional  plane  stress  problems,  and  the 
boil  size  IS  considered  to  be  identical  to  the  hole  dimension.  I  he  prediction  ol 
the  laminate  strength  is  based  on  the  Yamada-Sun  failure  cnieriiin.  Some 
numerical  results  tor  various  edge  distances  and  material  properties  are  pre¬ 
sented  tor  illustrative  purposes. 


NOTATION 

/)  Hole  diameter 

i.  fidge  distance 

Youngs  modulus  in  the  longitudinal 
direction 

/, .  Young's  modulus  m  the  transverse  direc¬ 
tion 

(■/,  -  Shear  density 

//  T  hickness  of  the  plate 

/.  Length  of  the  plate 

/<„  ,  Characteristic  lengths 

Shear  strength  of  a  cross-ply  laminate 
U  Width  of  the  plate 

,X  l.ongitudinal  tensile  strength  of  each  ply 

I'l-  Poisson's  ratio 

INTRODLCTION 

Increasing  applications  of  composite  materials  in 
aircraft  structures  have  motivated  the  present 
investigation  on  the  stress  concentration  ;ind 
strength  of  brrlted  joints.  Idmited  work  in  this  area 
is  available  in  the  open  literature,  and  the  authors 
are  not  aware  of  any  existing  closed  form  solution 
for  this  problem  concerning  orthotropic  plates. 
However,  there  are  studies  for  stress  and  strength 
analysis  for  bolted  joints  of  orthotropic  plates 
using  various  numerical  methods. 

In  1979.  Pyner  and  Matthews'  made  an  experi¬ 
mental  investigation  on  the  strengtli  of  a  variety  of 
multi-hole  joints.  Their  results  were  compared 


with  the  strength  of  stngle-hole  joints.  In  19S(!. 
Ogonow'ski^  u.sed  the  complex  variable  technic|ue 
in  conjunction  with  boundary  collocation  pro¬ 
cedure  to  determine  the  stress  concentration  at  a 
circular  hole  rtf  a  laminated  finite  plale.  In  19K2. 
('hang  c/  al.'  studied  the  stress  distribution  and 
the  failure  load  of  a  laminate  by  using  a  finite 
element  method.  Using  a  computationally 
efficient  finite  element  model,  Lakshminarayana' 
in  J98.T  pre.sented  a  study  on  the  problem  of  a 
semi-circular  edge-notch  in  a  laminated  compo¬ 
site  plate  of  finite  size  under  uniaxial  tension.  In 
1984,  Chang  and  Scott  presented  the  stress 
distribution  in  the  laminate  using  a  finite  elemeni 
method  and  the  failure  load  and  mode  for  a  joint 
containing  one  or  two  pin-loaded  holes.  Also 
Zhang  and  Ueng''  in  1 984  used  the  complex  stress 
function  which  satisfies  the  dispkicement 
boundary  conditions  along  the  hole  to  obtain  an 
analytical  solution  of  stress  around  a  pin-loaded 
hole  in  an  orthotropie  laminate.  In  1 986,  Maha- 
yerin  and  .Sikarskin'  developed  an  efficient 
boundary  clement  method  for  use  in  the  analysis 
of  mechanically  fastened  composite  structures. 

In  this  study,  stress  concentrations  are  deter¬ 
mined  by  a  direct  boundary  clement  method  with 
quadratic  isoparametric  element  formulation,  and 
the  fundamental  solution  for  tw'o-dimensiona! 
problems  for  orthotropic  elastic  material  is  used 
For  the  strength  of  bolted  joints  of  laminated 
orthotiopic  plate,  the  analysis  is  based  on  the 
characteristic  curve  for  plate  failure  derived  from 
the  Yamada-Sun  failure  criterion.  A  comparison 
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of  the  numerical  results  based  on  the  present 
methrrd  with  other  methods  shows  that  the 
present  direct  boundary  element  methotl  is  sig¬ 
nificantly  more  efficient  in  computational  time 
and  cost  fitr  comparable  accuracy. 


in  which  we  ha\e  maile  use  oj  eqn  3  wi'Ji  il.e 
follovsing  manipulation  loi  the  unit  lorce 
0*- in  the  seeoiui  term  on  the  left-hand- 
side  of  eqn  ^  1  . 

(■*  :.  u  :  di'’ :  ~  \  e*  c  d  i  u  :  dr  : 


STRESS  ANALYSIS 

Direct  boundary  element  method 


e*  e  i)  II  :  ilr  r 


I'he  direct  BI  N!  ean  most  conveniently  be  f.irmu- 
lated  through  the  reciprocal  work  theorem.  The 
theorem  states  that:  if  two  distinct  elastic  equi¬ 
librium  States  0*.  i*.  II*  u  (0,.  /  ,  II,-  e.xist  in  a 
region  I '  bounded  b  ,  the  surface  A.  the  work  done 
b\  the  forces  of  the  first  system  on  the  dis¬ 
placements  of  the  second  is  equal  to  the  work 
done  by  the  forces  of  the  second  system  on  the 
displacements  of  the  first  *  ,  1  hus.  according  to 
Banerjee  and  Butterfield."' 


/  .V  It  .V  dv  .V 


0  II '  z '  dre 


.V  'll.’  .VUi.V  .V  ' 


0r. ' '  dr  :  M  I 


where  .v  is  a  point  on  S  and  r  is  a  point  in  I !  Dis¬ 
placements.  tractions,  and  body  forces  are  t, 
and  0,  respectively,  and  the  !*i  den<>tcs  those 
quantities  corresponding  to  a  unit  force  applietl  in 
an  infinite  solid. 

We  shall  retjuire  the  surface  traction  /.i.vi  at  a 
point  v,i  on  a  surface  with  outward  normal  //,i  vi 
determined  from 

=  '2! 

Substituting  eqns  i2;  and  id)  in  eqn  1 1 ).  we 
obtain 


l,.x.  £iu,(,tUi.v(.vi  + 


£)//,( r) di’(.'i 


r,ia  )  ^ )  d.v(,v) 


0,(z)(i,,(z.  ^)dr(z) 


(4) 


The  '  term  is  now  common  to  all  the  integrals 
in  eqn  ■  1  and  ean  be  hielored  outside  ol  each 
integral  which  allows  us  to  vsri'c  eqn  4  .  1  ho 
term  ean  further  be  simplitied  b\  noting  that 


d,.!)’ ~  c  u  tit'  r 


It,  r '  fV  r.  £  df  :  fiu  £  b 


in  which  the  index  )i~\  corresponds  to  points 
within  12  /f  =  -  corresponds  to  points  on  S.  and 
/^  =  ()  corresponds  to  points  outside  ot  S.  Hence 
from  eqn  (41  we  arrive  at 


£ 


t  V  ( ‘  -  /■,  .V.  £  !  n,  A  ids  a 


0jr!(V„:r.  £olf:r 


Since  no  body  foree  is  eonsulered  in  the  stiuiv. 
then 


(hij  £  I  = 


£'  -  /■„  A,  c  n,  A  |d.S  A 

:,S 


where  x  locates  an  interior  point  and  £  for  a 
boundary  point,  t,  is  the  surface  traction,  and  ft,  is 
the  displacement  vector. 


Fundamental  solu''t)n 


A  symmetrically  stacked  laminated  plate  consist¬ 
ing  of  N  ortholropic  lamina  subjected  to  inplanc 
loads  as  shown  in  f  ig.  1  is  considered.  I'he  re¬ 
lationship  between  the  inplane  stress  resultants 
and  the  strain  components  based  on  the  classical 


Stress  tnu!  strength  iiiitlh  'is  ol  eotnpusite  toiiiis 


in  which 


/-,  /. 


■  V-  * 


FIk-  1  •  Cicometrv  and  coordinates  ot  a  composite  piatc. 


laminatitrn  thetirv  is 


[”  .1  I  ,  ,l;|  /!(, !  //, 

-d  -  III. 


Au.  -h,,,  I  ,  + /c  , 


where 


.1,.  =  „  (j  :  h, 

in  which  q’'  are  the  reduecci  stilYriesses  and  is 
the  thickness  of  the  Ath  layer. 

If  the  ,1,„  and  .1.,  terms  arc  zern.  cqn 
reduces  tti 


d. 


\ ,  >  =  /I , 


I)  tl 


0  ;r,  , 

0  n,  , 


n,  +  u. 


which  is  the  constitutive  equation  (or  the  plane 
elasticity  problem  tor  a  specially  orthotropic 
laminate. 

Ihe  eri'eclive  engineering  properties  (or 
btilaneed  and  symmetric  laminais arc  determined 
(rom  the  std'fness  constants.  A,,.  The  eKeciive 
longitudinal  Young's  modulus  beet  mes 
A, ,  “  the  transverse  Young's 

mi )dulus  /■  \  =  i  A ,  I  A  . ,  -  A  p  )//t , , .  the  longitudi¬ 
nal  Poisson's  ratio  v„  =  ,d  |.//l and  the  shear 
modulus  =  A,,„. 

I  hc  Hooke's  law  for  plane  stress  distribution 
tor  orthotropic  plates  takes  the  form 

II,  ,  =  ,V|,r;, 

II,  ,  =  .V|^rr,  +  (111 

II,  ,  +11,  , 


aie  the  compliance,  the  stress  </,  and  displace¬ 
ment  gradients  ii,  ,  arc  mean  values  taken  through 
the  thickness  of  the  laminate. 

According  to  Riz/.o  and  Shippy.'  various 
quantities  are  taken  as  follows: 

f/'i,  =  x  i  .1:  In  r,  -  v  O;  ■  \ :  In  r 

=  -  /s,,/f  -ft.  i: 

I  1  1  I 

(i  -  =  -  A,  In  r,  -  ,d  .  In  r 


1-0  =A„ 


b  ,1  i 


a  ■  •  V  a  .  /• . 
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where  the  values  of  a,  are  generally  real  and 
positive  for  a  large  number  of  materials,  and  the 
present  study  is  limited  tr)  this  class  of  materials. 
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Stress  and  displacement  of  interior  points 


For  solving  boundary  value  problems  in  plane 
elasticity  using  the  fundamental  solution,  displace¬ 
ment  and  traction  at  each  boundary  element  are 
given.  As  a  result,  we  will  use  the  following 
equation  with  the  known  values  of  displacements 
and  tractions  from  the  boundary  points: 


.  V 

! 


gld.vlA')  u‘,{x* 


(14) 


Once  the  displacements  at  interior  points 
jix.  are  given,  the  stress  at  interior  points  can 
be  determined  from  the  following  stress-strain 
relation. 
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in  which  =A,jfH and  His  the  plate  thickness. 

While  n,  ,,  (q  ,,  u,  ,  +  ti,  ,  are  unknown  in  eqn 
U5),  they  can  be  determined  by  using  eqn  (14), 
and  the  stress  components  may  be  expressed  as 


follows: 
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STRENGTH  ANALYSIS 

For  the  determination  of  the  strength  of  a  bolted 
joint  before  failure,  the  failure  strength  and 
location  of  failure  initiation  may  be  predicted  by 
adopting  a  failure  criterion.  The  present  study 
follows  the  failure  criterion  proposed  by  Yamada 
and  Sun.-  The  criterion  proposed  below  is  based 
on  the  assumption  that  all  constituent  lamina  fail 
in  the  form  of  cracking  along  the  fiber  directions 
and  each  lamina  has  substantially  higher  shear 
strength: 


('S:  1  failure  occurs 
e  <  1  without  failure 


I  17) 


where  o,  is  the  longitudinal  stress,  0,2  is  the  shear 
stress,  X  is  the  ply  longitudinal  strength  and  A,  is 
the  ply  shear  strength  measured  from  a  symmetric 
cross-ply  laminate. 

Locations  of  failure  are  determined  according 
to  the  charaeteristic  curve  established  by  Chang  et 
al.^  for  loaded  holes.  The  failure  is  considered  to 
occur  on  the  curve  for  the  value  of  rof  the  charac- 
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teristic  curve  defined  by  the  following  equation; 

=  |  +  _/?,jcos(^)  (18) 

in  which  /?,„  and  are  experimentally  deter¬ 
mined  characteristic  lengths  for  tension  and  com¬ 
pression  respectively. 

To  predict  the  failure  or  strength  of  a  bolted 
joint,  we  first  determine  laminate  stress  resultants 
from  the  characteristic  curve  from  which  we  can 
determine  e  from  ply-by-ply  lamina  stres.ses. 
These  e  values  are  proportional  to  the  applied 
load  p.  and  the  highest  value  of  e  governs  the 
strength  of  the  joint.  When  this  maximum  e=l. 
the  corresponding  applied  load  p  =/?,  is  the  failure 
load: 


e 

NUMERICAL  RESULTS  AND  DISCUSSION 

The  present  analysis  using  a  direct  boundary- 
element  method  in  conjunction  with  quadratic 
isoparametric  elements  is  an  accurate  and  versa¬ 
tile  approach  for  solving  elastic  orthotropic  plate 
problems.  Several  numerical  examples  are  pre¬ 
sented  here  for  illustrative  purposes. 

isotropic  plates 

To  demonstrate  the  accuracy  of  the  method,  the 
stress  distribution  in  an  isotropic  annulus  plate  for 
which  the  exact  solution  can  be  found  in  any  text¬ 
book  in  elasticity  such  as  the  book  by  Timo¬ 
shenko  and  Goodier' '  is  considered.  The  material 
properties  are  £  =  2-96  MPa.  and  v  =  0-3.  Re,salts 
for  the  annulus  having  an  inside  radius  /-,  =  10  cm 
and  of  outside  radius  r.  =  20  cm  under  the  in¬ 
ternal  pressure  ct  =  10  MPa  are  shown  in  Fig.  2. 
They  ccimpare  extremely  well  with  the  exact  solu¬ 
tion  given  in  Ref.  1  I . 

Orthotropic  plates 

We  first  consider  an  orthotropic  rectangular  plate 
with  a  circular  opening  under  three  types  of 
loading  considered  in  Ref.  1 2.  They  are  case  ( 1 ) 
tension  in  the  principal  direction,  case  (2)  hydro¬ 
static  tension  of  a  plate,  case  (3)  constrained 
pressure  of  plate.  The  material  properties  are 
£,  =  1-2x10^  psi,  Ej  =  0-6  x  1 0*^  psi, 
(/|i  =  0-07  X  10'  psi  and  v, 2  =  0-6568.  The 


analytical  results  for  the  problem  were  given 
previously  by  Leknitskii  ei  al.'-  The  present 
results,  given  in  Table  1  compare  extremely  well 
with  the  exact  solutions. 

An  orthotropic  plate  of  finite  width  containing 
an  unloaded  hole  is  considered  next.  The  analy¬ 
tical  solutions  for  the  problem  were  given  previ¬ 
ously  by  Whitney  and  Nuismer,'’  and  Chang  ei 
al:  The  material  properties  are  £  ||  =  149-8  GPa. 
E::  =  1  GPa.  G,:  =  5-39  GPa  and  v,:  =  0-29.  The 
geometrical  dimensions  are  H7/7  =  3-0.  £7/7  =  4. 
LjD-  14  with  the  diameter  /7  =  49  mm  where  M’ 
and  £  are  the  width  and  length  of  the  plate 
respectively,  and  £'  is  the  edge  distance  from  the 
centre  of  the  hole.  Results  ba.sed  on  the  present 
method  as  shown  in  Fig.  3  show  excellent  agree¬ 
ment  with  the  existing  analytical  solutions. 


;7 


T  m.Tn7 

Fig.  2.  Stress  in  the  isntropic  annulus  plate  under  uniform 
internal  pressure, 


Table  1.  .Stresses  in  ortholropic  plate  with  a  circular 
opening 

l.oadingiypc  o,,  Present  Fxact 

solution  solution’’ 
ipsi  i  I  psi  ' 

Case  ill  Maximum  5-46d4  5-454 

Minimum  -n'7l72  -()-7! 

Case  (2)  Maximum  406{)7  4()4 

Minimum  10915  109 

Case  (3)  Maximum  ()-53}<9  0-50 

Minimum  -  5-4025  -  5-4 
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occurs  at  the  edge  ol  the  hole.  It  is  lound  that, 
when  /;//>  is  less  than  two.  the  longitudinal  stress 
a,  decreases  across  the  width  of  the  plate,  and  the 
stre.ss  reverses  to  compressive  near  the  edge  of  the 
plate. 

Similarly,  the  strength  of  a  plate  having  two 
holes  made  of  AS  3.^()l~6:()/±4.5/d()  with 
material  properties  given  in  Table  I .  and  pl\ 
thickness  of  5-2H3  mm  is  studied.  Results  on  o, 
along  the  v-axis  are  given  in  Fig.  5.  Obviously, 
high  stre.ss  concentration  occurs  at  the  edge  of  the 
hole.  It  is  found  that  when  EjD  is  less  than  two. 
the  longitudinal  stress  a,  decreases  across  the 
width  of  the  plate,  and  the  stress  reverses  to  com¬ 
pressive  near  the  edge  of  the  plate. 

Failure  strength 


The  strength  of  a  plate  made  of  7  .4()0,  .SP2Nb  w  ith 
ply  thickness  of  I -Ob?  mm  is  investigated.  I  he 
results  on  the  strength  for  /f  =  10  mm  are  show  n 
in  Fig.  6.  Similarly,  for  the  same  problem  for  AS  ; 
3501  with  ply  thickness  of  5-283  mm.  results  on 
the  strength  for  />=  10  mm  are  given  in  Fig.  7. 
The  strength  at  failure  is  small  for  i.iD  less  than 


-I  00 

3.50 
3.00 

2.50 

^  2.00 
o 

'T  ,.50 
,00 
0.50 
0  00 
-0.50 

-too  ,  ,  . . 

I  00  ,.25  ,..50  ,.75  2  00  2.25  2  50  I  00  1.25  ,.50  1.75  2.00  2.25  2.50 

DISTANCE.  Y/R  DISTANCE.  Y-'R 

Fig.  4.  Stresses  in  ;i  uniformly  loaded  I',tOO/SP28fi  Fig.  5.  Stresses  in  a  uniformly  loaded  AS  .t.SO  I -6  laminate 
laminate  with  a  loaded  hole  (where  rr^  =  RjdD.  with  a  loaded  hole  ;where  =  Rid,'. 


Table  2.  Lamina  material  properties 


E, 

’'1: 

-Y 

.V 

K. 

E.., 

iCiPai 

(GPa) 

(GPa) 

(GPa! 

((iPa) 

(mm) 

{mm? 

T;tO0/.SP2«6 

1 .3()-() 

8-274 

.3(133 

0-3 

1-23 

0-05 

1092 

3()48 

AS/3.S(n-6 

1 30-0 

13-1 

5-86 

0-3 

l-.SK 

012 

0-584 

1-727 

Finally,  the  strength  of  a  plate  made  of  T3()()/ 
SP286(0/  +  45/90),  with  the  .same  ply  thickness  of 
1067  mm  is  investigated.  The  material  properties 
are  given  in  Table  2.  and  the  geometrical  dimen¬ 
sions  arc  /.=  100  mm.  VV  =  25  mm  and  D=  10 
mm.  Results  on  o,  along  the  y-axis  are  shown  in 
Fig.  4.  Obviously,  the  high  stress  concentration 
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Fiji-  3.  Stresses  in  a  uniformly  loadcti  orihotropic  plate 
with  a  free  hole. 
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Fig.  6.  The  failure  strength  of  T2I)0/.SP286  laminate  under 
inplane  stresses  versus  /://)  ratio. 


following  conclusions  can  be  made: 

1.  The  present  method  using  the  direct 
boundary  element  with  quadratic  isopara¬ 
metric  element  formulation  requires  less 
boundary  conditions  than  the  conventional 
boundary  element  method  which  saves 
computing  time. 

2.  Solutions  indicate  that  the  Ef  D  value  should 
be  larger  than  two  for  safe  design. 

3.  The  stress  concentration  increases  w  hen  the 
£//)  value  decreases,  and  the  maximum 
strength  decreases  when  the  £//>  value 
decreases. 

4.  The  laminate  strength  depends  on  material 
properties  and  stacking  sequence  of  the 
laminate. 
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7.  t  he  failure  strength  of  AS/.t501-f)  laminate  under 
inplane  stresses  versus  LjD  ratio. 


twt).  For  the  three  stacking  sequences  considered, 
the  102/145/90),  laminate  has  the  highest 
strength  of  t\IH. 


CONCLUSIONS 

The  method  of  analysis  established  in  this  study 
has  been  used  to  determine  the  stresses  around  a 
hole,  and  to  predict  the  strength  of  a  finite  compo¬ 
site  laminate.  Based  on  the  numerical  results,  the 
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Adhesive  interface  eiement  for  bonding  of 

laminated  plates 

Chien-Chang  Lin  &  Tseng-Chung  Ko 
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An  isoparametric  adhesive  interface  element  is  used  in  the  stress  analysis  of 
adhesive-bonded  structures.  The  model  assumes  that  transverse  shear  and  peel 
stresses  prevail  in  the  adhesive  layer.  The  analyses  articulate  separate  resp<inses 
of  the  plate,  overlays  and  the  adhesive.  The  stress  distribution  in  the  adhesive 
layer,  obtained  for  lap  joints,  is  found  to  be  in  agreement  with  those  obtained  by 
previous  authors.  To  e.xtend  the  use  of  bonded  joints,  the  deflection  of  patched 
plates  under  transverse  loading  and  the  stress  eoncentration  in  a  plate  having  a 
center  hole  reinforced  by  a  ring  patch  are  also  analyzed.  The  present  element, 
together  with  the  eight-node  isoparametric  plate  eiement  based  on  first  order 
shear  deformation  theory  used  to  model  the  plate  and  overlay  patch,  is  found  to 
have  an  advantage  in  solving  problems  of  adhesive-bonded  structures. 


1  INTRODUCTION  cally  as  simple  tension-shear  springs  connecting 

the  plates  and  patches.  Although  the  method  is 
Adhesive-bonded  joints  have  widespread  applica-  developed  for  lap-joints,  patched  plates  and 

tion.s  in  aerospace  structures  due  to  their  light  reinforcement  of  plate  with  hole,  it  can  he  readily 

weight  and  efficient  load  transfer  characteristics.  e.xtended  to  other  bonded  joint  configurations. 

The.se  can  be  metal  to  metal,  metal  to  composite  Numerical  examples  are  provided  to  show  the 

or  composite  to  composite  bonding.  The  use  of  influence  of  the  patch  on  the  deflection  of  the 

adhesive  in  the  bonding  technique  for  composite  locally  patched  plate  and  the  stress  distribution  of 

structures  has  shown  the  feasibility  of  adhesive  a  plate  having  a  center  hole  reinforced  by  a  ring 

joining  and  stiffening  of  structural  components  patch.  The  present  finite  element  solutions  show 

subjected  to  severe  environmental  and  loading  good  agreement  with  the  published  results,  The 

conditions.  For  efficient  designs  of  adhesive-  element  developed  is  quite  general  which  can 

bonded  structures,  a  knowledge  of  the  rela-  easily  be  employed  for  adhesive-bonded  struc- 

tionship  between  plates  and  adhesive  layer  is  turcs. 

essential.  Most  of  the  existing  studies'  pertain 
to  the  analysis  of  bonded  joints  such  as  lap  joints. 

In  crack  patching  problems,'"’  it  is  assumed  that  2  BONDING  PROBLEM  DESCRIPTION 
the  plate  and  patch  are  membranes  and  the 

adhesive  is  a  shear  spring.  However,  it  is  not  valid  For  the  elastic  analysis  of  adhesive-bonded  struc- 

for  single  side  patching  because  the  bending  effect  tures.  the  following  assumptions  are  made:  il  ) 

is  neglected.  The  realm  of  analysis  is  extended  in  deformations  are  small,  and  all  constituent 

this  study.  While  an  eight-node  isoparametric  materials  arc  homogeneous  and  linearly  clastic; 

plate  clement  ba.sed  on  the  first  order  shear  defor-  (2)  the  transverse  normal  modulus  of  adhesive  is 

mation  theory'  ’  is  u.sed  to  idealize  the  plate  and  much  lower  than  that  of  the  plate  and  overlay 

overlay  patch,  a  sixteen-node  adhesive  interface  patch,  so  that  the  transverse  normal  deformation 

clement  for  the  adhesive  layer  is  developed  in  the  of  the  plate  and  overlay  is  negligible  in  compari- 

presentwork.  .son  with  that  of  the  adhesive;  (3)  the  adhesive  is 

This  paper  presents  a  stress  analysis  method  under  the  antiplane  stress  state,  i.c.  o,  =  a,  = 

for  adhesive-bonded  structures  under  in-plane  r,,  0;  (4)  the  peel  and  shear  stresses  along  the 

and  transverse  loading.  The  adhesive  layers  are  thickness  direction  in  the  adhesive  layer  are 

assumed  to  be  relatively  thin  and  behave  elasti-  assumed  uniform. 
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Bonded  structures  including  the  plate,  adhesive 
and  overlay  as  shown  in  Fig.  1.  may  be  viewed  as  a 
sandwich  structural  element.  The  displacement 
components  of  the  adhesive  m,  v  and  w  are 
obtained  from  the  equilibrium  equations 
expressed  in  terms  of  displacements,  and  the 
detailed  formulation  of  the  problem  is  presented 
here. 

From  assumptions  (3)  and  (4),  there  are  only 
three  stresses  and  their  associated  strains  in  the 
adhesive.  The  stress-strain  and  strain-displace¬ 
ment  relations  are 


f,.-  =  r,,  =  a-=  E.,F.ix,y)  ( 1 ) 

_du  dm  dv  dw  _dw 
' '  6c  6-r  *  0c  6v  '  6c 


and  the  equilibrium  equations  are  as  follows; 
6c  dc  ^  6.V  6\-  0y 


(3) 


Integration  of  f.  in  eqn  (2)  with  respect  to  c  in 
conjunction  with  a.  in  eqn  ( 1 )  results  in 


w(x,y,z) 


o.  +  Hv,(  x.y) 


(4) 


where  H’„(a:,y)  is  the  displacement  in  the  adhesive 
at  c  =  0.  Displacements  u  and  r  are  obtained  by 
integrating  eqn  (3)  in  conjunction  with  eqn  (4L 
Along  interfaces  between  patch  and  adhesive  at 
c  =  t,  and  between  plate  and  adhesive  at  c  =0.  two 
independent  continuity  equations  in  the  .i  and  y 
directions  respectively  become. 

'  5  ■ 

1 

y..  =  -  (n,  -j':  +  h,  i 

where  E.,  -  Young's  modulus  of  the  adhesive. 

=  thickness  of  the  adhesive,  /,  =  thickness  t)f  the 
overlay  patch,  t,  =  thickness  of  the  plate,  /q.  r,. 
vvi  =  displacement  components  of  the  overlay. 
V'u>  V’u"  rotation  components  of  the  overlay,  (q. 

H,  =  displacement  components  of  the  plate. 
V’.’i-  V':i  “  rotation  components  of  the  plate,  h,  = 
:(/,  +IJ.  h:='dl:  +/.,)• 


3  FINITE  ELEMENT  FORMULATION 

Isoparametric  plate  elements  with  first  order  shear  deformation  are  used  for  both  the  plate  and  overlay 
patch.  They  are  made  of  fiber  reinforced  composites.  Referring  to  the  schematic  of  the  isoparametric 
adhesive  interface  element  as  shown  in  Fig.  1,  the  adhesive  is  assumed  to  experience  only  the  transverse 
shear  stress  r,..  q.  and  normal  stress  (7..  The  total  .strain  energy  of  an  element  of  the  bonded  structure 
can  thus  be  written  as 


n^.  =  L j  +  ( /s  +  f/s  +  f  ‘i  =  -  f)^ +  -  dp/V|,6p  +  f/', 


<  )'<■  +  1  d.v  d  V  + . ' 

'  ■  2/, 


!  IV, 


MS  r  d.v  dv 


in  which  Q  represents  the  area  of  the  adhesive,  and  and  y,.  arc  the  transverse  shear  strains  corre¬ 
sponding  to  r,.  and  r^.  respectively.  Here.  K^,  and  arc.  respectively,  the  element  stiffness  matrices  of  the 
overlav  patch  and  plate.  The  transpose  of  the  displacement  vector  6,  for  the  plate  is  6,’  which  is  defined 

in  terms  of  the  nodal  point  displacements  h,,.  iq,.  /q^  and  rotations  V’lw  . "b  with  m  =  H 

being  the  number  of  nodes,  i.e. 

V’lu- V’lw  n|,,t’i,l.  (=  1.2 . 8 

Similarly,  the  same  applies  to  the  displacement  vector  for  the  overlay  patch  such  that 

=  ly,,,,  I, 2,. ...8 

The  evaluation  of  the  area  integrals  U\  and  requires  a  knowledge  of  the  shear  strains  jq  and  y,,  for 
the  adhesive  layer.  The  shear  strains  can  be  found  from  the  relative  displacements  between  the  overlay 
patch  and  plate  given  in  eqn  (5).  The  generalized  displacement  can  be  written  as 

=  V'|>.  Vbv  »|.  '’i.  1/’’,.  V’’.- 
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where 


q-  I  qj, 


tor  j  ranging  from  1  to  10,  and  /,  are  shape  functions.  The  vector  id!  contains  the  nodal  displacements  in 
both  the  overlay  patch  and  plate  as  follows; 

j<3  ! '  =  1  H’||.  g;, ,  I ,  l/'i  j  I .  I ,  (/;,  -  •.  ^<2X1  tbslsiij;  I 

Without  going  into  details,  the  area  integrals  in  eqn  (6)  can  be  expressed  in  the  form 


L'\  +  L”!  =  -  G ,  ( y +  y ; )  d.Y  dy  +  “  !  w'l  “  )'  d.v  d y  = ! S ' |  A.'., |i d { 

“  Jn  -iiyjii 

From  the  strain  and  nodal  displacement  relationship,  we  have 


ir,  --  us  =TFi|di 


where 


1  0  0  /;  0  ...  0  0  /,  0  O  O  -/,  0  ...  0  h:ts  <>  “is  0 


'■  r[o  (I  0  /;  ...  0  0  /(,/:  0  /;  o  a  h.j\  o  -/;  ...  o  o  /?_,/,  o 

0  0  0  0  ...  /,  0  0  0  0  -/,  0  o  o  o  ...  -  o  o  o  ojx„x. 

The  stiffness  matrix  due  to  the  shear  strain  can  be  expressed  as 


l«,|'l«,ldet[yid^d;/ 


and  the  stiffness  matrix  due  to  the  normal  strain  can  be  expressed  as 


[«„ri«„|det[ijd^d?/ 


where  [/]  is  the  Jacobian  matrix  which  is  used  to  transform  the  physical  coordinates  {x,y)  to  the 
curvillinear  coordinates  Both  ^  and  q  range  between  -  1  and  +  1.  The  matrix  \KJ  of  an  adhesive 
interface  element  for  the  adhesive  layer  given  by 

[K,HKJ  +  \KJ  (11) 

can  be  evaluated  numerically  using  the  3  x  3  Gaussian  point  integration  procedure. 

Finally,  by  a.s.sembling  the  total  stiffness  of  all  elements  of  an  adhesively  bonded  structure,  we  obtain 
the  following  equation; 

[/Cl  =  Z[/C1  =  Z!/Cj  +  [/C,|  +  [^J  (12) 

and  the  stress  analysis  of  bonded  structures  is  established. 
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4  NUMERICAL  EXAMPLES  WITH 
DISCUSSION 

A  single  lap  joint  under  various  loading  condi¬ 
tions,  a  patched  plate  under  transverse  loading, 
and  a  plate  with  a  center  hole  reinforced  by  a  ring 
patch  as  shown  in  Figs  1,  3,  5,  respectively,  are 
considered  as  examples.  The  following  material 
constants  are  used: 

Boron-epoxy: 

F,  =  2-2,34  X  !0"  N/m-  (.3-24  x  K)-  psi) 

£,  =  f;  =  2-413x  l()'"N/m-  (3-50x  UPpsi) 

G ,  ,  =  G ,,  =  =  8-48 1  X  1  O'"  N  /m- 

fl-23x  lOOpsi) 

v„  =  ()-23 
Aluminum: 

£■  =  6-895  X  10"' N/m'  (10’ psi) 

v  =  0-3 
Adhesive: 

E,  =  3-068  X  1 0"  N/m=  (4-45  x  1 0^  psi) 

G,=  1-138  X  HV'N/m,  ( 1-65  x  10’ psi) 

The  plate  element  based  on  the  first  order  shear 
deformation  theory  is  used  to  idealize  the  upper 
and  lower  adherend,  and  the  adhesive  interface 
element  is  used  to  idealize  the  adhesive.  The 
thickness  of  adhesive  is  assumed  to  be  01016  mm 
in  all  cases. 

For  single  lap  joint  problems:  the  finite  element 
mesh  used  for  the  bonded  region  of  a  lap  joint  is 
shown  in  Fig.  2.  Ca,se  (a)  is  a  lap  joint  under 
tension  as  shown  in  Fig.  3(a).  The  calculated 
results  are  presented  for  aluminum  to  aluminum 
and  aluminum  to  boron-epoxy  combinations. 
Both  shear  and  peel  stresses  in  the  adhesive  are 
shown  in  Figs  3(a)  and  (b).  As  the  upper  adherend 
has  the  same  thickness  and  material  as  the  lower 
adherend  with  0  =  0“  2-29  mm,  we  obtain  the 
symmetric  stress  distribution  about  the  center  of 
the  bonded  joint  as  shown  in  Fig.  3(a).  The  results 
are  in  close  agreement  with  previously  obtained 
analytical  results  given  by  Goland  and  Reissner.' 
For  the  combination  where,  the  upper  adherent 
boron-epoxy  with  /,  =  0-762  mm  and  lower 
adherend  is  aluminum  with  t2  -  2-29  mm  as  case 
(b),  the  stress  concentration  of  peel  stress  a  and 
shear  stress  r  at  x  =  0  as  shown  in  Fig.  3(b)  are 
dramatically  greater  than  those  in  Fig,  3(a).  This  is 


Fig.  2.  Finite  clement  kleali/ation  of  sincle  lap  nani 


because  of  the  smaller  bending  stiffness  of  the 
upper  adherend.  The  results  found  in  this 
example  are  in  agreement  with  those  given  m  Ref. 
5.  The  discrepancies  are  mainly  due  to  the  model¬ 
ing  of  the  adhesive  for  which  the  peel  stress 
includes  the  effect  of  axial  strain  in  Ref.  5.  but  is 
neglected  in  this  pjiper.  Ca.se  ici  is  a  lap  joint 
under  bending,  and  case  (dl  is  a  lap  joint  under 
tran.sverse  shear.  The  high  stress  concentration  at 
X  =  0  for  ca.ses  (c)  and  (d)  arc  similar  to  case  'b  i  as 
shown  in  Figs  3(c)  and  (d). 

For  patched  plate  problems:  a  square  plate. 
a  =  h  =  508  mm.  reinforced  by  bonding  an  overlay- 
patch  with  c  =  d  =0-25«,  ()-50</.  ()-75«  and  1 .0«.  is 
considered.  The  patched  plate  subjected  to  a 
uniform  transverse  load  q-  1-0  psi.  and  the  finite 
element  mesh  are  shown  in  Fig.  1.  Numerical 
results,  when  compared  with  unpatched  plates 
having  a  thickness  of  i.  It  and  2/-+-t.,,  show-  that 
the  present  analysis  is  reasonable  and  the  total 
patching  is  quite  workable.  The  following  three 
cases  with  different  boundary  conditions  and 
lamination  schemes  are  considered  for  this 
purpose: 

(i)  A  simply  supported  square  aluminum  plate 
is  reinforced  locally  by  bonding  an  aluminum 
patch.  The  plate  and  patch  have  the  same  thick 
ness  of  /  =  5.08  mm.  The  nondimensionalized 
deflection,  w  =w{t^Elqa*)\f)-,  of  patched  plate 
along  X  direction  is  shown  in  Fig.  4(a).  and  the 
maximum  transverse  displacements  are  given  in 
Table  1.  In  the  full  plate  patch  case  (d).  the  deflec¬ 
tion  is  lower  than  the  unpatched  plate  with  It +  1^ 
thickness.  Since  the  simply  supported  line  is  on 
the  neutral  plane  of  the  plate  while  the  patch  edge 
is  free,  the  overall  stiffness  is  larger  than  the 
unpatched  case  due  to  the  shifting  of  the  neutral 
plane.  From  the  numerical  results,  we  have  found 
that  the  patching  system  is  efficient.  The  reduction 
of  deflection  is  about  30%  by  only  patching  of 
the  plate  area  in  case  (a). 
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Fig..'?,  Stress  distribution  in  the  adhesive  for  a  single  lap  joint.  /.  =  25'4  mm.  »»*«».  peel  stress,  ilj  for  iAI-,‘\l!.  ;5;  for 
Al-horoni;  peel  stress,  present;  ooooD,  shear  stress,  1 1  ]  for  i  AI-AI),  i.‘'|  for  i  AI--boron'r,  A  A  A  A  A,  shear  stress, 

present  >. 


(iii  For  the  same  problem  considered  in  (i) 
except  the  boundary  condition  is  changed  from 
simple  support  to  clamped,  the  nondimen.sional- 
ized  deflection  of  the  patched  plate  along  the  x 
direction  is  shown  in  Fig.  4(b),  and  the  maximum 
transverse  displacements  are  sorted  in  Table  2. 
Similarly,  we  also  found  that  the  local  patching  is 
efficient.  In  the  full  plate  patch  case  (d),  the  plate 
and  patch  edges  arc  all  clamped.  The  deflection  of 
patched  plate  is  between  the  unpatched  plates  of 
2t  and  2f +  thicknesses,  and  the  value  is  equal 
approximately  to  «  of  the  deflection  of  the 
unpatched  plate  with  thickness  t.  This  is  reason¬ 
able. 

(iii)  A  clamped  square  boron-laminated  plate 
(0/90/0)  reinforced  locally  by  bonding  a  boron- 
laminated  patch  (0/90/0)  is  considered.  The 


thickness  of  each  layer  for  plate  and  patch  is 
1.27  mm.  The  nondimensionalized  deflection, 
1^*=  iv(f^£,\/r/rt^)10\  of  the  patched  plate  along 
the  X  direction  is  shown  in  Fig.  4(c)  and  the 
maximum  transverse  displacements  are  given  in 
Table  3.  In  the  full  plate  patch  case  (d),  the  deflec¬ 
tion  is  slightly  lower  than  the  laminated  plate  with 
(0/90/0/0/90/0)  stacking.  From  the  numerical 
results,  we  notice  the  excellent  efficiency  of  the 
patching  system.  The  reduction  of  deflection  is 
about  35%  by  only  patching  of  the  plate  area  in 
case  (a). 

For  a  plate  having  a  center  hole  reinforced  by  a 
ring  patch:  a  square  plate  with  a  center  hole 
(radius  =  25-4  mm)  reinforced  by  a  single  and 
double  ring  patch  (outer  radius  =  50-8  mm  and 
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k 

3 


LaininaleJ 

Clamped 


os  I  0 

c!x/a 


Aluniiiuin) 

Clamped 


““Siiu  No  patch,  A1  with  t  or  (0/90/0) 

“.sAe.?  No  patch,  A1  with  2t  or  (0/90/0/0/90/0) 
No  patch,  A1  witti  2t  +  ta 
“  *  S-5  ?  (-'ase(  a ) 

•-.i  t-t.»  C'aselb^ 

Case(c) 

Case{dl 


o.s 

2x/a 


- [ 

10 


He-  ■».  3  he  transverse  ilelleetion  of  patched  plates. 


l  ablf  t .  The  center  deflection  of  .simply  supported  patched 
plates  under  uniform  transverse  load 


(  (indilion 

Case 

u 

Ratio  down 

1  iipaichcd 

Thickness  = 

1  -  4-4 1  b 

(()() 

Thickness  ■= 

2i  -d•,s_s4 

12  .S4 

Thickness 

2l+l,  -d'.st.S 

12  17 

Piiichcd 

Case  a 

-  .tiws 

bV  1)4 

(  asc  b 

-  1-S62 

3.S  3b 

r  asc  c 

-(H>77 

15-32 

(  use  d ' 

-039S 

■s<y45 

Nondimensionali/ed  deflection  it '  =  w.  i'tjqa''  I0-  . 


inner  radius  =  254  mm)  is  considered.  The  plate 
is  under  uniform  simple  tension  as  shown  in  Fig. 
5.  The  shaded  area  shown  in  Fig.  5  represents  the 
patched  region.  The  finite  element  mesh  used  for 
the  ring-patched  center  hole  plate  is  shown  in  Fig. 
5.  The  patch  materials  used  are  aluminum  and 
boron-epoxy,  and  the  fiber  direction  is  parallel  to 


l  ablc  2,  The  center  dellection  of  clamped  patched  plates 
under  uniform  transverse  load 


Condition 

Case 

It 

Ratui  iltnv 

l^npatchcil 

Thickness  =  / 

-  1  29b 

IdO 

Thickness  =  2i 

-  d  lb7 

1 2-.S.S 

Thickness  =  2/  +  ;, 

-  d  lb2 

l2'5ii 

Patched 

Case  'a! 

-  0-S4(t 

b4-<S4 

Case  1  b 

-d-d  3  5 

33'5b 

Case  !c 

-  ()-2bK 

20'’ 1 

t  asc  '  il 

-  ()  lb3 

12'5’' 

Nondimcnsional  dcHcclion  vv  =  h  I'ba/id'  Id/ 


the  applied  force.  Numerical  results  show 
dramatic  reductions  of  the  stress  concentration  at 
the  hole  edge  from  the  unpalched  case,  especially 
for  double  patched  cases.  Details  are  given  in 
Tables  4  and  5.  Owing  to  the  bending  effect,  the 
single  sided  patches  result  in  limited  reduction  in 
stress  concentration  even  for  a  thick  patch.  The 
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double  sided  patches  always  have  excellent  patch¬ 
ing  efficiency  even  for  thin  patches.  In  this  class  of 
problems,  because  the  patch  only  transfers  part  of 
the  applied  load  which  is  not  like  the  lap  joint 
where  the  full  load  must  be  transferred,  the 
stresses  in  the  adhesive  are  not  as  critical. 


are  simple  to  use.  and  provide  realistic  assess¬ 
ments  of  the  stress  distribution  and  deformation 
of  the  adhesive-bonded  laminated  plates. 
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5  CONCLUSIONS 

An  adhesive  interface  element  and  a  first  order 
shear  deformation  plate  element  are  established 
for  the  analysis  of  adhesive-bonded  structures. 
The  analysis  provides  accurate  and  efficient 
calculations  for  the  distribution  of  shear  and  peel 
stresses  in  the  adhesive,  and  stres.ses  and  displace¬ 
ments  in  plates  for  a  variety  of  adhesive-bonded 
structural  problems  subjected  to  various  loading 
conditions.  Results  obtained  in  the  study  are  in 
close  agreement  with  previously  obtained  analyti¬ 
cal  results.  Detailed  finite  element  studies  have 
confirmed  that  the  adhesively  patched  method 
may  upgrade  the  structural  performance  and 
dramatically  reduce  stress  concentration  for 
Structures  with  cutouts.  The  present  procedures 


table  .t.  Ine  center  dcfleetion  of  clamped  patched 
laminated  plates  (0  90  0)  under  uniform  transverse  load 

(  oixlition  C  ase  u*  Raliotlovvn 


1  ii[)alcheil 

(1,9(10 

■  .v.tos 

100 

(1/9(1,0,0-90.0 

-0  4.S| 

1  .t  :s 

I’alched 
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b.S'72 
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table  4.  .Stress  concentration  factor  for  a  center-hole  plate 
with  a  Al-ring  patch 


total  patch 
thickness 

Single  side 
reinforcement 

Double  side 
reinforcement 

No  patch 

.V091 

.5-(  19  1 

0  2.s4  mm 

2  514 

0  sO.S  mm 

2-466 

2-,t92 

1016  mm 

2-419 

2-175 

1  524  mm 

2-40, S 

1  -994 

20. 1 2  mm 

2-0)7 

1-S40 

2  .S40  mm 

2  401 

l--’os 

.t  ,s.S6  mm 

2-.t64 

i  -49,5 

50, HO  mm 

2  256 

1-255 

Fable  5.  Stress 

concentration  factor  for  a  cerrtcr-hole  plate 

with  a  boron-ring  patch 

total  patch 

Single  side 

Double  side 

thickness 

reinforcement 

retnforcement 

No  patch 

.5-09  1 

,5  1 19  1 

tl  254  mm 

2-721 

0  50S  mm 

2-70S 

1  -S9  1 

1-016  mm 

2-5H7 

1  5U 

1-524  mm 

2-45  1 

1  2,S9 

20,52  mm 

2-.52I 

1  1  .54 

2-540  nim 

2-197 

lop 

,5  556  mm 

1  -966 

O-.ss  i  1 

5  iiHO  mm 

t  67  5 

Fig.  .5.  The  plate  with  a  center  hole  rcinforceil  by  ring  patch. 
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Compressive  and  shear  buckling  analysis  of 
metal  matrix  composite  sandwich  panels  under 
different  thermal  environments 


William  L.  Ko  &  the  late  Raymond  H.  Jackson 
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C'oinbincil  inplanc  compressive  and  shear  buckling  analysis  was  conducted  on 
Oat  rectangular  sandwich  panels  using  the  Rayleigh-Rit/  minimum  energy 
method  with  a  consideration  of  transverse  shear  Ifect  of  the  sandwich  core 
The  sandwich  panels  were  fabricated  with  titanium  honeycomb  core  and  lamt- 
ntited  metal  matrix  composite  face  sheets.  The  results  show  that  slightly  slender 
along  the  unidirectional  compressive  loading  axis  ‘  rectangular  sandwich  panels 
have  the  most  desirable  stiffness-to-weight  ratios  for  aerospace  structural 
.ipplicatioiis;  the  degradation  of  buckling  strength  sandwich  panels  vvith  rising 
temperature  is  faster  in  shear  than  in  compression;  and  the  fiber  orientation  of 
the  face  sheets  for  optimum  combined-load  buckling  strength  of  sandwich 
panels  is  a  strong  function  of  both  loaihng  condition  and  panel  aspect  ratio 
l  iuler  the  same  specific  weight  and  panel  asps’ct  ratio,  a  sandwich  ]ianel  with 
metal  matrix  composite  face  sheets  has  a  much  higher  buckling  strength  than 
('lie  havine  monolithic  lace  sheets. 


NOTATION 


(I  l.cngth  ol  sandwich  panel  i  m 1 1  in  i 

iidge  length  (if  square  sandwich  panel 
m  oin 

ir’„„  C  nefficieiiis  of  characteristic  equations 

dimensionless  I 

.1,,,,,  Fourier  coefficient  of  trial  function  for 
10 mo  ini 

h  Width  of  sandwich  panel  (mi  iim 

/)*  Flexural  stiffness  parameter. 

/■-i,/. 

n=  .  , '  m  N I  i  in  -lb) 

1  - 

Triinsverse  shear  stifincsscs  of  sand¬ 
wich  core  in  the  ,v-r  and  y-c  planes. 
Ih),  ^  =  ff  ,,-Av  (N/(ni-rad)) 

db/!  in-rad  I ) 

l.ongitudinal  and  tran.sverse  flexural 
stiffnesses.  1)^  =  (m-Ni 

( in-lb) 


fhis  ptiper  is  in  memoiy  of  co-author  Mr  Raymond  II.  Jack- 
son.  whose  untimely  death  occurred  during  the  preparation 
of  this  paper  Mr  Jackson  contributed  greatly  in  various 
acTolhcrnjoclastic  analyses  of  the  National  Aerospace 
Plane's  siructur<'il  components 


l\j\  Panel  Ilexural  stiffnesses. 

i  l  .  /)  = /)  o  1  -  1',, I’,,  m-N- 

I  in-lb  1 

/A,  Panel  twisting  stiffness.  /J„  =  2f7\,/  m- 

N I  ( in-lb  ‘ 

A),  Young's  modulus  of  titanium  material 

(N/md  db/inY 

Young's  moduli  of  face  sheets  N  m' 
db/in'i 

( i'^ ,  , .  Shciir  moduli  of  sandw  ich  core  N  m 

\lb/'iir  ' 

fr'„  Shear  modulus  of  face  sheets  N  m- 

dh/in'  > 

li  Depth  of  sandwich  panel  =  distance 

between  middle  planes  of  two  face 
sheets!  emu  in  I 
Stindwieh  core  depth  i cm  (in' 

/./'  Indices.  1 .  2.  .1.... 

A  Moment  of  inertia,  per  unit  width,  of 

tw(i  face  sheets  taken  with  respect  to 
horizontal  centroidal  axis  (neutral  axis 
of  the  vandwich  panel.  -  iji'  +  i.  A 
(m'/m'iiitr'/in' 

A,,  /i,  Compressive  buckling  factors  in  .v-  and 

N,(i  N.a' 
v-dircctions.  k,  -  , 

.t/) 

( for  a  =  consUinl  i  (dimensionless) 
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Shear  buckling  load  factor.  A.,=  INTRODLXTION 


k,.k. 


//; 

MMC 

n 

•Vu 

l\ 

}\ 

Q 

7 

1i 

w 

-V.  V. 


f  for  <i  =  constant)  (dimensionless! 

-T'/) 

Modified  compressive  buckling  load 
factors  in  .v  and  y-directions. 


r.  - 

'  *  :fc 

n  l)  (I  .T  /) 


!  f(ir  (ih  =  =  constant )  (dimensionless  i 

Modified  shear  buckling  load  factor, 

,  h  ^  ^  , 

A,.  =  — y  =  A,,  =  I  for  iih- a- 

.T'/)  n 


=  constant !  i  dimensionless) 

Number  of  buckle  half  waves  in  .v- 
direction 

Metal  matrix  composite 

Number  of  buckle  half  waves  in  y- 

direction 

Normal  stress  resultants  in  ,i-direcfion 
(N/m)(lb/in) 

Normal  stress  resultants  in  y-direction 
iN/m)(lb/in) 

Shear  stress  resultant  ( N/m )  l  Ib/in  i 
Compressive  load  in  v-direction  (N) 
(lb) 

Compressive  load  in  v-dircction  iN) 
(lb) 

Shear  load  (N)  (lb) 

7  hickness  of  sandwich  face  sheets  icm) 
(ini 

Temperature  {°Ci(°F ) 

Titanium 

Panel  dellection  ( m )  ( in ) 

Rectangular  Cartesian  coordinates 


Metal  matrix  composites  (MMCs;  have  gained 
considerable  popularity  as  one  of  the  strongest 
candidates  for  hot  structural  applications.  Typical 
hot  structures  arc  the  airframes  of  hypersonic 
flight  vehicles,  gas  turbine  engine  components, 
etc.  The  MMC  system  is  attractive  for  hot  struc¬ 
tures  because  it  can  meet  the  structures'  service 
requirements.  Namely.  MMCs  can  operate  at 
elevated  temperatures  and  provide  specific 
mechanical  properties  (i.e.  high  strength  and  stiff¬ 
ness).  Taya  and  Arsenault  have  discussed  all 
aspects  of  the  thermomechanical  behavior  of  the 
MMC  system  in  great  detail.' 

The  principal  application  of  MMCs  in  hyper¬ 
sonic  flight  vehicles  is  in  the  form  of  sandwich 
constructions  with  the  laminated  MMCs  used  as 
face  sheets.-  The  sandwich  structure  offers  low 
thermal  conductivity  in  the  sandwich  thickness 
direction,  a  high  stiffness-to-weight  ratio,  and  the 
capability  to  reduce  thermal  stresses. 

During  service,  the  sandwich  panel  is  under 
combined  thermal  and  mechanical  loading  that 
could  induce  a  critical  situation  of  combined 
compressive  and  shear  loading,  the  driving  force 
of  panel  buckling.  Before  actual  application  of 
MMC  sandwich  panels  as  hot  structural  compo¬ 
nents.  the  buckling  characteristics  of  the  structural 
panels  under  different  thermal  environments  must 
be  fully  understood.  7’his  paper  analyzes  the 
combined  inplane-compressive  and  shear  buck¬ 
ling  behavior  of  .MMC  sandwich  panels  using  the 
Rayleigh-Ritz  minimum  energy  method  and 
shows  how  the  combined  load  buckling  strength 
varies  with  temperature  levels,  fiber  orientation, 
and  panel  geometry. 


METAL  MATRIX  COMPOSITE  SANDWIC  H 
PANEL 


.Special  data  function  obeying  nr  9^/, 
n¥^  j{  ni  ±  i)-  odd,  {n±j)-  odd. 

_  ninij 

0  Fiber  angle  ('’) 

V| ,  Poisson  ratio  of  titanium  material 

v„.v„  Poisson  ratios  of  face  sheets,  also  for 
sandwich  panel 


Figure  1  shows  a  rectangular  sandwich  panel  of 
length  a  and  width  h,  fabricated  with  a  titanium 
(Ti)  honeycomb  core  of  depth  and  laminated 
MMC  face  sheets  of  the  same  thickness  /,.  The 
sandwieh  panel  is  simply  supported  at  its  four 
edges,  and  is  subjected  to  combined  inplane  com¬ 
pressive  and  shear  loadings.  The  problem  is  to 
calculate  buckling  interaction  curves  for  the  panel 
and  to  examine  how  the  combined  load  buckling 
strength  of  the  panel  changes  with  (1)  thermal 
environment,  (2)  fiber  orientation,  and  (3)  panel 
aspect  ratio. 
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Fis-  >•  H()ncvci)mh'c(>re  sandwich  panel  with  MMC  face  sheets  subjected  to  combined  compressisc  and  shear  loadings 


C  OMBINED-LOAD  BUCKLING  EQUATION 

The  combined-load  iinplane  compression  and  shear)  buckling  characteristic  equation  developed  by  Ko 
and  Jackson  ’  for  a  four-edge  simply  supported  anisotropic  rectangular  sandwich  panel  may  be  w  ritten  as 


M 


111 


il! 


This  equation  was  derived  through  the  use  of  the  Rayleigh- Ritz  method  of  minimization  of  the  total 
potential  energy  of  the  sandwich  panel  with  the  effect  of  transverse  shear  taken  into  consideration. 

In  eqn  ( 1  i.  A,„„  is  the  undetermined  Fourier  coefficient  (T  the  assumed  function  for  panel  deflection  u 
in  the  form 


,  .  .  nmx  .  nnv 

HlJr,  v)=  2.  2.  A,m  - stn  ”7“'- 

.  ,  a  r> 


where  a  and  h.  respectively,  are  the  length  and  the  width  of  the  panel  and  m  and  n.  respectively,  are  the 
number  of  buckle  half  waves  in  the  x-  and  the  y-directions.  The  d„,„„  in  eqn  ( I )  is  a  special  delta  function 
defined  as 


'■'fUrtfi  !  2 

im 


mntj 


(3) 
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that  obeys  the  eonditions  i.  j.  im±/)  =  odd  and  i  /;±/f  =  odd.  The  stillness  laciot  in  eqn  T  is 
defined  as 


uh 

\ .  Ay 

it.n  -»  -%  I  ^ 


/n,T  , 

—  +A, 

\  I 


I 

/LT 

n 


.T  /  ) 


a . +  - -  ,, . 


I  - 


(Inndnnt  ^  (fnytd.o., 


clusMcal  (hin 
pltite  thcorv  Ucni 


ir.ills^etsc  she. SI  eilect  tcfliis 

where  the  characteristic  coefficients  i /.  /=  1.2.3)  appearing  in  eqn  ! 4 .  are  defined  as ' 


til-n. 


/zzz.-r^ 

4 

f  zzz.t] 

fzZ.T^ 

fzzyr] 

i 

1  +  1 

1  «  i 

1  ''  1 

^  i 

I  - 1 
=  (l.„„  = 


w.tV'  I  -  -  ^  ( tttjr]  [ /trr] 

-  +--  ( /\  +  /\  ,y,  +  2/)„  )  -  -y 

\  a  I  2  \  ‘I  I  \  I'’  I 


-  ///.tV'  1  -  -  I  niTTy  titr] 

I\  —  +- (/),y,.  + /),r„  +  2/)„)  —  — 

h  I  ^  I  /I  A  / 


-  /X. //^Tr 

+  ‘T  '  “T  +  A ). 
\  «  /  2  \  h 


’!  1  niTr]  (thT] 

ii:,,,,  =  d,',  =  -  ( D,  ly ,  +  /A  +  /2„  )  —  -- 

2  \(t\h 


d/fut 


I  >1:1] 

^  zzz.t\ 

Ui 

1  1 

+ 


;d' 


10^ 


EIGENVALUE  SOLUTIONS 

[Equation  ( 1 )  forms  a  system  of  an  infinite  number  of  simultaneous  equations  associated  with  different 
values  of  tn  and  n.  However,  the  number  of  equations  written  from  eqn  ( 1 )  may  be  truncated  up  to  a 
certain  finite  number  as  required  for  the  convergency  of  the  eigenvalue  solutions. 

Because  f w ±  /)  =  odd  and  (n±y)  =  odd  (eqn  (3)),  then  (>n±  /)±(/z±  / !  =  (m±  // )±  (./±/ )  =  even.  Thus,  if 
! zr; ±  /7 i  =  even,  then  (/±/)  must  be  even  also.  Likewise,  if  {m±  zz)  =  odd.  then  (/± j)  must  be  odd.  There¬ 
fore,  there  is  no  coupling  between  the  even  and  odd  cases  in  each  equation  written  from  eqn  ( 1 )  lor  a 
particular  set  of  |  m,  n }.  If  the  A,„„  term  in  eqn  ( I )  is  for  (/n  ±  zz )  =  even,  then  the  .4,,  terms  in  the  same  equa¬ 
tion  must  be  for  (z±y)  =  cven  also.  If  the  A,„„  term  is  for  (zzz±  zz  )  =  odd,  then  the  term  must  be  for 
iz±yi  =  odd  also. 

Thus,  the  set  of  simultaneous  equations  written  from  eqn  ( 1 )  may  be  divided  into  two  groups  that  are 
independent  of  each  other;  one  group  in  which  (ni±n)  is  even  (symmetrical  buckling),  and  the  other 
group  in  which  (zzi±zz)  is  (zdd  (antlsymmetrical  buckling).'"^  For  the  deflection  coefficients  /t,„„  to  have 
nontrivial  solutions  for  given  values  of  A,,  A,  and  h/a,  the  determinant  of  the  coefficients  of  the  unknown 
/1,„„  must  vanish.  The  largest  eigenvalue  l/A,^  thus  found  will  give  the  lowest  buckling  factor  A,;  as  a 
function  of  A,,  A,  and  b/a.  Thus,  a  family  of  buckling  interaction  curves  in  the  A,-A„  or  in  the  A\~A„  space 
may  be  generated  with  hja  as  a  parameter.  Representative  characteristic  equations  (buckling  equations) 
for  1 2  X  1 2  matrices  written  from  eqn  ( 1 )  are  shown  in  eqns  (11)  and  (12)  for  the  cases  ( zzz  +  zz )  =  even  and 
(zz7±  zz)==odd.’ 
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For  ( m  ±n  )-  even  (symmetric  buckling): 


m,  n  \  1 

m=  \  ,n=  \ 


i.j  A„ 

,=  ,! 

I  A-,,. 


m  =  1 ,  fi  =  .t 


/;i  =  Z.n  =  1 


m  =  3.n=  I 


m-  l.n-f: 


m=  2.h=  4 


.Svmmt.'trv 


in- 4. /I  =2 


i  =  5, «  =  I  I 


m  =  4. «  =  4 


For  ( m ±  /! )  =  odd  (antisymmetric  buckling); 


;n= 


‘  J  Mr 


I- 1 


«r  -  I.  II  =  4  ! 


in  -  2.n-  3  | 


m  =  .3, «  -  2  : 


-4.,.=  I  I 


I .  /)  =  f)  I 


Svnimctry 


1 75 

A/,.  2(t 


m-2.H=  S 


/n-  A.h=  4  ) 


m  -5,n^  2 


m’^6.n'^  I 


where  the  nonzero  off-diagonal  terms  in 
and  {n±j)  =  odd. 


eqns(  I  I)  and  ( I2)satsify  the  condition  i.  rij^  /  Am  ±  i)- odd. 
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Notice  that  the  diagonal  terms  in  eqns  (11)  and 
(12)  came  from  the  first  term  of  cqn  (1),  and  the 
series  term  of  eqn  ( 1 )  given  the  off-diagonal  terms 
of  the  matrices.  The  12x12  determinant  was 
found  to  give  sufficiently  accurate  eigenvalue 
solutions. 


NUMERICAL  RESULTS 

Numerical  buckling  studies  were  performed  on 
sandwich  panels  having  MMC  face  sheets  of  dif¬ 
ferent  fiber  orientations.  The  loading  in  the  y-axis 
was  set  to  zero  (i.e.  ky  -  0.  eqn  (4)).  Thus,  the  com¬ 
bined  loading  implies  inplane  uniaxial  compres¬ 
sion  in  the  .r-direction  and  shear. 

Physical  properties 

The  sandwich  panels  analyzed  have  the  following 
geometry:  fl  =  fl„  =  60'96  cm  (24  in)  or  ah- a;,. 
h/fl  =  ()-i-4.  /2=3-()480  cm  (1-2  in), 
/t^.  = /j- =  2-9667  cm  (11680  in),  and 
r.  =  0-08128  cm  (0-0320  in).  The  effective  mate¬ 
rial  properties  used  for  the  titanium  honeycomb 
core  are  shown  in  Table  I,  and  the  two  types  of 
laminated  MMC  face  sheets  investigated  have  the 
laminate  properties  listed  in  Table  2. 

Finally,  the  value  of  D*  (eqn  (4)),  the  room 
temperature  material  properties  of  Ti  -  6-4,  were 
used,  namely,  £ii=  1 10-3161  GPa  (16x  10'’  lb/ 
in-).  Vii  =  0-31. 


Table  I.  Material  properties  of  titanium  honeycomb 


I'cmperaturc 

■TiiT  ; 

6;,,,!GPai 
( 10'  Ib/in’) 

(GPa'i 

(loNb/in-i 

21-1  i  !  70j 

l-4,V).S(2-OS,l.‘i) 

0-6.50.S  (0-943,5) 

3I.S56i6(K)) 

1-2480  11 -8 100! 

0-.5652  (0-8197) 

64S-X9i  1200^ 

0-827711 -200.3) 

0-452710-6566) 

Buckling  curves 

Cotneniional  plots 

In  the  conventional  plots  of  buckling  interaction 
curves,  the  panel  length  a  is  kept  constant  i.e. 

=  constant).  Figure  2  shows  a  family  of 
buckling  interaction  curves  calculated  from  cqn 
( 1 )  for  the  sandwich  panels  with  two  different 
types  of  laminated  face  sheets.  The  buckling  inter¬ 
action  curves  are  plotted  for  different  panel  aspect 
ratios  hja  and  different  temperatures  using  data 
given  in  Tables  I  and  2.  For  hja  =  ()-l.  each  buck¬ 
ling  interaction  curve  is  a  combination  of  symme¬ 
tric  and  antisymmetric  buckling  interaction 
curves.  For  compression-dominated  loadings  the 
panels  will  buckle  antisymmetrically.  For  shear- 
dominated  loadings  the  buckling  mode  is  symme¬ 
trical.  For  h/n=l  (square  panel),  all  buckling 
interaction  curves  are  continuous  and  are  asso¬ 
ciated  with  symmetric  buckling.  The  antisymmet¬ 
ric  buckling  interaction  curves  for  hla=  I  inot 
shown)  which  give  much  higher  buckling  loads,  do 
not  intersect  with  the  symmetric  buckling  curves. 
For  hla=2,  3,  4.  the  buckling  interaction  curves 
are  discontinuous,  and  are  the  composite  curses 
consisting  of  both  symmetric  and  antisymmetic 
buckling  interaction  curve  segments.  For  hla<  1. 
the  [45/ -45/ -45/45]  lamination  case  has  a 
higher  combined  buckling  strength  as  compared 
with  the  [90/0/0/90]  lamination  case.  As  the  tem¬ 
perature  increases,  the  buckling  strength  of  the 
latter  decreases  slightly  faster  than  the  former.  For 
hja- 2.  the  two  l.uriination  cases  have  compar¬ 
able  compression-dominated  buckling  strength. 
But  for  shear-dominated  buckling,  the  [45/ -45/ 
-45/45]  lamination  case  is  slightly  superior  to 
the  [90/0/0/90]  lamination  case.  For  h/rt=3.  4. 
the  [90/0/0/90]  lamination  case  has  a  slightly 
higher  compression-dominated  buckling  .strength 
than  the  [45/ -45/ -45/45]  lamination.  For 
shear-dominated  bucklings,  the  reverse  is  true. 


Table  2.  Material  properties  of  laminated  MMC 

face  sheets 

Temperature 

/;.  (GPa) 

( 10'’  Ib/in’) 

6,  (GPa) 

( 10'’ Ib/in-) 

(i,.  (CiPa) 

( 10'’  Ib/in- i 

90/0/0/901  laminate 

21-11(70) 

1 58-3.581  (22-9679) 

158-3581  (22-9679) 

56-192.3(8  150) 

0-2.369 

,315-56(600) 

135-0573(19-5884) 

135-057.3(19-5884) 

40-6791  (5-900) 

0-2108 

64889(1200) 

1 10-8008(16-0703) 

I  10-8008  {16-0703) 

24-1 31 7  (.3-500) 

0  1634 

45/  --  45/  -  45/45]  laminate 

21-1 1  (70) 

145-8551  (21-1.545) 

145-8551  (21  1545) 

64-01.30(9-2843) 

0-2972 

315-56(600) 

1 10-2837(15-9953) 

110-2837(15-9953) 

55-7731  (8-0892) 

0-3555 

648-89(1200) 

70-7457  (10  2608) 

70-7457  (10-2608) 

47-619.3(6-9066) 

0-4658 
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Ct  =  COMSTANT 

Fig.  2.  Buckling  interaction  curves  for  MMC  sandwich  panels  at  different  temperatures;  constant  panel  length. 


Even  though  the  [45/  -  45/  -  45/45]  lamination 
case  has  lower  values  of  bending  stiffness  \D^,  D^.} 
(or  i£\.  E^.],  Table  2)  than  the  [90/0/0/90]  lamina¬ 
tion  case,  it  has  higher  values  of  D„,  (or  Table 
2)  than  the  latter  for  all  temperature  levels. 
Because  the  combined-load  buckling  strength  of 
panels  depend  not  only  on  |  D,  ,  }  but  also  on  D„, 
leqns  ( 1 ),  (4)  and  (5H 10)),  the  combination  of  the 
values  of  D^,  Dy  and  happened  to  cause  the 
|45/- 45/ -45/45]  lamination  case  to  have 
slightly  superior  buckling  strength  than  the  [90/0/ 
0/90]  lamination  case. 


Figure  3  compares  the  room  temperature 
(7=  2 Tire  (TOT))  buckling  interaction  curves 
of  the  h/a  =  0-7  sandwich  panels  fabricated  with 
MMC  face  sheets  (taken  from  Fig.  2)  and  with 
monolithic  titanium  face  sheets,  under  the  condi¬ 
tion  of  equal  panel  specific  weight.’  Notice  that 
through  the  fiber  reinforcement  of  the  face  sheets, 
the  buckling  strength  of  the  sandwich  panel  could 
be  increased  by  21%  in  pure  uniaxial  compression 
and  by  22%  in  pure  shear. 

Figures  4  and  5,  respectively,  show  the 
decrease  in  the  compressive  and  shear  buckling 
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strengths  {k^,  )  of  the  two  types  of  MMC  sand¬ 

wich  panels  with  increase  in  the  panel  aspect  ratio 
bid.  The  compressive  buckling  strength  A,  (Fig.  4) 
decreases  very  sharply  with  the  increase  in  bja  in 


the  region  />/«<  1.  and  beyond  bja=  2,  the  rate  of 
decrease  of  A,  gradually  dies  out.  For  low  panel 
a.spect  ratio  {hla<i)-15],  the  buckling  mode  is 
antisymmetrical,  and  beyond  />/«  =  0-75,  the  panel 


Fig.  3.  Comparison  of  buckling  strengths  of  honeycomb-core  sandwich  panels  of  same  specific  weight  labrictited  with  differ¬ 
ent  face  sheet  materials:  /  =  211  !°Ct7()T  i:  constant  pane)  length. 


Fig.  4.  Degradation  of  compressive  buckling  strengths  (»f  MMC  sandwich  panels  with  increasing  temperatures  and  panel 

aspect  ratios;  constant  panel  length. 
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.  Degradation  of  shear  buckling  strengths  of  MMC  sandwich  panels  with  increasing  temperatures  and  panel  aspect  ratio; 

Constant  panel  length. 


- {,^9/0  /o  7*^0  J 


Degradation  of  pure  compressive  and  pure  shear  buckling  strengths  of  MMC  sandwich  panels  with  increasing  tempera¬ 
tures;  ft/a  =  0-7;  constant  panel  length. 
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will  buckle  symmetrically.  The  shear  buckling 
strength  /c„  (Fig.  5)  is  less  sensitive  to  the  change 
in  bla.  All  shear  buckling  curves  shown  in  Fig.  5 
are  composite  curves  constructed  with  symmetri¬ 
cal  and  antisymmetrical  buckling  curves. 

Figure  6  shows  the  degradation  of  of  pure 
compression,  and  /Cvy  of  pure  shear  with  the 
increase  in  temperature  for  the  panel  with  aspect 
ratio  bla  =  ()-l.  The  {45/ -45/ -45/45]  lamina¬ 
tion  case  has  a  lower  rate  of  degradation  of  k,  and 
with  temperature  than  the  [90/{)/()/9()|  lamina¬ 
tion  case. 

Modified  plots 

In  the  modified  plots  of  the  buckling  curves,  the 
panel  area  is  kept  constant  ( ab  =  =  constant ). 
The  conventional  plots  shown  in  Figs  4  and  5  may 
not  serve  as  ideal  design  curves  for  aerospace 
structural  panels  because,  when  the  panel  aspect 


ratio  b/u  is  changed  (holding  a  constant u  the 
panel  weight  (or  panel  area  ab;  is  also  changed 
accordingly.  In  aerospace  structural  designs,  the 
main  objective  is  structural  optimization.  That  is. 
for  a  given  panel  weight,  the  objective  is  to  search 
for  a  panel  with  optimum  buckling  strengths  or 
stiffness).  For  this  reason,  k,  and  /c,,  were  recalcu¬ 
lated  as  functions  of  hut  under  the  conditions 
ab-  fi  =  constant  (instead  of  u=  =  eonstant  . 
Figures  7  and  8  respectively  show  the  modified 
buckling  plots  of  k,  as  a  function  of  b/a  and  A,,  as 
a  function  of  bja  when  the  panel  area  ab  was  held 
constant.  In  practical  applications,  the  structural 
panels  have  to  be  supported  by  edge  frames,  and. 
therefore,  the  weight  of  the  edge  frames  must  be 
considered  in  the  structural  optimizations.  If  the 
cross-sections  of  the  edge  frames  are  kept  con¬ 
stant.  the  edge  frame  weight  becomes  a  function 
of  edge  length  2(a+  b  j.  Thus,  in  Figs  7  and  8  the 


Fig.  7.  Degradation  of  compressive  buckling  strengths  of  MMC  sandwich  panels  with  increasing  temperatures  and  change  of 

panel  aspect  ratio;  constant  panel  areas. 


Table  3.  Panel  aspect  ratios  at  which  k,  or  k,,  is  minimum 


/  (”C‘l  h/a  for  minimum  at  A,  h/a  for  minimum  A,, 

(T)  .  . . . . . 

(4.5/ -45/ -45/4.5)  l90/()/0/90|  [45/ -45/ -45/45)  [90/0/0/90) 


2M  1  (70) 

1-8 

1-7 

0-9 

0-9 

3 15-56  (600) 

1-9 

1-7 

0-9 

0-9 

648-89(1200) 

20 

16 

10 

1-0 
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dimensionless  semi-edge  length  (a  +  b)/2a^^  was 
also  plotted  as  a  function  of  b/a.  Figures  7  and  8 
serve  as  design  curves  for  selecting  the  optimum 
sandwich  panel  geometry  (i.e.  the  panel  aspect 
ratio  b/a).  A  square  panel  {bju-=\]  has  the  mini¬ 
mum  edge  frame  weight;  however,  it  has  compa¬ 
ratively  low  compressive  buckling  strength  (Fig. 
1).  and  it  has  practically  the  lowest  shear  buckling 
strength  (Fig.  8).  The  aspect  ratios  b/a  at  which 
either  4  ‘Fig-  7)  or  (Fig.  8)  becomes  a  mini¬ 
mum  are  listed  in  Table  3. 

For  pure  compre.s.sion  (Fig.  7),  the  [45/ -45/ 
-45/451  laminates  have  slightly  higher  compres¬ 
sive  buckling  strengths  than  the  j  90/0/0/90 j 
laminates  in  the  region  b/a<2-2.  and  the  reverse 
is  true  when  h/a>  2-2.  For  pure  shear  (Fig.  8),  the 
(45/ -45/ -45/45]  laminates  are  alw'ays  .superior 
to  the  [90/0/0/90]  laminates  for  the  whole  range 
of  panel  aspect  ratios  b/a.  From  Figs  7  and  8,  it  is 
noticed  that  the  slender  [b/a<\)  rectangular 
panels  are  more  efficient  than  the  fat  {b/a>\) 
rectangular  panels.  When  the  panel  aspect  ratio 
h/a  is  reduced  from  b/a-  1.  one  can  improve  the 
panel  compressive  buckling  strength  (Fig.  7) 
considerably  with  a  slight  edge  frame  weight 
penalty.  The  similar  gain  in  shear  buckling 
strength  (Fig.  8)  is  le.ss  conspicuous.  At  higher 


aspect  ratios,  the  gains  in  values  of  A,  (Fig.  1 1  and 
A„  (Fig.  8)  are  practically  offset  by  the  edge  weight 
penalty  ( more  severe  in  A,  curves  ( Fig.  7 1 }. 

Buckling  interaction  surfaces 
Figure  9  shows  three  dimensional  buckling  sur¬ 
faces  plotted  in  ]A,.  h/a\  and  iA,.  A,,.  h/a\ 
.spaces  for  conditions  «  =  </,,  =  constant  (constant 
panel  length),  and  «h=  a/ =  constant  (constant 
panel  area),  respectively.  This  figure  gives  better 
visualization  of  the  buckling  behavior  of  the  sand¬ 
wich  panels  than  the  buckling  plots  show  n  in  Figs 
2.  4,  5.  7  and  8.  For  slender  rectangular  panels  ih/ 
a<l),  antisymmetric  bucklings  occur  mostly  in 
the  compression-dominated  regions.  For  wider 
panels  (b/a>  1 ).  the  antisymmetric  bucklings  take 
place  in  the  shear-dominated  regions.  In  the 
neighborhood  of  b/a-  1,  the  lowest  buckling 
modes  are  all  symmetric  \m  =  n=  \). 

Effect  of  fiber  orientations 

Figure  10  shows  the  room  temperature 
(7=  2 Id  1°C  (70°F))  pure  compression  buckling 
strength  [kf  of  sanw'ich  panel  with  \  0 /  -  $ /  -  8 / 6\ 
laminated  face  sheets  plotted  as  a  function  of  fiber 
angle  6  with  panel  aspect  ratio  b/a  as  a  parameter. 
The  peak  value  of  A,  occurs  at  0=  20°  h^r  the  h/a 


Fig.  8.  Degradation  of  shear  buckling  strengths  of  MMC  sandwich  panels  with  increasing  temperatures  and  change  of  panel 

aspect  ratio;  constant  panel  areas. 
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la)  a  --  coiistaiil 


(b)  ah  ~  conslanl. 

Fig.  9.  Buckling  interaction  surfaces  for  MMC  sandwich  panels;  (45/  -  45/  -  45/451  face  sheets;  /  =  2  1  •  I  1  ’('  7(!°K 


=  0-7  panel,  and  migrates  to  0=60°  for  the  b/a 
=  O  K  panel.  In  the  neighbourhood  of  b/a—  1,  the 
peak  /c,  point  occurs  near  0  =  45°.  As  the  value  of 
b/a  increases,  the  peak  point  shifts  toward 
0=0°. 

This  special  feature  of  composite  material  was 
also  seen  in  single  laminated  plates  with  symme¬ 
tric  angle-ply  laminate’  and  antisymmetric  angle- 
ply  laminate.**  Similar  plots  for  pure-shear 
buckling  strength  (/c,  J  are  shown  in  Fig.  1 1.  The 
maximum  point  occurs  at  0=45°  for  b/a^\ 


and  gradually  moves  toward  0  =  0°  as  the  value  of 
b/a  increases  beyond  b/a  -  1 . 


CONCLUSIONS 

Combined  compressive  and  shear  buckling  analy¬ 
sis  was  performed  on  flat  rectangular  sandwich 
panels  fabricated  with  titanium  honeycomb  core 
and  laminated  metal  matrix  composite  face  sheets 
of  [45/ -45/ -45/45]  and  (90/0/0/90]  lamina- 
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e,  dag. 

Fij;.  10.  of  tiber  i.'ricntali('ii  on  (.'oniprcssoc  buck¬ 

ling  'irength.'  of  VIMC  sniKlwicli  panels;  /  -•=  2  1  ■  1  1  ('  7(bF  . 


lions,  The  results  of  the  analysis  may  he  summa- 
n/ed  in  the  following. 

1 .  T  he  'd.s/  -  45/  --  45  45 1  lamination  ease  has 
slightly  superior  compressive  buckling 
strength  than  the  |dd/0/(l/y0j  lamination 
case  for  panel  aspect  ratios  hj(i<2-2. 
be\<nid  which  the  reverse  is  true. 

2.  The  45/  --  45/  -  45/45|  lamination  case  has 
shear  buckling  strength  superior  to  the  IbO/ 
0/()/y()|  lamination  case  for  the  whole  range 
of  pane!  aspect  ratios. 

.5.  Through  fiK’r  reinforcement,  the  compres¬ 
sive  and  shear  buckling  strength  may  be 
increased  fr(»m  the  monolithic  face  sheet 
ctise  by  about  27  and  22%.  respectively. 

4.  Degradation  of  buckling  strength  of  the 
sandwich  panel  with  ri.sing  temperature  is 
faster  in  shear  than  in  compre.ssion. 

5.  The  geometry  of  the  desired  high  efficiency 
sandwich  panels  is  slightly  slender  (i.e.  h/a 
<  1  !  rectangular  panels. 

6.  The  optimum  fiber  orientation  of  the  face 
sheets  for  the  highest  combined-load  buck¬ 
ling  strength  of  the  sandwich  panel  is  a 


C,  I -  - J - ...  . >  1  . J 

O  IB  30  ^5  60  76  90 

9,  deg. 


F'ig.  11.  lalccl  of  fiber  orienlaliDi)  on  vheai  biiekling 
strengths  of  MMC  siiiHiwicb  paneb:  l'-2\  11  (  “b  1 


Strong  function  of  both  loading  condition 
t>r  A, !  and  panel  aspect  ratio  h  i  a. 
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Postbuckling  analysis  and  imperfection 
sensitivity  of  metal  matrix  laminated  cylindrical 

panels 
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The  postbuckling  behaviour  of  metal  matrix  composite  VIMC  laminiiiei! 
cylindrical  panels  under  quasistatic  in-plane  loading  is  investigated.  A  micro- 
to-macro  analysis  is  used  to  obtain  the  response  of  the  composite  siructnre. 
The  micromechanical  analysis  allows  us  to  establish  the  overall  instantanci'us 
elastic-viscoplastic  behaviour  of  the  MM('  composite  at  each  load  increment 
The  macromechanical  analysis  provides  the  response  of  the  gcomeirically 
imperfect  cylindrical  panel  to  the  applied  external  loading 

Results  are  presented  fi>r  unidirectional  and  antisy  mmetric  angle-ply  Si(  1 1 
composite  panels,  subjected  to  unia.xial  compressive  loadings.  The  effects  of  the 
panel  curvature,  initial  imperfections  and  rate  of  loading  on  the  postbuckling 
response  arc  illustrated.  Comparisons  with  the  response  of  the  corresponding 
perfectly  elastic  panels  are  shown. 


1  INTRODUCTION 

Curved  panel.s.  made  of  advanced  composite 
materials,  are  now  widely  used  in  the  design  of 
aeronautical  and  aerospace  constructions.  Under 
working  conditions,  these  structures  might  he  sub¬ 
mitted  to  in-plane  forces  that  can  cause  instability 
phenomena.  The  important  problems  here  are  not 
only  the  determination  of  the  lovvest  buckling 
loads  and  the  corresponding  modes  of  buckling, 
but  also  the  study  of  the  postbuckling  behaviour 
of  a  structure  and  its  sensitivity  to  the  initial 
imperfections.  Such  a  study  would  allow  a  deeper 
understanding  of  the  behaviour  of  a  structural  ele¬ 
ment  and  better  utilization  of  its  load-carrying 
capability. 

Many  research  wiirks  on  different  aspects  of 
buckling  and  postbuckling  behaviour  of  perfectly 
elastic  composite  curved  panels  have  been 
reported  in  the  literature.  (  (’mprehensive  lists  of 
references  can  be  found,  for  example,  in  reviews 
by  Leissa’  and  Simitses’  and  in  the  recent  paper 
by  Librescu  and  Chang. ' 

However,  thcie  an  fewer  works  dealing  with 
the  buckling  and  postbuckling  of  inelastic  com¬ 
posite  curved  panels.  A  finite  element  analysis  of 
elastic-plastic  laminated  thin  shells  was  presented 
by  Uiaw  and  Yang.‘  v  e  a  sur  ey  of  re<’ent 


developments  in  the  finite  element  analysis  of 
elastic-plastic  response  and  bucklin'’  of  laminated 
composite  shells  may  also  be  found. 

•Vletal  matrix  composites  MMC  are  known  as 
exhibiting  clastir-plasiic  rate-dependent  behavi¬ 
our.  The  latter  property  is  especially  significant  at 
high  temperatures.  Viscoplastic  bifurcation  buckl¬ 
ing  of  metal  matrix  composite  plates  was  investi¬ 
gated  by  Paley  and  Aboudi,"  where  a  method  for 
determination  of  the  buckling  load  was  proposed. 

The  present  paper  deals  with  the  postbuckling 
behaviour  of  layered  cylindrical  panels,  made  oi 
MMC  materials,  under  in-planc  loading.  The 
analysis  of  such  structures  is  difiicuii  lor  three 
reasons.  I'ir.st,  the  metal  matrix  for  example, 
aluminium;  exhibits  elastic  viscoplastic  behav¬ 
iour.  .Second,  theie  are  complicated  intcractiivns 
between  the  inelastic  matrix  and  the  re¬ 
inforcement.  Third,  due  to  the  nominiformity  of 
the  stress  and  strain  fields  in  the  postbuckling 
stage,  the  in' tantaneous  properties  of  the  com¬ 
posite  not  only  change  with  time  (as  might  occur 
in  the  prcbuckling  stage,  e  g.  Paley  and  Aboudi'  ', 
but  they  arc  difficult  at  the  different  points  of  the 
MM(’  structure  at  every  instant  of  time. 

T  he  derivation  of  the  instantaneous  properties 
of  composite  at  every  point  of  the  structure  in  thc 
present  investigation  is  based  on  the  micro- 
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mechanical  method  of  cells,  proposed  by 
Aboudi.'’  This  method  establishes  overall  con¬ 
stitutive  relationships  for  MMC.  The  metal  matrix 
is  modeled  as  an  elastic-viscoplastic  material,  and 
the  fibres  may  be  either  elastic  or  viscoplastic. 
The  rate  dependent  behaviour  of  a  metal  matrix  is 
represented  by  means  of  the  unified  theory  of 
plasticity  by  Bodner  and  Partom.’  This  theory 
does  not  require  a  yield  criterion  or  distinguish 
between  loading  and  unloading,  so  that  the  elasto- 
plastic  equations  have  the  same  form  at  any  point 
of  the  structure  during  the  whole  process  of  defor¬ 
mation. 

In  this  paper  sirriply  supported  unidirectional, 
angle-ply  and  cross-ply  rectangular  cylindrical 
panels,  subjected  to  a  uniaxial  loading,  are  con¬ 
sidered.  The  geometrically  nonlinear  quasistatic 
behaviour  of  the  panel  is  governed  by  the  non¬ 
linear  differential  equations  in  terms  of  stress 
function  <1>  and  out-of-plane  displacement  w,  in 
the  framework  of  classical  shell  theory.  The  initial 
imperfections  are  included.  A  method  of  solution 
to  the  problem  using  Galerkin's  procedure  is  pro¬ 
posed.  As  a  result  a  postbuckling  equation  is  esta¬ 
blished.  which  relates  at  each  time  increment  the 
value  of  the  applied  external  axial  load  and  the 
value  of  the  out-of-plane  displacement. 

The  method  proposed  is  illustrated  for  various 
types  of  SiC/Ti  composite  panels.  The  panels  ere 
subjected  to  a  uniaxial  compression,  applied  on 
both  edges.  The  results  display  the  applied 
external  loading  against  the  out-of-plane  displace¬ 
ment.  The  effects  of  panel  curvature,  material  rate 
sensitivity,  ply  orientation,  initial  imperfections 
and  mode  of  buckling  on  the  postbuckling  behavi¬ 
our  are  studied.  Compari.sons  with  the  cor¬ 
responding  postbuckling  behaviour  of  cylindrical 
panels,  obtained  by  disregarding  the  viscoplastic 
effects  in  the  metal  matrix,  are  pre,sented. 


2  TFIEORETICAL  ANALYSIS 

2.1  Constitutive  equations  of  a  unidirectional 
metal  matrix  composite:  a  micromechanicai 
analysis 

I  he  analysis  of  a  MMC  panel  requires  a  constitu¬ 
tive  law  which  describes  the  overall  behaviour  of 
the  single  inelastic  composite  ply.  The  latter  is  a 
unidirectional  metal  matrix  comptisite  whose 
inelastic  effects  are  caused  by  the  pla.stic  deforma¬ 
tion  of  the  metallic  matrix  phase.  The  requested 
constitutive  law  can  be  established  by  a  suitable 


micromechanicai  approach  which  relies  on  the 
fibre  and  matrix  properties  and  analyses  their 
detailed  interaction. 

In  this  paper  the  micromechanicai  analysis 
which  describes  the  inelastic  behaviour  of  the 
unidirectional  composite  ply  is  based  on  the 
method  of  cells  developed  by  Aboudi In  this 
model  the  composite  is  assumed  to  be  of  a 
periodic  structure  such  that  the  detailed  analysis 
of  a  repeating  volume  element  is  sufficient  for  the 
determination  of  the  behaviour  of  the  entire  com¬ 
posite. 

In  the  framework  of  the  method  of  cells,  the 
repeating  volume  element  is  divided  into  four  sub¬ 
cells.  one  being  occupied  by  the  elastic  fibre, 
whereas  the  other  three  subcells  are  occupied  by 
the  inelastic  metallic  matrix.  The  detailed  interac¬ 
tion  between  the  various  subcells  is  accounted  by 
enforcing  continuity  of  displacements  and  trac¬ 
tions  at  the  interfaces  between  the  subcells,  as  well 
as  between  neighbouring  repeating  cells.  This,  in 
conjunction  with  microequilibrium  conditions, 
establishes  the  overall  behaviour  of  the  unidirec¬ 
tional  composite.  The  veracity  and  reliability  of 
the  method  of  cells  were  extensively  checked  and 
discussed  with  various  theoretical  and  experi¬ 
mental  approaches  in  a  review  paper'^  and  in  the 
monograph.'’ 

The  micromechanically  established  constitutive 
law  that  describes  the  average  behaviour  of  a 
unidirectional  metal  matrix  composite  can  be 
written  in  the  form  (see  Ref.  6,  eqn  (8.48  )) 

d„  =  E„ki{£Ki~  f/f; )  !<•  /=  1. 2,  3  ( 1 1 

where  d,,.  and  f  ,j’  are  the  stress,  total  strain  and 
plastic  strain  components  of  the  bulk  composite, 
referred  to  a  Cartesian  system  (x, .  x,,  xd  in  which 
the  unidirectional  fibres  are  oriented  in  the  x, 
direction.  In  eqn  ( I ),  are  the  components  of 
the  effective  elastic  stiffness  tensor  of  the  unidi¬ 
rectional  composite,  which  are  given  explicitly  in 
terms  of  the  fibre  and  matrix  properties  and  the 
fibre  volume  ratio.  The  composite  plastic  strain 
i'P  is  given  in  a  clo.sed-form  manner  in  terms  of 
the  plastic  deformations  of  the  metallic  matrix 
subcells. 

2.2  Response  of  an  elastic-viscoplastic 
cylindrical  panel  to  axial  loading: 
a  macromechanical  analysis 

C’onsider  a  shallow  cylindrical  panel  of  length  a. 
width  b,  thickness  h  and  radius  of  curvature  R 
(see  insert  to  Fig.  1  (later)).  The  panel  consists  of  a 
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number  of  perfectly  bonded  layers,  A  layer  is 
made  of  a  unidirectional  MMC  material  and  is 
oriented  at  angle  0;,  with  respect  to  the  panel  axes 
lx,  y){k  is  the  layer  number). 

The  differential  equations,  which  govern  the 
moderately  large  deflection  response  of  a  geo¬ 
metrically  imperfect  cylindrical  pane!  under 
quasistatic  in-plane  loading,  can  be  written  in  the 
following  form  (see  for  example  Simitses'*) 


+  2  „  +  -  4)  „ 

+  -2<t*.vvVV  =  0  (2) 


f  vv  +  f  vv„»f  "v.  v.v=  -  ^  W  „ 


+  (3) 


Here  <3>(x,  y,  t)  is  the  stress  function,  w(x,  y,  t)  and 
w'"(x,y)  are  current  and  initial  transverse  displace¬ 
ments  respectively,  M„,  M,,  ,  are  the  bending 
moments,  e',\  are  middle-plane  strains 

corresponding  to  the  von  Karman-Donnel  non¬ 
linear  kinematic  relations,  and  /  is  the  time. 

The  following  matrix  notations  are  introduced: 


=:  [  pO  n 

«  XX  ^  yy  ^xyi 

f  fyv 


X=^[Xxx  Xn  Xxxl 


=  -  (( IV  -  W").„  ( W  -  W")  2(  W  -  I' 

=  o„ 

N  =  \N,,N,^NJ 


(4) 


'l>/2 

adz 

J  -hfl 


A/  =  [A/„  ^ 


'hJ2 

ozdz 

-hl2 


panel,  we  proceed  with  the  consideration  of  the 
corresponding  constitutive  relationships.  The 
total  strain  e  is  presented  as  the  sum  of  elastic 
(reversible)  and  plastic  (irreversible)  components; 
£  =  f  "  +  f  where  the  elastic  strain  is  related  to 
the  stress  by  the  inverse  Hooke  s  law,  .hile  the 
plastic  strain  components  e  f  are  related  to  the 
plastic  strains  r  r  of  eqn  ( 1 )  by  the  transformation 
of  coordinates  (x,  y)  to  (x, ,  x,). 

The  plane  stress  constitutive  equation  for  the 
Arth  layer  has  the  form 

o'*  '’  )  (6) 

here  0*’  is  the  reduced  stiffness  matrix,  which 
is  derived  from  the  material  stiffness  matrix 

i.y=  1,2.6.  The 
matrix  C*  is  obtained  from  the  effective  elastic 
stiffness  matrix  £'*  of  eqn  ( 1 )  through  the  trans¬ 
formation  of  coordinates  (see  Whitney,'''  for 
example). 

From  eqns  (4)-(6)  may  be  shown  that 


e"  =  A*lW+B*x  +  A*lV^(’ 


M=  -B*'  N+D*x- 


(7) 


where  the  matrices  A*.  B*.  D*  are  defined  in  Ref. 
10  and  the  vectors  A’’’  and  are  the  contribu¬ 
tions,  due  to  the  existence  of  the  plasticity  effects, 
to  the  total  stress  and  moment  resultants. 

In  this  work  we  shall  consider  the  response  of 
antisymmetric  angle-ply  or  .symmetric  cross-ply 
laminated  panels.  For  this  case,  retaining  only  the 
non-zero  elements  of  the  stiffness  matrices,  and 
taking  into  account  relationships  (4)  and  (7).  one 
may  write  the  expressions  for  e"  and  Min  terms  of 
the  stre.ss  function  <I>.  the  transverse  displacement 
w.  and  the  vectors  and  Mf .  Substituting  this 
expressions  into  eqns  (2)  and  (3)  yields  the 
governing  equations  for  the  qua.si.static  response 
of  the  imperfect  viscoplastic  cylindrical  laminated 
panel  to  an  in-plane  loading: 

DU  w  -  W’),„,,  +  2( DT,  +  2D*,)  ( w  -  w"), 


where  and  o,^  are  total  strains  and  stresses  in 
the  composite,  which  are  referred  to  the  panel 
coordinates  (x,y,  z);  A,y  are  the  membrane  stress 
resultants. 

In  the  framework  of  the  classical  plate  theory, 

e(x,  y,  z,  /)  =  c"(x,  y,  /)  +zx{x,  y,  i)  (5) 

In  order  to  obtain  the  governing  equations  for 
the  elastic-viscoplastic  composite  cylindrical 


+  /)f,(w-w'’),„,,-^<l>.„ 

+(2/f*,  -  B?,)  +(2B*,  -  Bt,) 

+  2jBr,A<P>  +  B%N'P%.  +B*,N%U 

-  ^.yy^.xx  +  2d>.„,»V  ,,,  -O  „W„.  =  0 


(8) 
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+(2^?2 + K,)  = 


-  i  ( H-  -  >v")  „  +(2fifft  -  Btz)  ( W  -  w'%y,. 

+(2fifft  -  5?i )  ( »v  -  -  K'  „  w  „ 

+(h'  ,,,)-  + 

+  y:^;^y  -  y^:n  -  (9) 

where 

yt  =  A*,N%  +  A*,Nt^ 

yt: = yl^2^:^r + A^N’P 

Consider  a  simply  supported  panel,  subjected 
to  compressive  uniaxial  loading  in  the  x  direction. 
We'll  stipulate  the  kinetic  boundary  conditions  to 
be  satisfied  in  the  average  sense: 

0.„dy=-F(t); 


x  =  Q.a:- 
b 


v=0. />; 


<I)  „  dy  =  ();  w  =  0; 


0  „djr  =  0; 


A/„  dv  =  0 


(10) 


<I>  ,,  dx  =  0; 


1) 


w  =  (); 


M„  dx  =  0 


where  /’(/)  is  the  applied  external  load  at  time  t. 

An  approximate  solution  to  eqns  (8-10)  can  be 
obtained  by  employing  the  Galerkin  procedure. 
Suppo.se  that  the  initial  imperfection  w"(x,y)  has  a 
simple  sinusoidal  shape  compatible  with  the 
geometric  boundary  conditions,  and  assume  that 
the  transverse  displacement  w(x,y,l)  is  of  an 
analogous  form: 

w'’(x,  y)  =  IV,,  sin  a*x  sin  B*y, 

(11) 

w(x,  v,  /)  =  Ik) r). sin  a*x  .sin  ^*y 

where  a*~  nm*/a,  fi*  =  nn*lb  and  m*,  n*  are 
the  modes  of  buckling. 

After  some  lengthy  manipulations  one  can  esta¬ 
blish  the  following  postbuckling  equation  which 
relates  the  amplitude  W  of  the  transverse  dis¬ 
placement  to  the  applied  axial  load  P: 

c„  +  {c,-a*^P)  W-)-C2W^-t-C3W^  =  0  (12) 

In  this  equation  the  coefficients  c„  i  =  0,...,3  are 


complicated  expressions  including,  in  particular,  a 
number  of  line  and  surface  integrals  from  the 
‘plastic’  functions  ,  M\f'. 

To  solve  eqn  (12),  one  needs  to  determine  the 
coefficients  c,.  This  is  performed  in  an  incre¬ 
mental  procedure.  A  three-dimensional  regular 
grid  with  the  coordinate  points  (x,.  y^,  z^)  is  intro¬ 
duced,  and  at  every  time  increment  the  afore¬ 
mentioned  micromechanical  analysis  is 
performed  at  every  grid  point.  As  a  result  of  this 
the  values  of  the  plastic  strains  f  ^ ,  needed  for  the 
next  time  increment,  are  available.  After  that  all 
the  values  that  form  the  expressions  for  c,  can  be 
calculated. 


3  APPLICATIONS 

To  illustrate  the  proposed  method,  consider  the 
postbuckling  response  of  SiC/Ti  metal  matrix 
laminated  panels.  The  fibres  are  assumed  to 
behave  as  perfectly  elastic,  whereas  the  matrix 
phase  (Ti-6A-4V  alloy)  is  considered  as  an 
elastic-viscoplastic  work  hardening  material.  Its 
inelastic  behaviour  is  described  by  the  unified 
viscoplasticity  theory  of  Bodner  and  Partom.’  The 
material  parameters  that  characterize  the  SiC 
elastic  fibres  and  the  viscoplastic  matrix  at  tem¬ 
perature  T®  3 1 5°C  are  given  in  the  paper  by 
Paley  and  Aboudi.' ' 

The  results  are  presented  for  square  cylindrical 
panels  {a  =  b)  of  thickness  h  =  2H-5  mm.  with 
length-to-thickness  ratio  a/h  =  35  and  for  dif¬ 
ferent  ratios  afR.  All  layers  comprising  a  panel 
are  of  the  same  thickness  and  they  are  made  of  the 
same  unidirectional  MMC  with  the  fibre  volume 
fraction  i',. 

The  behaviour  of  composite  panels  is  investi¬ 
gated  by  subjecting  them  to  a  quasistatic  uniaxial 
compression  P(/)  at  both  edges  x  =  ().  a  in  such  a 
manner  that  the  rate  of  change  of  the  transverse 
displacement  IV  is  constant.  In  each  graph,  repre¬ 
senting  the  postbuckling  response,  two  branches 
are  shown:  one  branch  corresponds  to  an  initial 
imperfection  W„  and  deflection  rate  VV.  both 
directed  outwards,  i.e.  IV„>0,  IV>();  and  the 
second  branch  corresponds  to  W,,  and  W,  both 
directed  inwards,  i.e.  IV(,<0,  VV<0.  A  non-dimen¬ 
sional  transverse  displacement  W  ~  Wjh  and  an 
average  stress  a-Pjh  at  the  edges  x  =  0,  a,  are 
introduced.  For  convenience,  the  stresses  are 
shown  as  positive  in  the  figures.  The  elastic  solu¬ 
tions  obtained  by  neglecting  the  inelastic  effects 
are  presented  in  the  figures  by  the  dashed  lines. 
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In  Fig.  1  are  shown  the  postbuckling  curves  d 
versus  W  for  a  cylindrical  panel  made  of  un¬ 
reinforced  titanium  alloy  (i.e.  t'f  =  0).  The  graphs 
relate  to  the  lowest  mode  of  buckling  {m*, 
«*)  =  (!,  1),  and  two  values  of  rate  loading:  \W\/h 
=  1  s“ '  and  100  s"  Also  shown  in  the  figure  is 
the  corresponding  elastic  behaviour  of  the  panel 
^obtained  by  neglecting  the  inelastic  effects).  It  can 
be  readily  observed  that  the  viscoplastic  effects  of 
the  material  are  significant,  and  the  ability  of  the 
viscoplastic  panel  to  sustain  loading,  contrary  to 
the  case  of  the  corresponding  perfectly  elastic 
structure,  is  limited.  The  effect  of  rate  of  loading, 
however,  appears  to  be  rather  small. 

Figure  2  presents  the  response  of  a  unidirec¬ 
tional  composite  panel  with  v,  =  0  3,  in  which  the 


external  loading  is  applied  in  the  direction  of  the 
fibres  (i.e.  for  a  lamination  angle  0  =  0°).  The 
graphs  are  shown  for  two  values  of  initial  imper¬ 
fections:  I  1^,  I  =  0  0 1  and  0- 1 .  It  appears  that  in  the 
present  situation  {6  =  0°)  the  effect  of  the  initial 
imperfections  on  the  postbuckling  behaviour  of 
the  viscoplastic  pane!  is  similar  to  that  exhibited  in 
the  perfectly  elastic  case. 

The  influence  of  the  curvature  a/K  on  the  post¬ 
buckling  response  of  the  unidirectional  composite 
panel,  which  is  loaded  in  the  fibre  direction 
( 6  =  0°),  is  illustrated  in  Fig.  3.  The  results  are  pre¬ 
sented  for  fl//?  =  0  (i.e.  a  flat  plate),  0-2  and  0-5.  It 
can  be  readily  observed  that  the  viscoplastic 
effects  increase  with  increase  of  curvature.  This 
may  be  explained  by  the  fact  that  in  panels  with 


W 


Fig.l.  The  postbuckling  curves  (the  applied  stress  versus  maximum  deflection)  for  a  homogeneous  cylindrical  panel,  made  of 
titanium  alloy  only,  at  different  rates  of  loading  vV/A:  ( - )  viscoplastic  response;  ( - )  elastic  response. 
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higher  curvatures,  higher  stresses  are  developed 
for  a  given  deflection.  It  can  also  be  seen  from  the 
graphs,  that  the  plate  and  the  panel  with  ajR  =  0-2 
buckle  in  the  elastic  region.  The  panel  with  the 
higher  curvature  a/R  =  0-5,  however,  buckles  in 
the  plastic  region.  It  is  worth  mentioning  that  a 
composite  panel,  which  is  reinforced  in  the  direc¬ 
tion  of  external  loading,  can  exhibit  a  considerable 
load-carrying  capacity  beyond  the  buckling  load 
— -  contrary  to  the  behaviour  of  the  unreinforced 
panel,  shown  in  Fig.  1 . 

Figure  4  demonstrates  the  influence  of  curva¬ 
ture  a/R  on  the  behaviour  of  a  unidirectional 
composite  panel,  loaded  perpendicular  to  the 
fibre  direction  ( 6  =  90°).  It  is  expected  that  in  the 
present  situation  of  matrix  dominated  behaviour, 
the  viscoplastic  effects  are  more  significant  than  in 
the  previously  considered  case  (0  =  O“).  In  addi¬ 
tion,  the  increase  in  curvature  leads  to  pro¬ 
nounced  viscoplastic  effects.  The  combined 
influence  of  matrix  dominated  behaviour  and 
increase  of  curvature  is  displayed  in  Fig.  4.  Note 
that  whereas  the  panel  with  a//?  =  0-2  in  the  case 
of  loading  in  the  fibre  direction  (0  =  0°)  buckles  in 
the  elastic  region,  it  buckles  presently  ( 6  =  90°)  in 
the  plastic  region. 

Until  now  we  have  discussed  the  behaviour  of 
the  buckling  mode  (w*,  «*)  =  (!,  1),  which  cor¬ 
responds  to  the  lowest  buckling  load  for  the  plates 
and  panels  with  a//?  =  ()-2  considered  above.  It  is 
known,  however,  that  as  a  cylindrical  panel 
becomes  more  curved,  the  lowest  buckling  loads 
correspond  to  the  higher  modes  of  buckling.  In 
fact,  for  the  unidirectional  panels  with  a/R  =  ()-5. 
considered  in  Figs  3  and  4,  the  buckling  loads  for 
the  modes  (1,1)  and  (2, 1 )  are  almost  equal. 

To  illustrate  the  effect  of  higher  mode  of  buckl¬ 
ing,  consider  a  two-layered  f  ±  30°)  laminated 
panel  with  a/R  =  0-5.  If  the  viscoplastic  effects  are 
neglected,  the  critical  buckling  stress  for  the 
elastic  structure  rr^  is  equal  to  1-33  GPa  for  the 
mode  {m*,  «*)  =  (2, 1 )  and  1-47  GPa  for  the  mode 
(m*, «*)  =  (!,  1).  The  postbuckling  responses  of 


these  two  modes  for  the  vLscoplastic  1  ±  30°]  panel, 
as  well  as  their  perfectly  elastic  counterparts,  are 
shown  in  Fig.  5.  It  is  seen  that  whereas  the  elastic 
buckling  stress  for  the  mode  (2,1)  is  only  a  little 
bit  smaller  than  that  for  the  mode  (1,1),  the  dif¬ 
ference  between  the  corresponding  viscoplastic 
buckling  stresses  is  much  greater.  Furthermore, 
one  may  observe  the  characteristic  difference 
between  the  postbuckling  behaviour  of  symmetric 
(/m*  =  2)  and  antisymmetric  (w*=l)  buckling 
modes.  Note  that  the  ability  of  the  viscoplastic 
panel  to  beai  loading  is  limited  for  both  modes 
considered. 
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Scaling  of  impact  damage  in  fiber  composites 
from  laboratory  specimens  to  structures 

Stephen  R.  Swanson 

Department  of  Mechanical  Engineering.  University  of  Utah.  .Salt  Lake  City.  Utah  fi41 12.  USA 

Impact  damage  in  fiber  composite  structures  remains  of  much  concern,  and  is 
often  the  limiting  factor  in  establishing  allowable  strain  levels.  The  comple.\ity 
of  impact  damage  formation  usually  dictates  that  experiments  are  required,  but 
scaling  of  results  from  small  laboratory  scale  specimens  to  large  structures  is 
not  well  understood.  The  following  paper  presents  the  results  of  an  analytical 
and  experimental  investigation  intended  to  develop  procedures  for  prediction 
of  damage  formation  and  subsequent  strength  toss,  with  panicular  emphasis  on 
scaling  of  results  with  respect  to  structure  size.  The  experimental  investigation 
involved  both  drop-weight  and  airgun  impact  on  carbon/epioxy  plates  and 
cylinders.  Five  sizes  of  plates  ranging  from  50  x  50  x  1072  mm  to 
250  X  250  X  5-36  mm.  and  two  sizes  of  cylinders  with  diameters  of  96-5  and 
319  mm.  were  employed  in  the  experimental  program.  Delamination  was 
observed  to  increa.se  with  specimen  size  more  than  would  be  expected  if 
stresses  controlled  the  delamination  extent,  as  would  be  predicted  by  fracture 
mechanics.  Regions  of  broken  fibers  were  observed  in  the  impacted  specimens, 
that  were  best  correlated  with  the  applied  specimen  stress  or  strains,  indepen¬ 
dent  of  specimen  size.  It  is  seen  that  knowledge  of  the  failure  mechanisms 
involved  is  required  to  predict  scaling  of  damage  with  confidence. 


INTRODUCTION  over  a  range  of  specimen  sizes,  and  thus  the  scal¬ 

ing  was  rea.sonably  well  understood.  However  the 
Fiber  composites  are  increasingly  being  used  in  scaling  of  damage  and  failure  mechanisms  proved 

large  structures  where  in  many  cases  the  strength  to  be  much  more  complicated, 

to  weight  and  .stiffness  to  weight  are  both  import-  The  po.ssibility  of  impact  damage  is  an  import¬ 
ant.  Important  questions  in  structural  respon.se  ant  consideration  in  the  use  of  fiber  composites, 

must  be  answered  by  experiment.  It  is  highly  In  early  work,  a  number  of  investigators  have 

desirable  to  be  able  to  conduct  these  experiments  determined  the  general  susceptibility  to  impact 

on  scaled  models,  for  reasons  of  time,  conveni-  damage  of  carbon  fiber  laminates,  and  demon- 

ence,  and  cost.  Thus  the  question  must  be  strated  the  forms  of  damage  that  result.- '  In 

addressed  as  to  whether  the  scaled  model  is  repre-  further  work,  attempts  were  made  to  analyze  the 

sentative  of  the  final  prototype,  and  just  how  to  impact  event.  Sun  and  co-workers  showed  how 

extrapolate  the  results  with  changes  in  scale.  A  the  contact  stiffness  could  be  included  in  the  ana- 

well  developed  methodology  exists  to  answer  lysis,  and  made  finite  element  calculations  of  plate 

these  questions,  based  on  the  theory  of  simili-  impact.'’  ’  The  nature  of  the  damage  resulting 

tude.'  In  this  methodology  dimensionless  groups  from  impact  has  been  discussed  by  a  number  of 

are  identified  based  on  either  dimensional  analy-  investigators.  Boll  et  al.^  have  given  detailed 

sis,  or  if  possible,  by  examination  of  the  governing  results  of  micrographs  of  sections  taken  from 

differential  equations  involved  in  the  problem  at  impacted  specimens,  indicating  the  widespread 

hand.  Procedures  of  this  type  are,  of  course,  well  microcracking,  delaminations,  and  fiber  breakage 

known  in  diverse  fields.  An  application  of  .scaling  that  can  result.  Morton''  and  Jack,son"'  have  stud- 

of  this  type  was  carried  out  by  the  author  and  co-  ied  scaling  in  composites. 

workers  for  the  problem  of  impact  of  fiber  com-  The  difficulty  in  predicting  the  behavior  of 

posite  plates  and  cylinders.  It  was  found  that  damage  and  failure  with  changes  in  scale  is  that 

scaling  of  the  linear  response  for  both  qiiasi-static  the  underlying  failure  mechanisms  are  not  well 

and  dynamic  conditions  could  be  well  predicted  understood.  For  example,  it  is  sometimes  consid- 
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ered  that  failure  is  related  to  maximum  values  of 
stress  or  strain  components.  Conversely,  failure  is 
often  related  to  enerfetic  principles  as  in  the  usual 
application  of  fracture  mechanics.  Frequently  it  is 
difficult  to  know  which  principles  are  applicable, 
and  decisions  are  made  ba.sed  on  the  personal 
preference  of  the  investigator.  However  the  scal¬ 
ing  behaviors  of  these  two  postulated  failure 
mechanisms  are  quite  different.  As  is  well  known, 
fracture  mechanics  involves  a  dependence  on  the 
absolute  size  of  the  crack,  and  thus  scaled  speci¬ 
mens  containing  a  crack  or  flaw  should  exhibit  a 
decrease  in  critical  stress  levels  with  an  increase  in 
size. 

In  the  following,  the  previous  experimental 
program  on  scaling  of  impact  will  be  briefly 
reviewed.  The  .scaling  behaviors  for  two  different 
failure  mechanisms  typical  of  fiber  composites, 
that  of  delamination  and  of  fiber  breakage,  will  be 
e.xamined  w  ith  respect  to  changes  w  ith  scale. 

EXPERI.MENTAL  PROGRAM 

Impact  tests  were  carried  out  on  .5  sizcN  of  ph^es 
and  2  sizes  of  cylinders."  '’  The  plates  varied 
from  50  x  50  x  1  -027  mm  to  250  x  250  x  5-36 
mm.  If  the  scale  factor  is  termed  A,  the  dimeasions 
of  the  plates  w  ere  varied  by  A  =  1 .2.3.4  and  5.  The 
layup  used  in  the  plates  was  |(  ±  72);/0,;l,,.  Geo¬ 
metric  scaling  was  employed  so  that  as  many 
dimensittns  as  possible  were  scaled  with  A.  includ¬ 
ing  the  exterior  dimensions  and  the  ply  group 
thicknesses,  but  not  the  thickness  of  the  fibers  or 
individual  plies.  Tests  were  carried  out  using  both 
drop-weight  (pendulum)  and  an  airgun  apparatus, 
representative  of  quasi-static  and  dynamic  condi¬ 
tions.  The  two  cylinders  were  96-5  mm  and  319 
mm  ID  respectively,  and  thus  differed  by  a  scale 
factor  of  3-30.  Again,  both  drop-weight  and  air- 
gun  experiments  were  employed. 

Analysis  procedures  were  developed  for  both 
the  plate"  "  and  cylinder''  impacts.  The  plate 
analysis  was  ba.sed  on  a  Ritz  procedure  because  of 
the  boundary  conditions  employed  in  the  tests, 
and  used  a  finite  difference  integration  in  time. 
I  he  cylinder  analysis  used  Fourier  series  expan¬ 
sion  of  the  displacements,  coupled  with  Laplace 
transform  techniques  for  the  transient  time 
effects. 

Scaling  of  the  linear  structural  response  was 
established  by  examination  of  these  governing 
differential  equations.  The  coefficients  were 
grouped  into  dimensionless  parameters.  A  princi¬ 


pal  result  was  that  if  geometric  scaling  was  used 
for  the  specimens  and  impactor  geometry,  con¬ 
stant  values  of  peak  strain,  independent  of  speci¬ 
men  size,  should  result  from  impacts  at  a  given 
constant  value  of  impact  velocity.  Further,  the 
time  scale  of  impact  should  depend  linearly  on  the 
geometric  scale  factor. 

A  total  of  approximately  400  impact  tests  were 
carried  out  on  the  plate  specimens  and  200  on  the 
cylinders.  Typieal  results  for  structural  response 
are  shown  in  Figs  1  and  2.  taken  from  Refs  1 1  and 


Fig.  1 .  C'omparison  of  strain  respon.sc  at  location  A  in 
impact  tests  on  five  different  plate  sizes.  I  =  .S'47  m.  s  '  from 
Ref.  1 1  . 
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Fig.  2.  C'omparison  of  strain  rcspon.se  tt2  between  d(rS 
mm  and  .1 1 9  mm  diameter  cylinders  ( from  Ref  I  i. 
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1 3  for  plates  and  cylinders.  It  can  be  seen  that  the 
response  scales  very  well  over  the  range  of  sizes 
examined  experimentally.  The  peak  strain  values 
at  a  given  value  of  impact  velocity  are  constant 
over  the  range  of  specimen  sizes,  as  predicted  by 
the  scaling  theory.  The  time  period  of  the  impact 
is  predicted  to  vary  with  the  scale  factor.  As 
shown,  fiormalizing  the  measured  time  .scale  by 
the  scale  factor  gives  good  agreement  over  the 
range  of  specimen  sizes.  Additionally,  it  has  been 
shown  that  the  analysis  procedures  developed 
compared  vsell  with  th™  experimental 
measurement  of  surface  strains.' '  '  ’ 

The  comparison  between  the  drop-weight  and 
the  airgun  experiments  involves  considerations 
apart  from  scaling  issues.  It  is  well  known  that  for 
impacts  in  w  hich  the  impactor  and  target  act  like  a 
single  degree  of  freedom  system  with  the  target 
behaving  as  a  spring  of  negligible  mass,  the  targci 
response  depends  on  the  energy  of  impact  and  not 
on  the  specific  values  of  impact  mass  and  velocity. 
This  is  the  well-known  quasi-static’  approxima¬ 
tion  for  impact  response.  To  facilitate  compari¬ 
sons  of  this  type,  the  impact  mass  was  decreased 
by  a  factor  of  8  from  pendulum  to  airgun,  while 
the  impact  velocity  was  increased  by  a  factor  of 
64,  Thus  the  impact  energies  are  the  .same  for 
corresponding  tests  with  pendulum  and  airgun 
tests.  It  was  originally  anticipated  that  the  quasi¬ 
static  analysis  would  be  appropriate  for  the  pen¬ 
dulum  tests,  and  that  the  airgun  experiments 
would  display  strong  dynamic  effects.  The 
measured  response  of  the  airgun  tests  does  dis¬ 
play  transient  effects,  however,  the  peak  values  of 
strain  are  very  close  to  that  which  would  be  pre¬ 
dicted  by  the  quasi-static  approximation.  Calcula¬ 
tions  over  a  range  of  values  of  impact  mass  shows 
that  rules  can  be  established  for  the  limits  of  the 
quasi-static  approximation. and  that  the  airgun 
tests  were  on  the  border  between  quasi-static  and 
dynamic.  Further  use  of  this  will  be  made  in  the 
examination  of  the  damage  resulting  from  impact. 

SCALING  OF  IMPACT  DAMAGE 

Damage  was  observed  in  the  form  of  matrix  cracks, 
delaminations  and  broken  fibers.  The  delamina¬ 
tion  was  measured  by  means  of  C-scan  ultra.sonic 
inspection.  This  measurement  was  quantified  by 
computing  the  area  of  the  image,  which  is  thus  an 
integration  of  delamination  through  the  thickness. 
Nevertheless,  this  measured  area  seems  to  be  an 
indication  of  the  extent  of  the  delamination  sur¬ 


rounding  the  impact  site.  I  he  broken  fibers  were 
ob.scrved  by  thermally  dcplying  the  impacted 
specimens,  and  then  inspecting  under  a  low  pttwer 
microscope.  The  observations  were  quantified  by 
specifying  the  length  of  the  broken  fiber  region. 
Clearly  this  is  not  a  very  accurate  measurement, 
however  it  is  still  believed  to  be  representative  of 
the  extent  of  broken  fibers. 

Defamination 

A  typical  set  of  results  of  the  delamination 
measurement  is  shown  in  Fig.  3.  where  the  deiam- 
ination  area  is  shown  for  the  various  sizes  of 
plates,  all  impacted  at  a  constant  velocity.  A  line 
has  been  drawn  in  this  figure  indicating  the  dclam- 
ination  that  would  be  expected  if  the  delamination 
extent  were  controlled  only  by  the  stress  distribu¬ 
tion  in  the  specimens.  This  line  was  constructed 
by  drawing  a  line  from  the  origin  through  the 
measured  delamination  extent  for  the  smallest 
plate  size.  The  logic  for  this  is  that  the  tests  were 
designed  so  that  the  peak  stresses  and  the  relative 
stress  distributions  are  the  same  for  each  speci¬ 
men  size,  when  impacted  at  a  constant  velocits. 
Thus,  for  example,  if  the  delamination  spread  to  a 
certain  fraction  of  the  specimen  size  for  one  of  the 
plate  sizes,  it  should  also  do  so  for  all  of  the  plate 
sizes.  Thus  the  characteristic  delamination  length 
should  vary  linearly  with  specimen  size.  The 
consistem  feature  of  all  of  the  delamination  results 
is  that  the  measured  deiamination  did  not  follow- 
this  trend,  but  exhibited  a  larger  delamination 
area  for  the  larger  specimens. 


0  1  2  3  4  5 

Plate  Scale  Factor 

Fig.  3.  Measured  deiamination  size  as  a  function  of  plate 
size  in  scaled  dynamic  impact  tests,  at  impact  velocity  of  1 8  3 
m/s  (from  Ref.  17) 
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The  relative  increase  in  delamination  size  with 
specimen  size  can  be  clearly  seen  in  Fig.  3.  The 
delamination  results  are  consistent  with  a  fracture 
mechanics  interpretation  of  delamination,  as  has 
been  discussed  previously.'  -  To  see  this,  consider 
a  generic  expression  for  energy  release  rate  given 

by 

olnaf{alw)IQ  (1) 

where  G  is  the  energy  release  rate  for  delamina¬ 
tion.  is  the  applied  stress,  a  is  delamination 
size, /(w/h  )  is  a  finite  width  geometry  factor,  and 
Q  is  an  appropriate  material  stiffness  constant. 
Noting  that  the  applied  stre.ss  is  proportional  to 
the  impact  velocity  in  the  present  experiments,  it 
can  be  seen  that  the  impact  velocity  required  to 
produce  a  delamination  size  that  is  a  given  frac¬ 
tion  of  the  specimen  size  should  decrease  with 
increasing  specimen  size.  Specifically,  the  velocity 
to  cause  this  relative  delamination  should  de¬ 
crease  with  the  square  root  of  specimen  size.  In 
fact,  this  relationship  was  observed,  with  veloci¬ 
ties  of  24-4  m/s.  1 8  3  m/s  and  1 2-2  m/s  giving  the 
same  relative  extent  of  delamination  in  the 
50x50.  100x100.  and  200x200  mm  plates, 
respectively. 

Evidence  also  exists  that  the  initiation  of 
delamination  exhibits  fracture  mechanics  scaling. 
To  illustrate  this,  the  delamination  extent  has  been 
plotted  as  a  function  of  impact  velocity  for  the 
plate  specimens  in  Fig  4  and  the  cylinders  in  Fig. 
5.  taken  from  Ref  17.  Extrapolation  of  the  delami¬ 
nation  size  to  zero  should  give  the  velocity  for 
dclaminaticn  initiation.  It  appears  that  the  velo¬ 
city.  and  thus  the  stress,  for  initiation  of  delamina¬ 
tion  is  dependent  on  the  specimen  size.  As  an 
explanation  for  this,  it  has  been  conjectured  that 
the  delamination  initiates  at  microcracks, and  in 
the  present  case  the  ply  group  thickness,  and  thus 
the  size  of  the  microcrack,  varies  directly  with  the 
size  of  the  specimen.  Thus  an  energy  release 
mechanism  that  initiates  at  microcracks  may 
explain  the  size  effect.  Further  discussion  of  this 
explanation  for  the  size  effect  is  given  in  Ref.  1 7. 

Fiber  breaks 

As  mentioned  above,  the  plate  specimens  were 
thermally  deplied  and  inspected  under  a  low 
power  microscope,  and  the  length  of  the  broken 
fiber  regions  noted.  In  the  present  tests  a  linear 
analysis  indicates  that  the  applied  stress  or  .strain 
levels  are  independent  of  specimen  size,  and  only 
depend  on  the  impactor  velocity.  Thus  if  the  fiber 


Fig.  4.  Measured  delamination  size  as  a  function  of  impact 
velocity  in  impact  tests  of  plates,  =  24-4  m/s  for  airgun. 
.tO.S  m/s  for  pendulum  impact '  from  Ref.  1 7  . 


Fig.  5.  Measured  delamination  size  as  a  function  of  impact 
velocity  in  impact  tests  of  cylinders.  I ',^.,  =  610  m/s  for  air- 
gun.  7  62  m/s  for  pendulum  impact  (from  Ref.  1 7 


breaks  were  controlled  by  stress  or  strain  levels, 
the  length  of  the  broken  fiber  region  relative  to 
the  size  of  the  specimen  should  depend  only  on 
input  velocity  and  not  on  specimen  size.  plot  of 
the  measured  length  of  broken  fibers  is  shtrwn  in 
Fig.  6  as  a  function  of  impact  velocity  for  the 
pendulum  tests.  Extrapolating  these  values  to  zero 
length  for  the  broken  fiber  region  gives  the  critical 
velocity  for  initiation  of  the  broken  fiber  regions. 
It  can  be  seen  that  essentially  the  same  critical 
velocity  is  estimated  for  all  the  plate  sizes.  This 
strongly  suggests  that  the  pendulum  failure 
mechanism  does  not  depend  on  the  specimen  size. 

A  similar  plot  is  shown  in  Fig.  7.  only  now  the 
broken  fiber  region  length  has  been  divided  by  the 
scale  factor  for  the  specimen.  Consistent  with  the 
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Fig.  6.  Length  of  broken  fiber  region  in  .‘ib,  100  and  200 
mm  plates  after  pendulum  impact  ( 1’,^.,  =  .f  ()5  m/si. 


o 


Fig.  7.  Length  of  broken  fiber  region  in  50,  100  and  200 
mm  plates  after  pendulum  impact,  normalized  by  .scale  factor 
i  =  3-05  m/s). 


previous  figure,  the  velocity  for  the  initiation  of 
broken  fibers  is  the  same  over  the  plate  sizes.  How¬ 
ever.  although  the  trends  are  masked  somewhat 
by  the  data  scatter,  it  is  possible  that  the  larger 
specimens  seem  to  have  developed  larger  relative 
broken  fiber  regions.  Although  conjectural,  a 
possible  factor  in  this  may  be  the  greater  non¬ 
linearity  in  the  larger  specimens.  This  could  arise 
because  of  the  greater  relative  delamination  in  the 
larger  specimens,  as  discussed  previously.  In  any 
case,  this  effect  is  not  large.  Thus  at  lea.st  over  the 
range  of  geometric  scale  factor  considered  in  the 
experiments,  the  extent  of  the  broken  fiber 
regions  appears  to  depend  on  stre.ss  or  strain 
based  criteria. 


DISCUSSION 

The  major  point  of  the  present  work  is  to  examine 
the  effects  of  geometric  scale  on  damage  and  fai¬ 
lure  in  impact  of  fiber  composite  structures.  While 
scaling  of  the  linear  response  appears  to  be  rea¬ 
sonably  well  understood,  scaling  of  failure 
mechanisms  and  damage  is  much  more  compli¬ 
cated.  The  experimental  results  appear  to  show' 
that  either  the  specific  failure  mechanisms 
involved  must  be  well  understood,  or  else  a  test 
program  must  be  carried  out  in  which  size  is  cem- 
sidered  as  an  explicit  variable,  if  extrapolation  to 
full  scale  structures  is  to  be  performed  with  any 
confidence. 

In  particular,  the  two  forms  of  damage  consid¬ 
ered  at  present,  that  of  delamination  and  fiber 
breakage,  appears  to  have  different  trends  with 
changes  in  size.  Delamination  exhibits  a  depen¬ 
dence  on  absolute  size  as  would  be  expected  from 
fracture  mechanics  considerations,  while  fiber 
breakage  does  not  appear  to  exhibit  this  trend. 

It  is  not  ,surpn':ing  that  delamination  extent 
exhibits  characteristics  typical  of  fracture 
mechanics.  It  has  long  been  considered  that 
delamination  propagation  is  governed  by  energy 
reJea.se  rates  and  is  an  appropriate  field  for  frac¬ 
ture  mechanics  methodology.  The  present  results 
are  thus  consistent  with  this  viewpoint,  and  do 
point  out  the  implications  for  scaling  from  model 
to  prototype. 

The  scaling  behavior  a.s.sociated  with  fiber 
breakage  is  more  controversial.  There  is  consider¬ 
able  evidence  that  fiber  breakage  can  be  predicted 
on  the  basis  of  fiber  direction  stress  or  strain.  For 
example,  the  author  has  been  involved  with  expe¬ 
rimental  measurements  of  the  ultimate  failure  of  a 
number  of  carbon/epoxy  laminates  under  biaxial 
stress  loading,  and  it  has  been  observed  in  all  of 
these  tests  that  the  maximum  fiber  direction  strain 
in  a  critical  ply  provides  excellent  correlation  of 
the  data.’'*  -" 

However  when  changes  in  stressed  volume  are 
considered,  it  is  not  clear  just  what  theory  to  use. 
Weibull  theory- '  is  sometimes  employed,  in  which 
the  stressed  volum^  '^f  material  is  explicitly  con¬ 
sidered.  However  c,  ould  be  noted  that  it  is 
possible  to  confuse  testing  variables  with  size 
effects,  and  perhaps  arrive  at  conclusions  about 
scale  effects  that  are  not  reliable  in  providing 
extrapolations.  As  an  extreme  case,  consider  the 
performance  of  the  large  size  carbon/epoxy 
rocket  motor  cases  that  have  been  built.  It  was 
reported  in  Ref.  22  that  the  industry  experience 
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seems  u>  be  that  the  delivered  allowable  stress  or 
strain  difters  from  that  in  test  eoupons  by  at  most 
of  the  order  of  20%,  although  the  stressed  volume 
differs  by  approximately  a  factor  of  a  million.  This 
evidence  suggests  that  Weibull  theory  must  be 
used  carefully  when  applied  to  fiber  composites. 
On  the  other  hand,  there  seems  to  be  ample  evi¬ 
dence  that  the  gradient  of  stress  influences  failure 
values,  which  has  been  sometimes  interpreted  as  a 
Weibull  effect. 

The  present  data  appear  to  show  that  the  size 
of  the  specimen  does  not  have  a  strong  effect  on 
the  fiber  failure  values  of  stress  or  strain  in 
impacted  specimens,  at  least  over  the  range  of 
sizes  included  in  the  experiments.  The  evidence 
shown  in  Fig.  6  .seems  to  show  this  quite  clearly. 
However  the  trend  to  larger  relative  broken  fiber 
regions  with  larger  specimen  size  shown  in  Fig.  7 
is  not  as  well  defined.  As  mentioned  above,  this 
trend  may  in  fact  depend  on  the  greater  degree  of 
nonlinearity  in  the  response  in  the  larger  speci¬ 
mens.  due  to  the  greater  relative  degree  of  delami¬ 
nation.  Thus  it  is  possible  that  the  applied  strains 
in  the  larger  specimens  are  underpredicted  by 
linear  analysis  to  a  greater  degree  than  in  the 
smaller  specimens.  This  may  explain  the  apparent 
tendency  for  larger  broken  fiber  regions  in  the 
larger  specimens,  but  not  in  the  initiation  of  the 
broken  fibers. 

A  major  conclusion  to  be  drawn  from  the 
above  is  that  it  is  necessary  to  have  specific  know¬ 
ledge  of  the  failure  mechanisms  involved,  as  the 
scaling  behaviors  vary  w  ith  the  type  of  damage. 


SL.MiVIARY  A.\D  CONCLLiSIONS 

Impact  tests  have  been  carried  out  on  five  sizes  of 
plates  and  two  sizes  of  cylinders,  using  both  pen¬ 
dulum  and  airgun  tests.  The  goal  of  the  program 
was  to  establish  procedures  to  scaling  of 
responses  and  damage  formation  with  size.  Scal¬ 
ing  rules  were  developed  by  examinatit)n  of  the 
governing  differential  equations  for  dynamic 
impact.  It  was  observed  in  the  experimental 
results  that  the  measured  structural  respon.se 
agreed  well  with  the  predicted  scaling  behavior 
over  the  range  of  sizes  of  plates  and  cylinders.  The 
impact  damage  exihibits  complex  scaling  behav¬ 
ior.  Delamination  was  seen  to  exhibit  a  depen¬ 
dence  on  absolute  specimens  size,  as  would  be 
expected  based  on  fracture  mechanics  criteria. 
Fiber  breakage  dc.es  not  show  this  effect,  and 


appears  to  depend  only  on  the  applied  stresses  or 
strains,  independent  of  specimen  size. 
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Delamination  and  matrix  cracking  of  cross-ply 
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An  investigation  was  penormed  to  study  delamination  growth  induced  by 
mairi.N  cracks  in  cross-ply  composites  resulting  from  a  spherical  indenter.  I  he 
major  focus  of  the  study  was  to  understaiHl  fundameni.illv  the  damage 
mechanics  in  terms  of  matrix  cracking  and  delamination  growth,  and  inter- 
aciion  between  them.  A  nonlinear  three-dimensional  finite  element  model 
based  on  an  updated  Lagrange  formulation  was  developed  during  the  investiga¬ 
tion.  .An  augmented  Lagrangian  method  was  utilized  to  model  the  delamination 
interlace  conditu'u.  A  general  contact  node  search  aieorithm  was  proposed 
which  can  handle  complex  contact  ctvnditions.  such  arbitrary  slippage  and 
discontinuous  curvature.  The  indentation  resulting  iium  the  spherical  rigid 
indenter  vvas  also  modeled.  Fracture  mechanics  was  applied  to  determine  the 
tlelaminaiion  propauation  in  three  dimensions.  The  strain  enerev  release  rates 


were  calculated  by  a  ciack-closure 
analytically  and  experimentally. 

I  INTRODICTION 

It  is  well  known  that  fiber-reinforccd  cttmptisites 
are  vulnerable  to  transverse  concentrated  loads 
such  as  low-velocity  impact,  which  can  result  in 
extensive  delaminations  and  multiple  matrix 
cracking.'  "  Numerous  experimental  and  analyti¬ 
cal  investigations  have  been  performed  to  study 
the  dtimage  resulting  from  tre.iisverse  loads.  T  he 
analytical  work  previously  developed  has  empha¬ 
sized  estimating  the  overall  delamination 
sizes."’  '  '  None  of  these  models  considered 

the  detailed  fracturing  process  during  the  forma¬ 
tion  of  the  damage. 

Several  investigators  have  indicated,  based  on 
their  experiments,  that  for  some  ply  orientations, 
surface  matrix  cracking  could  be  produced  with¬ 
out  generating  delaminations  by  carefully  adjust¬ 
ing  the  impact  velocity  or  the  amount  of  the 
applied  load.  However,  whenever  there  was  a 
delamination,  there  vvyre  matrix  cracks  accom¬ 
panied  with  the  delamination.  An  energy  thresh- 
okl  also  exists  below  which  nt)  damage  could  be 
generated.  Experiments  have  demonstrated  that 
similar  results  obtained  from  low-velocity  impact 
tests  could  be  produced  by  quasi-.static  transverse 
loads." 

.lones  el  al."  and  ,losh  and  Sun‘‘  have  suggested 
that  matrix  cracking  is  the  initial  impact  damage 

i  nmiiositr  Stnn  1 9*^)3  llscvicr  Sc 


tcchnkjuc.  t  he  m<Hlcl  wa'v  \criHcd 


mode.  Basically,  the  initial  mtitrix  cracks  have 
been  classified  by  several  investigators' "  into  two 
types:  the  internal  shear  crack  and  surface  bend¬ 
ing  crack.  However,  limited  work  has  been  per- 
f(vrmed  in  studying  the  interaction  between  matrix 
cracking  and  delamination.'”''  The  fracture 
modes  controlling  delamination  growth  of  lami¬ 
nated  composites  suhiecied  to  transverse  concen¬ 
trated  loads  have  not  yet  been  adequatolv 
identified.  Recently  the  author  s  2-D  study'" 
showed  that  the  initial  matrix  cracking  affected 
significantly  the  grow  th  of  delamination.  Delami- 
niition  growth  could  be  either  stable  or  unstable 
depending  upon  the  location  of  the  initial  matrix 
cracks.  Jn  .>-1).  Lu  and  Tiu  ’  modeled  an 
embedded  circular  delamination  by  a  thin  soft  iso¬ 
tropic  layer  with  a  linear  finite  element  method 
and  showed  that  Mode  1  and  Mode  Ill  fractures 
predominantly  control  the  growth  of  the 
embedded  delamination  due  to  a  point  load.  No 
matrix  cracking  was  considered  in  the  analysis. 

Accordingly,  the  objective  of  this  investigation 
was  to  study  the  damage  mechanics  nf  laminated 
composites  subjected  to  transverse  concentrated 
loading  and  to  fundamcntalK  understand  the 
interaction  between  matrix  cracking  and  delami- 
nati<m  growth.  Tir  simplify  the  problem,  only 
cross-ply  laminated  composite  panels  were 
studied,  and  the  load  was  applied  quasi-statically 
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This  paper  will  first  present  the  analytical 
modeling.  Comparison  with  the  generated  experi¬ 
mental  data  and  numerical  simulations  will  also  be 
presented  briefly.  A  detailed  description  of  the 
analysis  can  be  found  in  Ref.  1 9. 


2  STATEMENT  OF  PROBLEM 

Consider  a  cross-ply  laminated  composite  plate 
subjected  to  a  quasi-static  tran.sverse  concentrated 
loading  as  shown  in  Fig.  1.  The  rectangular  plates 
could  be  simply  supported  or  clamped  on  any  one 
of  the  edges  and  subjected  to  a  transverse  quasi¬ 
static  concentrated  load  by  a  spherical  indenter. 
The  plates  were  assumed  to  contain  a  pre-existing 
small  delamination  located  at  the  central  loading 
area  on  the  second  90/0  interface  directly  beneath 
the  indenter.  Two  types  of  matrix  cracking  in  con¬ 
junction  with  the  delamination  were  considered  in 
the  study:  a  bending  crack  and  a  pair  of  shear 
cracks.  Accordingly,  for  a  given  loading  and  boun¬ 
dary  condition,  four  types  of  internal  damage 
modes  were  studied:  (1)  delamination  with  no 
matrix  cracks;  (2)  delamination  induced  by  a 
bending  crack;  (3)  delamination  induced  by  shear 
cracks;  and  (4)  delamination  induced  by  both  a 
bending  crack  and  shear  cracks,  as  shown  in  Fig. 
2.  Limited  by  the  space,  only  surface  crack  is  con¬ 
sidered  in  this  paper.  A  typical  damage  pattern  of 
the  laminate  from  an  X-radiograph  in  shown  in 
Fig.  3. 

In  this  investigation,  it  was  desired  to  deter¬ 
mine: 


Fig.  I.  l>cscripti(»n  of  the  problem,  A  laminated  ettmposite 
panel  subjected  to  a  transverse  load  applied  by  a  spherically- 
nosed  indenter. 


( 1 )  the  effect  of  the  initial  matrix  cracking  on 
the  propagation  of  the  delamination  in  the 
plate, 

(2)  the  delamination  growth  in  the  laminate  at 
a  given  load, 

(3)  the  fracture  modes  contributing  to  the 
delamination  growth,  and 

(4)  the  contact  information  associated  with  the 
delamination  growth. 

Accordingly,  the  laminate  containing  a  delamina¬ 
tion  with  and  without  a  pre-introduced  matrix 
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Fig.  2.  Four  types  of  damage  modes  considered  in  this 
analysis:  { 1 )  delaminativin  with  no  matrix  cracks;  i2)  dclami- 
nation  induced  by  a  bending  crack;  i3}  delamination  induced 
by  .shear  cracks;  and  (4)  delamination  induced  by  both  a 
bending  crack  and  shear  cracks. 


Fig.  3.  An  X-radiograph  of  a  graphite/epoxy  10^/90, 
resulting  from  a  quasi-static  transverse  loading. 
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crack  in  the  0°  ply  group  was  analyzed  as  shown  in 
Fig.  4.  A  three-dimensional  finite  element  method 
was  developed  for  analyzing  the  problem.  A  brief 
description  of  the  analysis  will  be  given  in  the  next 
section,  however,  details  of  the  analysis  can  be 
found  in  Ref.  1 9. 


3  METHOD  OF  APPROACH 


As  the  local  deformations  of  the  laminate  could 
be  substantial  due  to  the  concentrated  load,  finite 
deformation  theory  was  adopted  in  the  analysis. 
The  total  potential  energy  of  a  laminate  without 
damage  under  the  given  load  can  be  described  as 


n=  I 

^  t  j 
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where  «p|.  is  the  total  number  of  layers,  oQ'"  is  the 
cross-sectional  area  of  the  mth  layer  in  the  refer¬ 
ence  configuration,  W  is  the  strain  energy  func¬ 
tion.  i(,  is  the  displacement  vector,  and  "S  is  the 
boundary  in  the  reference  configuration  where  the 
tractions  '’T,  are  applied. 

The  components  of  the  second  Piola-Kirch- 
hoff  stress  in  the  wth  layer  can  be  expressed  by 
the  constitutive  relation  as 


s':=c:;„EZ  (2) 

where  are  the  components  of  Green's  strain 
tensor.  are  the  orthotropic  material  moduli 
for  the  mth  layer. 


Delamination  front 


Crack  Length 


Fig.  4.  The  coordinate  system  used  in  the  finite  clement 
analysis  for  a  laminate  containing  a  delamination  and  a  bend¬ 
ing  crack. 


Based  on  the  virtual  work  principle,  the  follow¬ 
ing  equation  can  be  obtained  from  eqn  !  1  i  for  an 
uncracked  laminate; 
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The  above  nonlinear  equation  is  valid  for  any 
uncracked  laminated  composite  undergoing  finite 
deformations  in  three  dimensions.  However,  for 
cracked  laminates,  eqn  (3)  cannot  be  applied 
directly  because  of  the  presence  of  crack  inter¬ 
faces  generated  inside  the  materials.  The  contact 
condition  of  the  interfacial  contact  during  loading 
must  be  included  in  the  analysis. 

Two  type  of  contact  are  involved;  the  rigid- 
elastic  contact  between  the  indenter  and  the  plate, 
and  the  elastic-elastic  contact  between  the 
cracked/delaminated  interfaces,  as  shown  in  Fig. 
5.  The  local  indentation  resulting  from  a  spherical 
indenter  is  very  complicated  and  three-dimen¬ 
sional  and  could  significantly  affect  the  delamina¬ 
tion  growth  and  its  interface  deformation, 
especially  when  the  delamination  is  small. 

In  order  to  prevent  the  contact  surfaces  from 
overlapping,  an  impenetrability  condition  must  be 
specified  and  satisfied  at  all  times  along  the  con¬ 
tact  interfaces.  This  condition  requires  that  the 
shortest  distance  (defined  as  a  gap  g)  between  two 
contact  surfaces  must  be  greater  than  or  equal  to 
zero.  Mathematically,  the  impenetrability  con¬ 
straint  can  be  stated  as  gS;{).  Upon  contact,  the 
contact  force  must  also  be  less  than  or  equal  to 
zero  (A  v^O).  Accordingly,  the  contact  constraints 
for  normal  contact  can  be  specified  as 


Av^o' 

g(  u,)  ^ 


(4‘ 


Pig.  5.  Contact  problem  a.s.socialed  with  a  delaminated 
laminate  .subjected  to  an  indenter. 
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This  is  the  well-known  Kuhn-Tucker  condition 
for  normal  contact.  The  three  equations  in  eqn  (4) 
reflect,  respectively,  the  compressive  normal  trac¬ 
tion  constraint,  the  impenetrability  constraint.and 
the  requirement  that  the  pressure  is  nonzero  only 
when  g  =  0.  Accordingly,  eqn  (4)  must  be  con¬ 
sidered  together  with  eqn  (4)  in  order  to  analyze 
composites  containing  delaminations. 

Several  methods  exist  to  implement  the  contact 
constraints.  The  most  popular  choices  are  the 
Lagrange  multiplier  method  and  the  penalty 
method.  Both  methods  have  advantages  and  dis¬ 
advantages  (see  discussions  in  Ref.  19).  The 
Lagrange  multiplier  method  was  adopted  pre¬ 
viously  by  the  author  for  the  study  of  damage 
induced  by  a  cylindrical  indenter  for  analyzing  the 
interaction  between  matrix  cracking  and  delami¬ 
nation.'''  In  this  study,  an  augmented  Lagrangian 
method  was  adopted.  It  has  been  shown  to  pro¬ 
vide  important  advantages  over  the  more  tradi¬ 
tional  Lagrange  multiplier  and  penalty  methods. 
Detailed  mathematical  discussic»i,.>  can  be  found 
in  Ref.  2 1 .  The  augmented  Lagrangian  techniques 
have  been  known  to  provide  almost  exact  en¬ 
forcement  of  constraints  while  using  finite  penalty 
parameters,  avoiding  the  ill-conditioning. 

In  the  method  of  augmented  Lagrangians.  the 
Lagrange  multiplier  is  initially  chosen  to  be  an 
arbitrary  constant.  If  this  constant  is  not  the 
correct  Lagrange  multiplier,  the  contact  con¬ 
straint  is  not  satisfied  and  minimization  of  the 
total  potential  energy  of  eqn  ( I )  does  not  lead  to 
the  equation  of  equilibrium.  Therefore,  from  a 
penalty  function  viewpoint,  the  total  potential 
energy  represented  by  eqn  ( 1 )  needs  to  be  further 
penalized  by  the  following  modified  functional: 


n  =  ri  + 


Ax  gdr  + 


1 


f  \g'  dr 


(5) 


where  A^  sfl  denotes  the  fixed  estimate  of  the 
correct  A^.  The  superscript  k  indicates  that  the 
search  for  the  correct  Ay  is  an  iterative  process. 
The  updated  formula  is 

A(  *'  =='Ax‘  (b) 


Iherefore,  the  variational  equation  corre¬ 
sponding  to  eqn  ( .S )  can  be  derived  as 


bn  + 

.  ( 


+  fyk')  tir  =  0 


(7) 


It  is  noted  that  the  term  (A^  +  fyg)  plays  the 
role  of  the  Lagrange  multiplier  Ay.  If  Ay  is  the 


X 


Fig.  6.  Description  of  a  typical  finite  element  mesh  used  in 
the  analysis. 


correct  multiplier,  then  g  =  0  on  T.  Thus,  in  the 
case  where  the  multipliers  are  correct,  eqn  (7! 
achieves  exactly  the  same  form  as  the  standard 
Lagrange  multiplier  method,  making  it  an  exact 
penalization. 

It  is  important  to  notice  that  eqn  (7)  is  a  non¬ 
linear  equation  due  to  the  contact  conditions  and 
geometric  nonlinearity.  In  general,  then,  it  will  he 
necessary  to  solve  eqn  (7)  in  an  iterative  manner. 
In  practice.  t\  is  chosen  to  be  as  large  as  practic¬ 
ally  possible  without  inducing  ill-conditioning. 
Lhe  advantage  of  the  current  treatment  over  the 
penalty  method  was  developed  based  on  eqn  [Ik 
and  an  eight-node  brick  element  was  used.  I)ue  to 
symmetry,  only  a  quarter  of  the  laminate  was 
analysed.  A  typical  finite  element  mesh  is  shown 
in  Fig.  6. 

The  initiation  of  delamination  grow  th  (onset  of 
delamination  growth)  was  predicted  based  on 
linear  elastic  fracture  mechanics.  The  well-known 
virtual  crack  closure  technique-'  served  as  the 
basis  for  the  strain-energy  release  rate  calculation. 
This  procedure  determines  Mode  I.  Mode  II  and 
Mode  III  strain  energy  release  rates  (fl,.  G'n  and 
G,„)  from  the  energy  required  to  close  the  delami- 
nation  over  a  small  area. 

Therefore,  at  any  point  on  the  delamination 
front,  strain  energy  release  rates  can  be  calculated. 
Since  the  delamination  growth  can  be  attributed 
to  a  mixed  mode  fracture,  the  criterion  for  deter- 
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mining  the  initiation  of  the  delamination  growth 
was  selected  as'*' 


(8) 


for  any  point  on  the  delamination  front.  Here, 
G,( .  and  G’hk  are  the  critieal  strain  energy 
release  rates  corresponding  to  Mode  I,  Mode  II 
and  Mode  III  fracture,  respectively.  It  was 
assumed  that  G,( ,  Guc  and  G,ik  did  not  ehange 
with  delamination  size.  Based  on  the  previous 
two-dimensional  study  by  the  authors,  a=l. 

=  1 ,  and  y  =  1  were  selected  for  this  study, 
because  they  were  found  to  provide  the  best  fit  to 
the  experiments  in  two  dimensions.  It  was 
assumed  that  Gu^  =  Gi^^ ’  because  the  value  of 
G||,(  has  not  been  reported  in  the  literature. 
Accordingly,  delamination  would  start  to  propa¬ 
gate  when  £j  >  1  at  any  point  on  the  delamination 
front. 


cro.ss-.section  iX-Z,  >'=())  of  a  l(l,/9(),l  compo¬ 
site  at  a  load  of  1 72  Ibf.  The  local  indentation  due 
to  the  rigid  indenter  can  be  clearly  observed  in  the 
figure.  A  relatively  large  sliding  between  the  upper 
and  lower  surfaces  of  the  delamination  were  also 
clearly  shown  in  the  figure. 

A  close-up  side  view  of  a  deformed  cross- 
section  (V-Z.  A'  =  0)  of  a  iO,,/yO:L  is  shown  in 
Fig.  8.  The  bending  crack  was  open  due  to  the 
applied  load,  which  closely  resembles  the  cylindri¬ 
cal  bending  of  a  [y0m/0„],  beam  containing  a  sur¬ 
face  crack.  The  local  indentation  due  to  the  rigid 
indenter  and  relatively  large  sliding  between  the 
upper  lower  surfaces  of  the  delamination  were 
also  shown  in  the  figure. 

Figure  9  shows  the  comparison  of  the  calcu¬ 
lated  total  strain  energy  release  rate  G,  based  on 
type  1  and  2  models  for  a  laminate  containing  a 
small  circular  delamination  with  and  without  the 
surface  matrix  crack  (bending  crack).  For  the 
laminate  containing  the  matrix  crack,  the  value  of 


4  RESULTS  AND  COMPARISON 

In  order  to  verify  the  model,  numerical  solutions 
were  generated  and  compared  with  existing 
analytical  and  numerical  solutions.  Overall,  the 
agreements  were  very  good.  Due  to  limited  space, 
verification  can  be  found  in  Ref.  1 9.  In  the  follow¬ 
ing.  numerical  simulations  and  experimental  veri¬ 
fication  are  pre.sentcd  and  discussed. 

For  a  [0f,/90;j.  layup,  a  long  slender  peanut-like 
shape  of  a  delamination  on  the  interface  near  the 
bottom  surface  was  ob.served.  A  matrix  crack 
(bending  crack)  in  the  bottom  0°  ply  group  was 
also  clearly  seen  from  the  X-radiograph  given  in 
Fig.  3.  The  left  and  right  halves  of  the  delamina¬ 
tions  always  grew  in  a  relatively  equal  size. 

In  order  to  evaluate  the  damage  propagation  in 
|{),,/9().l^  composites  due  to  tran.svcrse  concen¬ 
trated  loading,  both  types  1  and  2  damage  models 
were  utilized  to  perform  the  numerical  simula¬ 
tions.  The  type  1  model  considered  only  a  delami¬ 
nation  without  a  bending  crack,  however,  type  2 
model  considered  both  the  deiamination  and  the 
bending  crack. 

The  mesh,  deformation,  and  ,stre.ss  data  gener¬ 
ated  from  the  finite  element  analysis  were  stored 
in  standard  post-processing  files  and  transformed 
to  the  commercial  code  IDEAS’^  (liceased  by 
Structural  Dynamics  Research  Corporation). 
Figure  7  shows  a  close-up  view  of  a  deformed 


Fig.  7.  Deformation  of  a  cross-section  (.V-  /.  )'=()>  of  a 
!0,,/6(),j,  composite  with  a  surface  matri.v  crack. 


Fig.  8.  Deformation  of  a  cross-section  >  .V  =  t))  of  a 
composite  with  a  surface  matrix  crack. 


262 


Sheng  Liu 


Gj  along  the  delamination  front  near  the  location 
of  the  matrix  crack  increased  significantly  and 
reached  a  peak  at  the  intersection  between  the 
matrix  crack  and  delamination  (at  ^  =  0°).  The 
value  of  Gj,  however,  decreased  rapidly  as  the 
delamination  front,  where  the  value  of  G-p  was 
calculated,  moved  away  from  the  location  of  the 
matrix  crack  ( f  approaches  90°). 

A  completely  different  distribution  of  the  total 
strain  energy  release  rate  was  obtained  for  the 
laminate  containing  no  bending  crack.  Overall, 
the  values  of  G^  obtained  from  the  type  1  model 
were  much  smaller  than  those  calculated  by  the 
type  2  model.  Apparently,  the  laminate  with  the 
matrix  crack  could  initiate  the  delamination 
growth  at  a  much  earlier  loading  stage  than  the 
one  without.  Once  the  delamination  propagated,  it 
would  grow  along  the  direction  of  matrix  crack¬ 
ing. 

Figure  10  shows  the  sequence  of  delamination 
growth  in  the  laminate  without  the  matrix  crack 
predicted  by  the  type  1  model  based  on  the  crack 
growth  criterion  (eqn  (8)).  The  number  shown  in 
the  bracket  at  the  upper  right  corner  of  each  sub- 


Fig.  9.  Comparison  of  the  calculated  total  strain  energy 
release  along  a  dclamination  front  in  a  (06/902],  composite 
with  or  without  a  surface  matrix  crack. 


Fig.  10.  The  predicted  delamination  growth  sequence  in  a 
IO6/9O2],  composite  without  a  surface  matrix  crack. 


figure  indicates  the  sequence.  The  sub-figures 
were  generated  by  evaluating  the  strain  energy 
release  rate  ratio  for  various  sizes  of  delamina¬ 
tions.  First,  the  values  of  were  calculated  for  a 
small  circular  implanted  delamination.  If  delami¬ 
nation  growth  was  predicted  (£^>1),  then  the 
delamination  size  was  extended  slightly  along  its 
major  (A'-direction,  ^  =  0°)  or  minor  ( T-direction, 
^  =  90°)  axis  according  to  the  predicted  direction 
of  delamination  growth.  In  this  analysis,  the 
delamination  was  only  allowed  to  grow  into  either 
a  circular  or  an  elliptical  shape.  Again,  numerical 
calculations  were  re-performed  to  evaluate  the 
strain  energy  release  rates  for  the  laminate  with 
the  new  delamination.  This  procedure  was 
repeated  until  the  calculated  strain  energy  release 
rate  ratio  was  smaller  than  unity  everywhere  along 
the  delamination  front.  The  size  of  the  final 
delamination  was  then  considered  to  be  the 
delamination  shape  corresponding  to  the  given 
loading  condition. 

At  0  05  in  of  indenter  displacement,  the  de¬ 
lamination  tended  to  grow  into  an  ellip‘‘cal  shape 
with  major  and  minor  axis  ratio  about  2  after  a 
series  of  stable  and  unstable  growth.  However,  the 
delamination  shape  predicted  by  the  type  1  model 
was  significantly  different  from  the  shape 
observed  in  the  experiment.  First,  the  well-known 
peanut-like  delamination  could  not  be  predicted. 
Second,  the  predicted  shape  was  fairly  large 
instead  of  slender  and  was  very  different  from  the 
observed  delamination  shape  with  major  and 
minor  axis  ratio  about  5.  And  third,  the  applied 
load  (or  displacement)  which  initiated  the  delami¬ 
nation  growth  was  much  higher  than  the  experi¬ 
mental  one.  It  was  noted  that  something  was 
missing  in  the  type  1  model  for  simulating  the 
delamination  growth  due  to  a  spherical  indenter 
loading.  It  seemed  to  show  that  the  type  1  model 
could  not  predict  accurately  the  damage  growth  in 
this  laminate  due  to  a  spherical  indenter. 

However,  a  completely  different  growth  pattern 
was  predicted  by  the  type  2  model.  First,  at  the 
same  load,  delamination  growth  was  predicted  to 
occur  much  earlier  for  the  laminate  containing  the 
same  .small  delamination  given  in  Fig.  11(1). 
Figure  1 1  shows  the  sequence  of  the  delamination 
growth  in  the  laminate  with  the  matrix  crack  pre¬ 
dicted  by  the  type  2  model. 

At  a  fixed  indenter  displacement.  Fig.  1 1  gives 
a  final  shape  after  a  series  of  growth.  After  a  sub¬ 
stantial  growth  of  the  delamination  along  its  major 
axis.  Fig.  11(4)  shows  that  the  strain  energy 
release  rates  started  to  increase  near  =  75°  away 
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Fig.  11.  The  predicted  delamination  growth  sequence  in  a 
composite  containing  a  surface  matrix  crack. 


from  the  matrix  crack,  initiating  the  expansion  of 
the  delamination  along  the  minor  axis.  However,  a 
slight  expansion  of  the  delamination  along  its 
minor  axis  as  shown  in  Fig.  11(5)  subsequently 
caused  a  significant  increase  of  the  strain  energy 
release  rates  along  the  major  axis.  Hence,  the 
de  lamination  started  to  grow  along  the  major  axis 
again.  Apparently,  the  growth  of  the  delamination 
was  predominantly  controlled  by  the  delamina¬ 
tion  front  near  the  neighborhood  where  the 
matrix  crack  intersected  with  the  delamination.  It 
is  worth  noting  that  at  ^  =  90°,  strain  energy 
release  rates  remained  at  a  minimum  regardless  of 
the  shape  of  the  delamination.  This  observation 
implies  that  no  delamination  would  grow  in  this 
area,  leading  the  delamination  to  a  peanut  shape 
which  was  frequently  observed  from  the  experi¬ 
ments  for  this  type  of  ply  orientation,  such  as  the 
one  given  in  Fig.  3.  This  is  also  indicated  from  the 
actual  contact  area.  Even  the  model  allowed  only 
the  elliptical  delamination  shape,  the  actual  con¬ 
tact  area  can  be  seen  in  Fig.  12,  which  coincided 
with  the  shape  shown  in  Fig.  3.  It  is  observed  from 
Pig.  12  that  the  contact  zones  are  significantly 
different  with  and  without  modeling  the  surface 
crack.  Numerical  experiments  also  showed  that 
incorrect  energy  release  rates  would  be  calculated 
if  the  contact  algorithm  was  not  implemented. 

Figure  1 3  shows  the  comparisons  between  the 
estimated  delamination  sizes  in  the  x  and  y  direc¬ 
tions  and  the  sizes  measured  from  the  experi¬ 
ments.  The  correlation  between  the  experiments 
and  the  predictions  was  very  good.  Figure  14 


With  Bending  Crack  Contact  Zone 


Fig.  12.  Typical  contact  zone  of  a  delamination  in  a  (i„ 
9O2I,  composite  containing  an  internal  crack  and/or  a  surface 
matrix  crack. 


QUASI  IMPACT  ENERGY  Obf-in) 


Fig.  13.  Comparison  of  dclamination  sizes  predicted  and 
mea.sured  in  a  (0^/90. |,  composite  with  respect  to  quasi¬ 
impact  energy. 


shows  the  calculated  strain  energy  release  rates  of 
Modes  I,  II  and  III  for  the  laminate  containing  a 
small  and  a  large  delamination  with,  a  surface 
matrix  crack.  Clearly,  for  the  laminate  containing 
the  initial  surface  matrix  crack,  C,  (Mode  I  frac¬ 
ture)  dominated  the  total  strain  energy  release 
rate  along  the  delamination  front  near  the  neigh¬ 
borhood  where  the  surface  matrix  crack  inter¬ 
sected  with  the  delamination  (^11  =  0“).  This 
observation  is  also  valid  for  a  moderately  large 
delamination,  as  shown  in  the  same  figure. 
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However,  when  the  surface  crack  was  ignored 
in  the  analysis,  Modes  II  and  III  fractures  domi¬ 
nated  the  total  strain  energy  release  rate  along  the 
delamination  front  for  the  laminate,  as  shown  in 
Fig.  15.  Although  the  contribution  of  each  mode 
to  the  growth  of  the  delamination  strongly 
depended  upon  the  current  shape  of  the  delami¬ 
nation.  the  presence  of  the  matrix  crack  clearly 
played  a  very  important  role  in  the  delamination 
growth.  Therefore,  it  is  very  important  that  the 
initial  matrix  crack  be  considered  in  the  analysis 
for  understanding  the  damage  mechanics  and 
mechanism  of  laminated  composites  due  to  trans¬ 
verse  loading. 


Kig.  14,  CdnipariMin  of  the  calculated  strain  energy  release 
rates  ol  Modes  I.  M.  and  III  along  a  small  and  a  large  delami- 
nation  front  in  a  dl„/y0.j,  composite. 


Fig.  15.  The  calculated  strain  energy  release  rales  of 
Modes,  I.  II,  and  III  along  a  delamination  front  in  a 
composite  without  a  surface  matrix  crack. 


5  CONCLUDING  REMARKS 

A  finite  element  analysis  was  developed  for 
analyzing  cross-ply  laminated  composite  plates 
subjected  to  transverse  concentrated  loading 
resulting  from  a  spherical  indenter.  Based  on  the 
analysis,  the  following  remarks  can  be  made  for 
the  laminates  studied; 

( 1 )  The  initial  matrix  cracking  affects  signifi¬ 
cantly  the  growth  of  delamination  resulting 
from  transverse  loading. 

(2)  The  surface  matrix  crack  induces  the 
delamination  to  grow  into  a  slender  peanut 
shape. 

(3)  Mode  I  fracture  contributes  significantly  to 
the  growth  of  the  delamination  induced  by 
a  surface  crack. 

(4i  Mixed  mode  fracture  dominates  the  inter¬ 
nal  crack  induced  small  delamination 
growth.  Mode  II  governs  the  internal  crack 
induced  large  delamination  growth. 

Additionally,  it  is  noted  that  the  proposed 
finite  element  analysis  can  also  be  extended  to 
study  other  ply  orientations  and  other  loading 
conditions,  such  as  delamination  buckling,  which 
are  going  to  be  reported  in  future  publications. 
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A  parametric  study  of  residual  strength  and  stiffness  for  low-veloeiiy  impact 
damaged  composites  was  performed.  Rrssible  compression  after  Impact  failure 
mechanisms,  which  may  be  caused  by  stiffness  and  strength  degradation  inside 
the  damage  region,  were  di.scu.ssed.  in  order  to  understand  the  scaling  effects 
on  impact  damage  residual  strength,  finite  element  analysis  was  performed. 
With  stiffness  degradation  inside  the  damaged  area,  the  stress  fields  of  small 
coupon  iind  larger  stiffened  panels  with  the  same  damage  were  ctilculated 
numerically.  The  stress  redistributions  were  found  to  be  almost  identical 
between  the  coupon  and  panels.  This  indicates  that  the  stress  redistribution  is  a 
local  phenomenon,  and  will  not  be  affected  much  by  the  e.sisience  (tf  the 
stiffeners.  It  is  believed  that  the  residual  strength  of  impact  damaged  ctrmposite 
structures  is  related  more  to  the  damage  severity  than  to  the  load  redistributiivn 
The  dependency  of  the  stre.ss  concentration  factor  on  the  anisttiropic 
etigineering  elastic  constants  of  a  laminate  was  extended  from  an  analytical 
study  by  Lekhnitskii  [Anisotropic  TIates.  (iordon  and  Breach  Science  Pub¬ 
lishers.  New  York.  USA,  I96<S;. 


INTRODUCTION 

Laminated  cttmposite  structure.s  arc  generally 
susceptible  to  damage  resulting  from  low-velocity 
impact.  It  is  of  vital  interest  to  understand  this 
mechanism  because  even  non-detectable  impact 
damage  has  been  found  to  drastically  reduce  the 
strength  of  comptisite  laminates.  However,  due  to 
the  complexity  of  impact  damage  which  involves 
the  interaction  between  dynamic  matrix  crack 
propagation  and  dclamination  gnrwth.  the  current 
understanding  is  still  very  limited.  Further,  the 
question  of  h(7w  to  predict  residual  strengths  and 
stiffness  about  impact  damaged  composite  struc¬ 
tures  is  still  not  answered.  Based  on  reported 
experimental  results,  an  impactor  with  a  hemi¬ 
spherical  nose  will  pntduce  a  more  or  less  circular 
damaged  region.  This  damaged  zone  is  expected 
to  have  reduced  macroscopic  stiffness  and 
strength.  Because  of  difficulties  in  directly 
measuring  the  stiffness  and  strength  loss,  a  finite 
element  parametric  study  is  in  order.  The  .stre.ss 
concentration  factors  with  various  laminate  engi¬ 
neering  elastic  constants  F],,  and  are  also 


evaluated  using  an  analytical  formula  for  aniso¬ 
tropic  plate  obtained  by  Lekhnitskii.' 

The  determinatifvn  of  stress  concentration 
factors  by  linear  elastic  solutions  is  a  classical 
problem,  even  for  anisotropic  materials.  How  ever, 
there  is  a  renewed  interest  related  to  the  causes  ot 
scaling  effects  on  residual  strength  of  impact- 
damaged  composites.  Figure  1  shows  that  the  4- 
or  5-in-wide  (I  in- 2-54  cm)  coupons  retain 
lower  strength  as  compared  to  the  larger  stiffened 
panels  when  they  were  damaged  by  the  same 
impact  (same  energy  per  thickness).'  Tradi¬ 
tionally,  many  argue  that  more  complex  structures 
(e.g.  stiffened  panels)  provide  alternative  load 
paths,  therefore  retain  higher  residual  strength 
(than  coupons).  However,  C-scan  results  show 
that  even  a  1 00  ft-lb  impact  seldom  causes 
damage  arger  than  a  I  in  disc  in  a  i  in  thick  com¬ 
posite  wing-skin  panel.  The  damage  size  is  small 
compared  to  the  typical  stringer  spacing,  and 
therefore  all  stress  concentration  diminishes 
within  one  skin  bay.  In  other  words,  the  stress 
distribution  (within  the  skin  bay)  would  be  nearly 
identical  to  that  within  a  coupon  if  the  damages 
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were  the  same  (size  and  severity).  The  .scaling 
effects  shown  in  Fig.  1  have  to  be  explained  by 
other  means,  but  not  by  stress-load  redistribution. 
The  cause  of  the  scaling  effects  that  complex 
structures  exhibit  higher  residual  strength  (after 
the  same  impact)  will  be  further  di.scused  in  a 
separate  paper.'' 

To  investigate  the  stress  redistribution  after 
impact  damage,  a  parametric  finite  element  study 
has  been  performed.  Stiffness  inside  a  circular 
damaged  region  is  reduced  to  simulate  the  low- 
velocity  impact  damage.  Results  of  this  finite 
clement  analysis  indicate  that  the  stress  redistribu¬ 
tion  is  a  local  phenomenon  and  numerical  calcula¬ 
tion  of  stress  concentration  agrees  with  those 
obtained  from  the  analytical  predictions  studied 
toward  the  end  of  this  paper.  This  analytical  para¬ 
metric  study  indicates  that  laminate  shear  modu¬ 
lus  f/i,,  compared  with  and  is  a  dominant 
factor  in  the  variation  of  stress  concentration  fac¬ 
tor.  Through  the  variation  of  fiber  orientation  per¬ 
centage  in  the  laminate,  the  stress  concentration 
factor  could  be  reduced,  thus,  the  residual 
strength  after  the  low-velocity  impact  damage 
could  be  improved. 


SCALING  EFFECTS  ON  RESIDE  AL 
STRENGTH  OF  IMPACT  DAMAGED 
COMPOSITES 

What  structural  designers  often  say  about  settling 
effects  are  that  complex  structures  are  less 
affected  by  local  damages  (as  compared  to 
coupons).-  This  is  reflected  in  Fig.  1  as  having 
higher  residual  strength  after  the  ‘same  impact' 
(defined  by  same  energy  per  thickness'.  Such 
.scaling  effects  are  extremely  important  to  com¬ 
posite  aircraft  structural  design  because  the 
de.sign  stress-strain  allowables  are  determined 
accordingly.  There  are  two  explanations:  ir  com¬ 
plex  structures  can  provide  alternative  load  paths 
(stress  redistribution),  and  (ii)  complex  structures 
can  deflect  and  are  damaged  less  during  the 
impact  (damage  severity  ).  Good  understanding  of 
scaling  effects  will  help  us  in  extrapolating  coupon 
and  element  test  data  to  predict  compression  after 
impact  (CAI)  behaviors  of  large  structures.  This  is 
an  appropriate  goal  in  view  of  the  pay-off  culmi¬ 
nating  in  economics  via  reduced  panel  testing. 

To  clarify  the  causes  and  their  relative  impor¬ 
tance  to  scaling  effects,  steps  were  taken  to  septi- 
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rate  and  better  define  the  two  explanations. 
Instead  of  using  the  rather  ambiguous  condition 
of  the  same  impact  level,  we  choose  to  model  the 
same  damage  severity'  (same  geometry'  and 
material  properties)  into  a  5  x  10  in  coupon  and 
stiffened  panels  with  the  same  skin  layup  and 
thickness.  The  same  end  shortening  strain  is  then 
applied  to  the  quarter  symmetric  finite  element 
models,  with  the  damage  modeled  as  a  1  -5  in 
diameter  disk  retaining  A'To  of  the  undamaged 
stiffness.  Prior  to  detailed  discussion  on  modeling 
and  parametric  studies,  we  shall  look  into  the 
physics  of  this  residual  strength  problem.  If  stress 
redistribution  is  the  main  cause  of  the  .scaling 
effects,  one  should  e.xpect  major  differences  in 
stress  distribution.  In  other  words,  the  existence  of 
the  stringers  should  greatly  lower  the  stress  con¬ 
centration  in  front  of  the  damaged  zone  for  the 
panel  cases.  If  the  stress  distributions  around  the 
damages  are  similar  for  the  coupon  and  the 
panels,  one  would  be  led  to  believe  that  damage 
severity  is  the  main  cause  of  the  scaling  effects. 
That  is.  the  ctiupons  and  the  panels  must  have 
damages  of  different  severity  to  cau.se  the  differ¬ 
ence  in  their  residual  strengths.  Whether  the  same 
impact'  events  isame  impact  energy  per  thickness 
in  Fig.  I )  resulted  in  different  damages,  and 
whether  there  is  any  other  impact  parameter  that 
relates  better  to  damage  severity  are  not  the 
subjects  of  this  paper.  We  w  ill  only  go  through  the 
damage  modeling  scenarios  and  concentrate  on 
stiffness  behaviors  in  the  next  twci  sectums. 


MODELING  OF  IMPAC  T  DAMAGED 
COMPOSITES 

A  rigorous  analytical  residual  strength  prediction 
approach  secuis  lo  have  to  start  from  detailed 
damage  modeling.  T  his  is  a  difficult  task,  whether 
<me  does  it  by  characterizing  the  observed 
damage  or  by  simulating  the  impact  event.  Many 
researchers  have  compared  the  residual  strengths 
of  impact  damaged  specimens  with  the  strengths 
of  open-hole  specimens.^  The  approach  of  treat¬ 
ing  the  impact  damaged  area  as  a  hole  cut  out  of 
the  laminates  cannot  capture  the  true  character¬ 
istic  of  impact  damaged  composites.  (i)n  the  one 
hand,  when  damage  growth  prior  to  failure  is 
insignificant,  the  damaged  area  is  a  weakened 
zone,  but  iu)i  necessarily  as  bad  as  a  hole.  On  the 
other  hand,  if  sub-laminate  delamination/buckling 
is  the  main  failure  mechanism,  an  impact  damage, 
usually  associated  with  multiple  delamination,  can 


be  worse  than  a  hole  of  the  same  size.  To  capture 
the  latter,  other  researchers  have  used  a  sub- 
laminate  buckling  model  with  given  delamination 
to  relate  the  damaged  area  properties.' ''  We  made 
no  attempt  to  resolve  this  task,  nor  to  emphasize  it 
in  this  paper.  The  following  discussion  is  to  point 
out  the  difficulties,  and  more  importantly,  to  lead 
to  a  scenario  that  detailed  damage  modeling  may 
not  be  as  essential  as  it  appears  to  the  residual 
strength  prediction. 

Because  impact  damages  are  more  critical 
under  compressive  loading.  CAI  cases  are  used 
for  discussion.  A  typical  CAI  test  used  by  Douglas 
Aircraft  Company  is  the  ST-1  described  in  NASA 
RP-1092.’  We  modeled  the  5x  10  in  ST-1  CA! 
coupon  with  X%  of  the  undamaged  stiffness  and 
Y%  of  the  undamaged  strength  retained  for  the 
damaged  area  (Fig.  2).  By  comparing  test  data  to 
the  results  of  a  parametric  FEA  study  i  varying  .V 
and  V'  i.  we  expected  to  determine  the  values  of  X 
and  V  for  each  damage  case,  including  generaliza¬ 
tion  to  panel  CAI.  We  encountered  two  major 
difficulties,  iil  This  seemingly  simple  model  is 
quite  complex,  i.e.  there  is  no  restriction  that  .V 
has  to  be  the  same  as  Y.  Further.  X  and  >'  should 
be  functions  of  positions  rather  than  constants,  lii  i 
ST- 1  CAI  coupon  tests  provide  insufficient  infor¬ 
mation  in  determining  these  functions,  i.e.  the 
ST-1  measurements  rellect  ’averaged'  properties 
of  the  .s  X  1 0  in  coupon,  hut  not  local  properties 
of  the  damage. 

The  series  of  parametric  studies  did  not  lead  us 
to  a  satisfactory  means  to  determine  X  and  Y  for 
detailed  damaged  modeling.  However,  a  few  other 
findings  are  worthy  of  mentioning.  First,  for  the 
entire  range  of  stiffness  variation,  the  stress  re¬ 
distribution  is  found  to  be  a  local  phenttmenon. 
which  never  goes  beyond  two  or  three  times  the 
damage  size.  Therefore,  the  overall  stiffness 
behavior  is  not  sensitive  to  the  local  stiffness  i.Vi. 
This  suggests  that  the  only  experimental  approach 
that  may  properly  characterize  the  damage  is  to 
test  narrow  strips  cut  through  the  damaged  area. 
Secondly,  by  varying  X  and  Y  independently,  we 
found  two  competing  failure  mechanisms,  and 
also  obtained  a  feel  for  the  implication  of  this 
competition.  When  low  stiffness  retention  but 
high-strength  retention  was  assumed,  failure  can 
initiate  outside  of  the  damaged  zone  due  to  stress 
concentration.  When  the  opposite  was  assumed, 
high  stiffness  retained  for  the  damaged  zone 
cau,ses  little  stress  redistribution,  and  enough  load 
still  goes  through  the  weak  (small  T)  damaged 
zone  to  initiate  failure  from  within.  Because  of  this 
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competition'  and  the  locality  of  stress  redistribu¬ 
tion,  the  collective  behavior  (e.g.  calculated  failure 
load)  becomes  less  sensitive  to  A'  and  Y  individu¬ 
ally.  This  suggests  that  detailed  damage  modeling 
e.g.  position  dependent  functions  X  and  K)  may 
be  circumvented  for  failure  load  prediction.  Such 
an  approach  is  consistent  with  the  concept  of 
continuum  damage  mechanics  which  treats  the 
micro  damage  initiation  and  propagation  as  a 
macro-degradation  process.'^  To  speculate  further, 
aside  from  damage  growth,  a  single  constant  'Y' 
indicating  the  collective  strength  retention,  or  the 
inverse  of  an  equivalent  stress  concentration 
factor,  may  be  sufficient  for  CAI  strength  descrip¬ 
tion  { Fig.  2).  The  stiffness  behavior  (stress  distrib¬ 
ution  around  the  damage)  is  discussed  further 
with  numerical  details  in  the  ne.xt  section. 


C.ALC  L  L.4TION  OF  STRESS 
REDISTRIBUTION  USING  EINITE 
ELEMENT  METHOD 

To  investigate  the  stress  redistribution  of  compo¬ 
sites  after  impact  damage,  a  paraametric  finite 
element  study  has  been  performed.  In  the  study, 
stress  concentrations  of  a  test  coupon,  two- 
stringer.  and  four-stringer  stiffened  panels  with 
impact  damage  at  the  center  are  calculated.  It  is 
necessary  to  prove  that  the  stress  redistribution  of 
damaged  composites  is  a  local  phenomenon,  and 
the  stress  redistributions  between  the  test  coupon 
and  stringer-stiffened  panels  are  similar 

The  linear  static  analysis  in  MSC/NASTRAN 
version  67  was  used  for  stress  field  calculations." 
Dimensions  of  the  test  coupon,  two-stringer,  and 
four-stringer  stiffened  panels  are  shown  in  Fig.  3. 


Standard  material  properties  of  graphite-cpo.xy 
composite"'  are  used  in  the  analysis,  and  they  are 
shown  in  Table  1 .  The  test  coupon  and  the  skin  of 
stiffened  panels  are  made  of  i0/45/()/ -45/90/ 
-45/0/45/0l;s  laminate  with  a  nominal  thickness 
of  0-.424  in.  The  0°  fiber  orientatiitn  of  the  lami¬ 
nates  is  parallel  to  the  stringer  and  applied  load 
directions.  The  stringers  of  stiffened  panels  arc 
made  of  the  same  material  as  the  skin.  The  blade 
of  stringers  has  10/45/0/ -45/90/ -45/0/45/01;., 
lavup  with  a  height  of  2  in  and  thickness  of 
0-468  in.  The  flange  of  stringers  has  ()/45/0/ 
—  45/90/ -45/0/45/0|:s  layup  with  a  width  of 
2-94  in  and  thickness  of  0-216  in.  The  flange  ol 
stringers  is  assumed  to  be  bonded  perfectly  on  the 
skin  of  panels. 

The  impact  damage  zones  of  test  cempon  and 
two  stiffened  panels  are  assumed  to  be  circular 
with  diameters  equal  to  1-5  in  Fig.  .s  i.  Ic'catcd  at 
the  center  of  each  specimen.  T  he  stiffness  inside 
these  circular  regions  are  reduced  to  simulate  the 
low-velocity  impact  damage.  Failure  analysis  will 
not  be  performed  in  the  present  study,  therefore, 
material  strength  properties  arc  not  needed.  .Stress 
redistributiesns  of  coupon  and  panels  with  damage 
are  calculated  using  finite  element  method.  All 
stiffness  i  F, .  F,.  and  (j, ,  of  the  lamina;  therefore, 
F,,  and  (»,.  of  the  laminate)  retained  inside 
the  circular  damage  area  are  simultaneously 
varied  from  ()7n.  which  is  similar  to  a  hole,  to 
100%.  which  is  no  damage,  of  the  virgin  material 
properties.  Poisson's  ratio  i  v, ,  of  the  lamina; 
therefore.  V|^  of  the  laminate)  is  assumed  to 
remain  unchanged  for  impact  damaged  compo¬ 
sites.  A  same  end-shortening  strain 
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Fig.  2.  Schcmaiic  of  impact  damage  modeling. 
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is  applied  to  both  the  coupon  and  panels.  Due  to 
the  symmetry,  only  ttne-qutirter  ol  structure  is 
modeled.  lo  illustrate  the  stress  field  redistribu¬ 
tions  due  t‘'  impact  damtigc.  the  results  minor 
principal  stress,  which  is  compiessise.  distribu¬ 
tions  ol  coupon  and  panels  with  .■sil".,  stillness 
retained  inside  the  circular  damage  area  are  plot¬ 
ted  in  Figs  4  -6.  From  the  calcuhition.  the  maxi¬ 
mum  stress  concentratii'ns  appear  at  the 
bi.’iiiuiary  between  dam;iged  and  intact  areas.  This 
finding  is  consistent  with  the  con\enlion;i!  sticss 
concentration  study  of  composites  with  circular 
liole.' 

In  order  to  inv  'stigiUe  the  inlluence  of  impact 
dam.ige  seveiily  to  the  stress  reriistrihution  of 
coupon  iind  panels,  the  rct;iined  stiffness  inside 
the  circular  danuige  /one  is  v;irieil  for  stress  field 
ciilcul  ition.  I  he  stress  concentrations  of  various 
retaincil  stiffnesses  inside  the  diimage  area  arc 
c  tlculiiter!  ;ind  also  compared  with  theorclic;ii 
values  of  infinite  plate  with  hole.'  i  he  results  arc 
plotter!  in  Fig.  7  lor  infinite  phite.  coupon,  ;mtl  the 
piinels. '!  hey  sh.iw  th;it  the  variations  of  the  s«icss 
concentration  netween  coupon  ami  panels  are  as 
small  as  only  F’..,  I  htis.  wc  conclude  that  stress 
redistributions  are  similar  for  coupon  and  ptinels 
if  they  have  tfic  same  magnitude  of  damage. 


Buckling  analysis  is  also  perlormed  for  un¬ 
damaged  and  impact  dtimaged  stiffened  panels.  It 
is  found  that  the  eftects  of  the  stiffness  degrtida- 
tion  within  the  impact  damage  area  are  too  small 
tt>  inlluence  the  first  global  buckling  load  ami 
mode  shapes  of  the  w  hole  stiffened  panels. 

.S  rRESS(  ()N(  KM  RAI  ION  FACTOR  AM) 
IMP.AC  T  DAMAC.F  RFSIDf  Al.  S I  RF.NCT  H 

From  previous  sections,  one  can  conclude  that  the 
stress  concentration  factor  .S(  F  is  an  important 
indicator  of  the  residual  loari-carry  ing  capability 
lo  recap  this  eenario.  we  recogni/e  that  the 
damages  caused  b\  impact  aie  normally  fiber 
breal.igc.  matrix  cracking,  and  delamination. 
riiese  damages  w  ill  certainly  reduce  local  stiffness 
and  strength  of  laminates.  The  stillness  reiluction 
within  the  damage  area  will  cause  stress  concen- 
ti.i  ion  near  the  interface  oi  the  intact  and 
damaged  areas  under  loading.  1  his  stress  redis¬ 
tribution  is  critical  for  predicting  the  impact 
damage  residual  strength,  while  the  S(  f  is  the 
simplest  indicator  of  the  stress  concentration.  For 
the  worst  stiffness  reduction  ;i  hole  .  SCRf  can 
be  obtainerl  anaivtically  for  infinite  flat  plates  '  l  o 
cconomi/e  engineering  and  comciutcr  time,  a 
parametric  stuilv  of  S(  'f  around  circular  holes  is 
coiuiucted  for  varying  orthotropic  plate  proper¬ 
ties.  The  results  will  prox  ule  information  on  rela¬ 
tive  severity  of  stress  concentration  foi  various 
himinates.  I  hus.  within  [nopei  boundaries  of 
larnimitc  selection,  designers  could  arrange  the 
fiber  orientation  percentage  in  the  laminate  to 
mimmi/c  the  SCF  to  improve  the  residual 
strength  after  iinjiact. 
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Fig.  6.  Stress  distribution  of  four-stringer  panel  with  50"..  stiffness  retained  inside  the  1  •  5  in  eircular  damage  area. 
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PARAMETRIC  STUDY  OF  STRESS 
CONCENTRATION  FACTOR 


To  investigate  the  stress  concentration  behavior  of 
composites,  a  parametric  study  has  been  per¬ 
formed  based  on  the  anisotropic  elastic  infinite 
plate  solution  obtained  by  Lekhnitskii.'  The  stress 
concentration  factor  K  can  be  expressed  as 


(7cC 


=  ((  -cos-^  +  (/c  +«)  sin-(zi)/c  cos- a 
-I-  (( 14-  n)  co%-(j>-  k  sin-  sin-  a 
-  n{\+k+n)  sin  ^  cos  sin  a  cos  a ) 


.  4  ^  4 

Sin  a  -f-  —  cos  a 


1 

+  - 
4 


sin'  2  a 


(1) 


where  a„  is  the  tangential  stress  along  the  circular 
hole  at  angular  location  a,  is  the  far  field  stress 
acting  at  an  angle  ^  with  respect  to  the  principal 
elastic  axis  ‘T  of  the  anisotropic  plate  shown  in 
Fig.  8.  The  symbols  k  and  n  are  product  and  sum 
of  the  complex  roots  of  the  anisotropic  plate 
characteristic  equation,'  which  are  functions  of 
£i,  Ft.  (jii  and  v,2. 

Figure  9  shows  clearly  that,  with  fixed  laminate 
Poisson's  ratio  v,,.  the  SCF  is  lower  for  smaller 
£,  IF,2  value  (stiffness  ratio  of  the  composite  plate) 
and  for  larger  G,,  value  (shear  stiffness  of  the 
composite  plate).  The  results  of  this  parametric 
study  indicate  that  shear  stiffness,  G,,  is  a  domi¬ 
nant  factor  in  the  variation  of  SCF  of  the  com¬ 
posite  plate.  In  other  words,  adjusting  shear 
stiffness  may  be  an  effective  means  to  reduce  SCF 
and  to  improve  residual  load  carrying  capability. 


CONCLUSION 

From  the  finite  element  analysis,  the  stress  con¬ 
centration  appears  near  the  interface  of  the  intact 
and  damaged  areas.  We  alscr  verify  that  the  stress 
redistribution  of  damaged  composites  is  a  local 
phenomenon.  The  local  stress  distributions 
between  the  test  coupon  and  stringer-stiffened 
panels  are  similar.  This  suggests  that  damage 
severity,  not  stress  redistribution,  is  the  main 
cause  of  the  scaling  effects.  Even  though  this 


indepth  parametric  study  did  not  completely 
resolve  the  difficulty  of  impact  damage  modeling, 
it  led  to  a  better  understanding  of  the  damage 
residual  strength  performance. 

A  parametric  study  of  the  analytical  solution 
about  the  SCF  of  composite  plates  indicates  that 
the  smaller  value  and  larger  G’l^  value  will 

lower  stress  concentration.  The  shear  stiffness 
G,2  is  the  dominant  factor  in  the  variation  of  SCF 
of  composite  plate,  therefore,  it  is  a  key  factor  to 
the  failure  mechanism  of  laminated  composites. 
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An  indirect  identification  technique  to  predict  the  mechanical  properties  of 
composite  plate  specimens  is  presented.  Thi.s  technique  makes  use  of  experi¬ 
mental  eigenfrequencies.  the  corresponding  numerical  eigenvalue  evaluation, 
sensitivity  analysis  and  optimization.  The  laminate  analysis  is  formulated  in 
terms  of  non-dimensional  material  parameters  and  the  di.screte  model  is  based 
on  the  linear  shear  deformation  theory  of  Mindlin.  The  constrained  minimiza¬ 
tion  of  an  error  functional  expressing  the  difference  between  measured  higher 
frequencies  of  a  plate  specimen  and  the  corresponding  numerical  ones  is  then 
carried  out  to  find  the  desired  optimum  parameters.  The  required  sensitivities 
with  respect  to  changes  in  the  non-dimensional  materia)  parameters  have  the 
option  of  being  evaluated  analytically,  semi-analytically  or  alternatively  by  finite 
difference.  Results  which  show  the  validation  of  the  sensitivities  and  the  limita¬ 
tions  of  the  model  to  predict  the  required  quantities  and  its  range  of  application 
and  accuracy  are  demonstrated  through  test  ca.ses. 


1  INTRODLCTION 

The  use  of  composite  materials  in  the  project 
design  of  structures  or  structural  components  is 
increasing  due  to  their  strength  to  weight  ratios, 
high  stiffness  to  weight  ratios,  improved  corrosion 
resistance,  low  specific  gravity  of  fibers,  low  main¬ 
tenance  costs,  etc.  For  specific  applications  the 
composite  material  is  often  tailored  to  meet  cer¬ 
tain  design  requirements  and  the  mechanical  pro¬ 
perties  are  not  available  in  general.  Although 
these  properties  can  be  approximately  estimated 
through  the  rule  of  mixtures'  the  safest  and  formal 
way  of  obtaining  the  required  mechanical  material 
data  has  been  through  experimental  procedures 
using  specific  geometry  specimens. 

In  this  paper  is  described  an  indirect  identifica¬ 
tion  technique  to  predict  the  mechanical  proper¬ 
ties  of  composites  which  makes  use  of 
eigenfrequencies,  experimental  analysis  of  a 
composite  plate  specimen,  corresponding  numeri¬ 
cal  eigenvalue  analysis  and  optimization  tech¬ 
niques.  An  error  functional  expressing  the 


difference  between  the  measured  higher  eigen¬ 
frequencies  of  the  plate  specimen  and  the  corre¬ 
sponding  eigenfrequencies  of  the  numerical 
model  plate  is  established.  This  functional  is  then 
minimized  to  find  the  required  mechanical  pro¬ 
perties.  The  eigenvalue  analysis  and  the  evalua¬ 
tion  of  .sensitivities  are  carried  out  using  a  finite 
element  model  whose  characteristics  are  derived 
for  the  linear  shear  deformation  theory  of  Min¬ 
dlin.-  This  work  is  closely  related  to  the  develop¬ 
ments  carried  out  by  Pedersen  '  for  thin  composite 
plates  using  the  classical  theory  assumptions  of 
Kirchhoff  and  sensitivity  analysis.  Also  Wilde  and 
SoP  using  Kirchhoff  assumptions  and  a  Bayesian 
parameters  estimation  method  associated  with  a 
numerical  model  have  developed  an  alternative 
technique  based  on  experimental/numerical 
eigenfrequencies  to  estimate  the  mechanical 
properties  of  orthotropic  specimens.  More 
recently  two  alternative  methods  both  requiring 
experimental  eigenfrequency  data  have  been 
published  by  SoP  and  Wilde,'’  which  do  not  follow 
the  sensitivity  analysis  approach  here  proposed. 
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2  LAMINATE  ANALYSIS 


Considering  the  system  referential  cartesian  axes 
X,  y,  z  and  the  /:th  ply  principal  axes,  X^,  A,,  Xj 
(Fig.  1),  the  constitutive  equations  for  a  ply  of  a 
composite  plate  made  of  a  finite  number  of  ortho¬ 
tropic  plies  by  neglecting  the  transverse  normal 
stress  effect  can  be  represented  as: 


(la) 

=  On  o,..  o,-  o,,}' 

(lb) 

£ii-=!G.v  Gv  y,-  y..-  Tni' 

(Ic) 

where  {  ct  j  j.  is  the  vector  of  stress  components,  {fit 
the  vector  of  normal  and  shearing  strain  compo¬ 
nents,  the  material  constitutive  matrix  trans¬ 
formed  from  A,,  Ai,  A,  to  the  x,  y,  z  axes  and  t 
the  transpose  of  a  vector  or  matrix. 

The  mechanical  properties  of  ply  {k),  consist¬ 
ent  with  the  Mindlin  plate  model,  are  defined  as 
£i,  £;  the  Young’s  modulus  in  the  A,,  A,  direc¬ 
tions  (A|  being  parallel  to  the  fibers),  G,.,  G13, 
C-,  the  transverse  shear  moduli  in  planes  A1-A3, 
A1-A3,  A.- A,,  respectively  and  V|2  the  major 
Poisson's  ratio.  It  is  also  assumed  that  the  ply  is 
transversely  isotropic,  then  0,2  =  G,  ,. 

The  coefficients  of  matrix  [Q]*  can  be  repre¬ 
sented  as: 

=  (2a) 

8a„ 


a„  =  1  -  V 


I’ 


(2b) 


where  matrix  [c]*  and  a„  are  here  expres.sed  in 
terms  of  nondimensional  material  parameters  a„, 
(a7i=  1,  2,  3,  4).  The  terms  of  this  matrix  and  the 
parameter  a„  using  the  Vinson'  index  convention 


Fig.  I.  Nomenclature  for  the  stacking  sequence  anil 
laminar  coordinate  system, 


are  given  by: 

C||  =  8-a2[l  -cos  (20^)1- a, [1  -cos(40;)] 
c,,  =  C21  =  04-  a,  cos  (40*) 

=  =)  a,  .sin  (20*)+  a,  sin  (40*) 

r22  =  8-a2[l  +COS  (20*)!- a,(l  -cos  (40*i] 
C2f,-Ct,2-':  a,  sin  (20*)-  a,  .sin  (40*) 

C44  =  a<  -[j  (8  -  a,  -  30,  -  04)-  a^] 

cos  (20*)  (3) 

C54  =  C45  =  [i  (8  -  02  -  3a,  -  04 )  -  0,1 
sin  (20*) 

c,5  =  o,  +  [2  (8  -  02  -  3a,  -  04 )-  o,]  cos  (20*  i 

c^ft  = )  (8  -  o,  -  o,  -  04 1  -  o,  cos  (40* ) 

a„=  1  -[(a4-a,)/(8-2a2)]-(4-a2)/4 

0*  being  the  angle  which  axis  A,  of  ply  (^)  makes 
with  the  system  reference  x  axis.  The  non-dimen¬ 
sional  material  parameters  are  defined  as: 

a2  =  4-4(£2/£|) 

a,=  l +(£2/^-1  )(l-2v,2)-4(G,2/£,)a„ 

( 4 ) 

04=  1  +(£2/£,)(l  +6r,2)-4(G,2/£,)a„ 
a5  =  4(G2,+  G|2)a„/£| 

The  inverse  relations  of  eqn  (4)  are: 

£2/£,=(4-a2)/4 

G, -,/£,=  (8  -  o^  -  3a,  -  a^)/\6a„ 

(.5) 

~  -  20,) 

G2,/£|  =(2a,  - ;  (8  -  02-30,-  a4  ))/8a„ 

The  displacement  field  components  at  any  point 
(x.  y,  z)  on  the  composite  plate,  consistent  with 
linear  shear  deformation  theory  are  expressed  as; 

U(x,  y,z)=u{x,y)  -  zxf\{x.  _v) 


V{x,  y,z)  =  v(x,  y)  -  z\p,\x.  y) 


(6) 


W(x,y,z)^w{x,y) 

where  «,  w  are  the  displacement  components  of 
a  corresponding  point  in  the  middle  surface  in  the 
X,  y,  z  directions  respectively  and  the  y,,  v»,  ate 
the  rotations  of  the  normal  to  the  middle  plane 
along  the  y  and  x  axes.  The  displacement  field  is 
related  to  the  in-plane  strains  !f„},  curvatures  {k\ 
and  shearing  strains  |y!  through  the  following 
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kinematic  relations: 


du  dv  du  dv  ' 

(7a) 

dx  ' dy  ' dy  9x 

dtp^  dtp,  dtp,,  dtp,  ‘ 

(7b) 

dx  ’  dy  '  dy  0x 

0W  0W  ‘ 

(7c) 

{*}  =  [- 
iw-fl 


Integrating  eqn  (1)  layer  by  layer  through  the 
cross-section  of  the  composite  plate  one  obtains 
the  constitutive  relations  as: 

flA]  [B]  [ojirto' 

{Af}  =  [B]  [D]  [0]  {k\ 

JQlJ  L[0]  [0]  lS]][\Y]j 

I  :  f,y=  1,2,6  (8b) 

oa,>  1 

iV=  1,2,6  (8c) 

k~  I 


where  K\  M*'  and  cf  are  the  element  stiffness 
matrix,  element  consistent  mass  matrix  and  ele¬ 
ment  displacement  vector  in  the  system  axis  x,  y.  z 
and  to"  the  eigenfrequency. 

For  node  i  of  element  e  the  sub-vector  of  the 
degrees  of  freedom  is: 

=  (10) 

uC;  ff;  wf  being  the  nodal  displacement  of  the 
middle  plane  with  respect  to  the  x.  y,  z  axes 
respectively,  and  the  nodal  rotations 

about  the  y  and  x  axes. 

For  unsymmetrically  stacked  composite  plates 
it  can  be  shown  following  standard  procedures  via 
the  virtual  work  principle  that  the  element  con¬ 
sistent  mass  and  stiffness  sub-matrices  which  link 
nodes  i  and  /  can  be  evaluated  as: 


[N'i]'[m\N‘j\  det  7d|  dp 


[m]=  I  [m]* 

A=  I 

w  I ,  =  m,,  =  m,-,  =  /Ot( /t*  -  lit .  I ); 


D.r^t  {hi- ){€„),-,  /,/■=  1,2,6  (8d) 

(k*  1 


Pk  /  j  3  \ 


4  .  ,  .I  _  ,  3  ,  _1_ 
-^ih,  /t*-,)^3 


yk  J  J  >  /  ■) 

=  hi. 


(f,y)*;  i,;=5,4  (8e) 

{N\  =  \N,N,  N,,}';  I  Ml  =  j  H  M,  M,,,}' ; 

\Q\-{Q.QyY  (8f) 

where  the  submatrices  [>4],  [fi],  [D],  [5]  represent 
the  extensional  coupling,  bending  and  shear 
material  stiffnesses  respectively,  \  N\,  jM},  {0}  are 
the  vectors  of  the  components  of  the  in-plane 
stress  resultants,  bending  moments,  and  trans¬ 
verse  shear  forces  and  n  is  the  number  of  plies  of 
the  composite  plate. 


3  FINITE  ELEMENT  MODEL 

For  free  harmonic  vibrat'ons,  the  equilibrium 
equations  at  the  element  level  can  be  represented 
by: 

(9) 


V  I  ’+1 

J  -  1  J  - 1 

+  [B-JlBlBlil  +  [5?;,r[Dpy  + 

detyd^d?/  (13) 


where  the  non-zero  coefficients  of  the  symmetric 
matrix  |m]*  are  shown  above,  is  the  mass 
density  of  ply  k  and  det  J  the  determinant  of  the 
Jacobian  matrix  relating  the  natural  coordinates 
T]  to  the  local  coordinate  derivatives.  Matrices 
{N'\,  [B^„],  IB%]  and  [B^]  relate  the  nodal  degrees  of 
freedom  of  the  element  to  the  generalized  dis¬ 
placement  field  {«,  w.  Ip,,  xp,}\  in-plane  strains 
(eqn  (7a)),  curvatures  (eqn  (7b))  and  transverse 
shear  strains  (eqn  (7c)).  respectively.”  The  ele¬ 
ment  mass  and  stiffness  matrix  coefficients  eqns 
(11)  and  (13),  are  evaluated  by  Gaussian  quadra¬ 
ture,  with  reduced  integration  on  the  stiffness 
transverse  shear  coefficients  to  avoid  locking. 
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The  system  equilibrium  equations  are  obtained 
in  the  usual  way  leading  to  an  eigenvalue  problem: 

Kqi=(ojMq,  (14) 

where  K  and  M  are  the  system  stiffness  and  mass 
matrix  and  q,  the  system  eigenmode  (/),  which 
corresponds  to  the  eigenfrequency  wj. 

When  support  conditions  are  not  specified,  as 
when  a  plate  is  assumed  free  in  space,  eqn  ( 14)  is 
modified  through  a  sidestepping  technique,*^  to 
avoid  the  singularity  of  matrix  K. 

Hence,  the  eigenvalue  problem  is  replaced  by 
an  equivalent  one  as: 

{K  +  ^M)q,  =  {(oj  +  ^)Mq,  (15) 

where  /3>  0  is  of  the  order  of  magnitude  of  (oj,  In 
this  work  the  initial  guess  is  coj  being  the 

experimental  fundamental  eigenfrequency.  A  new 
value  for  should  be  chosen  before  each  new 
iteration  of  the  optimization  process.  The  predic¬ 
tion  of  ^  is  efficiently  carried  out  through  a 
knowledge  of  the  sensitivity  of  with  respect  to 
the  non-dimensional  material  parameters  a„,  by 
an  expansion  of  first  order  through  Taylor's  series 
as: 

a,v,.  a.^,)» 


(o((a^,  a,,  04,  )  +  :;:^ — (Q'  .“«') 

■'  '  ■  do. 


dw;  dfoT  , 

+  ^ -04,, 

do,  da4, 

da>',  , 

/  being  the  previous  iteration. 


4  DESCRIPTION  OF  THE  IDENTIFICATION 
OPTIMIZATION  PROBLEM 

The  identification  technique  aimed  at  finding  the 
mechanical  material  properties  of  composite  lami¬ 
nates  takes  advantage  of  the  agreement  between 
experimentally  measured  eigenfrequencies  of  a 
specimen  plate  hung  on  two  thin  elastic  lines  and 
the  corresponding  numerical  model  with  free 
boundary  conditions. 

Let  the  experimentally  obtained  eigenfrequen¬ 
cies  be  designated  by  ml  /  being 

the  number  of  measured  eigenfrequencies.  The 
corresponding  numerical  eigenfrequencies  for  a 
set  of  given  material  parameters  a„  are  repre¬ 


sented  by  Catl...X'a>; . Ccoj.  where  the  con¬ 

stant  Cis  chosen  through  the  relation 

C’=-4  :17. 

OJJ 

to  obtain  agreement  for  the  first  eigenfrequency 
and  to  eliminate  the  influence  of  quantities  which 
scale  the  set  of  eigenfrequencies. 

The  objective  function  <I>  is  defined  as  an  error 
functional  which  depends  on  the  higher  order 
eigenfrequencies  as: 

/ 

=  £  (mj  -  Cui; Ylm,  T  8 1 

1 


The  optimization  problem  is  formulated  as  the 
identification  of  the  set  of  non-dimensional 
material  parameters  a,„  which  minimize  the  error 
functional: 

Min  <J)(a.,  a,.  04.  a,)>()  iqi 

Subject  to: 

gi  =  -  a.  <  0  «  ( Lj  >  1  I 


«  I  V|;| -v/'.'i//:;  <0 

aj^a,^a“  /=2.3,4.5 

g,  being  inequality  constraints  and  a',,  a"  the 
lower  and  upper  side  constraints  respectively. 

The  optimization  problem  is  .solved  by  non¬ 
linear  mathematical  programming  techniques 
described  by  Vanderplaats'*'  whose  algorithms  are 
incorporated  in  program  ADS"  (Automated 
Design  Synthesis). 

After  the  evaluation  of  the  optimum  values  for 
the  non-dimensional  material  parameters  a„, 
{m=  2, 3,4, 5)  that  .satisfy  eqn  ( 19),  the  value  of  /:, 
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can  be  evaluated  easily,  since  C  and  a„  are  known. 
The  eigenvalue  relation  eqn  (9)  for  mode  q^, 
which  corresponds  to  the  experimental  eigen- 
frequency  can  be  written  in  an  equivalent  form; 
putting  Ef  in  evidence,  yields; 


E^K*q^  =  (v\Mqy 

(21) 

CE'\K*q,  =  Cio]Mq, 

(22) 

hence 

E.-CE'l 

(23) 

E'l  being  the  initial  guess  value  given  to  the 
Young's  modulus  in  the  major  direction  A',  and  E, 
the  corresponding  identified  mechanical  property. 
The  remaining  mechanical  properties  are  then 
evaluated  through  the  inverse  relations  in  eqns  (5). 
The  optimum  mechanical  properties  are  valid  on 
average  for  the  entire  specimen  which  contrasts 
with  the  majority  of  alternative  direct  methods 
where  they  are  of  local  nature  requiring  a  series  of 
repetitive  work  to  obtain  reliable  design  data. 

In  the  next  section  the  evaluation  of  sensitivities 
required  to  accomplish  the  minimization  of  the 
error  functional  are  discussed. 


5  SENSITIVITY  ANALYSIS 

To  minimize  the  error  functional  <t>.  eqn  (18),  it  is 
required  to  evaluate  the  sensitivities  0<t»/0a,„  for 
m=  2,3, 4.5.  By  differentiating  the  objective  func¬ 
tion  !eqn  f  1 8))  with  respect  to  a,„,  yields: 


0d>^ 

da„, 


\0«,„ 


daj", 
(jj;  da,„ 


(241 

(w  =  23.4.5) 


which  requires  the  evaluation  of  the  eigcnfrequen- 
cies  sensitivities  with  respect  to  the  material  non- 
dimensional  parameters  a,„: 


dofi 
da,„ ' 


(/  =  2,.3,.,.,/;  w  =  2,3,4,5) 


(25) 


These  sensitivities  are  calculated  through  the 
numerical  finite  element  model.  Differentiating 
eqn  ( 1 4)  with  respect  to  a„  and  assuming  that  the 
eigenvectors  are  normalized  through  the  relation 
q]  M q„  yields;'- 


diu~ 
0a, „ 


'dK_  ,_0Mj 

^0a,„  da,J 


(26) 


where  dK/da^  and  dMlda,„  are  the  system  sensi¬ 
tivity  stiffness  and  mass  matrices  with  respect  to 
perturbations  in  the  non-dimensional  parameters 
a,,,.  For  the  present  situation  dMjda,,,  is  consi¬ 
dered  as  a  null  matrix,  sine  t  is  independent  of 
the  material  non-dimensional  parameters. 

Using  the  technique  of  obtaining  the  sensitivi¬ 
ties  at  element  level,  for  this  particular  application 
eqn  (26)  can  be  repre.sented  as; 


dco'  sr 

^=1  q, 

dct,„  1./, 


M  , 

i  da„,  /  ^ 


(27! 


E  being  the  set  of  elements  which  are  perturbed 
by  the  parameter  a„„  dK^‘/da,„  the  sensitivity  of 
the  stiffness  matrix  of  the  element  and  q‘l  the  ele¬ 
ment  nodal  eigenvector  parameters  for  mode  i 
and  element  I. 

The  sensitivities  of  the  element  stiffness  matrix 
eqn  (13)  with  respect  to  perturbations  in  the  non- 
dimensional  material  parameters  are  evaluated  as; 

da,„ 


\h]\b::„]+[r:j  ~  ibp;.,] 


da., 


da,, 


(28) 


+ w:.  ]'  f  D  )i  7?,:;  i + 1 !'  [.vi  b: 


da 


da„ 


det  7d£  d?7 

This  is  accomplished  by  differentiating  analy¬ 
tically  eqns  (8b)-(8e)  with  respect  to  parameters 
a„,  followed  by  matrices  multiplication  and  inte¬ 
gration  using  Gaussian  quadrature. 

Alternatively  one  obtains  a  semi-analytical 
solution  for  the  evaluation  of  the  eigenfrequencies 
sensitivities  (eqn  (27))  by  calculating  dK'’/da„, 
approximately,  using  for  instance  a  forward  finite 
difference  technique: 


dK'\_  K''(aE  Aa)-  K'\a] 
da,„  da,„ 


(29) 


where  a^ln,,  a,,  a^,  a^j  is  the  vector  of  non- 
dimensional  parameters.  da„  is  a  small  perturba¬ 
tion  in  a,„  and  An  =  |O,...,0a,„ . ()]. 
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As  an  alternative  to  these  two  methods,  which 
differ  only  in  the  way  matrix  dK’’ jd  a is  obtained, 
a  so-called  global  finite  difference  (GFD)  approxi¬ 
mation  can  be  carried  out  evaluating  the  eigen- 
frequencies  sensitivities  as: 

^(o]  _  a}][a  +  /Sa)~  u)][a) 
da,„  da,„ 

which  is  easy  to  implement  but  less  efficient  with 
regard  to  CPU  time,  since  two  numerical  analyses 
are  required  to  evaluate  each  senstivity. 

6  APPLICATIONS 

6.1  Discrete  model  validation 

A  computer  package  with  the  objective  of  identifi¬ 
cation  of  the  mechanical  properties  of  multi-lami¬ 
nar  composite  plates  has  been  developed  and  the 
eight  node  isoparametric  composite  plate  element 
tested  with  regard  to  accuracy  of  the  eigen- 
frequencies  in  accordance  with  benchmark  for 
free  vibrations  of  a  typical  square  isotropic  plate 
of  dimensions  «x  a.  The  following  geometric  and 
mechanical  properties  were  used:'-' 

a=  10  m.  /i  =  ()  05  m  (thickness).  £'=200  GPa 
(Young's  modulus).  v=0-.3  (Pois.son's  ratio). 
,o  =  8000  kg/m’  (mass  per  unit  volume). 

The  results  for  modes  4-9  are  in  perl'ect  agree¬ 
ment  both  with  an  analytical  solution  and  also 
with  numerical  results  of  several  commercial 
codes  shown  in  Morris.”  Table  1  compares  the 
results  of  the  proposed  model  using  a  4  x  4  regu¬ 
lar  mesh,  with  the  corresponding  analytical 
ones,”  The  maximum  relative  error  related  with 
is  -  2-96‘’a).  When  6x6  and  8x8  regular 
meshes  are  considered  then  these  relative  errors 
are  reduced  to  -2-l.l‘’/o  and  -0-08%  respect¬ 
ively. 

To  compare  the  quality  of  the  eigenfrequcncies 
sensitivities  with  respect  to  changes  in  non-dimen¬ 
sional  material  parameters  a,„  a  model  using  a 
regular  mesh  4x4  and  having  the  following 
characteristics  has  been  used:  four  layered  square 
plate  iax  a  ),  with  stacking  sequence  [0°.  90°,  90°. 
0|  and  </=!()  m.  /!  =  ()1  m  (/i„  =  {H)5  m. 
/;,=  -()-()25  m.  /r,  =  0()  in.  £,  =  0-025  m. 
/7i  =  005  m).  The  mechanical  properties  were: 
£,=405  GPa,  £\=l-.50  GPa,  Vp  =  0-23, 
<''i:='<''V7  =  f>-7.5  GPa,  <'£,  =  2-7  GPa  and 
/7  =  2 100  kg/m’. 


Table  1. 

Benchmark  test  —  natural  frequencies  (Hr) 

Mesh 

^^4 

"A 

cv-  — 

Wv 

4x4 

1-626  2-.369 

2-936 

4-186 

7-560 

Present 

6x6 

1-621  2-.36() 

2-925 

4- 1 80 

7-4ti2 

8x8 

1-620  2.360 

2-923 

4-180 

7-396 

Analytical 
Morris ' ' 

— 

1-622  2  ,360 

2-922 

4-23.3 

7-416 

Table  2.  Eigenfrequenev  sensitivities  -  '  lrad^/s’| 

oa,„ 


w=2 

w=3 

m  =  4 

m  =  5 

AN 

-  191-25 

6-99 

-2.3-25 

0-239 

.SA 

-  191-25 

6-99 

-23-25 

0-239 

=  0-0001 
GFD 

-  191-25 

6-9.3 

-2.3-25 

0-236 

=  0-0001 

Removing  the  rigid  body  modes.  Table  2 
compares  the  eigenfrequency  sensitivities  for 
mode  2,  a>;=  17-96  rad/s  (2-86  Hz),  where  the 
sensitivities  of  the  element  stiffness  matrix  with 
respect  to  parameters  a„,  are  evaluated  analy¬ 
tically  (AN)  and  semi-analytically  (SA)  through 
eqns  (28)  and  (29)  respectivelv.  Results  are  also 
shown  for  the  global  finite  difference  approxima¬ 
tion  (GFD) obtained  using  eqn  (30). 

These  sensitivity  results  show  that  each  of  these 
techniques  can  be  used  with  confidence  in  the 
optimization  of  composite  mechanical  para¬ 
meters.  The  analytical  sensitivity  evaluation  will 
be  the  option  for  the  identification  results  pre¬ 
sented  in  this  paper,  since  in  general  they  are 
alway  ,  more  accurate.”  '  " 

6.2  Identification  examples 

Data  for  the  six  specimens  which  are  being  pre¬ 
sented  are  shown  in  Table  3.  The  identification 
and  comparison  of  reference  and/or  experimental 
versus  optimized  eigenfrequcncies  (after  the 
removal  of  the  rigid  body  modes)  for  specimens 
(SP)  I-VI  are  pre.sentcd  in  Table  4.  The  corre¬ 
sponding  mechanical  properties  are  shown  and 
compared  in  Table  5. 

Case  1  validates  the  range  of  application  with 
regard  to  sidc/thickne.ss  («///)  of  a  square  steel 
plate,  where  the  experimental  frequencies  were 
replaced  by  reference  values  obtained  using  the 
pre.sent  model  with  an  8  x  8  regular  mesh.  These 
tests  were  carried  out  for  several  ajh  ratios  in  the 
range  5-200.  Results  for  the  representative  ratios 
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Table  3.  Specimen  data 


Specimen 

SPU) 

SPill! 

SPllIll 

SPriVi 

SPlV; 

SP  VF 

Material 

Steel 

Aluminium 

Carbon -epoxv 

Carbon-epoxv 

Glass-epoxv 

Carbon-epoxv 

Dimension  .v=  u  >  m  i 

0-2 

01 93 

0-260 

0-175 

0-209 

0-270 

Dimension  v  =  ri  (m) 

0-2 

0-281 

0-137 

0-210 

0  192 

0-170 

Overall  thickness  imi 

()()2;  0-()02 

<H)0194 

0-00234 

0-00237 

0-00259 

0-00344 

{kg/m-ri 

8000 

2688 

1586 

1564 

2120 

1513 

Number  of  plies  of 

1 

1 

16 

16 

16 

8 

equal  thickness 
Fiber  orientation 

- 

— 

Itf'iftil 

la) 

ibi 

'C;, 

-43°,  40°.  55°. 

90°.  -  50°,  -  85°, 

85°|, 

Tabled.  Natural  frequencies  (Hz) 


SP  .Mode  i 

1 

7 

3 

4 

5 

6 

7 

8 

9 

10 

Reference  value 

1531-3 

2281-3 

2809-2 

3844-5 

.3844-5 

6675-8 

6675-8 

6712-4 

7.310-4 

8162-8 

Optimum 

1531-3 

2283-6 

28062 

3844-5 

3844-7 

6671-9 

6674-5 

6710-4 

7312-8 

8  I  56-8 

Error  i  %) 

0-0 

0-10 

-0  11 

0-0 

0-0 

-  0-06 

-0-02 

-  0-0.3 

+  0-0.3 

-0-07 

(II  10 

1  Reference  value 

8 1  -0 

1 1 8-0 

1 46-1 

209-0 

2090 

368-4 

368-4 

.382-.3 

4 1  7-3 

465-8 

Optimum 

81-0 

118-1 

146- 1 

209-0 

209-1 

368-5 

.368-5 

.382-3 

41 

465-8 

Error 

0-0 

0-08 

0-03 

0-01 

0-01 

0-01 

0-01 

0-01 

0-04 

0-0 

<r,.7i=  100 

Experimental ' 

112-6 

127-9 

261-7 

286-6 

334-5 

392  1 

49.3-8 

560-1 

■^20-7 

II  Present ‘8x8- 

1 12-6 

127-5 

26.3-4 

284-4 

3,34-3 

39 1  -8 

497-7 

558-7 

'■15-2 

Error  ■%; 

0-0 

-0-31 

0-65 

-0-77 

-0-06 

-0-08 

0-79 

-0-25 

0-62 

Experimental  ‘ 

136-7 

312-5 

.329-1 

419-7 

431-8 

707-8 

877-0 

910-6 

963-4 

1015-1 

Ill  Present  8x8- 

136-7 

314-0 

33.3-5 

419-2 

428-2 

719-4 

874-7 

909-8 

956-1 

1002-3 

Error  ■  "o ; 

0-0 

0-47 

1-.34 

-0-13 

-0-84 

1-64 

-0-26 

-0-09 

-0-75 

-  1  -26 

Fixperimental  ’ 

245-9 

26.3-4 

5  1 6-6 

569-0 

680-7 

799-0 

1058-0 

1147-0 

1416-0 

IV  Present '  8  x  8  ^ 

245-9 

264-9 

5 1 8-5 

567-0 

67.5-7 

796-1 

10.54-1 

1  i  59-3 

1410-4 

Error  -  "-i. 

0-0 

0-58 

0-37 

-  0-36 

-0-7,3 

-  0-36 

-0-37 

1-07 

-0-40 

Experimental ' 

172-5 

250-2 

300-6 

4.37-9 

44.3-6 

760-.3 

766-2 

797-4 

872-6 

963-4 

V  Present '  8  x  8  j 

172-5 

250-5 

299-4 

439-6 

443-0 

755-5 

771-7 

804-3 

STS-l' 

962-7 

Error  ."'o  i 

0-0 

0-18 

-0-4,3 

0-57 

-0-33 

-0-14 

0-21 

0-88 

0-71 

-0-09 

Experimental 

125-7 

275-8 

374-5 

.388-9 

46,3-4 

706-5 

756-5 

848-1 

1051-5 

1  1  56-8 

VI  Present  11  x  7 1 

125-7 

275-3 

373-6 

390-8 

463  6 

699-2 

761-2 

846-2 

1068-6 

1131-0 

Error -‘Vi 

0-0 

-0-17 

-0-23 

0-49 

0-04 

-  1-03 

0-63 

--0-23 

1-63 

a//j  =  10  and  alh=  100,  are  .shown.  The  material 
identification  wa.s  carried  out  u.sing  the  following 
initial  gue.s.s;  £=£|  =  £'2“300  GPa.  0=0^2  = 
G|,=  125  GPa  and  v=  v,2  =  0-2.  The  numerical 
reference  values  were  obtained  using  the  follow¬ 
ing  mechanical  properties;  £  =  200  GPa,  G=76-9 
GPa.  v  =  0-3. 

For  specimens  II -V  the  initial  mechanical 
properties  were;  £,  =  £,  =  100  GPa,  G,,^  G,,= 
50  GPa  and  Vp  =  0-3  and  for  example,  VI,  £, 
=  1 00  GPa,  £2  =  1 0  GPa,  G,,  =  G,  ,  =  5  GPa  and 

Vp  =  0’2. 


From  Table  4  it  can  be  observed  that  the  maxi¬ 
mum  relative  error  for  the  natural  frequency  is 
-  2-23%,  corresponding  to  example  VI,  vibratiem 
mode  1 0,  this  frequency  residual  is  due  to  speci¬ 
men  imperfections,  namely  non-uniform  thick¬ 
ness. 

From  Table  5.  case  I,  it  can  be  seen  that  for  the 
ratio  a//z=  10  the  agreement  between  the  two  sets 
of  results  is  excellent.  For  the  ratio  a/h  =  100  the 
value  of  the  shear  modulus  in  the  plane  perpen¬ 
dicular  to  the  directions  of  the  fibers,  G^,,  is  not 
correctly  predicted.  From  examples  ll-Vf  the 
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Table  5.  Mechanical  properties 


SP 

Method 

Model 

Pi 

E, 

ti--. 

I'. 

i.GPa! 

iOPa! 

iGPai 

GPa 

Micro 

«//i=  10 

200-2 

200-1 

76-9 

76-8 

0-3 

I 

Optimum 

Micro 
o//i=  100 

200-2 

200-2 

76-9 

102-0 

0-3 

Reference  value 

Micro 

200-0 

200-0 

76-9 

76-9 

0-3 

11 

Present  (8  x  8i 

Micro 

08-7 

68-1 

24-6 

26-9 

0-34 

Pedersen ' 

Micro 

69-.S 

67-8 

24-5 

-- 

0-34 

Ill 

Present  f  8  x  8  i 

Micro 

126-3 

10-5 

6-1 

6  5 

0  24 

Pedersen* 

Micro 

127-0 

10-6 

6-06 

— 

(1-29 

Present  >8  x  8' 

Micro 

.S7-2 

21-4 

11-3 

1  1-8 

0-3 

Pedersen ' 

Micro 

613 

21-4 

9-8 

— 

0-28 

(V 

Present  <8x8 ; 

Macro 

36-V 

34-0 

14-1 

I  i  5 

0-26 

Experimental ' 

Macro 

34-1 

31-8 

— 

0-29 

Present  ■  8  x  8 ! 

Micro 

57-2 

21-4 

11-3 

11-8 

0-30 

Pedersen  * 

Micro 

61-3 

21-4 

9-8 

0-28 

\ 

Present  (8x8! 

Macro 

36-9 

34-0 

14-1 

11-5 

0  26 

Ftdersen ' 

Macro 

37-4 

34-0 

13-9 

— 

0-28 

E.xperimental’ 

Macro 

.34  1 

31-8 

— 

0-29 

VT 

Present  (8  x  8i 

Micro 

98-3 

7-7 

3-8 

6-1 

0-23 

Experimental'' 

Macro 

99-1 

7-67 

— 

— 

0-35 

agreement  between  the  alternative  sets  of  results 
is  very  good,  except  for  Fbisson’s  ratio,  which  is 
not  very  sensitive  to  a  material  design  perturba¬ 
tion  in  this  variable.  The  shear  modulus  Gi,  is 
noticed  to  be  always  slightly  larger  than  the  plane 
shear  modulus  C,!,  as  expected. 

The  pre.sent  macro  model  results  were 
obtained  by  considering  the  specimens  to  be 
made  of  a  unique  ply  of  overall  thickness  h  and 

n 

B-  1//I  S  e,. 

4-  I 

All  optimum  solutions  have  been  achieved 
through  modified  feasible  direction  methods, 
implemented  in  optimizer  ADS.'"  ' ' 

Computational  details  regarding  the  optimiza¬ 
tion  process  are  given  in  Table  6.  The  optimiza¬ 
tion  has  been  carried  out  in  a  VAX  9000 
computer.  In  the  present  paper  only  results  deal¬ 
ing  with  specimens  which  are  symmetric  about  the 
middle  surface  and  having  equal  mechanical 
properties  for  the  layers  in  the  local  referential, 
A",,  A'j,  Xi  were  shown.  To  overcome  this  limita¬ 
tion  the  present  method  of  identification  is  being 
extended  to  contemplate  more  than  one  material 
and  non-symmetric  angle  ply  laminates. 


Table  6.  Computational  information 


Specimen 

iSPi 

No.  of  iterations 

CPU  time 
min 

1 

1 9  24 

30:37 

11 

13 

III 

38 

51 

IV 

9 

21 

V 

15 

24 

VI 

1 1 

47 

7  CONCLUSIONS 

The  present  discrete  finite  element  model,  based 
on  the  Mindlin  plate  theory  when  associated  with 
experimental  cigenfrequency  identification  is  able 
to  predict  the  mechanical  properties  of  composite 
plate  specimens  within  acceptable  limits  of  accu¬ 
racy.  The  sensitivity  analysis  required  for  the  opti¬ 
mization  process  can  be  used  with  the  three 
techniques  although  analytical  or  alternatively 
semi-analytical  sensitivities  are  recommended. 

The  identification  of  mechanical  properties 
£2.  G|2  are  always  evaluated  without  major  dis¬ 
crepancies.  Some  discrepancies  are  found  in  the 
identification  of  major  Poisson's  ratio  v,2.  The 
value  of  the  shear  modulus  G2,  can  only  be  pre- 
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dieted  with  confidence  in  the  range  of  5^ajh< 
1 0.  The  mechanical  properties  evaluated  through 
this  technique  are  valid  on  average  for  the  entire 
specimen. 

The  present  model  can  predict  the  major  pro¬ 
perties  of  thin  and  moderately  thick  plate  speci¬ 
mens,  being  advantageous  to  models  based  on  the 
Kirchhoff  theory  which  allow  only  thin  test  speci¬ 
mens. 

Since  the  model  is  very  dependent  on  good 
experimental  eigenfrequencies,  rectangular  speci¬ 
mens  of  dimensions  ajb^l  are  recommended  to 
avoid  very  close  eigenfrequencies  which  will  make 
more  difficult  the  identification  process  of  the  less 
sensitive  mechanical  properties  such  as  Poisson’s 
ratio  V|;. 
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Effect  of  the  free  edge  finishing  on  the  tensile 
strength  of  carbon/epoxy  laminates 
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lliuh  ptoi.ki(.!i'.it\  can  Iv  .ichic\cd  in  itic  lahiicaiion  ol  conipii^iic  larninaicv  i( 
molded  cdpcv  arc  iiscrl-  In  dns  vrnrk.  itic  tabritalum  prncecs  ('I  laniinaics  uith 
tln^  t\pc  ol  edge  linishing  ic  (.Ic'crihcrl  1  hi-  slacking  scmicncc  citcci  ioi 
lannnalcs  'sith  molded  edges  is  c\pcnnicmall>  studicil  and  conipared  lo  d-,al  "I 
laminates  with  niaclimcrl  edges.  ]  he  tensile  strengths  ol  li\e  ditleieni  lannn.nes 
tabrieated  «ilh  earhoit  epow  nnnlireetional  tape  anti  sMaen  iaimes  sseu 
tneasnred.  It  is  shown  that  the  sneiigth  ol  laminates  vsiih  molded  e>ii'.s'  is  ahoni 
lie.  lower  than  that  ol  latniiuues  wnh  maehinesl  edges  hin  less  ss-nolne 
st.ieking  seijiieiiee.  I  he  piesenee  ol  small  pockets  ol  pure  lesin  neat  tlk  lice 
edge  of  J.mimales  wnh  rtiolih’d  edges  causes  a  rediKtion  m  the  tetisiie  siiciigth 
I  he  -l.iekme  ss  •  lenee  elleet  mas  hs  sets  pronounced  lor  laminate'  with 
seoven  lal'iic  laseis  and  machiiieil  edge' 


IMRODI  (  ll()\ 

I  )e-lanim;itit'n  imiiaictl  h\  irec  ciige  sit  esses  mav 
cause’  a  sc\cie  icehietit'n  in  lite  iltiialuliu  and 
tianiage  tolerance  ol  laniinatcrl  coniposne  sime- 
Uire's.  i  iige  ile’larninaiioiis  .ippear  as  a  coii- 
setjuence  ol  lire  low  mterlaminar  Iraciiiiv 
longhness  ol  lamiiiaietl  contposites  conil'ineil 
with  the  possible  existence  I'l  hteli  inietlaminai 
stresses  m  tfie  xieiniiv  ol  lice  eilgcs  !  \lcnst\e 
is’seaicit  has  beet!  ilireetcd  towards  m\ csiinating 
ilcsiai)  eoneepts  to  suppiess  etlge  delatnitration  h\ 
inete'asing  the  Iraeiiiie  tonehness  and  or  redticiiio 
the  niterlaniinai  stresses  ( )l  course  sueii  nielluHls 
ate  o|  (iraetica!  interest  onl\  il  ihex  do  noi  sigmli 
eaittlx  penali/e  ihe  weight  and  eost  ol  tlte  Mrue 
Hire.  \!so.  the  silliness  ol  the  laminate  anil  its 
sireiv.'ih  lot  all  telo\anl  ixpes  ol  lo  uitn'j  must  l-'e 
pi  c  'lied 

!  he  siiiiplesi  apinoaelt  tha!  hae  been  proirosed 
111  eoidroi  edge  delainii'.alit'ii  is  to  choose  an 
a(tprop!ia!c  [dv  staeking  seijiienee  where  tiie 
ilteit  id  intei  i.iminat  siiesses  is  mininti/ed 
aeeoid.iito  to  some  ciatenoti,  litis  method  has 
i!u  .ubantaL'c  i  d  nol  atleelme  weiglil,  cost  and  an\ 


in-plaiic  pro|Hilies  ol  tlie  lamm.ite,  lii'wexei.  m 
general,  it  is  not  elteeti'e  m  applications  where 
load  rcxersal  is  jMesent  because  mteilammat 
tensile  not  in. i!  stresses  can  not  be  an'ided. 

1  he  Irtietiiie  toughness  m  the  xiemiix  t>l  a  bee 
edge  can  be  miproxed  h\  stiteiimg,  I’raiding,  oi 
eairimig  the  edge.  It  h.is  been  shown  that  stitehme 
e.m  etleeiixelx  arrest  edge  deiammatioii  but  migiit 
li.txe  adxerse  etieels  on  the  strength  and  latigue 
Itic  o!  tiber  donmtaied  laminates.  '  braiding  po' 
xides  liiiei  lemloreemcni  in  tile  I'ut-ol  plane 
dirceinm  resulting  m  a  dram.me  meteasc  in  the 
mierlaminai  strength  ol  Ihe  lamm.ite.  1  he  lesist 
.mee  to  edge  del.mim.uit'ii  e.iii  .iKo  lx-  mtpioxed 
In  using  a  i '-shaps'il  ea|i  along  the  edge.  Ihe 
use  •■l  .im  ('[  these  apprimehes  ma\  be  limiled  In 
m.mulaeluring  eonstr.imis  Moiemc't,  thex  m.n 
le.td  to  a  tn.ijoi  merease  m  the  eost  ot  the  stmeniTs 
I'ce.iusi’  ol  the  higher  ettmiilextli  ot  the  m.itui 
l.ietuimg.  pioeess  aitil  leijuired  mspeeiton. 

A  itumbei  ol  design  eoneepts  haxe  alsi'  been 
proposed  lo  mmimi/e  the  mlerlamm.ii  siiessi's  .n 
the  lice  edges  thus  imp' ox  mg  the  edge  del.imma- 
lion  lesisianee  oi  the  lamm.ite  for  ex.imple.  ls\ 
Il  rmin.iimg  erilie.tl  plies  at  a  .-.•rtain  distance  born 
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the  free  edge,  severe  Poisson  ratio  mismatches 
between  adjacent  plies  can  be  avoided,  reducing 
the  interlaminar  stresses.  Chan’  demonstrated 
that  the  critical  ply  termination  approach  could 
suppress  delamination  as  well  as  increase  fatigue 
life.  On  the  other  hand,  experimental  results' 
indicate  that  the  compressive  strength  of  lami¬ 
nates  with  dropped  plies  may  be  significantiy 
reduced  due  to  the  presence  of  thickness  discon¬ 
tinuities. 

Another  technique  to  reduce  the  interlaminar 
stresses  is  the  use  of  adhesive  layers  at  the  critical 
interfaces."'  In  this  case,  the  mismatch  of 
mechanical  properties  between  adjacent  layers  is 
buffered  by  a  thin  layer  of  lough  but  unreinforced 
resin  causing  a  reduction  of  both  normal  and 
shear  interlaminar  stresses.  There  is  experimental 
evidence"'  that  this  technique  may  actually 
improve  the  static  strength  and  fatigue  life  of  com¬ 
posite  laminates. 

It  has  also  been  numerically  demonstrated'" 
that  a  reduction  in  the  free  edge  interlaminar 
stresses  can  be  achieved  by  reducing  the  fiber 
\olume  fraction  near  the  free  edge.  Even  though 
the  theoretical  results  are  verv  promising,  this 
technique  is  very  difficuit  to  implement  in  prac¬ 
tical  applications. 

Several  other  possibilities  are  available  to  the 
designer  to  improve  the  resistance  of  composite 
laminates  ter  edge  delamination.  As  mentioned 
earlier,  for  all  of  them  there  is  a  trade-off  between 
effectiveness  and  cosioveight  of  the  structure.  In 
this  work,  a  low  cost  fabrication  pro<  ess  to  pro¬ 
duce  carbon/epoxy  laminates  with  a  molded  edge 
is  studied.  I  he  strength  of  this  type  of  laminate  is 
investigated  and  a  design  tipproach  to  minimi/c 
free  edge  effects  is  proposed. 

Also,  the  free  edge  effect  for  laminates  with 
combined  unidirectional  tape  and  wanen  fabric 
reinforcements  is  experimentally  evaluated.  It  is 
expected  that  the  interlaminar  stresses  and  lami¬ 
nate  strength  should  be  affected  by  the  three 
dimensional  nature  of  woven  labrics.  Experi¬ 
mental  data  on  the  free  edge  effect  for  this  type  of 
laminate  arc  scarce  in  the  open  literature  even 
though  vxoven  fabrics  arc  often  used  along  with 
unidirectional  tape  in  practical  applications. 

1. AMIN  VI  FS  WITH  MOLDED  ElMiES 

A  number  of  operations  can  now  be  automated  to 
improve  productivity  in  the  manufacturing  ol 
composite  structures.  With  the  use  of  numerically 
controllcti  machines  the  prc-impicgnaicd  material 


can  be  automatically  cut  and  laid  on  the  mold  pro¬ 
ducing  high  quality  laminates.  An  additional  gain 
in  productivity  is  obtained  if  the  material  is  cut  to 
the  exact  required  size  eliminating  the  need  lor 
trimming  the  laminate  edges  and  machining  in¬ 
ternal  openings.  In  this  work,  this  type  of  edge 
finishing  will  be  designated  as  molded  edge  to 
indicate  that  it  is  the  condition  of  t'.ie  edge  as  the 
laminate  is  removed  from  the  mold  without 
trimming. 

The  use  of  molded  edges  in  cximposite  parts 
reduces  manufacturing  costs.  However,  the  effect 
of  this  fabrication  procedure  on  the  strength  of 
composite  laminates  must  be  evaluated.  It  will  be 
experimentally  demonstrated  in  this  work  that  if 
the  laminate  construction  is  not  adequate  the  use 
of  molded  edges  may  lead  to  a  significant  reduc¬ 
tion  in  the  laminate  tensile  strength. 

The  effect  of  the  molded  edge  im  the  tensile 
strength  is  a  consequence  of  the  formtition  of  resin 
rich  regions  near  the  edges.  This  occurs  because, 
before  the  cure  of  the  materiiil.  resin  tmd  fibers 
move  towards  the  molded  edge  under  the  action 
of  external  pressure.  As  pointe'd  out  earlier,  this 
may  contribute  to  the  reduction  in  the  magnitude 
of  the  interhtminttr  stresses.  f)n  the  other  htmd. 
the  interlaminar  frae'ure  toughness  near  the 
molded  edge  may  also  decrease  ttnd  the  laminate 
strength  may  actually  decrease  as  was  experi¬ 
mentally  observed.  Therefore,  the  resulting 
arrangement  of  fiber'  and  resin  at  the  free  edge  is 
of  paramount  importance  for  the  strength  of  the 
laminate. 

I  he  severity  of  the  tree  edge  effect  in  laminates 
with  molded  edges  is  assessed  by  comptirison  with 
that  of  laminates  with  machined  edges.  .A  family  of 
delamination  prone  laminates  is  chosen  and  the 
effect  of  stacking  sequence  is  chtirticienzeti  tor 
laminates  w  ith  moldeil  edges  and  machined  edges. 
The  laminate  wVh  a  machined  edge  was  taken  as  a 
relerence  for  conij  arison  purposes  because  this 
type  of  edge  finishing  has  been  extensively  inxesti- 
gated  in  the  literature.  Moreoxer.  it  has  also  been 
used  as  a  reference  to  evaluate  all  the  previously 
iliseussed  design  concepts  to  suppress  edge 
delaminalion.  1  he  severity  of  the  free  edge  effect 
Is  correlated  to  the  arrangement  of  fibers  ;md 
resin  in  the  molded  edge  and  com(..;red  to  t’vit  df 
himinates  produced  w  ith  machined  edges 

FABRIC  AT  ION  OF  THE  .SPEC  IMEN.^ 

Five  different  families  oi  laminates  were  pro¬ 
duced  using  unidirectional  carbon/epoxy  tafu*  and 


Free  edge  finishing  on  tensile  strength  of  carbon  (epoxy  laminates 


Tabic  1.  Mechanical  properticfi  of  carbon/epoxy  pre-impregnated  maierial 


Material 

Linidirect,  tape 

Longitudinal  modulus,  F,  (GPai 

6(vft 

Fran.sver.sal  modulus.  L,  (GPai 

666 

Shear  modulus.  t/V'GPa) 

4-6 

Riisson  ratio,  v, , 

(His 

Longitudinal  tensile  strength  (MPa) 

t 

Transverse  tensile  strength  (MPa) 

678 

Longitudinal  compressive  strength  iMPa) 

.348 

Transverse  compressive  strength  (MPa) 

.348 

In-plane  shear  strength,  .V, ,  (MPa) 

122 

Interlaminar  shear  strength.  .S', ,  (MPa) 

69 

Nominal  ihickne.ss  (mm) 

(1-3.3 
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eight  harness  satin  weave  cartx^n/epoxy  fabric 
from  Hexcell.  The  mechanical  properties  of  the 
materials  are  given  in  Table  1 .  In  order  to  mini¬ 
mize  data  dispersion  all  specimens  were  fabri¬ 
cated  with  material  from  the  same  batch. 

The  five  families  of  laminates  used  in  this  work 
were  chosen  such  that  they  are  approximately 
equivalent  in  terms  of  in-plane  mechanical  pro¬ 
perties  according  to  Classical  Lamination  Theory. 
Since  the  nominal  thickness  of  the  fabric  layer  is 
approximately  twice  that  of  the  unidirecucmal 
tape,  in  terms  of  in-plane  stiffness,  one  layer  of 
fabric  is  approximately  equivalent  to  two  ortho¬ 
gonal  layers  of  unidirectional  tape.  The  families  of 
laminates  produced  are: 

9();9()/()!^.  :9(l/()/9()|^.  f  )/y()/9uj_^. !,().  doydOt. 
and 

■9()/i(i,  dOiL 

One  gnrup  of  specimens  was  produced  with 
machined  edge  and  another  w  ith  molded  edge  for 
each  family  of  laminates.  In  order  to  produce  the 
specimens  with  machined  edge,  five  plates,  one 
for  each  family,  were  manufactured.  All  plates 
were  simultaneously  cured  at  IH0°C  acci>rding  to 
the  cure  cycle  depicted  in  Fig.  I .  After  cure,  five 
specimens  were  cut  from  each  plate  using  a  dia¬ 
mond  saw.  Lath  of  the  specimens  had  their  edges 
carefully  polished  in  a  grinding  machine.  1  he 
finished  specimens  had  a  nominal  width  of  bO  mm 
and  nominal  length  of  .350  mm  as  shown  in  Lig.  2. 

I  he  specimens  with  molded  edge  were  manu¬ 
factured  using  a  specially  developed  mold.  Five 
specimens  with  the  same  nominal  dimensions  of 
the  specimens  with  machined  edge  could  be 
simultaneously  cured  with  the  nudd.  I  hc  pre- 
impregnated  iayers  were  cut  to  a  width  slightly 
smaller  than  the  nominal  value  to  account  for 


Fig.  1.  turccvcic 
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Fig.  2.  ( icomtlrv  (4  ihc  specimen. 


material  accommodation  and  thermal  expansion. 
After  cure,  using  the  same  cure  cycle  as  before,  all 
the  irregularities  at  the  edge  surface  were  gently 
removed  with  a  fine  sand  paper.  A  total  of  six 
spccimetis  with  molded  edge  were  produced  h>r 
each  lamih  of  laminates. 

I  he  tabs  useil  for  all  specimens  were  produced 
with  glass  fiber  reinforced  epoxy  and  bonded  to 
the  specimens  with  structural  adhesive  cured  at 
room  lempcraturc. 
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All  specimens  with  machined  and  molded 
edges  were  inspected  by  ultra  sound  before  testing 
to  detect  delaminations  and  other  defects. 


TE.ST  RESULTS 

The  importance  of  the  free  edge  effect  for  each 
type  of  edge  finishing  was  characterized  by  evalu¬ 
ating  the  effect  of  stacking  sequence  on  the  tensile 
fracture  stress  of  all  laminates.  The  measurements 
were  made  in  an  Instron  4206  testing  machine. 
All  tests  were  conducted  at  laboratory  room  tem¬ 
perature  with  a  stroke  rate  of  TO  mm/min.  The 
average  strength  measured  for  each  group  ot 
specimens  is  depicted  in  Fig.  3.  The  lowest  and 
highest  measured  values  within  each  group  arc 
also  included  in  the  figure  to  characterize  the  data 
dispersion. 

At  least  two  cross-secticmal  optical  micro¬ 
graphs  were  obtained  for  each  specimen  type  to 
study  the  arrangement  of  fibers  and  matrix  near 
the  free  edge.  Figure  4  shows  a  typical  micrograph 
!  X  lOOi  of  the  free  edge  of  a  specimen  with 
machined  edges.  The  specimen  has  a  ply  stacking 
sequence  [9()/()/9()j,.  The  figure  shows  that 
excellent  finishing  was  obtained  for  the  free  edge 
surface  with  the  fabrication  procedure  adopted. 
The  same  quality  of  edge  finishing  was  obtained 
for  all  specimens  with  machined  edges. 

Figures  5-9  show  a  typical  micrograph  of  each 
type  of  specimen  with  molded  edge.  It  is  readily 
apparent  from  the  figures  that  longitudinal  fibers 
at  0°'  can  move  laterally  towards  the  edge  under 
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the  action  of  the  external  pressure  in  the  auto¬ 
clave.  As  a  consequence,  a  small  resin  rich  region 
reinforced  only  by  longitudinal  fibers  is  formed 
near  the  molded  edge.  This  region  typically  spans 


Fig.  4.  Micrograph  '  x  1001  of  the  free  edge  of  a  specimen 
with  machined  edges  anJ  ply  slacking  sequence  Ido  ()  vO 


Fig.  5.  Micrograph  x  |0(l:  of  the  free  edge  of  a  specimen 
with  molded  edges  and  ply  stacking  sequence  'do  on  flj 
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Fig.  6.  Micrograph  (  >:  lOOi  of  the  free  edge  of  a  specimen 
with  molded  edges  and  ply  stacking  sequence  |9()/(l/90|,. 


Fig.  8.  Micrograph  i  x  100)  of  the  free  edge  of  a  specimen 
with  molded  edges  and  ply  stacking  sequence  :  90/  (1.  90  . 


Fig.  9.  Micrograph  x  1 00 1  of  the  free  edge  of  a  specimen 
with  molded  edges  and  ply  stacking  sequence  |i0. 90  i/90;^ 


over  a  distance  of  abtrut  O-.l  mm  from  the  edge. 
Depending  on  the  stacking  sequence,  relatively 
large  pockets  of  pure  resin  arc  formed  near  the 
edge. 


It  can  be  concluded  from  Figs  5  and  6  that  for 
laminates  1 90/90/01  and  i90/0/90L  the  longi¬ 
tudinal  fibers  move  from  the  inner  to  the  external 
layer  forming  a  relatively  homogeneous  region  of 
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resin  reinforced  by  0°  fibers.  On  the  other  hand. 
Fig.  7  shows  that  for  a  [0/90/90],  laminate  the 
longitudinal  fibers  have  a  tendency  to  move  from 
the  external  layer  to  the  inner  layer.  However,  this 
movement  is  prevented  by  the  flow  of  the  excess 
of  resin  from  the  inner  layers  and  a  large  pocket  of 
pure  resin  is  formed. 

Analysis  of  the  micrographs  of  the  laminates 
containing  woven  fabric  plies  leads  to  similar  con¬ 
clusions.  Figure  8  shows  that  for  laminate  [90/(0, 
90  ij,  the  molded  edge  is  typically  formed  by  resin 
reinforced  by  0°  fibers  and  small  areas  of  pure 
resin.  The  molded  edge  of  laminate  [(0,  90)/90|,, 
depicted  in  Fig.  9,  clearly  presents  a  large  pocket 
of  pure  resin. 

Comparing  the  micrographs  of  the  laminates 
with  molded  edge  to  the  measured  tensile  fracture 
stress,  it  can  be  concluded  that  there  is  a  correla¬ 
tion  between  the  existence  of  the  pockets  of  resin 
at  the  molded  edge  and  the  tensile  strength  of  the 
laminate.  The  laminates  with  molded  edge  that 
did  not  present  a  pocket  of  pure  resin  had  an 
average  strength  varying  from  64.^  to  656  MPa. 
Those  laminates  presenting  pockets  of  pure  resin 
had  average  strength  from  542  to  547  MPa.  This 
indicates  that  the  existence  of  pockets  of  resin  at 
the  molded  edge  may  reduce  the  laminate  strength 
by  about  1 5%. 

It  must  also  be  pointed  out  that  the  data  disper¬ 
sion  of  strength  of  the  laminates  with  molded  edge 
is  relatively  low.  If  we  consider  that  each  specimen 
was  produced  independently,  this  indicates  that 
the  fabrication  process  used  has  good  repeat¬ 
ability. 


DISCUSSION  AND  CONCLUSIONS 

The  tensile  fracture  stress  measured  for  the  lami¬ 
nates  l9()/9()/()|,  and  [()/90/9()|,  with  machined 
edges  (677  and  726  MPa,  respectively)  were 
almost  identical  to  the  results  obtained  by 
Lagace."  However,  a  large  discrepancy  was 
observed  for  laminate  [90/0/90j,.  A  fracture 
stress  of  72 1  MPa  was  measured  in  this  work  and 
Ref.  1 1  reports  a  strength  of  56 1  MPa.  Therefore, 
for  laminates  produced  with  unidirectional  tape 
and  machined  edges,  Lagace  measured  a  pro¬ 
nounced  stacking  sequence  effect  (up  to  23%). 
Such  an  effect  was  not  observed  in  this  work 
probably  due  to  the  excellent  free  edge  finishing 
obtained  with  the  grinding  machine.  This  in¬ 
dicates  that  a  well  polished  free  edge  may  sup¬ 


press  delamination.  Obviously,  this  approach  can 
not  be  used  in  most  practical  applications. 

The  data  dispersion  in  fracture  measurements 
is  of  great  importance  because  it  indicates 
whether  the  fabrication  process  is  consistent  or 
not.  Moreover,  it  has  a  critical  role  in  defining  the 
design  allowable  for  a  part  produced  with  such 
fabrication  process.  The  experimental  results 
show  that  data  dispersion  is  smaller  for  laminates 
with  machined  edges  than  for  laminates  with 
molded  edges.  Of  course,  data  dispersion  would 
be  larger  if  the  specimens  with  machined  edges 
were  produced  with  production  tools.  But.  even  in 
this  case,  it  is  expected  that  the  standard  deviati»)n 
would  be  smaller  for  laminates  with  machined 
edges  than  for  laminates  with  molded  edges.  If  w  e 
consider  that  each  specimen  with  a  molded  edge 
was  produced  independently  and  most  of  them 
had  to  be  cured  separately,  it  can  be  said  that  the 
data  dispersion  for  laminates  with  molded  edges  is 
still  acceptable  for  composite  manufacture. 

A  theoretical  analysis  of  the  free  edge  problem 
involving  woven  fabrics  is  very  difficult  because 
quasi-three-dimensional  finite  element  models  are 
not  applicable.  In  this  case,  experimental  analysis 
is  the  only  source  of  data  for  design.  The  analysis 
of  the  strength  of  laminates  fabricated  with  uni¬ 
directional  tape  combined  with  woven  fabric  lead 
to  some  interesting  conclusions.  Unlike  what  was 
expected,  this  type  of  laminate  is  very  sensitive  to 
the  stacking  sequence  effect  even  for  careiully 
machined  edges.  Due  to  the  three-dimensional 
nature  of  woven  fabrics,  it  is  expected  that  the 
mismatch  between  elastic  properties  across  the 
interface  is  not  so  severe  and  lower  interlaminar 
stresses  should  develop.  As  a  consequence,  a 
higher  resistance  to  edge  dclamination  is 
expected.  But  the  experimental  results  show  that 
laminate  [90/(0,  90)],  is  on  average  3.'^%  stronger 
than  laminate  [((),  90)/90|,  when  machined  edges 
are  used.  When  molded  edges  are  considered,  this 
figure  is  reduced  to  1 7%.  Therefore,  the  stacking 
sequence  effect  for  this  type  of  laminate  is  more 
severe  with  machined  edges  than  with  molded 
edges.  Also,  laminate  [(0.  90)/90[,  is  the  only  one 
among  the  laminates  tested  that  has  lower 
strength  with  machined  edges  than  with  molded 
edges. 

Severe  Poisson  mismatches  across  the  inter¬ 
faces  must  be  avoided  in  the  design  of  a  laminate 
produced  with  machined  edges.  In  this  case,  a  ten¬ 
sile  strength  of  the  order  of  720  MPa  may  be 
achieved  for  the  laminates  tested  in  this  work.  For 
laminates  with  molded  edge.  Poi,sson  mismatch 
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does  not  seem  to  be  an  important  factor.  The 
design  of  the  laminate  must  be  such  that  no 
pockets  of  pure  resin  are  formed  at  the  free  edge. 
If  such  pockets  are  not  present  the  tensile  strength 
will  be  of  the  order  of  650  MPa  for  the  configura¬ 
tions  studied  in  this  work.  The  existence  of 
pockets  of  resin  reduces  the  strength  to  a  value  of 
the  order  of  540  MPa.  Therefore,  the  tensile 
strength  of  properly  designed  laminates  with 
molded  edges  is  about  10%  lower  than  that  of 
laminates  with  machined  edges.  On  the  other 
hand,  laminates  with  molded  edges  are  not  as 
sensitive  to  stacking  sequence  effects. 

The  results  of  this  work  indicate  that  the  use  of 
molded  edges  is  a  promising  alternative  for  the 
production  of  advanced  composite  laminates.  The 
small  loss  in  strength  may  be  compensated  by  the 
higher  productivity  and  the  lower  sensitivity  to 
stacking  sequence.  However,  further  work  is 
necessary  to  characterize  the  behavior  of  lami¬ 
nates  with  molded  edges  under  compressive 
loads.  Also,  the  fatigue  behavior  has  to  be  investi¬ 
gated.  Combinations  of  the  molded  edge 
approach  with  other  techniques  to  improve  edge 
delamination  resistance  must  also  be  evaluated. 
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The  aim  of  the  present  paper  is  to  discuss  possible  failure  modes  encountered 
in  the  analysis  of  multilayered  laminated  spherical  shells  having  different 
shallowness  parameters  and  subjected  to  external  pressure.  Two  varii>us 
approaches  are  proposed:  the  first  based  on  the  global  buckling  analysis  and 
local  determination  of  FPF  for  each  individual  layer  in  a  laminate  and  the 
second  postulating  global  investigatirtns  of  both  buckling  as  well  as  failure  in 
the  sense  of  LPFl  phenomena  in  laminated  structures.  The  intersection  of  two 
curves  corresponding  to  bifurcation  buckling  and  breaking  of  fibres  forms  the 
limit  load  carrying  capacity  curve  for  the  analysed  shells.  The  first  part  of  the 
work  is  devoted  to  the  analytical  prediction  of  the  LLCC  curves.  Next,  the 
theoretical  results  arc  compared  with  the  numerical  ones  obtained  with  the  use 
of  strict  geometrically  nonlinear  formulation  for  composite  shells.  Various  types 
of  materials  arc  analysed  herein,  i.e.  both  unidirectional  as  well  as  wviven  roving 
composite  materials.  The  analysis  includes  also  some  remarks  dealing  with  the 
possibility  of  composite  topology  optimization  in  order  to  obtain  the  maximal 

Ll.ee. 


I  INTRODUCTION 

The  df.sign  of  structurc.s.  both  isotropic  or  aniso¬ 
tropic.  is  alway.s  directed  to  the  prediction  of 
allowable  load.s  which  may  be  carried  by  plates 
and  shells.  These  loads,  determined  with  the  use 
of  various  failure  criteria,  define  the  limit  load  car¬ 
rying  capacity  f  LLCC)  of  the  analysed  structures. 

For  shell  structures  made  of  FRP  one  can 
observe  various  types  t)f  possible  failure  modes 
which  number  is  much  higher  than  those  for  iso¬ 
tropic  shells.  It  is  obvitius  that  this  is  mainly  a 
result  of  a  complex  structure  of  composite 
shells.  However,  it  is  necessary  to  distinguish 
uniquely  the  levels  of  the  analysis  and  the  failure 
modes  connected  with  them.  In  the  broader  sen.se 
one  may  describe  the  phenomena  appearing  at  the 
level  of  the  laminate.  In  this  case  as  the  types  of 
failure  modes  most  commonly  encountered  in 
practice  one  may  list  the  following;  ( I )  buckling 
(global  or  local),  (  2)  ply  failure  (in  the  sense  of  first 
or  last  ply  failure),  (3)  dclamination  (including 
delamination  buckling),  (4)  material  imperfections 
arising  during  production  process  (e.g.  brr)ken 
fibres,  cracks  in  the  matrix  material,  separation  of 


adjoining  areas,  holes  and  small,  rigid  inclusions  . 
Each  of  them  defines  the  individual  LLCC  for  the 
composite  structure  (at  the  level  of  the  laminate;, 
whereas  the  lower  bound  of  all  individual  failure 
loads  (in  the  .sen.se  of  the  above  criteria •  can  be 
u.sed  by  a  designer  in  order  to  identify  the  safe 
region  and  to  establish  a  procedure  for  geo¬ 
metrical  dimension  calculations  of  the  structure, 
and  finally  give  the  global  LLCC. 

The  second  level,  narrower  than  the  previous 
one,  is  directly  associated  with  the  phenomena 
appearing  at  the  level  of  a  single  ply  in  the  lami¬ 
nate.  Utilizing  this  approach  the  failure  modes  of 
composite  materials  can  be  described  as  breaking 
of  fibres,  cracking  of  the  matrix,  debonding  or 
bifurcation  of  individual  fibres  in  the  matrix.  Each 
failure  mode  may  lead  to  ply  failure.  However,  the 
consequence  of  the  individual  failure  mode  will  be 
of  great  importance  in  determining  LPF.  Thus,  at 
the  ply  level,  failure  phenomena  can  be  descrilx;d 
by  a  variety  of  failure  criteria  connected  directly 
with  the  type  of  failure  mode  —  so  called  direct 
mode  determining  theories. 

Since  our  analysis  will  be  carried  out  at  the 
level  of  the  laminate  it  is  necessary  to  emphasize 
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here  that  the  FPF  criteria  used  characterize  only 
one  possible  failure  mode  at  the  narrower  level  of 
a  ply,  i.e.  breaking  of  fibres. 

The  aim  of  the  present  paper  is  to  determine 
and  analyse  the  global  LLCC  taking  into  account 
buckling  (the  stability  criterion)  and  piy  failure  (in 
the  sense  of  the  first  ply  failure)  loads  for  doubly- 
curved  laminated  spherical  shells  of  revolution, 
clamped  at  their  edges  and  subjected  to  external 
pressure.  The  shell  wall  is  built  of  N  layers  having 
identical  material  properties  and  thicknesses  but 
they  may  have  different  fibre  orientations  6,  with 
respect  to  an  arbitrary  shell  meridian 
denotes  the  direction  parallel  to  the  .shell  meri¬ 
dian). 

In  the  first  part  of  the  work  two  different 
approaches  for  the  determination  of  LLCC  curves 
are  presented  and  discus>^ed.  Then,  we  demon¬ 
strate  the  limits  of  possible  FPF  analysis  for  axi- 
symmetric  laminated  shell  or  plated  structures 
closed  at  the  apex,  based  on  the  shallow  shell 
equations.  The  last  part  of  the  paper  deals  mainly 
with  numerical  determination  of  the  individual 
LLCC  in  the  sense  of  FPF  with  the  u.se  of  geo¬ 
metrically  nonlinear  shell  theory.  Various  quad¬ 
ratic  fpoiynomial)  and  linear  (limit)  FPF  criteria 
are  taken  into  consideration,  such  as  the  Tsai-Wu. 
the  Hoffman.  criteria,  in  order  to  obtain 

the  lower  bound  of  the  FPF  pressures  and  finally, 
the  lower  bound  is  compared  to  pressures  cor¬ 
responding  to  bifurcation  buckling. 

In  the  literature  shell  failure  analysis  (in  the 
sense  of  FPF  criteria  )  has  been  carried  out  from 
the  point  of  view  of  laminated  shell  theory.  In  this 
area  different  problems  have  been  discussed  in 
order  to  studv  the  behaviour  of  composite  shells 
having  various  forms  (torispheres  and  hemi¬ 
spheres)  and  (or)  loading  and  boundary  condi¬ 
tions  (see.  for  example.  Refs  1-,1).  The  present 
paper  is  an  extension  of  considerations  presented 
in  Ref.  4. 


2  VARIANTS  OF  PLY  FAILURE  ANALYSIS 
FOR  THINWALLED  STRUCTURES 

Since  buckling  problems  for  doubly-curved  lami¬ 
nated  shells  are  broadly  discussed  in  many  papers 
(see.  for  example,  Ref.  .S)  wc  do  not  intend  to 
repeat  it  again.  Briefly  speaking,  wc  employ  here 
.Sander's  geometrically  nonlinear  relations  (large 
deflections)  based  on  the  Love-Kirchhoff  hypo¬ 
thesis  and  using  a  global  approach  Ivoth  in  buckl¬ 
ing  and  FPF  analysis.  The  solutions  are  obtained 


numerically  with  the  use  of  a  computer  code  pre¬ 
sented,  for  example,  in  Ref.  5. 

FPF  analysis  of  composite  structures  is  a  com¬ 
pletely  separate  problem  complicated,  in  addition, 
by  the  composite  topology.  The  basic  difficulty 
manifests  itself  in  the  formulation  of  the  failure 
criteria  for  each  individual  ply  in  the  laminate. 
Therefore,  it  requires  the  correct  determination 
and  representation  of  failure  envelopes  in  the 
proper  strain  or  stress  spaces.  In  general,  thin- 
walled  composite  shell  deformations  are  com¬ 
pletely  described  by  the  set  S  of  M  kinematical 
variables  (their  number  depends  on  the  type  of 
kinematical  hypothesis  taken  into  consideration. 
A/ =3  in  our  case)  determined  in  the  global  co¬ 
ordinate  system  (x.  y.  z)  connected  with  the  curvi¬ 
linear  structure  surface.  The  failure  criterion  >s 
defined  in  the  local  coordinate  system  rj,.  z  ) 
connected  with  the  /th  layer  in  the  laminate  and  is 
represented  via  the  quadratic  criterion  in  the  fol¬ 
lowing  form; 

'  }  =  o''""'A,o'  ‘  +  B, o'  ‘  -  ]  =  {)  ( 1  i 

It  forms  a  surface  in  the  .stress  space  o'.  The  terms 
in  the  matrices  .4,  and  R,  are  evaluated  experi¬ 
mentally.  The  subscripts  (/)  over  the  symbols 
denote  values  corresponding  to  the  ith  layer  in  the 
laminate,  whereas  '  means  variables  determined  in 
the  local  coordinate  system.  The  classical  trans¬ 
formation  law  from  the  h)cal  to  the  global  system 
allows  one  to  obtain  the  analogous  T*  surface  in 
the  stress  space  o\ 

•!>(  o  ‘  }  =  o  ‘  ''Ao  ‘  -I-  Bo  '-1=0  2  ^ 

The  relationships  used  to  transform  stress  and 
strain  from  one  coordinate  system  to  another  arc 
as  follows; 

o'^lT'lo’’ 

and 

i4) 

where  the  transformation  matrix  { T '  |  is  defined 
in  the  following  way; 

m’  n'  -  2  mn 
n "  m  “  2  mn  .  m  =  cost  0, ).  { 5 ) 

mn  ~  mn  m '  -  ;r  n  =  sinf  0, } 

The  classical  approach  in  the  sense  of  FPF  or 
LPF  i.s  ba.sed  on  the  determination  of  all  M  kine¬ 
matical  variables,  with  the  aid  of  analytical  or 
numerical  procedures,  then  evaluation  of  the 
strain  tensor  f  '  in  the  (.v, y. z.)  coordinate  system. 
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the  transformation  of  its  components  with  the  use 
of  relations  (  4)  to  the  material  system  and  finally 
on  the  check  whether  the  calculated  stress  field 
a' '  belongs  or  not  to  the  interior  of  the  surface 
( 1 ).  The  analysis  should  be  carried  out  independ¬ 
ently  for  each  individual  /th  ply  in  the  laminate. 
The  sequence  of  procedures  is  drawn  schematic¬ 
ally  on  the  left  side  of  Fig.  1 .  The  disadvantage  of 
such  an  approach  is  obvious  —  the  necessity  of 
location  of  FPF  for  each  layer  separately.  After 
FPF  the  configuration  of  the  laminate  is  changed 
by  the  elimination  of  the  /th  layer  which  failed. 
LPF  occurs  after  the  structure  is  degraded  to  the 
pt>int  where  it  is  no  longer  capable  of  carrying 
additional  loads.  In  the  LLCC  analysis  the  pro¬ 
blem  becomes  much  more  complicated  as  the 
bifurcation  buckling  phenomenon  is  taken  into 
account.  The  elimination  of  a  single  layer  in  the 
laminate  causes  the  structure  to  be  thinner  and  it 
automatically  accelerates  the  possibility  of  global 
buckling. 

The  other  approach,  demonstrated  also  in  Fig. 
i.  is  based  directly  on  the  relation  (2i.  Assuming 
that  the  function  <t>‘:  o '  )  associated  with  possible 
failure  modes  may  be  treated  in  the  identical  way 
to  the  potential  in  the  theory  of  plasticity  and 
using  Drucker's  postulate,  one  can  find  the  strains 
related  to  the  stresses  by  means  of  the  relations: 

d<P 

ib) 

dr/  o 

In  the  theory  ot  plasticity  the  above  relation  is 
called  the  How  law  associated  with  the  yield  con¬ 
dition.  In  our  case  it  implies  that  the  strain  vector 
suitably  laid  off  in  stress  space  is  orthogonal  to  the 
FPF  surface  for  the  /th  layer.  However,  the  ortho¬ 


gonality  criterion  is  fully  confirmed  e.xperi- 
mentally  in  plasticity  only.  Solving  the  linear 
system  of  cqns  !6  j  with  respect  to  the  stress  field 
a/;,  and  then  inserting  the  result  in  cqn  ‘  2  j  (me  can 
determine  the  unknown  coefficient  /;.  Finally,  the 
stress  field  on  the  failure  surface  d*  can  be 
expressed  by  the  following  relation: 

where  /■  denotes  a  nonlinear  algebraic  function.  It 
is  known  that  for  thinwailed  structures  the  stress 
resultants,  represented  by  the  matrix  \P\,  are  com¬ 
monly  used  in  the  description  of  their  behaviour. 
Therefore,  let  us  integrate  cqn  \1  over  the  thick¬ 
ness  of  the  /th  layer,  then  sum  over  the  total 
number  of  layers  ;V  and  finally  the  result  can  be 
written  as: 

/•  r.  -:!d: 

s 

In  this  way  (me  can  determine  the  global  failure 
envelope  iin  the  sense  of  LPF  in  the  space  of  the 
stress  resultants  i/^j  for  the  laminate  having  the 
prescribed  composite  topology.  In  addition,  the 
proposed  concept  is  based  directly  on  the  experi¬ 
mental  data.  i.e.  it  is  necessary  to  know  values  of 
the  strain  field  r  f  corresp(<nding  to  the  failure  of 
the  /th  layer  in  the  laminate.  The  above  method 
allows  us  also  to  comptire  easily  the  individual 
I.IX'C  curves  corresponding  to  bifurcation  buckl¬ 
ing  or  ply  failure  and  to  determine  the  global 
LLCC  in  the  space  of  the  stress  resultants  or  in 
any  subspace  of  i/^i  arbitraril\  chosen  by  the 
designer. 
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3  DEFORMATIONS  OF  LAMIN.VTFD 
SPHERICAL  SHELLS 

It  is  well  known  that  'me  can  easily  find  a  great 
number  of  works  dealing  with  the  deformation 
analysis  of  orthotropic  spherical  shells.  We  would 
like  to  cite  here  as  the  reference  the  (irigorenko  ct 
<//.''  monograph  giving  a  broad  review  of  the  state 
of  knowledge  in  this  area.  Of  course,  one  can 
simply  adapt  the  results  presented  there  to  lami¬ 
nated  citmpositc  shells  which  in  the  case  of  sym¬ 
metric  laminates  are  equivalent  to  orthrUropic 
shells  having  material  constants  varying  with  fibre 
orientations  d,.  In  general,  such  solutions  are 
expressed  by  a  hypergeomctric  series  or  other 
special  functions  !in  the  ca.se  of  shallow  spheres! 


Fig.  I. 
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and  take  almost  identical  form  to  those  presented 
by  Flugge'  for  isotropic  hemispheres.  However, 
there  is  one  difference  involving  a  lot  of  problems. 
It  can  be  easily  explained  with  the  help  of 
Marguerre's  shallow  shell  equations.  In  the  case  of 
axisymmctric  deformations  of  shallow  spherical 
shells  made  of  unidirectional  fibre  reinforced 
plastics  having  mid-plane  symmetry  the  first  equa¬ 
tion  of  equilibrium: 


d(/-Av) 

dr 


+  /V  =  0 
0 


(9) 


can  be  expressed  in  the  following  explicit  form: 


-t  li 

ru  ,,  +  n  (i-  -  =  f{  M'  vv  r] 

r 


where  the  orthotropy  parameter  fi  is  defined  as 
follows: 


(IF 


u.  vv  denote  axial  and  normal  displacements, 
respectively,  r  is  the  distance  from  the  axis  of 
symmetry  and  /  is  a  function.  The  components  of 
the  strain  fields  are  written  in  the  cltissical  form: 


dn  r  div 

f  = . +  . . -  -I- 

d/-  R  dr 


1  /dwV 

2  \'d7/ 


(121 


(2nc  can  simply  solve  the  homogeneruis  differen¬ 
tial  eqn  10 

ii‘ r  =dr  ' hr  ’’  (l.li 

Since  the  displacements  it  finish  at  the  apex  of  the 
shell  the  constant  />  must  be  identically  equal  to 
zero.  Then,  inserting  the  relation  (I, 2)  into  (12) 
one  can  find  that  both  components  of  the  .strain 
•  ield  tend  (or  not;  to  infinity  at  the  apex  (/•  =  ()) 
depending  on  the  value  of  the  orthotropy  para¬ 
meter  /I.  It  is  obvious  that  for  laminated  shells 
closed  at  the  tipex  the  analysis  of  FPF  or  LPF  may 
he  carried  out  for  such  a  composite  topology 
which  satisfies  the  inequality: 

/1>1  (14) 

In  the  opposite  case  the  application  of  any  non¬ 
zero  load  may  lead  to  early  failure.  I'hc  inclusion 
of  geometrical  nonlinearities  into  the  considera¬ 
tions  does  not  alter  the  above  conclusion.  Figure 
2  presents  the  distributions  of  axial  u  (Fig.  2(a)) 
and  normal  displacements  wMFig.  2(b))  obtained 


h. 

Hg.  2.  lOisplavcmcno  ot  shallow  z  =  spherical  shclK 
malic  ot  uniiiircctiona!  Ct  RI’.  a  Axial  ilisphiccnicni  ii:  h 
normal  displacement  u. 


w  ith  the  use  of  numerical  procedures  described  in 
Ref.  .2.  As  may  be  seen  the  parameter  /I  changes 
the  value  of  derivative  dn/dr  from  infinity  /J  <  1 
to  a  positive  number  1 1  It  is  a.ssociated  with 
the  growth  rvf  the  normal  displacements  vv.  An 
identical  result  can  be  obtained  for  deep  shells.  In 
that  ca.se  the  solution  for  a.xial  displacements  u  is 
represented  by  a  hypergcomctric  scries  multiplied 
by  the  function  cos>^[tp)  that  finally  leads  to  the 
same  conclusion  as  for  shallow  laminated  shells. 
In  general,  hvr  composite  shells  closed  at  the  apex 
and  having  mid-plane  symmetric  orientations  the 
condition  (14)  reduces  significantly  the  field  of 
kinematically  admissible  laminate  con.igurations, 
1  his  is  very  important  from  the  view  p.  Jint  of  any 
optimization  problems  in  this  arc'  ,);i  the  other 
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hand,  one  can  state  that  this  is  mainly  the  result  of 
the  inconsistency  encountered  herein  in  the  shell 
theory.  However,  we  do  not  intend  to  dwell  on  it 
in  this  paper. 


4  NUMERICAL  RESULTS 

In  order  to  illustrate  the  prtihlems  discussed 
above  and  explain  the  possible  failure  mech¬ 
anisms  of  composite  spherical  shells  a  series  of 
numerical  examples  have  been  solved.  They  have 
dealt  with  both  woven  roving  composite  materials 
and  unidirectional  ones.  The  mechanical  pro¬ 
perties  of  the  materials  di.scussed  arc  given  in 
Table  1 . 

By  the  simple  analysis  of  all  terms  of  the  stiff¬ 
ness  matrix  one  may  notice  that  for  unidirectional 
FRP  their  coefficients  have  no  symmetry  (from 
the  definition)  with  respect  to  the  angle  d  in  the 
interval  of  its  admissible  \  ariatiems.  However,  due 
to  the  equality  of  /:,  and  /:.  woven  roving 
materials  possess  such  a  symmetry  with  respect  to 
4,s°.  As  v\  ill  be  seen  later  it  may  affect  significantly 
the  possible  type  of  failure  mode. 

The  procedure  for  determining  the  strength  or 
buckling  LIX’C)  of  the  laminate  involves  an 
incremental  load  analysis.  For  a  given  load,  the 
strains  in  each  ply  can  be  calculated  with  respect 
to  the  material '  on  axis  i  coordinates  ■'  eqns  i.  ,4  i-i  i  s 
rhesc  strains  (or  stresses)  arc  inserted  into  the 
appropriate  failure  criterion  to  determine  if  first 
ply  failure  has  occurred  within  a  lamina.  It  is 
checked  independently  on  the  top  and  bottom 
surfaces  uf  sach  layers  in  the  laminate.  When 
failure  does  not  occur,  the  external  load  increases 
until  buckling  is  reached.  Once  the  mode  of 
failure  ( IdX'Ci  is  known,  the  numerical  procedure 
is  terminated,  though  lor  shells  which  fail  in  the 
sense  of  FPF  the  loading  process  may  be  con¬ 
tinued  up  to  LPF  or  buckling  failure.  If  FPF 
occurs  the  structure  is  degraded  and  the  total 
thickness  of  the  shell  wall  is  equal  to  (A'  -  l;//A' 
'Fig.  1 1.  For  angle-ply  laminates  having  identical 


fibre  orientations  ±  0  in  each  layer  it  leads  auto¬ 
matically  to  FPF  of  the  next  layer  for  the  same 
value  of  the  external  load'  and  in  this  way  it  is 
equivalent  to  LPF,  With  the  regard  to  buckling 
analysis  the  appearance  of  FPF  reduces  the  shell 
resistance  by  the  factor )  A  -  I  /  V  '.  ' 

All  composite  spherictil  shells  analysed  herein 
are  described  by  the  radius  of  curvature  R.  total 
thickness  t  and  the  shallowness  parameter 
expressed  in  the  follow  ing  w  ay; 


^^M2(l 
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Moreover,  the  failure  pressures  />.  reported  in  the 
following  figures  are  slated  in  their  normalized 
form;  thev  are  related  to  the  following  value; 


.  M- 

s.LI  -  :  \ W 

This  is  done  to  remove  the  effects  of  varying 
material  constants  and  changing  aspect  ratios  t  R. 

Buckling  and  FPF  analysis  of  spherical  shells 
involves  many  geometric  and  m.iteria!  para¬ 
meters.  Therefore,  generation  of  results  which 
account  for  all  effects  requires  extensive  para¬ 
metric  studies.  The  results  presented  herein  arc 
restricted  to  specific  numerical  examples  in  order 
to  illustrate  the  applicability  of  the  present  model. 
;imi  to  assess  the  effect  of  FPF  and  buckling  trn 
the  global  spherical  shell  resistance. 

4. 1  Woven  roving  composite  materials 

Since  wvrven  roving  composite  materials  are 
characterized  by  identical  values  of  S'oung's 
modulus  in  parallel  and  perpendicular  directions 
to  the  fibres  and  buckling  pressures  /y,  for  com¬ 
posite  clamped  hemispheres  can  be  represented 
in  the  same  way  as  for  isotropic  shells: 


/;„  =  0'79 

y3(l 
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Tabic  1.  Ply  mechanical  properties 

Material 

F, 

*'i: 

-V, 

,V 

y, 

,S 

i.OPa) 

(MPa) 

Unidirectional  (T  RP 

203 

11-2  «'4 

n-32 

3300 

1 340 

36 

130 

UK 

Unidirectional  GFRP 

38'6 

8-27  4  14 

n-26 

1062 

610 

31 

1 1.S 

7  A 

Woven  roving  GFRP 

1.31 

13-1  .31 

(FI  6 

333 

304 

333 

304 

35 
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w  here  in  terms  of  composite  materials  constants 
/:  iind  V  are  defined  in  the  following  way: 

E=  A^^tl  =  =  L' \  +  L'.cos{46).  v  =  — ' 

/'ll 

cost 4.) 

L\  +  by  cos(4^  I 

I'he  dimensionless  pressures  p^  for  the  clamped 
angle-ply  axisymmetric  hemispherical  shells  hav¬ 
ing  various  fibre  orientations  related  to  an  arbi- 
trarv  shell  meridian  are  compared  witli  analytical 
predictions  given  by  eqns  5l7i  and  (  KSi  (Fig.  3.1 
The  set  of  numerical  results  shows  the  distribu¬ 
tions  of:  bifurcation  pressures  ithe  wavelength 
number  n>0;.  pressures  corresponding  to  axi- 
''ymmetrie  collapse  (/)  =  ()'  and  those  correspond¬ 
ing  to  FPF  in  the  sense  of  Tsai-Wu's  criterion  iin 
the  surrounds  of  fl  =  45°i  being  the  lower  bound 
of  FPF  pressures  determined  with  the  use  of  four 
criteria.  As  may  be  seen  for  the  analysed  ratio  // 
R  =  0  ()  1,  bifurcation  buckling  loads  are  the  gU^bal 
low  er  bevand  of  the  plotted  curves  and  in  this  case 
correspond  to  the  Ll.CC.  In  addition,  that  curve 
can  be  well  approximated  b\  the  analytical  solu¬ 
tions.  However,  for  I'R  ratios  higher  than 
FPF  is  a  dominating  failure  mode  h)r  the  structure 
considered  Fig.  4  .  It  is  caused  by  the  fact  that 
buckling  pressures  are  proportional  to  'i/Rb  oi 
straight  line  in  the  plot  .  whereas  FPF  pressures 
are  proportional  to  i  iR  a  hyperbola  in  fig.  4).  The 
results  are  generated  for  the  weakest  anti  the 
strongest  configurations  of  the  shell  wall  i4.3'’  and 


0°,  respectively  ).  Thus,  one  can  state  that  for  hem¬ 
ispheres  made  of  woven  roving  composites  bifur¬ 
cation  buckling  forms  completely  the  l.IXX  curve 
up  to  ilR-'iH)\.  and  for  r//?>(H)2.  FPF  pre¬ 
cedes  bifurcation  buckling  for  imgle-ply  lami¬ 
nates  FPF  is  equivalent  to  I.PF  .  In  this  case  FPF 
always  occurs  at  the  clamped  edge  i  identically  as 
for  isotropic  shells)  and  is  caused  by  compressive 
loads.  Similar  effects  are  observed  for  shallow 
spherical  shells.  However,  for  shallow  shells  the 
value  of  the  t  jR  ratio  has  a  much  weaker  inlluence 
on  the  appearance  of  the  first  ply  failure,  and  its 
effect  increases  as  the  shallowness  parameter  /. 
increases. 

For  angle-ply  laminates  made  of  (IFRP  woven 
rovings  (material  3  in  Table  1  .  an  arbitrary  t  R 
ratio  and  the  shallowness  parameter  /.  the 
maximal  limit  load  (LTX'C  is  always  reacheii  at 
=  0°.  The  same  situation  occurs  for  multilayered 
shells  having  various  but  symmetric  with  respect 
to  mid-plane  orientations.  It  may  be  simpiv 
obtained  from  eqn  (17;  and  the  results  presented 
in  Fig.  4.  However,  as  the  material  properties  of 
woven  roving  composites  will  change,  the  maxi¬ 
mal  limit  l(xid  will  be  located  in  the  interval  O'. 
22-.3'i. 

4.2  I  nidirvctional  composite  materials 

It  is  well  known  that  unidirectional  composites 
may  offer  much  higher  maximal  buckling  and  FPF 
resistance  than  structures  made  of  woven  roving 
comjvosiies  due  to  the  different  values  of  A'oung's 
moduli  /q  anvi  Ry.  Figure  ,3  shenvs  the  effect  ol 
fibre  variations  on  the  1.1  .CX'  for  angle-ply  spheri- 
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hemispheres  made  ol  woven  rovmt:  (  il-RP.  mode 
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cal  shells.  As  may  be  noticed  both  material  pro¬ 
perties  ol  unidirectional  FRP  as  well  as  the  values 
of  the  shallowness  parameters  k  has  visually  no 
effect  on  the  character  of  the  LLCC  curves,  irre¬ 
spective  even  of  the  tiR  ratio.  In  the  interval 
Ur'.  45°  )  the  first  ply  failure  always  occurs  at  the 
shell  apex;  the  values  of  the  critical  loads  arc  very 
low.  It  is  in  very  good  agreement  with  the  theore¬ 
tical  considerations  presented  in  Sectiem  ,3  of  this 
paper.  However,  according  to  the  results  pre¬ 
sented  there  the  pressure  p,  shmild  be  identically 
equal  to  zero  in  the  analysed  range  of  fibre  orien¬ 
tation  variations.  In  the  plots  presented  the  maxi¬ 
mum  is  always  reached  for  ^  =  45°  and  it 
corresponds  to  the  isotropic  state  !H||  =  .4,.. 

In  this  ca.se  the  deep  spherical  shells 
Figs  5  b',  5ic))  fail  by  a  bifurcation  buckling 
mode  n  >  b ),  w  hereas  shallow  shells  i  Fig.  5(  a '  i  fail 
by  axisvmmetric  collapse  t  /;  =  (i  i.  For  deep  spheri¬ 
cal  shells  as  the  value  of  the  angle  0  increases  the 
failure  mode  sw  itches  to  an  axisymmetric  one  and, 
in  addition  a  sharp  dr<^p  in  the  limit  load  is 
noticed.  This  drop  continues  until  it  reaches  a 
constar  alue.  However,  one  can  observe  also,  a 
narrow  region  w  here  FPF  precedes  axisymmetric 
collapse.  It  is  wurth  noting  that  for  the  analysed 
aspect  ratio  R  100  the  curve  corresponding  to 
the  axisymmetric  cxillapse  almost  coincides  with 
that  for  FPF  in  the  sense  of  the  Isai-Wu  criterion 
and  in  this  way  is  denoted  in  Fig.  5.  in  the 
examples  analysed  the  fsai-VV'u  FPF  criterion 
almost  alw  ays  gives  the  lowest  v  alues  of  the  failure 
pressures.  In  general,  the  differences  in  the  values 
of  FPF  pressures  determined  with  the  use  of  four 
failure  criteria  are  almost  negligible.  It  is  obvious 
especially  in  Fig.  5, at.  being  the  most  representa¬ 
tive  plot  which  gives  the  possibility  of  distinguish¬ 
ing  the  v  alues  p,  for  various  FPF  criteria  analysed 
herein. 

Similarly  as  for  woven  roving  composite 
materials  for  thicker  shells  ir!R>iH)l!  Fd^F 
becomes  the  dominating  Failure  mode  and  pre¬ 
cedes  bifurcation  buckling.  Filowever.  for  uni¬ 
directional  FRP  a  reduction  in  the  pressure  />,  is 
not  proportional  to  the  t  jR  ratio  f  F~ig.  5(cii. 

For  various  fibre  orientations  (I  and  the  ratio 
R/t  =  50  the  type  of  fibres  breaking  is  shown  in 
Fig.  6.  At  ff  =  45°  the  failure  mode  is  lypieal  for 
isotropic  shells,  occurs  at  the  clamped  edge  and  is 
caused  by  longitudinal  compressive  loads  in  the 
fibre  direction.  As  the  value  of  fibre  orientations 
increases  the  rapid  drop  in  the  pressure  p,  is  asso¬ 
ciated  vvith  the  alteration  of  failure  mtxle  and  of  its 
localization  on  the  shell  meridian.  For  0  -  50”  FPF 
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Fi«.  5.  V;iii;nious  nf  liniii  Usui  cariving  oapacitv  1  1  ,t  C 
null  tihre  oriemmions:  a  spherioal  tap  3  =  unuliict- 
lional  (  I  RP;  Iv  iKMuisphciv  imiduvttuina!  til  Rl’.  t 
hemisphort-  ■  imklirccliona' (  t  KR 


occurs  at  the  shell  apex  and  is  caused  b>  tensile 
loads  transverse  to  the  fibre.  Fhcn,  the  position  of 
FPF  on  the  shell  meridian  moves  from  the  apex 
to  the  clamped  edge  as  the  value  of  R  increases  to 
90°  It  is  worth  remembering  again  that  for  angle- 
ply  laminates  F'PF  is  automatically  equivalent  to 
I  ,PF.  I  hus.  the  F'PF  piisition  on  the  shell  meridian 
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Meridional  strain  t. 
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has  no  appreciable  elTect  on  the  vtiliie  of  FPF  limit 
loitds  determined  with  the  use  of  four  failure 
criteria.  It  seems  that  it  is  caused  by  the  localiza¬ 
tion  of  the  FPF  c,  -  plane.  I  he  failure  occurs  in 
the  neighbourhood  of  the  line  c,  =  c„  or  f„  =  <l 
where  the  limit  values  lor  lour  criteriti  (linear  or 
quadratic  ;tre  almost  identical '  Fig.  6 1 

The  analysis  of  angle-ply  laminates  is  treated  as 
the  starting  point  toward  the  analysis  of  multi¬ 
layered  unidirectional  laminates  especially  from 
the  point  of  view  of  optimization  'maximization) 
of  the  pressures  p,  corresponding  to  l.LCC.  In  the 
optimization  of  the  buckling  resistance  of  lami¬ 
nated  structures  the  commonly  used  tipproach 
based  on  the  lamination  parameters  scheme  has 
been  introduced  by  Miki'  and  Fukunaga  and 
V'anderplaats.'  For  mid-plane  symmetric  lami¬ 
nates  they  propose  to  introduce  four  independent 
lamination  parameters  describing  entirely  the 
composite  topoUrgy.  They  are  defined  in  the  fol¬ 
lowing  fashion: 


cos  2a(;  id.:. 


cos"2fx(.’)dr 
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where 

rx :  z  :  =  Z:  P,  lor  /  ^  Z  s:  /  .  ,  2tl 

The  leasible  regions  of  in-p!anc  and  out-ol-plane 
lamination  parameters  are.  respectiwK. 
expressed  as  follows: 

-  l<ii<  i.2:<2-<l.  ■  1<2,<I.2:<2,.<  1 
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and  for  the  in-plane  lamination  parameter'' 
C|.C'  they  form  p.irabolas.  whereas  for  out-ot- 
plane  parameters  2,. .i',,,  are  rc-'trictsd  by  the 
values  of  2|.  2-.  A  point  on  the  parabola  2  “  2, 
correspontis  to  an  angle-pl\  laminate  z;  P  I  or 
example  the  point  0.(1  cc'rresponds  to  a  45  lami¬ 
nate  and  (1. )  to  a  quasi -isotrojiic  laminate. 

■As  is  demonstrated  by  Muc'  the  aho\c  para¬ 
meters  can  be  successfulK  useil  in  the  tqstimiza- 
tion  problems  of  buckling  resistance  !oi  laminaleil 
doubly-curveil  shells  under  external  pressure. 
Flow  ex  er.  such  a  procedure  cannot  be  directlx 
repeated  in  the  analysis  of  FPF  since  uiituil  failure 
of  a  single  layer  in  the  laminate  depends  entireix 
on  the  stacking  sequences  and  on  the  magnitude 
of  bending  effects.  For  hemispheres  made  of  uni¬ 
directional  (  FRP  and  having  the  !  R  ratio  equal 
to  O-OI  the  laminate  tF.dO'j.,  fails  by  bifurcation 
buckling  for  />,  =  4  dS  MPa.  xvhereas  for  90  .0  ;^ 
FPF  occurs  at  the  bottom  surface  and  /i,  =  .5  5.5 
MPa.  Hoxxexcr.  on  the  plane  2  .2-  both  lami¬ 
nates  are  described  by  the  same  p<iint  0.1  . 
Fhereforc.  one  can  applv  the  laminatixm  para¬ 
meter  plane  for  the  presentation  of  optimization 
results  only  but  not  for  looking  for  the  optima! 
composite  topixlogy.  In  addition,  it  is  xxorth  men¬ 
tioning  here  that  the  parabola  )  2  I  '  is  cut  off  by  the 
restriction  i  Ms  Figure  7  is  a  plot  of  the  maximal 
pressures  corresponding  to  the  ITXX"  of  four- 
layered  hemispherical  shells.  As  may  be 

seen  the  maximal  LLCX'  is  reached  for  the  quasi¬ 
isotropic  state  (the  point  K),  ■•!!.  Let  us  notice  that 
for  angle-ply  shells  the  fibre  orientation  45'  cor¬ 
responding  to  the  mti.ximal  LLCX'  represents  also 
the  isotropic  state. 


5  CONCLUDINC;  REMARKS 

Two  procedures  are  presented  for  the  efficient 
analysis  of  the  limit  load  carrying  capacity  of 
anisotropic  shells  of  revolution  closed  at  the  apex. 
From  the  point  of  view  of  FPF  the  limits  of  the 
possible  analysis  for  axisymmetric  laminated 


l.iniil  kxui  ciirrvlni;  <  ui>iu  ii\  for  sums  utiacr  rxlfnnil  itrrssnri' 


Fig.  7.  Coniour  pint'-  of  the  m;t\ini;il  for  horni- 

spherie.il  shell'  nitule  of  C  FRI’  /  W  =  (1-0 1  . 

shells  closed  at  the  apex  are  strictly  determined 

by  the _ value  r>l  the  orthotropy  pantmeter 

=  it  /•!<  1  then  FPF  aluays  occurs  at 

the  apex  even  for  infinitesimally  small  values  of 
the  external  pressure.  For  the  opposite  case 
doubly-curxed  laminated  shells  can  fail  both  by 
bifurcatirtn  as  well  as  by  bretiking  of  fibres  iFPF  i. 
Vhe  type  of  failure  mode  detected  herein  is 
primarily  controlled  by  the  value  of  the  I ;f<  ratio, 
and  not  by  material  properties  or  shallowness 
parameter  For  f  /T^^OOl  bifurcatitm  buckling 
is  a  lower  bound  of  possible  failure  pressures  l  in 
the  sense  of  buckling  and  FPF  criteria)  and  forms 
the  LLC'C  curves  for  the  structures  analysed, 
whereas  for  ///^s(f02  FPF  is  a  dominating 
failure  mode.  The  \alue  of  critical  loads  [),  is  not 
appreciably  affected  by  the  type  of  FPF  criteria 
used  in  the  analysis  due  to  the  localization  of  FPF 
on  the  strain  plane  in  the  global  coordinate 
system.  The  numerical  experience  exhibits  evi¬ 
dently  that  in  the  majority  of  cases  the  Tsai-Wu 
criterion  gives  the  lower  estimations  of  failure 
pressures.  1  he  exceptions  occurs  mainly  for  uni¬ 
directional  composites  and  layers  oriented  at 
45-50°  where  the  criterion  of  maximal  strains  is 
the  best  (lowest)  bound  of  failure  pressures. 


Mowever.  it  has  been  found  that  the  FPF  i' 
mainK  associated  with  breaking  of  fibres  on  arbi¬ 
trary  points  lying  on  the  shell  meridian  not  onlv 
at  the  clamped  edge  as  for  isotropic  shells  and  is 
caused  by  longitudinal  compressive  loads  or  ten¬ 
sile  loads  transverse  to  the  fibres. 

Fhe  magnitude  of  limit  loads  1  1  (  (  is  strictly 
connected  with  the  composite  topology.  With 
regtird  to  the  possible  increase  of  1.1  (  {'  lot 
spherical  shells  the  opiimi/ation  analysis  has 
proved  that  quasi-isotropy  is  the  best  solution  for 
unidirectional  FRP. 
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Optimisation  of  laminated  cylindrical  pressure 
vessels  under  strength  criterion 
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All  approach  lor  the  optimisation  ol  s\mmcliicalK  laminated  erlmdiieal 
pressure  vessels  is  prs'senteri.  I  he  analvsis  is  hased  on  the  memhraik"  ihs’orv  lU 
shv'lls  and  the  optimisation  is  earned  out  with  rs’speet  u>  the  lihie  orisTslaiions 
<ind  thiekness  ilistril’Utioiis  suli|eet  to  the  Nai  Wii  lailuie  kiiteiioii  I  hi 
•ipproaeh  is  er|uallv  applieal'le  to  balaneeii  aiul  uithalaneed  simnietrieailv 
laminateil  shells.  Iwo  examples  are  considered  whien  involve  the  desieii  oi 
evlmvineal  shells  lor  maximum  hurst  pressure  atul  minimum  vveieht  Numcneal 
results  are  itiven  lor  pressure  vessels  suh|ecl  to  internal  ptessure  onlv  aiul  to  a 
eomhinatiou  of  internal  pressure  .iiul  lii|uiil  (iressure.  I  he  elleet  ol  axial  loatiine 
and  tori|ue  on  the  designs  is  iliseussed. 


1  IN TRODl  C  TION 

.\  mfijor  aeikantage  nl  tihrc-rcintorccd  compv'sifc 
materials  is  the  larite  number  of  de.sign  variables 
axailable  to  the  desioner.  '['o  realise  this  potential 
;md  to  ina.ximise  the  benefits  which  composites 
can  offer,  the  design  has  to  be  tailored  l<t  the 
specific  requirements  of  the  problem.  Optimisa¬ 
tion  of  the  tlesign  is  an  effective  xxay  of  achieving 
this  gottl.  i  he  present  tirticle  addresses  the  prob¬ 
lem  of  optimally  designing  symmetrically  lami¬ 
nated  composite  pressure  vessels  using  fibre 
orientation  and  wall  thickness  as  design  variables, 
i  he  lamination  can  be  balanced  or  unbalanced, 
i  he  balanced  case  refers  to  a  lamination  in  which 
the  layers  with  the  same  positive  and  negative 
fibre  angles  balance  each  other  out. 

Previous  studies  involving  the  optimisation  of 
laminated  pressure  vessels  include  Refs  I -10.  In 
Ref.  1 .  the  minimum  mass  of  fibres  is  determined 
subject  to  a  tensile  strength  condition  assuming 
inextensible  fibres.  Designs  in  Ref.  2  are  based  on 
Fliigge's  theory  of  shells  with  the  Tsai-Hill  failure 
criterion  employed  as  the  strength  condition. 
Optimal  designs  based  on  criteria  other  than  a 
failure  one  are  given  in  Refs  3-5.  Optimum 
shapes  of  filament-wound  pressure  ves.sels  are 
determined  subject  to  the  Tsai-Hill  failure 
criterion  m  Ref.  6.  Optimal  fibre  orientations  for 
cylindrical  pressun'  vc  ...vL  are  ofiuined  by  Huku- 


naga  aiul  Chou  for  balanceil  stacking  sei|ucnccs. 
Karandikar  ci  nl.'  considered  a  multi-obiccuxe 
approach  to  the  licsign  of  composite  pressure 
vessels  by  incliKling  detleclion.  weight  and  xoiumc 
in  the  performance  indc.v.  In  Refs  ')  and  lb. 
Donnell's  shell  theorv  is  used  to  investigate  the 
effect  of  temperature  ami  fuz/y  strength  data, 
respectively,  on  the  optimal  design  of  laminateil 
pressure  vessels. 

I'hc  present  stuilv  is  ci'ocerneb  wi’b  the  opti¬ 
misation  of  composite  pressure  vessels  subject  to 
the  rsai-VVu  failure  criterion  and  invoking  prob¬ 
lems  of  ma.ximum  internal  pressure  and  minimum 
weight.  In  the  first  problem,  the  fibre  orientation  is 
determined  for  balanced  and  unbalanced  lamina¬ 
tions  to  maximise  the  interna!  pressure.  Ihe 
effects  of  axial  and  torsional  forces  on  the  opti¬ 
mum  design  tire  discussed.  It  is  shown  that  the 
axial  force  affects  the  optimum  fibre  angle  differ¬ 
ently  for  shells  with  single  and  multiple  layers. 

In  the  second  problem,  the  design  objective  is 
the  minimisation  of  the  weight  of  a  liquid-filled 
pressure  vessel  taking  both  the  fibre  orientation 
and  the  wall  thickness  as  design  variables.  Both 
the  constant  and  variable  wall  thiekness  cases  are 
discussed.  Comparative  numerical  results  are 
presented  for  single  and  multiple  layered  vessels. 
It  is  noted  that  methods  used  in  both  design 
problem.,  can  be  easily  implemented  m  practical 
design  situations. 
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2  BASIC  EQI  ATIONS 

The  pressure  vessel  is  modelled  as  a  symmetri- 
eally  laminated  eylindrical  shell  of  thickness  //, 
length  L  and  radius  R.  where  R  refers  to  the 
radius  of  the  midille  surface.  The  shell  is  c»>n- 
structed  of  an  even  number  of  orthotropic  layers 
of  equal  thickness.  /.  The  fibre  orientation  6  is 
defined  as  the  angle  between  the  fibre  direction 
and  the  longitudinal  a.xis  .v.  The  fibre  angles  arc 
orientated  symmetrically  with  respect  to  the 
middle  surface  such  that  = !  -  1  i*'  ' for  k<  n/2 

and  61^  =  ,  -  1  for  k  >  njl  +  1  where  k-  1,2 . 

II  is  the  layer  number  and  n  is  the  total  number  of 
layers.  It  is  noted  that  n  =  2  corresponds  to  a 
single  lamina  of  thickness  H  -It  and  fibre  oricn- 
tati<m  B.  T  he  coordinate  a.xes  v,  p  and  c  refer  t<-> 
the  hmgitudinal.  circumferential  and  radial  direc¬ 
tions  respectively,  with  the  origin  lying  in  the 
middle  surface  of  the  shell. 

Due  to  the  symmetry  of  the  lamination,  the 
force  resultants  in  the  geometric  coordinate  axes 
are  given  by 

.v!  =  i.i!k!  >1* 

where 


In  eqn  i  2  ).  .-1,,  are  the  extensional  ,stiffne.ssc,s  given 
by  <9  *  for  /.  /  =1,  2  and  /=/  =6, 

for  unbalanced  laminates  and 
.1,,,  =  0  for  balanced  laminates  with  /  =  1.  2.  Also 
in  eqn  (2!,  e,.  and  denote  the  normal  and 
shear  strains.  Here  CV*^’  transformed 

reduced  stiffness  component. 

The  stress-strain  equations  for  the  Ath  ortho¬ 
tropic  layer  are  given  by 

|v*  l  =  l()  ‘  lU'l  (3) 

where  (f !  =  [ /1|  '[ .V ]  from  eqn  ( 1 1,  and 

j.v  1  =  1(7.  r.J 

denotes  the  stress  vector  in  the  arp  coordinate 
system. 

The  stress  vector  in  the  material  coordinate 
system,  denoted  by  |a*‘)  =  lai‘'  o'd  is 


obtained  from  the  geometric  stress  vector  s  •  ;  via 
the  matrix  transformation 

07  M  = :  /  *  ih  M  3 

where  ;/  ^A'i  denotes  the  transformation 

matrix  for  the  kth  layer.  From  cqns  ;>mi  4  it 
follows  that 

ir;‘ j  =  : /■' !i()' jo;  ^ 

The  design  against  failure  is  determined  In 
employing  a  suitable  failure  criterion.  In  this 
study,  the  Tsai-Wu  failure  criterion"  is  used 
which  stipulates  that  for  non-failure  the  constraint 

/■'iii(7|'  '  +  /'..'.(7.‘  r,'  +  2/so;:'  o  ' 

+  l\al  +  /  ■(;•’  -  1  <l)  U 

should  be  satisfied  where  the  strength  parameters 
/o..  h\  and  /  -,  are  given  by 


.v,a;  ■  y;>  .v 

a;  .V  ■  >;  >: 


/•,:=-.,sVa/-:: 


where  A,.  A,.  >,  and  >'  are  the  tensile  and  com¬ 
pressive  strengths  of  the  composite  material  in  the 
fibre  and  transverse  directions,  and  .S  is  the  in¬ 
plane  shear  strength. 

'I  he  problem  formulation  and  the  performance 
index  depend  on  the  nature  of  the  specific  design 
prirblcm.  The  problem  statement  mvdives  maxi¬ 
mizing  or  minimizing  a  cost  functiirn  subject  ti>  the 
strength  constraint  given  by  eqn  6i,  Fhe  opti¬ 
misation  procedure  is  applied  to  two  design 
problems. 


3  DESIGN  FOR  MAXIMUM  INTERNAL 
PRESSURE 

Wc  consider  a  cylindrical  pressure  vessel  with 
closed  ends  and  subject  to  an  internal  pressure  /;. 
axial  force  h  and  torque  T.  The  first  design  prob¬ 
lem  involves  determining  the  fibre  orientation  B 
so  as  to  maximise  the  internal  pressure  p  for  a 
given  laminate  thirkne^s  //  under  the  forces  / 
and  T  such  that  the  optimal  design  satisfies  the 
strength  criterion  in  eqn  (fS). 


Opliinistition  of  Uiniiimtcd  i  \littdru  a! pressure  xewels 


3. 1  Method  of  solution 


The  force  resultants  for  this  problem  are  given  h> 
. .  pR  I-  I 


and  the  solution  of  the  design  problem  does  not 
exist  as  there  is  no  feasible  design  sa!isf\ing 
eqn  ‘f>>. 

3.2  Optimal  design  problem 


The  vector  jA'l=|;V,  ^\o\'  be  expressed 

as  a  sum  of  two  components:  one  due  tt)  the  inter¬ 
nal  pressure  p.  and  the  other  due  to  the  external 
forces  /■  and  f.  namely 

:.vi  =  !.vU>+;M, 

where  yX  i,,  is  the  coefficient  vector  of  p,  and  :  .Vj, 
incorporates  the  external  forces.  From  cqns  !8! 
and  TT,  it  follows  that 


"  -fr' 

1 

R.  'A|,= 

0 

0 

7 

Similarly,  the  strain  vector  U  j  may  be  expressed  as 

=  >ll! 

where  ifi,,  =  |/l|  and  =  'jA'!,.  which 

follows  from  cqns  i  1  i?  and  (ds.  Now  the  stresses  in 
the  material  coordinates  can  he  computed  by 
insertingi  /  i  from  eqn  1 1  1  iipto  eqn  (  5  i  which  gives 

;0  ^  !  =  ;('/*  l,,p  +|o  *  ],  (12' 

where 

'"'1;-  =  ^'/''  liO.'  Ikir- 

We  substitute  the  stresses  from  ecjn  '  12)  into  eqn 
To  and  obtain  a  quadratic  failure  criterion  in 
terms  of  the  internal  pressure  p  as  given  by 

; /-'i  I  ( 0 ,  o' +  /•: a  a r  T  /■,  J  T  r 

+  2Pf:ol',,ol,'p- +\2P,,al',.al', 

+  2/v„ri:,,r‘:,+  2/-|q0/,,r//, 

+  0^,01*,  i+  /■|0|';,  +  + 

)'  +  /-■„„(  Tik)'  +  2/-'|_-0,‘  ot 

+■  R](j!i  +  l-pJrj  -  1}  =  0  (14! 

Solving  the  quadratic  eqn  (14)  for  the  kth  layer 
yields  the  burst  pressure  /;,*  -p^{0\  /•(  T)  corre¬ 
sponding  to  that  layer.  The  burst  pressure  of  the 
vessel  is  given  by 

/V, '=  mm  :  A  -  1 , 2 . n/2  (15) 

If  no  positive  real  solution  of  eqn  (14)  exists,  then 
the  pressure  vessel  fails  under  external  load  only. 


The  design  objective  is  the  maxmii/atiun  m  the 
burst  pressure  /(,  subject  to  the  failure  cnlerion. 
eqn  Ti  .  The  optimisation  is  carried  over  the  fibre 
orientation  H.  1  he  design  problem  can  be  stated 
as 

/Ati.,x  =  rnax  p, ,  H\  P.  7  i  =  max  min  p  1 6 

where  p  ;H:l.  I  is  given  by  eqn  1.^.  1  he 
maximum  burst  pressure  p,„,,  is  determined  bv 
solving  the  max-min  problem  of  eqn  16  which 
also  yields  the  optimal  fibre  orientation 

The  optimisation  prr'cedure  involves  the  stages 
of  evaluating  the  burst  pressure  /;  ,  for  a  given  6 
and  ilerativelv  improving  0,,^.  to  maximise  p 
’]  hits,  the  computatinal  solution  etmsists  of  suc¬ 
cessive  stages  of  anaivsis  and  optimization  until 
convergence  is  irbtained.  The  optimisation  stage 
employes  the  golden  section  method  in  deter¬ 
mining 

3.3  Numerical  results  for  problem  1 

The  optimisation  of  the  laminated  pressure  vessel 
is  illustrated  by  considering  a  cylindrical  shell  of 
mean  radius  77=  1  m  and  thickness  //  =  0-t)l  m. 
I  he  laminate  is  made  of  T.^0()'520S  graphite 
epvrxv  the  elastic  constants  of  which  are 
/;,  =  1 42  CiP;i.  IP  =  I (b.S  (fPa.  f/,  -  =  5-49  (iPa. 
and  rp=0  3.  The  strength  values  are 
A,  =  I  56.S  MPa.  A,  =  1341  MP;i.  V,  =  .^7  MPa. 
V:  =212  MPa.  and ',S  =  8(1  MPa.  The  values  for 
the  material  properties  are  taken  from  Ref.  1  2. 

We  tirst  investigate  the  effect  of  fibre  orienta¬ 
tion  on  the  burst  pressure  p,,  for  different  values 
of  the  axial  force.  Figure  1  shows  the  curves  of  p. , 
versus  P  for  single-layered,  four-layered  and  six- 
layered  laminates  with  7  =  0.  /  =  0  and  5  MN.  It  is 
noted  that  the  results  for  the  four-layered  (bal¬ 
anced)  laminate  are  applicable  tt>  balanced  lami¬ 
nates  with  any  number  of  layers.  For 
single-layered  construction,  it  is  observed  that 
for  /'=()  and  90°  for  f  p,  is 

much  higher  for  multilayered  laminates  with  the 
balanced  case  giving  the  highest  burst  pressure. 

1  he  effects  of  tiie  axial  foiee  aiid  Uvrqae  oii 
and  Pn,.,^  are  investigated  in  Table  I.  For  single¬ 
layered  laminates,  =  0  for  low  values  of  F  and 
jumps  to  90°  at  a  certain  value  of  /  >()  which 
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depends  on  the  amount  ol  torque  applied.  For 
multilayered  laminates,  the  libres  align  themselves 
with  the  longitudinal  ti.xis  v  as  /  increases.  Fhis 
results  is  to  be  expected  on  physical  grounds. 

Failure  surfaces  with  respect  to  maximum 
pressure  are  given  in  Figs  2  and  ,1  lor  single-  and 
four-layered  laminates,  respectively.  Figure  2 
indicates  that  there  is  a  sharp  drop  in  as  i 
increases.  Decrease  in  with  respect  to  torque 
is  more  gradual.  For  the  balanced  laminate  with 
four  layers,  the  failure  surface  tis  show  n  in  F  ig.  .F  is 
rather  Hat  with  gradual  iiecrca.se  in  with 
increasing  axial  force  and  torque. 

4  DE.SI(;N  for  MIMMliM  WEIGHT 

As  our  second  problem,  we  consider  a  circular 
cylindrical  shell  of  length  L  filled  with  a  liquid  of 
specific  weight  /)/  and  under  a  given  internal  pres¬ 


Ki«.  2.  Surl.ice  111  nuixinnint  [H'L'S'vini'  voili  ic-fHci  M  .ixi.ii 
I'lrti.'  iiiut  Idunii.’  lui  7  pid'i-uic 

|l|uilli.lll  1 


Fie.  F  Siuiacc  III  1)' ixmuiiii  pri.">sai\'  volh  rs'-pivi  in  ,i\mI 
tnux'  .Hill  inixuis  lot  a  tnui -laNsrcd  pic^xuiv  xc^'cl  pini'- 
loni  I 


sure.  The  design  problem  involves  optimizing  the 
fibre  orientation  0  so  as  to  minimise  the  weight  ol 
the  liquid  tank  for  a  given  pressure.  It  is  notsxl  that 
the  weight  of  the  tank  e;in  be  exaluatex!  in  terms  of 
the  shell  thickness  //. 

4.1  Method  of  solution 

1  he  force  resultiinis  for  this  problem  ;ire  derived 
in  Refs  13  and  14.  For  a  cylindrical  tank  with 
bulkheads  attaeheil  to  the  ends  of  the  cylinder, 
these  forces  tire 

^  cos  4.V  ’ . /, "  -  2  « ’ ' 

2  S 

=  />,  R  ~-p,R  cos  <p  i  1  7  i 

''>'1  i> 


( ipiiiiusiiuon  <>l  liii)iiniiic(l i  vliiulmvl p/v\^!iic  ( fssch 


where  l\  S  ,o  R  is  the  pressure  at  the  center  of 
the  cylinder  and  v  is  the  longitudinal  axis  with 
the  origin  located  at  the  mid-point  such  that 
-IJ2  <  x<  IJ2. 

We  note  that  .  1 .  ~  I  Ip. .Qp  d '  where  p.,  =  1  lor  /, 
7=1.  2  and  /  =  /=6,  =  2//;  for  unhalantvd 

laminates  and  t/,„  =  0  for  balanced  laminates  with 
/=!.  2.  We  define  a  matrix  ;«|  such  that 
(/|  =  //  'b  1|.  I'hus.  =  ()„i  61 1  for  ;’/  =  1  I.  1 2,  22 
and  b6.  and  u,,  =  p,„Q,pd!  for  /=  1.  2.  horn  eqn 
1  ,  it  follows  that  U|  =  //  '!(/]  'i\|  where  ;,\'j  is 
defined  by  eqns  :  2  ■  and  ■  1  7  >.  Substituting  U  j  intir 
eqn  '  5  .  we  find 

o'\=^J/  ';a;i  IS^ 

where 

tr,'  j=  7'  ‘  \^0'  iU/l  ‘:M  ■  19i 

We  substitute  the  stresses  from  eqn  IN'  into  the 
strength  constraint  of  eqn  (m  and  obtain  a  quad¬ 
ratic  failure  criterion  in  terms  of  the  shell  thick¬ 
ness  //  as  given  by 

(}■'..  '  X-  ,  (j2,,  •  s-  r,'.,.''  + 

^  f-  pj.,,  +  |■:(Jt'lf  -  ir  =0  i2(b 

■f  he  solution  of  eqn  ■  20 1  gives  for  any  ,v  and  p  the 
minimum  shell  thickness  Up  correspemding  to 
the  failure  of  the  Ath  layer.  From  eqn  '  20).  it  fol¬ 
lows  that  the  critical  thickness  //, ,  =  II,;  d:  x  at  a 
point  v  is  given  b> 

// ,  =  max :  A  =  l.  2 . nl2:  ()^0<2.t 

0.  k 

i2!  ■ 

It  IS  noted  that  the  critical  ihickns’ss  //  ,  depends 
on  the  location  ,v  along  the  cylindrical  shell  as  well 
vis  the  internal  pressure  p.  and  the  specific  weight 
,o,  of  the  liquid. 

4.2  Optimal  design  problem 

I  he  ilesign  objective  for  the  cylindrical  liquid  tank 
problem  is  the  minimisation  of  the  shell  weight 
with  the  thickness  subject  to  the  strength  condi¬ 
tion  of  eqn  f  b  i.  I'he  weight  of  the  shell  is  given  bv 


where  o,  is  the  specific  weight  of  the  fibre  com¬ 
posite  material  used  in  the  construction  of  the 
tank. 

Two  distinct  cases  depending  on  whether  the 
shell  thickness  is  constant  or  variable  over  the 
length  -  /./2  ^  x<  L/2  are  considered. 


(  (i.se  /  —  (  iiiiMani  !hi(  kmxs  lank 

In  this  case  11=11  d  and  the  weight  is  given  by 

W  d  =  2:iRl,oJI  d  22 

Since  the  weight  is  proportional  to  the  thickness,  it 
is  sufficient  to  minimise  II  f)  to  obtain  the  mini¬ 
mum  weight  design.  d  lor  a  given  d  valid  toi 
all  .V  is  determined  from 

//„„„  Tl' =  max //  =max  max//  . 

24 

-  /./2  <  ,r.<  /./2.  0  <  b <  2  -T 

where//'  is  determined  from  eqn  2(i  . 

C  'a.w  H  —  1  iiriahli'  ilii(  k/ww  lank 
In  this  case  11  =  11  d.  x  and  the  minimum  thick¬ 
ness  //„„„  d:  .V!  at  a  point  for  a  given  d  is  defined 
by  II,.  in  ec)n  21  .  Fherelore.  //,,„,  d.  \  is  deter¬ 
mined  as  die  maximum  of  //  given  bv  eijii  2  I 
at  every  point  v  producing  .t  variable  wall  thick¬ 
ness.  Thus 

/Am,,' V'  =  max // ‘  ;  0<c><2.t  2.' 

0.  k 

Due  to  symmetry,  the  thickness  ilistributit'ns  are 
the  same  for  -lJ2s  .v.<0  and  Ois  -v<  1.  2.  For  this 
case,  the  weight  is  given  by  eqn  22  . 

In  both  cases,  the  design  problem  is  to  tietei- 
mine  the  optimal  fibre  orientation  //,  ,,,  so  as  to 
minimise  the  weight  of  the  shell,  namclv 

=  min  U  6/  2b 

with  //„„„  obtained  from  eqn  '24)  in  case  1  and 
from  eqn  / 2.‘s '  in  case  II.  In  eqn  2b  \V  d  \s  given 
by  eqn  1 2.Vi  lor  the  constant  thickness  case  and  bv 
eqn  1 22  i  for  the  variable  thickness  case. 

T  he  minimum  weight  problem  is  solved  bv 
determining  the  minimum  thickness  //„„„  satisfv- 
ing  the  constraint  of  eqn  '2()|  from  eqn  24  case 
1 !.  or  from  eqn  (25'  (case  li  e  1  he  weight  is  mini¬ 
mised  over  the  fibe  orientation  d  by  using  a  one- 
dimensional  numerical  optimisation  scheme, 
namely,  the  golden  section  method.  Computations 
are  continued  until  convergence  is  attainevl  for  d. 

4.3  Numerical  results  for  problem  2 

Numerical  results  are  given  for  single-  and  four¬ 
layered  laminated  cylinders  made  id  the  same 
graphite/epoxy  material  defined  by  section  .T.^. 
The  numerical  values  arc  given  for  dimensionless 
quantities  by  introducing 

X  =  xlL.  h=IIIL.  r^Ktl. 

>27) 

Pii  IPi^^  =  Wil.uRL'p, 
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Fiom  cqns  22  and  27  ,  it  iollows  that 

f '  ' 

u'.6»^=  ,2S 


Wc  note  that  for  the  constant  thickness  shell  aase 

1  \vi8.=  /i>6‘. 

In  Tables  2-5.  subscripts  <  and  f  refer  to  the 
constant  and  variable  thickness  cases,  rcspec- 
ti\ely.  In  particular,  uy  ft  refers  to  the  weight  of  a 
shell  with  the  thickness  function  v 


obtained  from  ctjii  25  and  the  lilnc  orK'n.aiiun 
specified  as  ft. 

The  effect  of  increasing  the  tnicvnal  prcssvsi  e  /> 
on  the  optimal  design  is  iinestigatcd  in  lables  2 
and  .3  for  single-kivcrctl  constant  and  '.anafde 
thickness  shells,  respectively.  It  is  olwcrved  that 
is  (b  for  low  values  ol  p..  :md  lumps  to  00 
p„  increases.  The  vveigtil  ditference  lictwccn  the 
constant  anti  varialsle  thickness  shells  dccrca'-c^ 
with  increasing  i  he  right  half  ol  the  tat'ies  is 
prtivitled  ttv  compare  the  weight  ratios  of  slielis 
with  specified  and  optimal  fibre  angles 


lahk'  2.  Optimal  Hhrc  antrles  and  minimum  weiuht  for  a 
siiis>lo-layiTed  constant  thickness  pressure  lessel 
t  problem  21 
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Fable  ,F.  Optimal  fibre  antjles  and  minimum  weight  for  a 
single  layered  variable  thickness  pressure  vessel 
(problem  2) 


Fable  4.  Optimal  fibre  angles  and  minimum  weight  for  a 
four-layered  constant  thickness  pressure  vessel 
(problem  2y 
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Fable  5.  Optimal  fibre  angles  and  minimum  weight  for  a 
four-layered  variable  thickness  pressure  vessel 
(problem  2) 
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Tables  4  and  5  give  the  same  mtnrmatiDn  as 
Tables  2  and  3  Inr  balanced  four- lave  red  shells.  It 
is  observed  tfuit  as  /),,  increases,  the  optimal  fibre 
angle  approaches  y,|,,  of  the  first  problem  with 
/  ’=  7=0  (see  Table  1  i.  This  is  to  be  ev;pected 
since  tiic  contribution  of  the  liquid  to  resultant 
forces  becomes  less  pruuounccil  as  the  internal 
pressure  increases  (see  eqn  (  17ii  and  problems  1 
and  2  converge.  C  omparison  of  Tables  4  and  .s 
indicates  that  u',„„  values  differ  by  about  20".>  for 
constant  and  variable  thickness  shells  for  small 
values  of  p,^.  This  difference  decreases  as  />,, 
increases  and  drops  to  less  than  2".>  for  p„  >  20. 

F-'igure  4  shows  the  optimal  thickness  distribu¬ 
tion  of  the  variable  thickness  shell  with  respect  to 
the  .V  axis  and  for  increasing  internal  pressure. 

5  CONC  LI  SION.S 

.\  solution  method  is  presented  for  the  optimal 
design  of  svmmetricallv  laminated  cylindrical 
pressure  vessels  with  balanced  and  unbalanced 
stacking  sequences.  I  he  optimisation  is  carried 
out  subject  to  the  Tsai-VVu  failure  criterion. 

Iwo  design  problems  are  solved.  In  the  first 
problem,  a  cylindrical  pressure  vessel  is  optimised 
taking  the  fibre  angle  as  the  design  variable  to 
maximise  the  l>urst  pressure.  The  effects  of  the 
axial  force  and  torcjue  on  the  optimal  designs  are 
investigated.  In  the  second  problem,  a  cylindrical 
vessel  filled  with  a  liquid  and  subject  to  an  internal 
pressure  is  studied.  The  weight  of  the  shell  is  mini¬ 
mised  taking  the  fibre  angle  and  the  wall  thickness 
as  the  design  variables.  Both  constant  and  variable 
thickness  shells  arc  investigated.  It  is  shown  that 
the  results  for  the  second  problem  approach  those 


Fig.  4.  Opiimal  thickness  dlstrihuiion  wiih  respect  to  .v  axis 
ami  internal  pressure  for  a  lour-layereO  pressure  vessel 
problem  2  s 


of  the  first  problem  as  the  internal  pressure 
increases. 

Numerical  results  are  given  lor  imbalanced 
single-  and  six-layered  and  balanced  laminates 
noting  that  in  the  balanced  case  the  number  ol 
layers  does  not  affect  the  results.  It  is  oliscrvcd 
that  fibre  angles  tilign  themselves  witii  the  liu.ci- 
tudintil  axis  as  the  axial  force  increases.  Variable 
thiekness  shells  are  found  to  be  about  2(l‘'<.  more 
efficient  than  the  constant  thickness  shells  for  low 
values  of  the  internal  pressure  with  the  difference 
decreasing  as  this  pressure  increases,  l  or  single 
layer  pressure  vessels,  the  optimal  libre  angle  is 
found  to  be  either  or  W  with  the  sw itch-over 
point  depetuling  on  the  magnitude  ot  the  axial 
force,  torque  or  the  internal  pressure. 
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Development  of  the  anthropomorphic  robot  n'ith 
carbon  fiber  epoxy  composite  materials 


Dai  Gil  I.ee,  Kwang  Seop  Jeong,  Ki  Soo  Kim  &  Yoon  Keun  Kwak 
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I  he  material  lor  the  rohoi  sirucliire  ‘-hotiki  have  hieh  vpeeilie  siillnew 
stitfnew  denvity  to  eive  poNitioiial  aeeuracy  and  last  maneuverability  to  the 
robot  .Also,  the  hi.’h  material  vlampinu  iv  betielieiai  beeauvi  it  can  iliwipate  the 
vtruetural  vibration  induced  in  the  robe;  structure.  This  cannot  be  achieved 
thnuieh  conventional  materials  such  as  steel  and  alummum  because  the  e  two 
materials  have  almost  the  same  spe-eilie  stiffnesses  which  are  not  hmh  eiioueh 
lor  the  robot  strueliire.  Moreover.  ■  teel  and  aluminum  have  low  material 
dampiiies 

C  omposites  vvhich  usually  consist  of  very  high  specific  mv'dulus  libers  and 
high  damping  matrices  have  both  high  specific  stiffnesses  and  high  material 
dampings,  rherefore.  in  this  wo  ..  the  forearm  of  an  anthropomorphic  robot 
w  h'ch  has  ('  degrees  of  Ireedom.  7(i  N  payloail  and  (I  I  mm  positional  accuracy 
of  the  end  effector  was  designed  and  manufaciurevi  with  high  moviulus  carbon 
fiber  epo.sy  composite  because  the  magnitudes  ot  the  mass  and  moment  of 
inerti;i  of  the  forearm  ol  an  anthroiTomorphic  robot  are  most  important  due  to 
Its  farthest  position  from  the  robot  base. 

Two  power  trciistnission  shafts  which  deliver  the  power  of  the  motors 
positioned  at  the  rear  ot  the  robot  forearm  to  the  wrist  and  the  end  effector 
were  also  designed  and  manufactured  vvith  high  moviulus  ciirbon  fiber  epo.sv 
composite  to  reduce  weight  and  rotational  inertia.  I'he  mass  reduction  ot  the 
manufactured  composite  forearm  was  1  S")  Kg  less  dian  the  steel  lore, urn 

The  natural  frequencies  and  damping  capaetty  of  the  manulactured 
composite  arm  were  measured  by  the  last  hnirier  transform  method  anil 
compared  to  those  for  the  steel  arm,  f  rom  the  test,  it  was  found  that  both  the 
fund;iment;il  natural  frequency  and  damping  ratii'  ot  he  composite  .irm  of  the 
robot  were  much  higher  than  those  ol  the  steel  arm. 


1  INTRODUCTION 

I  he  structure  ot  a  robot  should  have  both  high 
specific  .stiffness  (/:/,o)  and  high  damping  in  order 
to  increase  positional  accuracy  and  dynamic  per¬ 
formance.'  If  the  thickness  and  the  size  of  the 
robot  structure  are  increased  to  stiffen  the  struc¬ 
ture,  the  weight  of  the  robot  is  also  increased 
which  requires  larger  motors  to  give  the  same 
acceleration.  Even  if  aluminum  rather  than  steel 
is  used,  the  stiffness  cannot  be  increased  without 
weight  increase  because  the  specific  stiffness  of 
aluminum  is  almost  the  same  as  tnat  of  steel. 

The  specific  modulus  vif  the  high  mvxlulu.s 
carbon  fiber  epoxy  composite  material  can  be 
increased  to  more  than  five  times  that  of  steel  or 
iluminum  if  the  stacking  angle  of  fibers  from  the 
axis  is  less  than  I  .'i".’  Also  the  carbon  fiber  epoxy 


composite  material  has  about  H)  times  the  high 
vlamping  which  is  necessary  to  dissipate  the  vibra¬ 
tion  of  structures.’  Therefore,  the  high  dynamic 
performance  and  the  high  positional  accuracy  of 
the  robot  can  be  accomplished  if  the  high  modu¬ 
lus  composite  material  is  used  in  the  robot  struc¬ 
ture;  in  other  words  the  composite  rvibot  structure 
can  have  a  higher  payload  with  the  same  capacity 
motor  with  the  same  positional  accuracy. 

A.sada'  developed  a  direct-drive  robot  arm 
structure  with  the  carbon  liber  epoxy  composite. 
He  employed  a  hollow  cylindrical  shape  for  the 
robot  arm  sti  uciure.  The  cylindrical  shape  is  good 
for  torsional  rigidity,  but  is  not  goinj  for  bending 
rigidity  compared  to  the  box-tvpc  structure.  I  hc 
box-type  structure  is  more  suitable  fv>i  both  bend¬ 
ing  anti  torsional  rigidities  and  has  been  recom 
menvled  for  the  machine  ‘ool  st-uctures.' 
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Leo  et  .v/.'  designed  and  manufactured  a  ft)ur 
axis  SC’ARA  'Selectively  Compliant  Assembly 
Robot  Arm:  type  direct-drive  robot  for  assembly 
of  the  printed  circuit  board  with  a  high  modulus 
carbrm  fiber  epoxy  composite,  f  he  box-type 
shape  was  employed  for  the  arm  structure.  The 
positional  accuracs  and  dynamic  performance  of 
the  composite  SCARA  robot  arm  were  signifi¬ 
cantly  im.proved  compared  to  those  of  the 
aluminum  arm. 

The  previous  applications  of  composites  to 
robot  structures  have  been  usually  restricted  to 
small  direct-drive  robots  which  have  small 
payloads  because  the  direct-drive  robots  do  not 
have  any  gear  trains  for  speed  reduction.  Whereas 
the  conventional  anthropomorphic  robot  uses 
gear  oains  composed  of  several  spur  and  bevel 
gears  to  reduce  the  motor  speed  as  well  as  to 
change  the  direction  of  motion.  Because  of  gear 
trains,  it  has  more  complex  arm  structures.  Also 
the  power  transmission  shafts  and  bearings  must 
be  mounted  inside  or  outside  of  the  arm  of  the 
anthropomorphic  robot.  Since  the  anthropomor¬ 
phic  robot  has  a  larger  payload  and  working 
env  elope  as  well  as  tlexibility  with  the  same  capac¬ 
ity  motor  due  to  the  motor  .peed  reduction,  it  is 
w  itlely  accepted  iis  an  industrial  robot  for  loading 
and  unloading,  painting,  welding  and  assembly 
operations  although  it  has  complicated  shapes,  a 
backlash  of  gears  and  difficulty  in  control  because 
of  large  friction  and  nonlinearity  from  the  gear 
trains  and  other  mechanisms.'’ 

In  this  work,  a  six  degree  of  freedom  anthro¬ 
pomorphic  robot  arm  vvith  70  N  payload  was 
designed  and  manufactuied  with  high  modulus 
etirbon  fibre  epoxy  composite.  The  deflection  at 
the  end  effector  of  the  arm  was  calculated  to 
determine  the  size  and  the  cross-section  of  the 
arm  using  the  simple  moment-curvature  re¬ 
lationship  of  the  beam  which  incorporates  the 
composite  properties.  Also  two  power  tnins- 
mission  shafts  for  the  motion  of  the  end  effector 
were  manufactured  with  high  modulus  carbon 
fiber  epoxy  composite.  The  composite  arm  and 
the  composite  transmission  shafts  were  adhesively 
bonded  'o  the  gear  box  and  the  end  efh  ctor. 

The  static  performances  of  the  composite  fore¬ 
arm  were  compared  to  those  of  the  steel  forearm 
by  measuring  the  weights  and  calculating  the  de¬ 
flections  of  the  end  effector.  The  dynamic  charac¬ 
teristics  of  the  composite  forearm  were  compared 
to  those  of  the  steel  forearm  y  measuring 
vibrational  impulse  responses. 


2  ROBOT  SPtX  IFK  VnONS 

Figure  1  shows  a  photograph  ol  the  manuUictured 
anthropomorphic  robot.  Its  height  and  torcarm 
length  arc  about  20  m  and  1-2  m.  respectively, 
and  its  total  weight  is  about  2000  N.  I  he  robot 
has  six  degrees  of  freedom.  The  pitch  ;ind  roll 
motions  of  the  end  effector  and  the  roll  motion  ot 
the  wrist  arc  driven  by  the  three  motors 
mounted  at  the  rear  of  the  forearm.  The  up  down 
and  forward -backward  motions  are  driv  en  bv  the 
two  motors  iMObOOi  mounted  in  the  back  ol  the 
robot  body.  The  whole  robot  structure  can  be 
rotated  by  the  motor  oViObdO  mounted  under 
the  base  w  hich  is  not  show  n  in  Fig.  1.  The  MOSd 
motors  have  l.sOW  power  and  the  M(}6(l(l 
motors  have  700  VV  power.  .Ml  the  six  motors  are 
IX'  servo  motors  manufactured  by  Maviior 
C'ompany. 

Figure  2  show  s  the  assembled  forearm  configu¬ 
ration.  The  forearm  consists  of  the  three  motors, 
the  gear  box.  the  arm.  the  wrist,  the  end  effector 
and  three  hollow  shafts  for  power  transmission. 
From  these  components,  the  arm  and  the  two 
outer  power  transmission  shafts  were  manufac- 


Fig.  I.  Photograph  of  llic  nianiifaeturcd  anthropomorphic 
robot. 
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I  ahk'  t .  Spocifications  of  (he  arKhropomorphic  f«h<»( 
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tured  with  high  modulus  carNni  fiber  epoxy 
composite.  Table  I  shows  the  specifications  of  the 
developed  anthropomorphic  robot. 

3  DEFLEC  TION  OF  THE  ROBOT  ARM  BY 
STATIC  LOADS 

The  deflection  of  the  end  effector  comes  from  the 
static  weight  of  the  robot,  the  payload  and  the 
inertia  force  due  to  the  acceleration  of  the  robot. 
In  this  work,  the  inertia  force  was  not  taken  into 
consideration  in  calculating  the  deflection 


because  the  n):i\nnum  aeceleraiiott  o)  the  end 
effector  ol  the  robot  uas  designed  to  he  m  s 
which  was  less  than  the  gravitational  accelciation 
d  S  I  m  s  '. 

'"lice  the  foretiriiTs  weight  and  the  static  pax- 
load  effect  directly  the  positional  accuracy  ot  the 
robot,  the  dcHection  of  the  forearm  due  to  the 
forctirm's  own  weight  and  the  static  payload  was 
calculated  using  the  simple  moment- curvature 
relationship  of  the  beam.'  Figure  .>  shows  the 
lumped  mass  distributions  fo*^  the  simple  calcula¬ 
tion  of  the  dellcction  of  the  forearm,  in  which  '/. 
represents  the  combined  weight  of  the  arm  and 
the  three  power  transmision  shafts,  .W-  represents 
the  combined  weight  of  the  wrist  tinti  the  end 
effector,  Mx  represents  the  combined  weight  of 
the  motors  and  the  gear  box.  and  A/, 
i  =  A/i  -t  .f/j.  +Mx)  represents  the  total  weight  of 
the  forearm.  The  points  C.M.  B  and  F:  in  Fig.  } 
represent  the  center  of  mass,  the  pivot  point 
bctw'een  the  upper  arm  and  the  forearm,  and  the 
pivot  point  betw'een  the  yoke  and  the  forearm, 
respectively.  1  hen  the  length  between  the 
point  B  and  the  point  C.M..  can  be  calculated  as 
follows; 
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Fig.  3.  .Mass  distributions  of  tht;  forearm. 
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Fig.  4.  Mechanical  model  of  the  forearm. 


F-igure  4  shows  the  free  body  diagram  w'hich 
depicts  the  force  relationship  between  the  fore¬ 
arm  F.F I.  the  yoke  (l)E)  and  the  lever  (ADi.  f, 
and  /■,  represent  the  forces  from  the  ball  screw 
and  the  forearm,  respectively.  and  R^  represent 
the  forces  from  the  pivot  points  A  and  B.  respec¬ 
tively.  ’/  represents  the  angle  between  the  horizon 
and  the  forearm,  whose  range  is  -  50°  -  50°.  0 
represents  the  angle  between  the  vertical  and  the 
ball  screw,  whose  range  is  0°  -  1 6°.  0  represents  the 
angle  between  the  vertical  and  the  yoke.  .V/, 
represents  the  equivalent  mass  of  the  payload. 

Applying  the  force  equilibrium  equation  to  the 
point  1)  in  Fig,  4.  the  following  relationships  can 
be  derived: 

f  I  sin  61  -  /•,  sin  ^  -F  W I  cos  y  =  0  ( 2 ) 

f  \  cos  0  +  {•]  cos  ^  sin  y  =  0  <3) 


From  the  moment  equilibrium  around  the  pivot 
point  B,  the  following  relationship  can  be  derived: 


F,  cos(0-  y  i  = 


g  cos  y 


where  g  is  the  gravitational  acceleration  d  S  1 
m/s  -  i. 

Eliminating  /•,  from  cqns  (4  i  and  5  i.  the  force 
/•,.  which  acts  in  the  hall  screw,  can  be  derived  in 
terms  of  M,  and  ,V/i  ; 


/•;=  M 


u 


geos  y 
cos( )'  ■+■  d  ■ 


^6 


The  maximum  deflection  docs  not  occur  at 
y  =  0°  but  around  0°  because  the  deflection  of  the 
ball  screw  affects  slightly  the  deflection  of  the  end 
effector.  However,  the  maximum  deflection  was 
calculated  by  assuming  that  it  would  occur  when 
y  =  ()°  because  the  axial  deformation  of  the  ball 
screw  was  designed  to  be  small. 

Figure  5(a)  show's  the  kinematic  mechanism  of 
the  forearm  and  its  connected  linkages.  Figure 
51b!  shows  the  deflection  model  of  the  forearm 
when  y  =  ()°.  r/,  and  </p  represent  the  deflections 
of  the  end  effector  and  the  pivot  point  E.  respec- 
tivclv.  and  </,,  represents  the  component  of  the 
defT  ion  of  the  ball  screw  perpendicular  to  the 
forearm,  which  is  caused  by  the  compliance  of  the 
ball  screw. 

The  deflection  c/,  was  calculated  by  the 
moment-curvature  relationship  of  the  beam  as 
follows: 


Eliminating  R,  from  eqns  (2i  and  (3),  /■,  can  be 
derived  as  follows: 


cosi  f)  -  y) 
cos(  y  + 


(4) 


dEv^  .M  ^ 

d.x'  F,,/ 

where.  M.  /-.  n  and  /  represent  the  moment  in  the 
forearm,  the  longitudinal  Young's  modulus  of  the 
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Fig.  5.  Deflection  model  of  the  robot  arm:  la^  whole  model  of  the  robot  arm;  b  model  of  the  forearm  v.hen  ’/=  07 


carbon  fiber  epoxy  compo.site  and  the  sectional 
second  moment  of  inertia  of  the  forearm,  respec¬ 
tively.  The  moment  Mix)  can  be  represented 
using  the  singularity  function  as  follows:** 

.V/  =  cos  ^(x)  -  R,{x  -  L)  +  A/,g(.r  -  T,  -  Lf; 

(X) 

where  the  symbol  (  )  represents  the  singularity 
function  and  x  represents  the  distance  froni  the 
point  E.  The  force  at  the  pivot  point  B  can  be 
calculated  by  the  force  equilibrium  equation  as 
follows: 


Ri  =  t]  cos  tjt 


1  +  ---i 


h 

L.J 


(9) 


Two  boundary  conditions  for  eqn  (7)  are  as 
follows: 


cos  <)> 


x-Lc 


6T,,/ 


1  1 ) 


The  deflection  cl^  at  the  point  E  can  be  expressed 
in  terms  of  the  deflection  of  the  ball  screw  by 
assuming  the  yoke  to  be  a  rigid  body.  The  deflec¬ 
tion  of  the  ball  screw  due  to  the  axial  force  h\  is 
expressed  by  the  following  equation: 


when  x  =  L|,  >'  =  ()  (10a) 

when  ;r  =  0,  y  =  f/p  (10b) 

Integrating  eqn  (7)  with  boundary  conditions  (10) 
after  substituting  for  both  eqns  (8)  and  (9)  into  (7), 
the  following  deflection  equation  can  be  obtained: 


where  represents  the  axial  spring  constant  of 
the  ball  screw.  Then,  dy,  the  component  of  d^  per¬ 
pendicular  to  the  forearm  is  expressed  as  follows: 


rfh  =  cos  (ft  = 


II 


COS  <j> 


(13) 
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Since  the  'irkage  ABED  was  designed  to  be  a 
parallelogram,  the  dellection  at  the  point  E  has 
the  same  deformation  as  at  the  point  D.  There¬ 
fore,  the  deflection  r/,,  at  .r  =  0  is  expressed  as 
follows; 


^/p  =  =  -  -7-  cos  (f) 

An 


14i 


Substituting  for  eqn  i  14)  into  eqn  (11),  the  de- 
ilection  vi.vi  can  be  obtained  as  follows: 


v  = 


1]  cos  <!>  ; 


■ — .v  -  1+  ■'  .V-/.,  V 

hE,,/  /- 


A/.g  ,  I  L.. 

+  A  -/.,  -  1  -  ■ 


X  A  -  /.  I  '  -  1 -  '  cos  0  i  1  5  I 

I  I  /JEn 

The  deflection  of  the  end  effector  can  be 
obtained  by  substituting  L,  +  L-  for  a  as  follows: 


f/,= 


/•;  cos  0 


M.  g  .  ,  , 

r-ii  I 


If  I 

+  “  COS  6  — 

An  ^  \E, 


1 16) 


4  PROPERTIE.S  OF  THE  CARBON  FIBER 
EPOXY  COMPOSITE 


The  composite  transmission  shaft  was  manufac¬ 
tured  by  the  filament  winding  method  with  the 
winding  angle  Itak  The  laminate  engineering 
constants  were  calculated  by  the  classical  lami¬ 
nated  plate  theory'  and  Fig.  6  shows  the  varia¬ 
tions  of  the  longitudinal  Young's  modulus  and 
the  shear  modulus  f/,,  versus  the  stacking  angle 
a. 


5  DESIGN  AND  MAM  FACTE  RE  OF  THE 
COMPOSITE  ARM 

The  design  criterion  of  the  static  accuracy  of  the 
robot  was  that  the  deflection  cT  the  end  effector 
should  he  less  than  ()•  1  mm  from  the  undeformed 
position  when  70  N  payload  and  gravity  acted  on 
the  robot.  The  deflection  of  the  end  effector  </,  in 
eqn  (16;  by  the  payload  and  the  robot's  own 
weight  can  be  calculated  if  the  sectional  second 
moment  /  and  the  longitudinal  Young's  modulus 
of  the  composite  are  known.  The  box-type 
section  of  the  arm  was  chosen  because  of  its  high 
bending  and  torsional  rigidity.  The  outside 
sectional  size  of  the  arm  was  chosen  as  1 00  x  100 
mm  and  the  thickness  of  the  arm  was  chosen  as  5 
mm.  Then  /=  2  K65  x  10"'  mb  The  value  of 
i.e.  the  stacking  angle,  was  selected  by  taking  into 
consideration  the  torsional  rigidity  of  the  arm.  If 
the  stacking  angle  is  chosen  as  0°.  the  longitudinal 
modulus  becomes  the  maximum  value.  However, 
in  that  ca.se  both  the  shear  modulus  and  the  trans- 
ver.se  modulus  become  the  minimum  values.  .Since 
the  robot  arm  must  withstand  some  torsional 
loads,  the  stacking  angle  of  the  composite  arm 
must  be  larger  than  0°.  If  the  stacking  angle  is 
increased  more  than  1 5°,  the  longitudinal  Young's 
modulus  drops  quickly.  Therefore  the  stacking 


The  high  modulus  carbon  fiber  epoxy  composite 
was  chosen  for  both  the  arm  and  the  power  trans¬ 
mission  shaft  material.  The  unidirectional 
properties  of  the  composite  are  as  follows; 

E,  =  207  GPa 

E,  =  1 .3-8  GPa 

G,  I  =  5-9  GPa 

Vi,  =()-28 

where  the  subscripts  L  and  T  represent  the  longi¬ 
tudinal  and  the  transverse  directions,  respectively. 

The  composite  arm  was  manufactured  by  hand 
lay-up  of  prepregs  with  stacking  sequence  ( ±  a^. 


Fig.  6.  Elastic  moduli  with  respect  to  fiber  orientation. 
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sequence  [  ±  1 5]^  was  chosen  for  the  prepreg  lay¬ 
up.  Then  the  value  of  the  longitudinal  Young's 
modulus  E,|  was  168  UPa. 


6  DESIGN  AND  MANUFACTURE  OF  THE 
COMPOSITE  TRANSMISSION  SHAFTS 

The  angular  deformations  of  the  power  transmis¬ 
sion  shafts  affect  the  accuracies  of  the  wrist  and 
the  end  effector.  In  this  work,  the  maximum 
angular  deformation  of  the  shaft  was  limited  to 
0  ()33°  (0-58  X  10“  ’  rad).  The  relationship  between 
the  angular  deformation  and  the  applied  torque 
T  of  the  composite  shaft  is  expressed  by  the 
following  equation:*^ 


w  here  L  is  the  length  of  the  shaft  and  J  is  the  polar 
moment  of  the  section.  If  the  inner  and  outer 
diameters  of  the  hollow  shaft  are  d,  and  d„. 
respectively,  then 

-dl) 
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Since  the  diameter  of  the  shaft  cannot  be 
increased  beyond  the  size  limit  of  the  forearm,  the 
shear  modulus  of  the  composite  must  be 
increased  to  reduce  the  angular  deformation.  The 
shear  modulus  can  be  increased  by  increasing  the 
stacking  or  winding  angle  of  the  carbon  fiber  on 
condition  that  the  fundamental  natural  frequen¬ 
cies  of  the  shaft  exceed  the  maximum  rotational 
speed  of  the  motor.  Even  though  the  maximum 
rotational  speed  of  the  motor  was  about  1 0  000 
rev/min  (167  Hz),  the  rotational  speeds  of  the 
shafts  were  2  Hz  because  the  angular  speed  of  the 
motor  was  reduced  80  times  by  a  harmonic  driver. 
Therefore,  the  winding  angle  |  ±45j^  was  chosen 
for  the  filament  winding  angle  without  taking  into 


consideration  the  whirling  of  the  shaft.  Then  the 
shear  modulus  of  the  composite  was  .‘i4  GPa. 

Figure  7  shows  the  relationship  between  the 
torque  and  the  rotational  speed  of  the  motors 
(MO80)  used  K)r  the  end  effector  (pitch  motion) 
and  the  wrist  (roll  motion;.  The  motor  torque  at 
continuous  3000  rev/min  use  was  0-27  N  m.  This 
torque  was  increased  to  2()-5  N  m  by  the 
harmonic  driver  whose  efficiency  was  96'’/,,.  labie 
2  shows  the  dimensions  of  the  composite  shafts 
and  angular  displacements  when  20  .s  N  m  was 
applied  to  the  shafts.  The  calculated  angular  dis¬ 
placements  sati.sfied  the  limitation  of  the  angular 
deformation.  The  outside  diameter  of  the  compo¬ 
site  shafts  were  2  mm  smaller  than  that  of  the  steel 
shafts  because  the  composite  shafts  required  the 
tolerance  for  the  fabrication  of  the  double  lap 
joints. 


7  DESIGN  AND  MANUFACTURE  OF  THE 
JOINTS 

Two  different  types  of  joints  were  designed  and 
manufactured.  In  order  to  join  the  composite  arm 
and  the  transmission  shafts  to  the  gear  box  and 
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Table  2.  Dimensions  and  angular  displaccmenl.s  of  the  steel  and  the  composite  hollow  drive  shafts 


Effective 

Outer 

inner 

Shear 

Polar  moment 

Angular 

length 

diameter 

diameter 

modulus 

of  section 

displacement 

(mm) 

(mm) 

(mm) 

(GPa) 

7  i  m'* ) 

(radian) 

Pitch 

Steel 

996 

62 

Sf) 

80 

48-.‘i  X  10  ' 

O-.S.TxlO  ’ 

Composite 

996 

60 

.SO 

.^4 

6.S.8X  10  ” 

(K‘i7x  10’ 

Wrist  roll 

Steel 

976 

76 

71 

80 

78-Ox  H)  “ 

0-.T2  X  10  ' 

Composite 

976 

74 

66 

.‘;4 

108.1  X  10  ^ 

0-34  X  10  ' 
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the  bearing  housings,  tubular  adhesively  bonded 
double  lap  joints  were  designed  and  manufac¬ 
tured.  Also,  the  hybrid  joint  which  uses  both 
mechanical  and  adhesive  joining  was  designed 
and  manufactured  to  join  the  composite  arm  to 
the  upper  arm  and  the  yokes. 

The  adhesive  used  is  HYSOL  EA  9309.2  NA 
whose  projTcrties  are  shown  in  Table  3.  The 
adhesive  is  rubber-toughened  and  has  a  low 
viscosity  before  cure.  The  torque  capacity  of  the 
adhesive  joint  decreases  when  the  adhesive  thick¬ 
ness  is  large  because  thermal  residual  stresses  and 
voids  become  dominant  as  the  adhesive  thickness 
increases.  Since  Lee  et  al."^  suggested  that  the 
adhesive  thickness  should  be  smaller  than  015 
mm.  an  adhesive  thickness  of  010  mm  was 
chosen  in  this  work,  in  order  to  determine  the 
torque  capacity  of  the  adhesively  bonded  joint,  the 
torque  capacity  was  calculated  by  the  method  of 
Adams  and  Peppiatt."  Figure  8  shows  the  torque 
capacities  of  the  joints  versus  joint  lengths  when 
HYSOL  EA  9309.2  NA  was  used  as  the  adhesive. 
When  the  adhesive  thickness  was  OT  mm,  the 
torque  capacities  saturated  as  the  adhesive  length 
became  larger  than  20  mm  as  shown  in  Fig.  8. 
Although  20  mm  joint  length  was  enough,  50  mm 


Table  3.  Properties  of  the  HYSOL  EA  9309.2  NA  adhesive 


.Mi.xing  ratio  by  weight 

Pan  .A  Part  B  ' 

100:22 

f  uring  time 

7diat25X'l 

1  h(at75‘’Ci 

.Mixed  viscositv 

l.SOOP 

Service  temperature 

80X' 

Tensile  modulus 

1  2(K:Pa(at  2.SV! 

Riisson's  ratio 

0-4 

Shear  modulus 

0-98  GPa  (at  2.ST1 

Shear  strength 

.10  0  MPa(at25T'! 

Lap  shear  strength 

13  7  MPaiat2.S‘’C) 

joint  length  for  the  transmission  shafts  and  100 
mm  joint  length  for  the  forearm  were  chosen 
because  the  joining  operation  becomes  difficult  or 
the  joint  becomes  weak  due  to  bending  moment 
as  the  joint  length  becomes  smaller.  The 
aluminum  adherends  for  the  double  lap  joints  of  the 
forearm  and  the  transmission  shafts  were  manu¬ 
factured  by  electro-discharge  machining.  Figure  9 
shows  the  joint  components  of  the  arm  and  the 
transmis.sion  shafts.  Figure  10  shows  the  ad¬ 
hesively  bonded  composite  arm  and  the  transmis¬ 
sion  shafts. 


(c) 

Fig.  9.  Joint  comptinents  of  the  composite  arm  and  the 
hollow  drive  shafts:  (a!  arm  and  box  type  metal  adherends; 
(b)  drive  shaft  1  and  cylindrical  metal  adherends;  ic  drive 
shaft  2  and  cylindrical  metal  adherends. 


Fig.  8.  t.lfccts  of  bonding  length  on  tlu  i.i.iximuin  slatie  tor. 
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Fig.  10.  Compusiti.'  ;irm  and  hollow  drive  shafts  after 
joining:  a  arm;  b  drive  shaft  1;  a'!  drive  shaft  2. 


The  joint  between  the  compo.sitc  forearm  and 
the  yoke  and  the  joint  between  the  composite 
forearm  and  the  upper  arm  must  sustain  tensile 
forces  as  well  as  shear  fttrees.  Since  the  adhesively- 
bonded  joint  is  strong  for  shear  forces  but  weak 
for  tensile  forces,  a  hybrid  type  joint  which  uses 
both  mechanical  and  adhesive  joining  was 
designed  and  manufactured.  The  adhesively 
bonded  part  of  the  joint  contributes  in  relieving 
the  stress  concentration  due  to  holes  fabricated 
for  the  mechanical  joints.  In  this  work  the  circular 
cup  shaped  steel  plate  which  Nilsson'-  suggested 
to  reduce  the  stress  concentration  of  composite 
materials,  was  chosen  as  the  reinforcement  of  the 
hybrid  joint.  Figure  1  1  shows  the  hybrid  joint 
configuration  and  Fig.  12  shows  the  hybrid  joint 
after  joining. 


8  C  OMPARISONS  OF  THE  C  OMPOSITE 
FOREARM  AND  THE  STEEL  FOREARM 


Fig.  12.  .loiiit  ibr  ihc  L'omposiic  furoium  and  ihc  metal 
pivin  shiiflv. 


Fig.  1.1.  Forearms  of  the  anthropomorphic  robot:  a 
composite  forearm;  i  b:  steel  forearm. 


Figure  1.3  shows  a  photograph  of  the  composite 
forearm  and  the  steel  forearm.  The  two  forearms 
were  designed  to  have  the  same  size  in  order  to 
compare  the  static  and  dynamic  performances  of 
the  two  forearms.  However,  the  size  of  the 
composite  forearm  was  a  little  different  from  the 


steel  forearm  because  the  cctmpositc  forearm 
required  ihe  adhesive  jtrining  area.  Tabic  4  shows 
the  sizes  and  the  second  moments  of  area  of  the 
two  forearms. 

Table  ,3  shows  the  masses  of  the  arms  and  the 
drive  shafts.  The  mass  of  the  comp<7site  arm  was 
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31  kg  and  the  composite  transmission  shafts  for 
the  wrist  motion  and  the  end  effector  pitch  motion 
were  21  kg  and  2  0  kg,  respectively.  The  mass  of 
the  steel  arm  was  1 3-8  kg  and  the  steel  transmis¬ 
sion  shafts  for  the  wrist  roll  motion  and  the  end 
effector  pitch  motion  were  4-8  kg  and  4-5  kg, 
respectively.  Therefore,  the  mass  reduction  of  the 
composite  forearm  compared  to  the  steel  forearm 
was  1 5-9  kg. 

Table  6  represents  the  mass  distributions  and 
lengths  for  the  lumped  model  of  Fig.  3.  The  spring 
constant  K^,  of  the  ball  screw  nut  was  290 
N/7^m.'  '  The  Youngs  modulus  of  the  steel  was 
chosen  as  207  GPa.  Using  these  data  and  the 
equivalent  mass  of  the  payload  kg,  the  de¬ 

flection  </,  of  the  end  effector  was  calculated. 
From  the  numerical  values,  it  was  found  that  the 
ma.ximum  deflection  of  the  arm  occurred  when 
{3  =  8°.  The  calculated  maximum  deflection  of  the 
end  effector  of  the  composite  forearm  ( d^,.  and 
the  calculated  maximum  deflection  of  the  end 
effector  of  the  steel  forearm  '''ere  as 

follows: 

'  =  mm 


fable  4.  Arm  dimensions  of  the  composite  forearm  and  the 
steel  forearm 


Compxisite 

Steel 

Arm 

Inner  area 

Outer  area 
Thickness 

2nd  moment 
of  area 

do  X  dO  mm- 
lOOx  100  mm  ' 

3  mm 

2-87  X  10  "m’ 

dl  xdl  mm- 
lOOx  lOOmm- 
4  mm 

2-36x10  '  nC 

Table  5 

>.  Masses  of  the 

arms  and  the  drive  shafts  of  the 
forearms 

Arm 

Drive  shaft  1 

Drive  shaft  2 

t  omposite  3T  kg 

21  kg 

2  0  kg 

Steel 

1 3-8  kg 

4-8  kg 

4-5  kg 

The.se  two  values  .satisfied  the  01  mm  deflection 
criterion. 

Figure  14  shows  the  impulse  frequency 
responses  of  the  composite  arm  and  the  steel  arm. 
The  two  arms  were  suspended  in  the  air  by  nylon 
strings  and  the  vibrational  characteristics  were 
obtained  by  fast  Fourier  transformation  after 
giving  an  impulse  to  the  arms.  The  equipment 
used  was  a  FFT  Signal  Analyzer  (B&K  2032),  an 
impulse  hammer  (B&K  8202)  and  an  accelero¬ 
meter  (B&K  4369).  Figure  14(a)  shows  the  vibra¬ 
tional  responses  in  the  1  -6  kHz  base  band  and  Fig. 
14(b)  shows  the  vibrational  responses  in  the  200 
Hz  zoom  band.  The  fundamental  natural  frequen¬ 
cies  of  the  steel  arm  and  the  composite  arm  were 
650  Hz  and  1340  Hz.  respectively  and  the 
damping  ratios  of  the  composite  arm  and  the  steel 
arm  were  about  0007  and  OOOl,  respectively. 
From  the  experimental  results,  it  can  be  con¬ 
cluded  that  the  fundamental  natural  frequency 
and  the  damping  ratio  of  the  composite  arm  of  the 
anthropomorphic  robot  were  increased  2  and  7 
times,  respectively,  compared  to  those  of  the  steel 
arm  of  the  robot. 


9  CONCLUSIONS 

A  forearm  of  a  six  degrees  of  freedom  anthro¬ 
pomorphic  robot  w  hich  has  70  N  payload  and  01 
mm  positional  accuracy  was  designed  and  manu¬ 
factured  with  high  modulus  carbon  fiber  epoxy- 
composite  material  to  reduce  the  weight  of  the 
arm  and  to  increase  the  dynamic  performance  of 
the  robot.  Also,  two  power  transmission  shafts 
which  deliver  the  power  of  the  motors  positioned 
at  the  rear  of  the  forearm  to  the  wrist  and  the  end 
effector  were  also  designed  and  manufactured 
with  the  high  modulus  carbon  fiber  epoxy  compo¬ 
site  material  to  reduce  the  rotational  inertia.  In 
order  to  join  the  composite  forearm  and  the 
power  transmission  shafts  to  the  gear  box  and  the 
bearing  housing,  adhesively  bonded  double  lap 


M.ixs  kj: 


I  able  6.  MaJises  and  dimensions  of  the  composite  forearm  and  the  steel  forearm 


Composite  forearm  Siec!  b'rearm 


.V/,  =7-27  .U.  =  I(M4  .V/,  =24-: 

V/,=27t)I  .V/,  =44-7:  V/,  =2S3 


.t/,  =H-.S 
,t/,  =(il() 


/.,  =2(I(H) 
=1.4(1 

/.:  =IO,S(Ht 


=  ld2-0 

6i 

=  200-0 

/..  =  td2-0 

=  173-4 

/., 

=  1 3-0 

/;,  =  1  73-4 

/„ 

=  3280 

/.s 

=  800-0 

/..,  =  328-0 

=  2.S0-0 

/.. 

=  1050-0 

/.„  =250-0 

Dimension  mm 
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Frequency  {H2) 


Mode 

Fr?qu«ncy  (Hz) 

Damping  Ratio 

650 

0  00098 

2 

1.200 


J30C  1.3^0 

Frequency  (Hz) 


Mode 


Prequenry  j  DanipitJg  Rh 

1  335  5  T'  0  007i;.i 

1,347  6  0  00C67 


(b) 


Fig.  14.  Impulse  frequency  responses  of  the  composite  and  steel  arm:  a'  represented  in  1-6  kH/  h:ise  hand;  h  represented  in 

2d()  Hz  zoom  hand. 


joint.s  and  a  hybrid  joint  which  u.se.s  both  mechani¬ 
cal  and  adhesive  joining  w'ere  designed  and  manu¬ 
factured.  A  simple  robot  deflection  equation  of 
the  end  effector  wfas  derived  to  a.ssess  the  deflec¬ 
tion  of  the  forearm  by  its  own  weight  and  the  pay- 
load.  The  vibrational  characteristics  of  the 
composite  arm  were  tested  by  an  impulse 
response  and  compared  to  those  of  the  same  size 
of  the  steel  arm.  From  the  calculated  and  experi¬ 
mental  results,  the  following  conclusions  were 
made; 

I .  The  mass  of  the  composite  arm  was  3- 1  kg 
and  the  composite  transmission  shafts  for  the 
wrist  roll  motion  and  the  end  effector  pitch 
motion  were  21  kg  and  2  {)  kg,  respectively, 
whereas  the  ma.ss  of  the  steel  arm  was  1 3  8  kg  and 
the  steel  transmission  shafts  for  the  wrist  roll 
motion  and  the  end  effector  pitch  motion  were 
4-8  kg  and  4-5  kg,  respectively.  Therefore,  the  mass 
reduction  of  the  composite  forearm  was  1 5-9  kg. 


2.  The  fundamental  natural  frequencies  i)f  the 
steel  arm  and  the  composite  arm  were  650  Hz  and 
1 340  Hz.  respectively  and  the  damping  ratios  of 
the  composite  arm  and  the  steel  arm  were  0-007 
and  0  00 1 .  respectively. 

3.  The  double  lap  joint  and  the  hybrid  joint 
which  use  both  mechanical  and  adhesive  joining 
were  satisfactorily  employed  in  joining  the  com¬ 
posite  arm  and  the  composite  power  transmission 
shafts  to  the  gear  box  and  the  bearing  housing. 
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A  two-dimensional  analysis  of  multiple  matrix 
cracking  in  a  laminated  composite  close  to  its 
characteristic  damage  state 


D.  Gamby  &  J.  L.  Rebiere 
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The  proposed  approach  incorporates  all  the  stress  components  of  interest  in 
each  layer  of  a  cracked  cross-plv  laminate.  Its  starting  point  is  a  very  genenil 
distribution  of  the  shearing  stress  in  both  types  of  layer,  represented  by  a  scries, 
each  term  of  which  is  the  product  of  a  trigonometric  function  in  the  axial  co¬ 
ordinate.  a  hyperbolic  function  in  the  thickness  coordinate  and  an  undeter¬ 
mined  coefficient  all  the  other  stress  cttmpttnents  in  each  layer  are  deduced 
from  the  above  by  using  the  equilibrium  equations,  interface  continuity  condi¬ 
tions  and  traction  boundary  conditions.  Minimizing  the  complementary  energy 
of  the  whole  laminate  yields  an  algebraic  system  whose  unknowns  a .  are  the 
above  coefficients.  The  validity  of  the  proposed  model  is  assessed  by  compar¬ 
ing  the  stress  values  it  gives  with  those  estimated  through  I'ther  semi-analytical 
mtrdels  or  a  finite  element  method.  Moreover,  the  series  convergence  is  all  the 
faster  since  the  crack  density  is  large,  thus  enabling  careful  investigation  of  the 
stress  field  when  transverse  cracking  attains  its  saturation  spacing. 


1  INTRODtCTlON 

In  the  aeronautical  industry,  the  design  of  structu¬ 
ral  parts  often  incorporates  an  estimation  of  the 
service  life.  Many  aircraft  development  pro¬ 
grammes  involve  the  use  of  laminated  composite 
materials  made  up  of  a  polymer  matrix  and 
carbon  long  fibres.  When  specimens  of  such  mate¬ 
rials  are  subjected  to  a  fatigue  loading,  .several 
damage  modes  may  occur  in  turn;  the  sequence  of 
the  various  mechanisms,  as  well  as  their  related 
growth  rates,  depend  tin  many  parameters:  among 
other  things,  the  elastic  properties  of  each  lami¬ 
nate  ply.  the  stacking  sequence,  together  with 
some  geometrical  characteristics  such  as  the 
thicknesses  of  the  off-axis  and  longitudinal  layers, 
play  a  special  role.  In  the  cross-ply  laminates 
investigated  in  Refs  1-3.  the  first  observed 
damage  mechanism  is  .so-called  transverse  crack¬ 
ing,  i.e,  matrix  cracking  in  off-axis  plies.  When  the 
constraint  due  to  the  longitudinal  plies  is  suffi¬ 
cient,  transverse  cracks  do  not  significantly  alter 
the  mechanical  properties  of  the  laminate:  their 
presence  can  be  tolerated  as  long  as  their  density 
is  not  too  large.  As  early  as  1977,  several 
authors^ "  remarked  that  the  crack  density  on  a 
specimen  edge  could  not  exceed  some  limiting 


value  beyond  which  the  creation  of  new  cracks 
became  almost  impossible.  This  saturation  point 
of  the  transverse  cracking  phenomenon  was  called 
’Characteristic  Damage  State"  (CDS:  by  Reifs- 
nider.'*  How  ever,  the  evolution  of  this  degradation 
mechanism  has  to  be  carefully  monitored,  as  its 
saturation  often  announces  the  occurrence  of 
other  more  harmful  damage  modes,  such  as 
delamination.''  longitudinal  splitting  or  fibre 
breakages. 

The  initiation,  growth  and  multiplication  of 
matrix  cracks  in  off-axis  layers  of  composite  lami¬ 
nates  have  been  extensively  investigated;  numer¬ 
ous  analytical  or  numerical  models  have  been 
proposed  to  describe  the  stress  distribution  in 
cracked  laminates;  relationships  between  loading 
intensity  on  one  hand,  and  crack  density  on  the 
other,  have  also  been  derived.  However,  most 
studies  are  confined  to  cross-ply  laminates  and 
simple  loading  conditions;  cracks  are  usually 
assumed  to  span  the  whole  specimen  width;  the 
references  we  will  quote  do  not  constitute  an 
extensive  bibliography,  but  we  hope  them  to  be 
illustrative  of  the  various  kinds  of  modelling 
which  can  be  encountered.  A  completely  different 
type  of  approach  relies  on  a  purely  phenomeno¬ 
logical  description  of  a  cracked  layer  thought  of  as 
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made  of  an  equivalent  homogeneous  material  en¬ 
dowed  with  suitable  internal  or  damage  vari¬ 
ables.'*  The  aim  of  ‘self -consistent’  models  is  to 
provide  theoretical  estimates  for  the  equivalent 
stiffnes.ses  of  cracked  laminates.'^  ''* 

As  regards  the  modelling  of  the  local  stress 
field  distribution  between  two  adjacent  cracks, 
and  at  the  level  of  a  two-phase  layer  replaced  by 
an  equivalent  homogeneous  orthotropic  elastic 
material,  the  available  approaches  can  roughly  be 
classified  according  to  their  refinement  degree: 

—  The  ‘simplest’  analyses  (some  of  them  are  in 
fact  fairly  sophisticated!)  lead  to  a  differential 
equation  governing  some  function  (such  as  the 
average  over  a  layer  thickness  of  some  displace¬ 
ment  or  stress  component)  of  the  ‘longitudinal’ 
coordinate  !.v'  measured  along  an  axis  parallel  to 
the  loading  direction,  for  a  simple  tensile  loading, 
and  perpendicular  to  the  crack  faces  in  the  trans¬ 
verse  layer  of  a  cros.s-ply  laminate:'  -  '  most  of 
the  ‘shear-lag’  models  come  in  this  category.  More 
often  than  not.  the  normal  stress  a,,  is  assumed  lobe 
constant  through  the  thickness  of  each  layer,  i.e. 
along  the  <zi  direction.  Zhang.  Fang  and 
Soutis’’-" '  ’  attacked  the  difficult  ca.se  of  [  ±  |. 

laminates. 

—  Another  type  of  approach  is  that  of  the  would- 
be  ‘variational’  models  which  rely  on  the  principle  of 
stationary  potential/complementary  energy  for  a 
kinematically/statically  admi.ssible  displacement/ 
Stress  field.  One  of  the  major  difficulties  is  to  con¬ 
struct  sufficiently  general  admissible  fields.  Such 
approaches  usually  lead  to  mathematical  one- 
dimensional’^'^'  or  tw'o-dimensiona!'*''  models. 

—  7'w(i-  or  three-dimensional  descriptions  of 
the  displacement  or  stress  distributions  can  also 
be  achieved  through  finite  element  methods.^'  ‘ 
For  various  reasons,  the  results  they  provide  are 
not  always  as  reliable  t)r  useful  as  might  be 
expected:  for  instance,  it  may  occur  that  the  trac¬ 
tion-free  condition  on  the  crack  faces  is  not  accu¬ 
rately  enforced. 

—  Other  studies  related  to  specific  aspects  of 
transverse  cracking  can  be  found  in  Refs  4S-50. 

Most  of  the  above  models  give  a  good  predic¬ 
tion  of  the  stress  field  when  the  crack  density  is 
not  too  large.  Close  to  the  CDS,  i.e.  when  the 
crack  spacing  has  the  same  order  of  magnitude  as 
the  related  layer  thickness,  it  becomes  important 
to  get  a  description  of  the  stress  field  which  is  as 
refined  in  the  (e)  direction  as  it  is  in  the  longitudi¬ 
nal  ix)  direction.  Among  the  two-dimensional 
models.  Ohira’s  approach,""  deserves  special 
attention,  as  it  is  the  only  one  to  lead  to  a  partial 


differential  equation  satisfied  by  the  axial  dis¬ 
placement  considered  as  a  function  of  both  axial 
and  thickness  coordinates  ix  and  c  respectively  . 
thus  yielding  a  stre.ss  distribution  which  qualita¬ 
tively  resembles  that  given  by  finite  element 
analyses'*"  (sec  Fig.  1 ). 

In  fact  A  and  c  now  play  similar  roles,  contrary 
to  what  happens  in  the  above-mentioned  one- 
dimensional  models.  Another  analysis  which  does 
not  favour  the  A-coordinatc  at  the  expense  ol  the 
c-coordinatc  is  that  of  Ref.  44. 

The  approach  we  propose  goes  beyond  Ohira’s 
model,  as  it  does  not  rely  on  the  description  of  a 
single  displacement  component:  on  the  contrary, 
it  incorporates  all  the  stre.ss  components  tif  inter¬ 
est  in  each  layer  of  a  cracked  cross-ply  laminate. 

The  model  derivation  is  carried  out  in  two 
stages;  in  the  first  stage,  a  very  genera!  distribution 
of  the  shearing  stress  is  proposed.  In  the  second 
stage,  all  the  other  stress  components  in  each 
layer  are  deduced  from  the  above  by  using  the 
equilibrium  equations,  interlace  continuity  condi¬ 
tions  and  traction  boundary  conditions.  T  he  so- 
obtained  statically  admissible  stress  field  then 
depends  on  the  still  undetermined  coefficients  of 
the  shearing  stress  distribution  in  the  damaged 
layer.  Mimmi'/.mgthe  complementary  energy  of  the 
whole  laminate  yields  an  algebraic  system  w  hose 
unknow  ns  are  the  above  coefficients. 

The  validity  of  the  proposed  approach  is  then 
a.s.sessed  by  comparing  the  stress  values  it  gives 
with  those  estimated  through  other  semi-analy¬ 
tical  models,  a  finite  clement  method,  and  some 
experimental  results  already  obtained  by  earlier 
authors. 

2  SHEARING  STRESS  DlSTRIBl  TION 
2. 1  Problem  position 

The  structure  at  hand  is  a  symmetric  three-layer 
laminate  whose  mid-plane  contains  the  a  and  \ 
directions,  whereas  y  and  denote  the  width  and 
thickness  directions  respectively.  In  the  central 
transverse  layer,  denoted  by  lamina  I .  each  matrix 
crack  occupies  a  rectangle  defined  by 

h  h 
-  <  v< 

2  ■  2 

x  =  {2p+  \  )l 

/?  =  0.1,2... 
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Normalized  normal  stress 
[0/(90)6]s  laminate 


Fig.  1.  Longitudinal  normal  stress  in  '■Kl'  ply.  along  .v-a.\is.  in  a  i,  laminate,  lor  several  values  ol  thiekness  coordinate 

after  Ret,  4. s. 


where  21  is  the  constant  spacing  between  two 
adjacent  cracks,  h  is  the  plate  width.  2/,  is  the 
transverse  layer  thickness,  t-  denotes  the  thick¬ 
ness  of  each  outer  longitudinal  layer,  referred  U> 
as  lamina  2,  and  2t  =  2(/|  +  /vi  is  the  iMate  total 
thickness.  Due  to  the  problem  symmetries,  atten¬ 
tion  IS  restricted  to  the  unit  ceil  (big.  2)  defined  by 
0  <  .r<  /.  0  s  y  b,  0  s  r  <  /i.  /.  denotes  the  plate  total 
length. 

I  wo  ratios  will  play  an  importiint  rote  in  the 
problem  at  hand: 

--  the  constraint  parameter  A  =  /^/t, 

—  the  crack  density  </=  /-  2Ti 


I) 

-  2  / 


I. 

Fig.  2.  (  riickcd  l.iniin.iic  aril  unit  i  clf 


of  v\  ill  denote  the  stress  components  in  lamina  I  / }. 

I  he  following  boundary  conditions  have  to  be 
enforced  tin  the  cell  faces: 

•  On  the  plane  r  =  (l:  of  =(l,  vv  '  =0.  where 
tv  '  is  the  displacement  component  in  the  c- 
direction.  related  to  lamina  1 1  i. 

•  On  the  plane  .v  =  0:  o,'.  =  0  and  ii '  =1),  where 
It  '  IS  the  axial  displacement  component 
along  .V )  in  lamina  l  / )  i  /  =  1,2 1. 

•  I  he  plane  c=  //  =  /  ,  +  /  ,  is  a  free  boundaiv  (in 
lamina  12)),  on  which:  of  =  of  =  0 

•  I  he  face  .v=/  has  to  be  divided  into  two 
parts: 

—  the  region  ()<.-<;/,  is  a  cracked  surface 
where  of  =  of  =  t) 

-  the  region  /,  <,'</;  belongs  to  a  plane  of 
symmetry,  whence: 

it  ■  ~  It,  where  tt  is  a  constant,  and  of  -i). 


In  the  basic  variant  of  the  model,  a  plane  strain 
state  with  respect  to  the  v-direction  is  assumed;  in 
another  variant,  a  plane  stress  state  in  the  same 
direction  will  prevail;  the  actual  mechanical  state 
is  expected  to  be  close  to  a  gencrali/cd  plane 
strain  state  in  the  y-directiim;  it  should  lie  between 
the  two  above  simpler  states. 

2.2  Temporary  kinematic  assumptions 

In  order  to  construct  a  suitable  basis  for  the  shear¬ 
ing  stress  expressions,  we  shall  provisionally  use 
some  fairly  stringent  assumptions  concerning  the 
displacement  field  C'  i.v.  \.  .- i  in  each  lamina  i/'. 
Once  the  desired  basis  is  obtained,  these  assump¬ 
tions  can  safely  be  discarded.  Fach  displacement 
vector  field  I'  '  is  assumed  to  he  such  that 

I' '  =  it '  \  +  i'  '  y  +  II' '  z 
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2.3  Partial  diflerential  equation  for  a'‘.' 

As  a  consequence,  a;\.  u  ‘.  ic  and  are 
related  b\ : 
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together  with  the  t'quilibrium  equation 
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Here.  (  V  denote  the  stiffnesses  in  the  orthotropic 

ianiitia  /  ;  A.  /=  1 . 6.  [.diniintiting  tr'  and  o’. 

trom  esjiis  1  •  .3  .  while  taking  mto  account  the 
ctindition  a  am  =  i).  results  in; 


(1  .  (1 
,  O  V.:  *  R  ^  V  a;  A.ci-^O 
(>-■  aa 


where  R 

2.4  Shearing  stress  e\pressi«»ns 

The  most  general  shearing  stress  distribution 
whieh  satisfies  the  above  partial  differential  equa¬ 
tion  together  with  the  boundary  conditions  bear¬ 
ing  upon  o..  at  A  =  ().  .-  =  ().  A=/.  can  be 

taken  in  the  form  of  a  f  ourier  series  in  the  vari¬ 
able  A.  i.e. 


I'he  interface  shearing  stress  is: 


'•  =  f/oA./  '=  T  .X 


Although  each  of  the  above  expansions  5  and  h 
satisfies  an  equation  of  the  type  4  .  its  form  is 
expected  to  be  sufficiently  general  to  represent  the 
actual  shearing  stress  distribution  m  each  lamina 
with  the  desired  accurticv.  I  he  sequence  of  un¬ 
determined  coefficients  a  will  be 

selected  as  the  srvle  unknowns  of  the  problem. 
From  ninv  on.  the  only  assumption  regarding  the 
admissible  stress  field  will  be  the  form  of  the  dis¬ 
tribution  of  the  shearing  stress  a,‘.  .v.r  k~  1.2 
in  each  layer.  Both  expressions  5  and  6  meet 
the  definite  partial  differentia!  equation  4  whose 
origin  will  now  intentionally  be  torgotten'.  T  he 
lierivation  of  Ohini's  model''  rests  on  a  partial 
differential  equation  analogous  to  eqn  4  when 
the  shearing  stress  o’,  is  replaced  by  the  axiai 
displacement  in  the  transverse  layer.  Moreover,  in 
his  approach,  one  boundary  condition  bearing  on 
the  same  shearing  stress  is  not  enforced.  The 
model  we  propose  is  more  general:  its  a  consc- 
iiuence.  once  the  stress  components  htive  been 
obtained,  the  related  displacements  can  be 
deduced  by  the  classical  integration  procedure, 
but  there  is  no  reason  that  these  final  displace¬ 
ments  still  have  to  meet  the  restrictive  assump¬ 
tions  which  were  used  to  derive  the  partial 
diflerential  cqiuition  4  satisfied  b\  o,'  .  notablv 
o)/d.v)  le  'SO. 


3  SK( OND  s  r  \(.K;  PROBI.KM  SOU  TION 
3. 1  Statically  admissible  stress  field 

I  he  statically  admissible  stress  field  incorporating  the  above  shearing  stress  distribution  is  unique:  its 
remaining  components  are  obtained  by  integrating  the  equilibrium  equtitions.  taking  into  account  the  still 
unused  boundary  conditions.  The  plane  strain  condition  < -  0  results  in: 

o’  -  R o.\  +  K2  o’  iA-  1,2)  S- 

where  K  /  are  functions  of  (  such  thiit 
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From  the  equilibrium  erju.itioiis  uiul  bouiKl;ir>  etitKliiiotis; 
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The  repre^entation  ot  the  normal  stress  o,',  \.r  in  the  dO  hiyer  is  ixbtameLi  b\  intecratinu  one  ol  the 
equilibrium  eqiuitions  oxer  the  interxal  <t<.v</;  taking  into  iieeount  the  traction-tree  eoiixliiion  on  the 
eraek  surt'ace.  o'.  L:  =  d.  results  m 


o,.  v.r  =  o,'  .Vi.r  da, 

or  . 


Whence 
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The  expression  ol  the  normal  stress  o '  x.z  1  is  also  obtained  by  integntting  with  respect  to  ,v  the  related  etjui- 
librium  equation;  by  taking  into  account  the  boundary  conditions  at  v  =  0  and  .v=  /.  namely  11  L:  •  ~  u.  11 
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o,z  '  =  0.  v:,  together  with  the  plane  strain  .state  assumption,  it  can  be  shown  that  o,,  v.r  has  an  expression  of 
the  torm: 
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whence 
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and  S  '  denote  the  compliances  of  lamina  k  \  ow  ing  to  the  lact  that 


n  =  I  t  d.v=  .S'l'i  +.Sr.K;  'o,. 


d.v 


and  pros  iding  that 


.V.:  d,v  =  0 


.  hich  is  indeed  the  case.  Displacement  ii  is  the  pn^hlem  datum. 


3.2  C  oniplementarv  cnergv 


Due  to  the  fact  that  the  uniform  displacement  ii  is  prescribed  on  a  part  ol  the  cell  boundary,  the  expres¬ 
sion  for  the  complementary  energy  has  the  form; 
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where  If  is  the  cell  strain  energy,  such  that 
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in  which  the  strain  energy  density  in  the  0°  layer  is  expressed  by: 

(T,!  ur  '  I  a  I'  i(j;.  i  2i’. ,  .  -  .,,21’,.. 

2u-  =  +  +  +  -  -  +0:  )  —  (■;  •''R 

R,  Rs  (i^  R^^  /d 

where  /:\.  r’v.  (i\-  R\-  f'l  respectively  denote  the  axial  Youngs  modulus,  the  associated  axial 
Poisson  s  ratio,  the  axial  shear  modulus,  the  associated  transve^'se  Poisson's  ratio  and  the  transverse  sh.  -r 
modulus,  in  order  to  take  into  account  the  plane  strain  state  assumptiim.  cqn  (8i  is  substituted  into  eqn 
9 one  then  has  an  expression  of  the  form: 
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where  the  ctK'tticients  a depend  on  the  stilTnesses  anti  eompltaiiees  ol  layer  A  . 
1  he  strain  enert>v  densitv  ot  the  d0°  Uiver  is  eiven  bv: 
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Similarly,  when  the  plane  strain  eondition  is  entorced.  one  tirrives  at  an  exjrression  ol  the  form; 

-w'  =10,',  i'0|'  +i0:'  r«:'  +i0,'-i-0;'  +!0,',0A  '0j' 

3.3  Problem  equations 

Minimizing  the  complementary  energy  with  respect  to  the  unknown  coellicients  a  amounts  to  writing; 
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It  is  worth  noting  that  the  last  term  in  the  eomplementary  energy. 
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is  such  that 
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If  only  (J  terms  are  retained  in  each  Fourier  scries  exptinsion.  the  aho\e  conditions  11  yield  a  linetir 
system  of  (J  equations  for  the  Q  unknown  coefficients  </,..  I'his  system  has  the  form 


IJ 

\' 


in  w  hich  the  matrix  exhibits  no  special  symmetry. 

In  order  to  estimate  the  number  Q  of  terms  to  be  kept  in  the  series  expansions  of  the  stress  compo¬ 
nents,  we  investigated  the  rate  at  which  the  sequence  tends  to  zerr>  in  two  extreme  cases; 

—  Close  to  the  saturation  state  of  the  transverse  cracking,  the  length  / 1  half-spacing  between  two  neigh¬ 
bouring  cracks)  becomes  very  small;  in  practice,  forai0„,,^)0,,l,  cross-ply  laminate  such  that  in  +  [>-  8.  made 
of  a  T300/yi4  composite,  the  characteristic  damage  state  is  attained  when  /=()'2  mm.  Figure  3  shows  the 
variation  of  a,^  with  q  tor  this  value  of  /. 

It  can  be  remarked  that  the  first  coefficients  markedly  prevail  itver  the  following  /mes.  and  that  the 
terms  of  the  related  sequence  rapidly  tend  to  zero.  In  this  first  case,  a  good  accuracy  of  the  stress  compo¬ 
nents  can  safely  be  expected,  even  when  keeping  a  few  terms  of  the  Fourier  series  expansions. 

—  On  the  other  hand,  when  the  crack  spacing  is  'large'  (for  instance  /=  10  mm),  the  terms  /rf  the 
sequence  U/,^j  tend  to  zero  very  slowly:  if  the  same  accuracy  is  demanded,  ten  times  more  terms  its  when 
/=()'2  mm  are  needed  (see  Fig.  4)!  In  that  case,  it  is  more  appropriate  to  resort  to  a  model  of  the  'shear- 
lag'  family. 


4  NUMERICAL  RESULTS 
4.1  Stress  distribution 

In  order  to  illustrate  the  marked  dependence  of 
the  stress  components  on  both  axial  and  thickne,s.s 


C(Kirdinates  close  to  the  saturation  state  of  the 
first  damage  mode,  we  present  in  Fig.  .3  the  dis¬ 
tribution  of  the  axial  normal  stress  a\\  in  each 
layer  ( A:  =  I  or  2)  of  a  10^901,  laminate  made  up  of 
T3()()/914  carbon/epoxy  composite,  for  a  crack 
spacing  such  that  /=  0-2  mm.  The  stress  values  are 
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Fig.  3.  Variation  of  the  Fourier  series  coefficients  u,  with  r/ 
for  /=  02  mni. 


Fig.  4.  S'ariation  of  with  q  w  hen  /=  1 0  mm. 


normalized  by  their  related  magnitudes  a,!'  in  the 
uncracked  state,  as  obtained  by  the  classical 
laminate  theory.  As  can  be  seen  in  Fig.  5.  verv 
sharp  peak  values  are  reached  in  the  transverse 
layer  close  to  the  interface. 

The  starting  point  of  our  model  is  a  given  distri¬ 
bution  of  shear  stres.ses  a  * .  Althtrugh  the  role  of 
this  stress  component  is  essential  when  transform¬ 
ing  the  load  from  a  damaged  layer  to  the  adjacent 
uncracked  plies,  in  the  vicinity  of  a  transverse 
crack,  few'  comparison  elements  pertaining  to  this 
stress  component  can  be  found  in  the  literature.  In 
most  two-dimensional  approaches,  this  distribu¬ 
tion  does  not  even  satisfy  all  the  problem  boun¬ 
dary  conditions.  In  Fig.  6,  we  superimposed  both 
normalized  distributions  obtained  by  Ohira's 
model  and  ours:  the  latter  can  be  spotted  thanks 
to  the  zero  traction  condition  met  on  the  crack 
faces.  Half  the  90°  layer  alone  is  represented.  The 
jO.yOjI,  laminate  is  made  of  a  T300/914  compo¬ 
site  with  a  transverse  crack  spacing  such  that 
/=  0  2  mm. 


4.2  .Axial  stilTness  loss 

When  the  constraint  parameter  A  is  large  enough, 
the  decrease  in  the  equivalent  axial  modulus  h  of 
the  laminate  due  to  matrix  cracking  is  a  small 
magnitude  effect  whose  measurement  requires 
great  care;  therefore,  the  prediction  of  axial  stiff¬ 
ness  loss  according  to  the  present  model  might  be 
a  good  reflection  of  its  refinement  degr\.c.  Fhe 
average  o,,  of  the  axial  normal  stress  o\er  the 
plate  cross-section  is  such  that 


/'J 


Then  the  equivalent  Young'-  modulus  of  the 
damaged  laminate  in  the  axial  direction  is  defined 
b>- 


E{l  = 


a,, 

n// 


After  performing  the  integrations  with  respect  to 
the  thickness  coordinate  c  in  both  types  of  layers, 
the  resulting  expression  for  /:i/i  turns  out  to  be 
independent  on  the  axial  coordinate  .v.  namely; 
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By  the  way.  eqn  (12)  is  an  example  of  the  homo¬ 
genization  procedures  that  can  be  performed 
from  the  various  local'  stress  component  expres¬ 
sions  given  by  the  proposed  model.  The  expres¬ 
sion  of  E{D  in  terms  of  the  sequence  is 
remarkably  simple.  Stiffnesses  or  compliances  of 
the  homogeneous  materials  equivalent  to  the  indi¬ 
vidual  layers,  damaged  or  not.  can  be  expressed  in 
terms  of  the  crack  spacing,  in  much  the  same  w  ay. 
Figure  7  shows  the  plot  of  relative  axial  stiffness 
variation  £/£„.  where  F,,  is  the  modulus  in  the 
undamaged  state,  against  crack  density  <'/=  FA  2/), 
according  to  the  proposed  model.  Lim  and 
Hong's  shear-lag  model'^  and  experimental 
results.''  It  is  worth  noting  the  good  achievement 
of  Lim  and  Hong's  model,  in  spite  of  the  compa¬ 
ratively  simple  assumptions  it  relies  on.  as  far  as 
the  equivalent  axial  modulus  is  concerned. 

The  relative  axial  stiffness  variation  predicted 
by  a  special  two-dimensional  finite  clement 
method'^  has  also  been  compared  in  Fig.  8  with 
that  given  by  the  present  model  for  a  carbon/ 
epoxy  laminate,  the  constraint  parameter  of  which 
is  such  that  A=  7.  For  a  comparatively  low  value 


I'wo-dimensional  anuhsis  of  muliiple  niuirix  i  nn  kin^ 


Fig.  5.  N  ormali/cd  normal  stress  fr,‘  /o,,'  in  the  three  layers  ol  a  TdOO/y  1 4  carhiin/epoxy  i0,,40;,  laminate,  for  \=  0  2  mm. 


of  the  crack  density,  this  particular  finite  element  (8).  In  most  situations,  there  is  a  very  small  differ- 

method,  in  which  a  periodical  stacking  sequence  is  ence  in  stress  magnitudes  between  plane  strain 

assumed,  underestimates  the  stiffness  loss,  and  plane  stress  states  (see  Ref.  ,‘>,S  for  a  quantita¬ 

tive  compari.son,  at  least  in  the  case  of  the  T,^()0/ 
914  composite);  the  actual’  state  can  rightly  he 
5  DISCUSSION  AND  CONCLUSION  expected  to  lie  between  the  above  two  extreme 

states.  As  the  convergence  of  the  .series  {<7^1  has 
A  plane  stress  state  version  of  the  model  can  been  found  to  be  all  the  faster  since  the  crack 

easily  be  constructed  by  putting  K  f  =Q  in  eqn  density  is  large,  the  proposed  model  enables  one 
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K/Eo 


Crack  density  (mm-l) 

Fig.  7,  Relative  axial  stiffness  lovs  after:  the  proposed  m»Kfel. 
l.im  and  Hong's  shear-lag  model,  and  Groves’  experimental 
results,  for  a  graphite/epoxy  1 0  ,,90 ,  [,  laminate. 


E/Eo 
i,w» 


0.V9I) 


o,w 


0.994 


0,992 

0  I  2  J  4  5 

CRACK  DENSITY  (mm-l) 

Fig,  8.  Relative  axial  modulus  of  a  damaged  laminate 
versus  crack  density,  for  A  =  /,//,  =  7.  Comparison  of  mtxlcl 
with  finite  elements. 


I  no-Jitnensiotial  anahsi.s  of  muhifilc  nuttrix  cracking 


to  carefully  investigate  the  stress  field  when  trans¬ 
verse  cracking  attains  its  saturation  spacing. 

Some  of  the  simpler  models,  such  as  that  of 
Refs  19  and  2(1.  use  as  a  starling  point  a  linear 
shear  stress  distribution  across  each  layer  thick¬ 
ness:  the  proposed  model  is  able  to  estimate  the 
validity  of  this  assumption  (for  more  details,  see 
Ref.  55).  It  also  gives  an  expression  of  the  often 
ignored  normal  stress  o  -  in  the  thickness  direc¬ 
tion.  whose  contribution  to  the  calculation  of  the 
u,^s  is  not  negligible. 

Suiprisingly.  the  proposed  model  cannot  be 
fully  assessed  in  relation  to  any  absolute  reference 
available  in  the  literature,  even  finite  element 
results,  which  are  not  always  as  reliable  as  they 
might  seem:  for  instance,  more  often  than  not. 
some  of  the  boundary  conditions  are  not  accu¬ 
rately  enforced,  even  in  sophisticated  analyses 
such  as  that  in  Ref.  4b. 

Whatever  the  value  of  the  constraint  parameter, 
the  marked  variations  of  the  stress  components 
across  the  plate  thickness  are  fully  rendered,  in 
accordance  v\ith  the  finite  element  predictions. 
The  axial  stiffness  loss  due  to  matrix  cracking,  as 
described  by  the  present  approach,  is  in  good 
agreement  with  experimental  results  and  calcula¬ 
tions  achieved  from  an  analytical  model.  Finally, 
numerical  investigations  revealed  that  the  stress 
magnitudes  were  fairly  sensitive  to  small  changes 
in  the  values  of  the  parameters 


in  eqn  !4  j:  in  some  case>.  it  might  be  useful  to  take 
advantage  of  this  property  so  as  to  improve  the 
model  accuracy  by  slightly  altering  the  values  of 
these  parameters. 
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|()79()°j,  and  j±45°|,  CFRP  laminated  plates  were  analysed  using  a  finite 
clement  formulation  for  their  fatigue  behaviour.  A  fatigue  criterion  which  is 
based  on  the  laminate  interlaminar  stresses  and  the  basic  lamina  fatigue 
parameters  was  u.sed.  Thermal  effects  were  included  in  the  formulation.  In 
particular,  initial  thermal  stresses  resulting  from  the  curing  of  the  laminate  were 
also  included  in  the  analysis.  The  results  showed  that  both  laminates  had 
predicted  .S'-.V  behaviour  similar  to  that  from  experiments  of  past  investigators. 
Also,  the  fatigue  behaviour  for  the  I  ±  4.3°|,  laminate  between  room  temperature 
and  the  curing  temperature  were  found  to  be  the  same.  However,  in  the  case  of 
the  i(P/9()°j,  laminate  the  fatigue  strength  at  high  temperatures  was  found  to  be 
lower  than  that  at  low  temperatures. 


1  INTRODLCTION 

An  important  area  of  research  on  laminated 
plates  has  been  the  investigation  of  interlaminar 
stresses,  especially  at  the  free  edge  region.  It  has 
been  mentioned  in  previous  publications  that  a 
Carbon  Fibre  Reinforced  Plastic  (CFRPl  lami¬ 
nate.  when  cured  from  the  manufacturing  tem¬ 
perature  to  room  temperature,  can  result  in  initial 
thermal  stresses  in  the  laminate.'  These  stresses 
can  be  large,  especially  at  the  free  edge  region.  To 
complicate  the  situation,  when  these  initial 
thermal  stresses  are  coupled  with  the  mechanical 
stresses  that  result  from  an  applied  load,  the  free 
edge  stresses  are  lowered  or  increased,  depending 
upon  the  ply  orientations  in  the  laminate. 

Under  normal  operating  conditions  a  laminate 
can  be  subjected  to  cyclic  loading  and  an  under¬ 
standing  of  the  fatigue  behaviour  of  laminates  is 
therefore  necessary.  A  number  of  past  investi¬ 
gators  have  studied  the  fatigue  behaviour  of  CFRP 
laminates  by  experiments.-  In  particular  the 
fatigue  behaviour  of  uni-directional,  |{)79()°1,  and 
114.5°!^  laminates  has  been  inve.stigated.  Results 
have  been  presented  in  the  form  of  .S-N  curves 
similar  to  those  of  conventional  materials.  Experi¬ 
ments  are  usually  time  consuming  and  expensive 
and  it  is  desirable  to  have  available  a  computa¬ 
tional  method  which  can  predict  the  fatigue  life  of 
symmetric  angle-ply  laminates.  This  paper 
describes  an  analysis  for  the  investigation  of  the 


fatigue  behaviour  of  symmetric  laminates  carried 
out  using  a  finite  element  method  that  incorpo¬ 
rates  a  fatigue  criterion  for  anisotropic  materials 
and  thermal  analysis  of  laminates.  The  results  of 
the  present  analysis  will  be  compared  with  those 
from  experiments. 

A  formulation  for  the  fatigue  analysis  of  aniso¬ 
tropic  materials  will  be  described  later  in  this 
paper.  As  a  basis  of  the  formulation,  the  fatigue 
data  of  a  basic  lamina  along  and  transverse  to  the 
fibre  direction  as  well  as  for  the  inplane  shear  are 
taken  either  from  the  results  of  past  investigators 
or  by  estimation.  At  any  point  in  the  laminate,  the 
stre.sses  resulting  from  a  loading  case  can  be  pre¬ 
dicted  by  finite  element  analysis  as  described  in 
previous  publications.'  The  fatigue  behaviour 
under  a  tri-axial  state  of  stresses  is  different  from 
that  of  a  uni-directional  case.  A  fatigue  criterion, 
which  is  similar  to  a  failure  criterion,  for  a  com¬ 
bined  state  of  stress  will  be  used.  The  fatigue 
criterion  will  predict,  under  the  combined  stresses 
at  a  point,  the  fatigue  life  in  terms  of  the  number 
of  cycles  to  failure.  This  means  that  the  criterion 
can  predict  failure  locally.  Conceptually  each 
node  in  the  finite  element  mesh  will  have  their 
corresponding  number  of  cycles  to  failure,  N.  at  a 
certain  applied  load.  Using  the  interlaminar 
stresses  and  the  fatigue  criterion  to  be  defined 
later.  N  can  be  worked  out  at  each  node  in  the 
whole  laminate.  The  minimum  value  of  A'  for  all 
nodes  can  be  obtained  and  can  then  be  taken  as 
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the  number  of  cycles  to  failure.  A',,  for  the  lami¬ 
nate. 

It  was  shown  by  previous  investigators’  that  a 
finite-width  laminate  exhibited  very  high  inter¬ 
laminar  stresses  at  the  free  edge  under  uniform 
axial  strain  loading.  Fatigue  failure  was  therefore 
expected  to  initiate  at  the  free  edge  region.  It  was 
also  shown  that  initial  thermal  stresses  were  pre¬ 
sent  in  a  laminate  after  the  curing  process.'  In  this 
paper.  |0790“],  and  !±4,3‘’j^  composite  laminates 
made  up  from  Carbon  Fibre  Reinforced  Plastic 
CFRP)  laminae  were  used  as  examples.  The 
initial  thermal  stresses  resulting  from  the  curing  of 
these  laminated  plates  were  included  in  the  analy¬ 
sis.  The  nonlinear  stress-strain  response,  as  well 
as  the  resin  layers  between  the  plies  in  the  lami¬ 
nate  were  also  modelled  in  the  analysis,  as 
explained  in  Ref.  1 .  The  nonlinear  analysis  on  the 
laminates  was  based  on  that  in  Ref.  6  using  a 
quasi-three-dimensional  isoparametric  finite  ele¬ 
ment  and  an  initial  stress  iteration  method  to 
tackle  the  problem  of  material  nonlinearity.  The 
initial  thermal  stresses  of  a  laminate  were  first 
obtained  by  noting  that  after  curing  the  laminate 
was  cooled  from  its  stress-free  temperature  to 
room  temperature.  Various  uniform  axial  strains 
were  then  applied  to  the  laminate  to  obtain  the 
interlaminar  stresses  and  finally  the  numbers  of 
cvcles  to  failure. 


2  DESCRIPTION  OF  THE  LAMINATE  FREE 
EDGE  PROBLEM 

Consider  the  long,  symmetric  laminate  shown  in 
Fig.  1(a).  It  has  four  plies,  each  of  thickness  h  and 
width  2h.  and  is  loaded  with  a  uniform  axial  strain 
f,  in  the  Jt-direction.  Away  from  the  ends  the  dis¬ 
placements  II.  r.  u'  in  the  .v.  \.  directions, 
respectively,  in  any  .v  =  constant  plane  can  be 
assumed  to  be; 

inx.  y.  z  )=.\-(\  -t-  C'l  y.  * ; 

rix.y.  z]  =  I  'U'-  ' 

vcij.  y,  z)-  Hi  y.  C) 

The  displacement  field  of  eqns  1  should 
satisfy  the  equations  of  equilibrium  and  the  stress- 
free  conditions  on  the  edges,  y  =  ±  h.  and  the  top 
and  bottom  surfaces. ,'  =  ±  2h. 


3  FOR.Ml  LATION 

The  formulations  of  the  quasi-three-dimensional 
finite  element  and  the  initial  stress  iteration 
method  which  are  used  in  the  present  study  can  be 
found  in  Refs  1  and  6.  The  formulation  to  take 
into  account  the  thermal  stresses  has  also  been 
given  in  Ref.  1 .  The  fatigue  criteria  of  the  com- 


(a)  laminate  subject  to  a  (c)  definition  of  interfaces  k  surfaces 

uniform  inplane  strain 

Fig.  1.  Problem  definition  and  finite  element  mesh. 
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posite  lamina  were  compared  by  various  authors 
and  were  summarised  in  Ref.  3.  These  criteria  are 
not  based  on  all  stress  components  present  in  the 
laminate  and  a  different  approach  is  therefore 
adopted  here.  With  this  approach  a  new  criterion 
is  formulated  by  modifying  the  Tsai-Hill  com¬ 
posite  lamina  yield  criterion.''  In  the  pre.sent 
formulation,  we  use  functions  A',  V'  Z,  (J,  R  and  A, 
all  are  functions  of  .V,.  so  that  A',  }'  and  Z  are  the 
lamina  peak  stresses  in  the  .v-,  y-  and  ;:-directions 
and  Q.  R  and  .S  are  the  lamina  shear  stresses  with 
respect  to  shear  stress  components  and  <7,, 

respectively,  all  at  .V,  cycles  of  alternating  applied 
stress.  The  relationship  between  A'.  V.  Z.  Q.  R,  S 
and  .\,  are  shown  in  Table  I ,  The  fatigue  criterion 
is  therelore 


. . -  !  r; 
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where  a,,  a.,  o.  ..  and  a,,  are  stresses  in  the 
lamina  and  the  anisotropic  parameters  are  defined 
as 


//  = 


I 


I'  I 
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with  the  equivalent  stress,  a,  given  by 


(3) 
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A  V-  Z- 


It  is  worth  noting  that  in  eqns  (3).  A",  K  Z,  (J,  R 
and  S  all  are  functions  of  ;V,.  So  in  eqn  (2)  / 
depends  on  A,.  From  observation  of  the  general 
behaviour  of  S~N  curves,  it  follows  that  as  A/, 
increases  from  a  small  value,  /  increases.  When  A, 
is  increased  to  a  sufficiently  large  value  .so  that 
f  =a.  fatigue  failure  occurs.  In  the  present  for¬ 
mulation,  an  iteration  procedure  is  carried  out  to 
search  for  this  value  of  A,.  At  any  point  in  the 
laminate,  the  stresses  can  be  obtained  from  the 
finite  elemen,  analysi.s.  Using  eqn  (2)  and  the 


iteration  procedure,  the  corresponding  value  of  , 
at  which  fatigue  failure  occurs  at  that  point  in  the 
laminate  can  be  obtained.  For  all  nodal  points  in 
the  laminate,  their  corresponding  values  of  A,  are 
iterated  and  the  minimum  value  of  .V,  is  then 
obtained,  and  is  taken  to  be  the  number  of  cycles 
to  failure  for  the  laminate. 

Fatigue  data  in  the  form  of  .V-.V  curves  were 
taken,  or  derived,  from  Refs  2  and  3.  Discrete 
values  along  these  .S'-  V  curves  were  found  and 
they  are  tabulated  in  Table  1.  In  particular,  the 
CFRP  lamina  longitudinal  data  were  obtained 
from  Ref  2.  and  the  laminar  transverse  and  shear 
data  as  well  as  the  resin  data  were  derived  from 
data  in  Ref  3.  The  lamina  ultimate  values  of 
strains  as  well  as  the  relationship  between  the 
thermal  expansion  and  temperature  in  a  C'FRP 
lamina  can  be  found  in  Ref  1 , 


4  RESLLT.S  AND  DISCI  SSION 

Due  to  symmetry,  it  was  only  nece.ssary  to  analyse 
the  top  right-hand  corner  of  the  laminate  cross- 
section  shown  in  Fig.  b  b  i.  The  mesh  shown  in  this 
figure  was  used  for  analysis  of  the  present  :()°/y()°|^ 
and  f  ±  45'"!.  laminates.  In  the  present  arrangement 
a  resin  rich  layer  was  included  between  the  B  and 
9(P-B  layers  and  also  between  the  middle  two 
d0°-^  layers.  The  reduction  in  modulus  due  to 
temperature  change  as  well  as  due  to  the  fatigue 
effects  in  the  present  case  was  neglected. 

It  was  described  earlier  that  under  a  specific- 
loading  on  the  laminate  the  interlaminar  stresses 
could  be  obtained  from  finite  element  analysis. 
From  these  interlaminar  stresses  the  number  of 
cycles  to  failure  at  all  nodal  points  in  the  laminate 
were  obtained  and  the  minimum  of  these  values 
was  taken  as  the  number  of  cycles  to  failure  for 
the  laminate.  In  this  investigation  the  number  of 
cycles  to  failure  for  the  laminates  at  various  a.xial 
applied  strains  were  obtained.  They  are  now  pre¬ 
sented  in  the  following  two  sections.  For  each  type 
of  laminate,  thermal  effects  were  also  included  to 
investigate  for  their  behaviour  at  different  tem¬ 
peratures. 

4. 1  The  I  ±  45°|„  laminate 

Two  case.s  were  considered  for  this  laminate.  In 
the  first  ca.se  the  laminate  was  considered  to  be 
stress-free  at  the  curing  temperature  of  1 32^'.  So 
at  room  temperature,  interlaminar  initial  thermal 
stresses  were  present  in  the  laminate.'  On  lop  of 
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these  initial  thermal  stresses  a  uniform  axial  strain 
f ,  was  applied  to  the  laminate.  At  various  applied 
strains  the  corresponding  numbers  <  '  cycles  to 
failure  for  the  laminate  were  found  as  described 
before  and  the  results  are  shown  in  Fig.  2.  a\Iso 
plotted  on  the  same  figure  are  the  experimental 
results  from  Ref.  2  for  the  j  ±45°i  laminate.  The 
present  method  predicted  higher  values  of  A,  at 
high  and  low  levels  of  alternating  stresses.  For  a 
range  between  the  high  and  low  applied  stresses, 
the  present  model  predicted  lower  values  of  , 
On  the  whole,  the  present  results  had  a  cU)se 
correlation  with  the  experimental  ones  in  Ref.  2. 
The  present  model  has  provided  a  good  method 
to  estimate  the  fatigue  failure  in  symmetrical  lami¬ 
nates.  The  combination  of  the  nonlinear  analysis 
and  the  treatment  of  the  free  edge  effects  had 
probably  provided  a  more  realistic  modelling  of 
the  real  situation.  Also,  the  inclusion  of  the  initial 
thermal  stresses  due  to  the  laminate  curing  pro¬ 
cess  might  have  improved  the  con  ■,atit>n  between 
the  numerical  and  experimental  results.  For  all 
applied  strains,  the  minimum  number  of  cycles  to 
failure  occurred  at  the  free  edge,  close  t(>  the 
-457re,sin  interface  Aee  Fig.  1  c  i  inside  the 
-  45°  layer. 

The  second  ca.se  did  not  take  into  account  the 
initial  thermal  stresses  and  the  same  method  for 
finding  the  number  /)f  cycles  to  failure  at  various 
applied  strains  was  carried  out.  The  results 
showed  that  the  numbers  of  cycles  to  failure  for 
this  case  were  different  to  those  in  the  last  case  for 
the  same  applied  strain  at  various  locations  in  the 
laminate.  Ffowever,  the  minimum  number  of 
cycles  to  failure  was  the  same  for  the  two  cases 
and  they  occurred  at  the  same  position  in  the 
laminate,  as  discussed  above.  So  the  results  shown 
in  Fig.  2  represent  the  results  for  these  two  cases. 
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Fig.  2.  .V-,V  results  of  I  +  45”|,  laminate. 
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as  far  as  the  number  of  cycles  to  failure  for  the 
laminate  is  concerned. 

It  was  mentioned  that  the  minimum  number  of 
cycles  to  failure  occurred  at  a  position  near  the 
laminate  free  edge.  It  has  been  shown  that  the  free 
edge  stresses  were  very  high  under  an  applied 
strain  in  the  .v-direction.'  The  initial  thermal 
stresses  were  small  in  magnitude  in  general  but 
became  large  at  the  laminate  free  edge.  However, 
they  were  still  smaller  in  magnitude  when  com¬ 
pared  with  the  mechanical  stresses  under  the 
applied  strain.  So  the  initial  thermal  stresses  were 
insignificant  to  the  fatigue  life  of  the  laminate  at 
the  free  edge.  This  e.xplains  why  the  number  of 
cycles  to  failure  for  the  two  cases  were  the  same. 

The  second  ca,se  can  be  considered  as  the  situa¬ 
tion  when  the  laminate  is  subjected  to  the  same 
temperature  as  the  curing  temperature.  Although 
practically  the  laminate  will  not  be  used  at  such  an 
elevated  temperature,  the  present  case  can  he 
used  to  illustrate  the  fatigue  behaviour  of  the  lami¬ 
nate  at  a  high  temperature.  Since  the  number  of 
cycles  to  failure  for  the  above  two  cases  were  the 
same,  it  follows  that  between  room  temperature 
and  the  curing  temperature  the  fatigue  behaviour 
of  this  laminate  is  the  same. 

4.2  The  |0790°1,  laminate 

Similar  to  the  [  ±  4.3°].,  laminate,  the  two  cases  with 
and  without  thermal  effects  included  were  con¬ 
sidered  for  the  !()74()°|.^  laminate.  The  results  of 
the  twii  cases  are  shown  in  Fig.  ,3.  In  the  same 
figure  the  experimental  results  given  in  Ref.  2  are 
also  plotted  for  comparison.  For  the  first  case,  the 
initial  thermal  stresses  were  taken  into  account 
and  the  fatigue  life  at  high  stress  levels  was  higher 
than  that  in  Ref.  2.  However,  the  fatigue  life  it  low- 
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stress  levels  was  lower  than  that  in  Ref.  2.  Never¬ 
theless,  the  present  results  are  close  to  the  experi¬ 
mental  data  in  Ref.  2.  This  indicates  again  that  the 
initial  thermal  stresses  are  important  in  the 
prediction  of  laminate  stress-strain  behaviour. 
For  all  applied  strains,  the  minimum  number  of 
cycles  to  failure  occurred  at  the  free  edge,  near  the 
resin/90°  interface  (see  Fig.  li'ci  inside  the  90° 
layer. 

In  the  second  ca.se  the  initial  thermal  stresses 
were  not  included  and  the  .V-.V  results  in  Fig.  3 
indicate  that  the  fatigue  life  is  lower  than  that  in 
the  previous  case.  For  example,  at  the  same 
applied  stress  the  laminate  without  initial  thermal 
stresses  included  has  a  much  smaller  number  of 
cycles  to  failure  than  the  laminate  with  initial 
thermal  stresses  included.  The  minimum  number 
of  cycles  occurred  at  the  same  position  as  in  the 
previous  case. 

For  the  present  laminate  the  initial  thermal 
stresses  were  significant  in  magnitude  vvhen  con.- 
pared  with  the  mechanical  stresses.  They  also  had 
the  effect  of  increasing  the  overall  stresses  in  the 
laminate.  Consequently  the  .S-,V  results  tor  the 
case  without  the  initial  thermal  stresses  included 
were  worse  than  those  w'ith  initial  thermal  stresses 
included.  As  indicated  above,  this  case  without 
initial  thermal  stresses  included  can  be  taken  as 
the  case  when  the  laminate  is  subjected  to  the 
same  temperature  when  curing  is  taking  place.  It 
follows  that  the  fatigue  lift  of  the  |0°/9{)°1,  lami¬ 
nate  at  an  elesated  temper;iture  is  Itrwer  than  that 
at  room  temperature. 

5  CONCLUSION 

A  formulation  for  the  fatigue  analysis  of  aniso¬ 
tropic  symmetric  laminates  has  been  described. 
Using  this  formulation  the  fatigue  behaviour  of 
1()790°L  and  |  ±4,3°|_  laminates  was  studied,  based 
on  the  interlaminar  strc.sses  inside  the  laminate. 
The  analysis  took  into  account  the  initial  thermal 
stresses  in  the  laminate  resulting  from  the  curing 
procedure.  The  present  results  were  close  to  the 
experimental  data  of  past  investigators.  The 
( ±4.3°[  laminate  was  found  to  have  the  same  S-N 
relationship  at  temperatures  between  the  room 
temperature  and  the  curing  temperature.  How¬ 
ever,  the  !0°/90°l..  laminate  was  found  to  have  a 
better  fatigue  life  at  room  te.aperature  than  at  an 
elevated  temperature. 

I  hc  present  formulation  provides  a  convenient 
method  of  life  evaluation  of  symmetric  angle-ply 
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laminates.  I'his  vsiil  be  usclul  inr  tiesigncrs  in 
situati(.>ns  such  as  choosing  the  type  ot  laminate 
stacking  sequence  when  designing  a  composite 
structure. 
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This  paper  presents  a  model  that  explores  the  thermal  buckling  ol  three-layer 
sandwich  beams  possessing  thick  facings  and  moderately  stiff  cores.  Bimodular 
facings  and  core  material  arc  used.  In  contrast  to  conventional  theory,  the 
effects  of  transverse  shear  deformation  in  the  facings  as  well  as  the  effect  of  the 
stretching  and  bending  action  in  the  core  on  thermal  buckling  are  considered. 
The  governing  equations  are  derived  using  the  principle  of  minimum  total 
potential  energy  and  the  fact  that  its  second  derivative  is  zero.  The  finite-cle¬ 
ment  results  are  presented  in  order  to  investigate  the  effects  of  important  para¬ 
meters  such  as  thickness,  thermal  expansion  coefficients  and  moduli  ratio  on 
critical  buckling  temperatures. 


1  INTRODUCTION 

One  of  the  most  important  and  widely  popular 
composite  structures  is  that  of  the  sandwich.  As 
the  core  maintains  a  definite  separation  of  two 
facings,  the  bending  resistance  of  a  sandwich 
structure  is  larger  than  a  single  facing.  Although 
the  volume  of  a  sandwich  structure  is  larger,  it  has 
the  benefits  of  light  weight  and  high  bending 
resistance  which  has  made  the  sandwich  structure 
m  important  component  in  widespread  applica¬ 
tions. 

The  study  of  the  sandwich  structure  was  first 
addressed  by  Hoff  and  Mautner  in  194.5.'  Many 
subsequent  authors,  such  as  March.-  Hoff,'  ^ 
Libove  and  Batdorf,'^  Hemp'’  and  Eringer-  suc¬ 
cessively  investigated  its  bending  problems. 
Gordaninejad  and  Bert  developed  a  new  model 
for  the  sandwich  beam,"  and  applied  it  in  the 
study  of  vibration  and  bending  problems." 

The  thermal  stress  of  the  sandwich  structure 
was  investigated  asing  the  theory  of  elasticity  by 
Bijlaard'"  and  Pogorzeiski,"  who  subjected  sand¬ 
wich  plates  to  thermal  gradients.  Ebcioglu.'- 
using  the  principle  of  minimum  total  potential 
energy,  determined  the  stress  induced  on  the 
sandwich  structure  by  transverse  loadings,  boun¬ 
dary  forces  and  temperature  gradients.  Hussein  ef 
al.'^  considered  the  effects  of  inter-layer  shear 
stresses  on  thermal  stresses. 

The  concept  of  a  bimodular  material  was  intro¬ 
duced  by  Timoshenko,'"’  who  in  1941  considered 


the  flexural  stresses  of  such  a  material  undergoing 
pure  bending.  Tran  and  Bert,''’  using  the  transfer 
matrix  method,  studied  the  small  bending  deflec¬ 
tion  of  homogeneous  bimodular  beams.  Column 
buckling  of  general  bimodular  materials  was 
considered  by  Rigbi”  and  Rigbi  and  Idan,'  "  while 
the  bifurcation  buckling  of  a  uniform,  slender, 
cantilever  column  constructed  of  bimodular  mate¬ 
rial  was  studied  by  Bert  and  Ko.'"  Dynamic  ana¬ 
lyses  of  bimodular  beams  known  at  present  were 
investigated  by  Klicchatryan.-"  Galoyan  and 
Khachatryan.-'  Bert  and  Tran”  and  Rebello  et 
al.-^  All  of  these  works  involved  either  free  or 
forced  vibrations. 

This  paper  studies  the  thermal  buckling  of 
bimodular  sandwich  beams  possessing  thick 
facings  and  moderately  stiff  cores  under  uniform 
or  tent-like  temperature  fields.  The  governing 
equations  are  derived  using  the  principle  of  mini¬ 
mum  total  potential  energy.  The  finite-element 
results  are  presented  in  order  to  study  the  effects 
of  a  number  of  important  parameters  on  the  criti¬ 
cal  buckling  temperature. 

2  FINITE  ELEMENT  FORMULATION 

Consider  a  three-layer  bimodular  sandwich  beam 
with  total  thickness  h.  and  length  I.  as  shown  in 
Fig.  1 .  /»„,  is  the  thickness  of  the  mth  layer,  .r  and  c 
are  respectively  the  Cartesian  position  coordi¬ 
nates  along  the  length  of  the  beam  and  normal  to 
it,  measured  from  the  midplane  of  the  beam. 
Based  on  the  Duhamel-Ncumann  form  of 


*1(1  whom  correspondence  should  he  addressed. 


.345 


(  oniposiic  Strut  nircs  026.3-X223/93/$06.()()  ©  1993  Idsevier  Science  Publishers  l.td,  Kngland.  Printed  in  (ireat  Britain 


346 


Tin  l.an,  Psanji  Ouin  l.in.  I.ien  Wen  (  hen 


Hooke’s  law,  the  stress-strain  relations  of  the  with 
layer  are: 


G 

^■‘krr, 

0 

f-aAT 

T 

0 

.  }'  . 

where  f  and  y  represent  the  axial  normal  and 
transverse  shear  strain  respectively  and  o  and  r 
are  their  corresponding  stresses;  a  is  the  thermal 
expansion  coefficient,  and  A  7  is  the  temperature 
rise.  Note  that  the  subscript  k  of  and  0\„, 
refers  to  the  sign  of  strain  (k  =  t  for  tension  and 
k  =  c  for  compression ;,  w  hile  the  subscript  ni 
denotes  the  layer  number  (see  Fig.  1 1.  In  <irder  to 
account  for  the  transverse  shear  deformation 
effects,  the  Timoshenko  displacement  field  is 
used: 

=  iijxi  +  (2a! 

u'i.v.c '  (2b) 

ii„  and  Vi',,  are  associated  midplane  displacements 
and  ^  is  the  bending  slope.  The  displacement,  ii. 
is  required  in  order  to  account  for  the  lack  of 
symmetry  about  the  midplane,  due  to  different 
facing  thicknesses  or  bimodular  material  behav¬ 
iour.  With  the  assumptions  that  the  material  is  not 
extensible  in  the  thickness  direction  and  that 
vvl.v.ci  is  independent  of  Consequently,  the 
strain-displacement  equations  of  linear  elasticity 
are: 


Fig.  I .  I'hrce-laycr  Miniiw  ieh  hcani  w  ilh  ci)inp( i^itc  t;it 


where  extensional  stiffness  A .  Ilexural-exten- 
suvnal  coupling  stiffness  H.  flexural  stiffness  /). 
and  transverse  shear  stiffness  .V  'per  unit  width' 
for  a  laminate  beam  tire  defined  as: 


{A.B.n.S)  = 


'6f 


The  shear  correction  factor,  k'.  is  obtained  from 
the  equilibrium  equation  of  elasticity  in  the  .v-r 
plane  and  the  concept  of  equivalent  strain 
energy.-^  and  is  expressed  as: 


dll  dll,,  d'F 

f  =  q“  =  -r“ =  f„+ ex'  (3a) 

dx  d.v  d.r 


0M'  du_3u'„ 
dx  dz  dx 


(3b) 


As  usual,  the  normal  stress,  moment,  and  trans¬ 
verse-shear  stress  resultants,  each  per  unit  width, 
defined  respectively  by: 


'h.l 

a 

M 

zo 

Q_ 

h  2 

X 

can  be  obtained  by  integration  of  stre.sses  over  the 
thickness  h  with  eqn  ( 1 ): 
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where  a  and  h  arc  the  extensional  and  flexural 
partial  stiffnesses  defined  as 


i8i 


The  thermal  stress  resultant.  A’,,  and  the  thermal 
moment  resultant.  M, ,  are  defined  as: 


(7V,.A/, 


‘h:l 

Ei„„aA  T[  1  .z )  dc 

hi2 


m 


The  integration  of  eqns  (6)-(9)  were  carried  out  in 
a  piecewise  fashion  from  one  layer  to  the  next, 
with  account  taken  of  the  tension  or  compression 
within  appropriate  pttrtions. 

The  problem  was  solved  by  a  number  of  qua¬ 
dratic  Lagrangian  elements  with  three  nodes  and 
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nine  degrees  of  freedom  elements.  The  displace¬ 
ment  components  were  approximated  by  the  pro¬ 
duct  of  the  shape  function  matrix.  [;Vj,  and  the 
nodal  displacement  vector,  {r/;  !  =  ve,,,  U^,p,  i.e. 


Iql'lK.lUji-Un'if-], 


i?‘i=  T  [ 

/■»  I 


The  superscript  "c  indicates  that  these  variables 
are  defined  on  the  element  and  are  to  be  deter¬ 
mined.  The  shape  functions  are  given  by: 


‘V|  =-  1) 


.V,=  l  -5- 


A'..  =  -Iic+1) 


The  midplane  strains  and  curvatures  on  the  ele¬ 
ment,  e.  can  be  rewritten  as; 

(i2t 


=  (15) 

0.\  I  [ 

The  strain  matrices  of  |/^„1  and  |/^^,) are 

given  by: 

[flJ  =  [a,V,/d.v()n|  (16a) 

i«,J  =  [()O0>V,/d.xi  (16b) 

\BJ  =  \0  d\'Jdx  i\,]  (16c) 

|/^^,]  =  j0  dA(,/04:()|  (16d) 

The  total  potential  energy,  ti.  is  the  sum  of  the 
strain  energy,  jr,,  and  the  work  done  by  the 
applied  distributed  normal  loading,  jr,,  i.e. 

.;r=:T:,  +  ;r,  (17) 

where 


^1=:;  (N£+<2yld.xdz 

^  J  H 

=  i  \~W?{K:]W\-\qr\Pr] 


1  . 

,T.  =  -  /V  

-  2  I,  id.v 


1  I  \q‘ 


with  element  structural  stiffness  matrix 


1^(1=  + 


element  geometric  stiffness  matrix 


element  thermal  load  vector 


1/^'))=  P.!'.V.,+i^„r.\/,j|./|d^  :20i 

J  1 

where  |./j  is  the  determinant  of  the  Jacobian 
transformation  matrrix. 

For  the  displacement  field  ctf  prebuckling,  mini¬ 
mization  of  ,T,  with  respect  to  the  generalized 
displacement  vector  jr/}  gives  the  following  set  of 
equations: 

|AJ!r/l  =  |/-Tl  121) 

For  the  critical  buckling  state  corresponding  to 
the  neutral  equilibrium  condition,  the  second 
variation  of  total  potential  energy,  .t,  must  be  set 
to  zero  which  gives  the  following  standard  eigen¬ 
value  problem: 

||A'J  +  A[/y,J|=0  (22) 

The  product  of  A  and  the  initial  guessed  value  A  T 
is  the  critical  buckling  temperature,  7(.,. 

The  different  properties  of  the  tension  and 
compres.sion  of  bimodular  matenafs  cause  the 
neutral  surface  position  to  shift  away  from  its 
geometric  midplane.  In  the  calculations,  as  the 
actual  neutral  surface  positions  were  not  known, 
an  iterative  technique  was  employed  in  order  to 
compute  their  locations.  The  iteration  procedure 
began  with  an  assumed  value  of  the  neutral  sur¬ 
face  position.  Dummy  stiffness  and  thermal  load 
were  then  computed  from  eqns  (6)  and  (9)  using 
these  assumed  values.  After  the  eigenvalues  and 
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eigenvectors  were  obtained,  the  new  neutral 
surface  locations  were  given  by: 

(23) 

Using  these  new  values,  the  stiffnesses  for  the  next 
iteration  are  computed.  This  procedure  is 
repeated  until  the  differences  between  any  two 
consecutive  values  of  the  neutral  surface  at  all 
nodal  points  are  smaller  than  one  tenth  of  the 
thickness. 


.3  NUMERICAL  RESULTS  AND 
DISCUSSION 

In  this  section,  two  sets  of  boundary  conditions 
for  beams  subjected  to  either  a  uniform  or  tent¬ 
like  temperature  field  are  studied.  For  the  sake  of 
simplicity,  the  thermal  expansion  coefficient  of  the 
core  is  assumed  to  be  zero  since  its  value  is  in 
general,  very  small. 

3.1  A  beam  hinged  at  both  ends  (denoted  as 
H-H) 

In  this  case,  the  midplane  displacements.  and 
h;,,  at  both  ends  (i.e.  x=  ±  //2)  are  zero. 

3.  l.l  A  H-fl  beam  under  a  uniform  temperature 
field 

The  neutral  surface  of  the  core  is  located  exactly 
at  the  midplane  of  the  beam  since  strain  is  zero. 
Moreover,  the  strain  of  the  facing  having  the 
smaller  thermal  coefficient  is  always  negative. 
Consequently,  the  stiffness  of  the  beam  depends 
only  upon  the  neutral  surface  of  the  other  facing 
possessing  the  higher  thermal  coefficient. 

The  influence  of  the  bimodular  elastic  moduli 
ratio  {EJEfi  of  the  facing  and  the  thermal  expan¬ 
sion  coefficient  ratio,  a, /a,,  on  the  critical  buck¬ 
ling  temperature,  T,.,,  is  shown  in  Figs  2  and  3. 
Note  that  by  increasing  a, /a,,  the  beam  deflec¬ 
tion  also  increases,  and  the  .section  bending 
moment,  the  neutral  position  location,  and  the 
beam  stiffness  all  change  simultaneously.  Note  in 
Fig.  2  where  E^>  £\.,  the  increa.se  in  the  thermal 
expansion  coefficient  ratio  and  the  shift  in  the 
neutral  position,  sharply  changes  the  stiffness  and 
the  buckling  temperature.  The  effect  of  a, /a,  on 
the  critical  buckling  temperature  for  the  case  of 
E,.  >  E,  is  illustrated  in  Fig.  3.  Note  that  a  decrease 
in  stiffness  corresponds  to  a  shift  in  the  neutral 
position  of  the  upper  facing.  Since  £,  has  more  of 


Fig.  2.  Effect  of  transverse  expansion  ratio  a./ai  on 
thermal  buckling  load  7(,  for  various  bimodulus  ratios 
(£,>£■,.)  for  H-H  beam  under  uniform  temperature  field 
(£,,  =  £.,=  1x10'.  £.=  lxH)-.  a.  =  0.  n,=  lxn) 

f'\i/£u=<>-5U-  =  6()0./i,  =  3i. 


Fig.  3.  Effect  of  aja^  on  'f.,  for  various  bimtxlulus  ratios 
t£^,>£,)  for  H-H  beam  under  uniform  temperature  field 
(£,,  =  £;.,=  I  X  1()\  £,=  lxl()-.  a,  =  ().  «-,=  lxl(t 

f'ki/£-k,=0  S.  £  =  600.  £,  =  3). 

an  influence  on  a  decrease  in  thermal  stress  than 
on  a  decrea.se  in  stiffness,  a  lower  EJE^  value 
corresponds  to  a  higher  critical  buckling  tempera¬ 
ture. 

The  influence  of  the  core’s  rigidity  on  the  criti¬ 
cal  buckling  temperature  is  presented  in  Fig.  4. 
Fligher  core  rigidity  is  accompanied  by  a  higher 
buckling  temperature  and  a  larger  change  in  the 
neutral  position. 

The  influence  of  the  upper  and  lower  facings' 
modulus  ratio  (E^/E,)  and  the  thermal  expansion 
ratio  on  the  critical  buckling  temperature  is  dis- 
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Fig.  4.  Effect  of  Oi/a,  and  core  moduli  on  7'.,  for  H-H 
beam  under  uniform  temperature  field  =  1  x  10'. 

£,,  =  £,,=  1  X  10^  a,  =  0.  a,=  lxl0-',  O\|7£k,=0-5. 

£  =  600, /i' =3). 


Fig.  5.  F'.ffect  of  ajox  and  facing  moduli  on  /.,  for  H-H 
beam  under  uniform  temperature  field  (7-.i  =  lxlo^, 

£,i/£,,  =  10,  a,  =  0,  o,=  lx  10  (,^,/£^,=0-5.  £  =  600, 

h,  ~  3). 


played  in  Fig.  5  where  E,  >  E^  .  Note  that  a  higher 
value  of  EjEf  is  accompanied  by  a  lower  buck¬ 
ling  temperature.  This  phenomenon  can  be 
explained  in  terms  of  the  lower  facing's  stiffness, 
an  increase  of  which  affects  the  location  of  the 
upper  facings’  neutral  position,  reducing  the 
upper  facing  stiffness  and  that  of  the  entire  beam 
as  well.  Although  the  thermal  stress  is  also 
reduced,  it  only  decreases  linearly  with  a  change 
in  the  neutral  position  whereas  the  stiffness 
decreases  by  a  power  of  three.  A  comparison  of 
the  effects  of  a  change  in  the  thermal  stress  and 
that  of  the  stiffness  reveals  that  the  stiffness  has 


Fig.  6.  Effect  of  a  I /a  ,  and  /  ,  ,  on  for  H-H  beam 

under  tent-like  temperature  field  =  £^,=  1  x  it)'. 

£„  =  £„  =  5xU)\  £,=  lxl()-.  a,=(),  a;=lxl()  ^ 

0\,/£n=()-.s.  £  =  600.  ft,  =  3. 


more  of  an  effect  on  the  critical  buckling  tempera¬ 
ture. 


3.1.2  A  H-H  beam  under  a  tent-like  temperature 
field 

The  tent-like  temperature  field  is  given  by: 


T{x) 


fi,+  fi{\-2x/l] 
7:,+  7-,(l  +  2x//) 


where  T„  and  T,  are  the  uniform  and  gradient 
temperatures,  respectively. 

The  influence  of  temperature  distribution  ( T,  / 
TJ  and  the  thermal  expansion  ratio  on  the  buck¬ 
ling  behaviour  of  the  bimodular  sandwich  beam 
under  a  nonuniform  temperature  is  shown  in  Fig. 
6.  Note  that  a  steep  temperature  gradient  corre¬ 
sponds  to  a  large  change  in  the  deflection  and  in 
the  location  of  the  neutral  position.  Likewise,  a 
steep  buckling  temperature  gradient  corresponds 
to  a  large  change  in  the  stiffness. 

The  effect  of  the  H-H  beam  thickness  on  the 
critical  buckling  temperature  gradient  is  shown  in 
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Fig.  7.  In  comparison  with  a  homogeneous  beam 
of  the  same  facing  material,  the  sandwich  beam 
possesses  lower  stiffness  and  a  highly  buckling 
temperature  gradient  due  to  the  low  thermal 
e.xpansion  coefficient  of  its  core.  Note  that  in 
general,  increasing  the  thickness  of  the  core  is  an 
effective  way  of  increasing  the  buckling  tempera¬ 
ture  gradient. 

3.2  A  beam  clamped  at  both  end.s  (denoted  as 
C-C) 

Note  that  the  displacements.  //„.  ,,  and  the  bend¬ 

ing  slope  W  are  zero  at  both  boundary  ends.  Also 
note  that,  in  a  uniform  temperature  field,  the  C-C 
beam  will  not  deflect  before  buckling.  Its  curva¬ 
ture  is  zero  and  the  whole  beam  is  subjected  to 
compression.  Consequently,  the  e.xtension  modu¬ 
lus.  has  no  influence  on  its  stiffness  before 
buckling. 

The  critical  buckling  temperature  of  a  C-C 
beam  subjected  to  a  nonuniform  temperature  field 
is  illustrated  in  Figs  8-10.  The  influence  of  tem- 


Fig.  7.  Kffect  of  thicknes.s  and  f,  / 7„  on  for  H-H  beam 
under  tent-like  temperature  field  (£,.i  “  ~  I  ^  OF. 

f:„  =  C,  =  5xt(F,  £j=lxl(F,  a,  =  lxtO  \  a,  =  0, 
a,=  )  X  10  ^  0\,/£n  =05,  /.  =  600,  /i,  =  3). 


peraturc  distribution  on  the  unimodular  beam's 
critical  buckling  temperature  gradient  '  /j,,.  is 
shown  in  Fig.  8.  while  the  influence  of  tempera¬ 
ture  distribution  and  the  thermal  e.xpansion  co- 


Fig.  9.  Effect  of  a  I /a  ,  and  7'|/7„  on  7'^.,  for  C-C  beam 
under  tent-like  temperature  field  {£^=1  x  10^.  £,  =  2x  lO'*. 
a=lxl0  ',  a,  =  0.  a.=  lxl0  £  O\,/£^|=0-5.  £  =  600. 
6,  =  3). 
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Fig.  IG.  r-ffcct  and  /:,,'F  on  /,,,  for  C'-C  hcani 

under  teni-like  temperature  field  '  /,,  =  ().  /•.,,  =  1  x  10', 
a.  =  0.  « ;  =  5  X  1  (1  ■  \  (4,//;^  =  (l-.l. '/.  =  600.  //,  =  >. 


efficient  ratio  on  the  bimodular  sandwich  beam's 
critical  buckling  temperature  are  shown  in  Fig.  9. 
Figure  10  reveals  that  a  C-C  beam  possessing  a 
high  modulus  ratio  and  a  lower  thermal  expansion 
coefficient  ratio  has  higher  critical  buckling  tem¬ 
perature  gradient.  /'i,.,. 


4  CONCLUSIONS 

This  paper  investigated  the  thermal  buckling  of 
three-layer  bimodular  sandwich  beams  pos.se.ssing 
thick  facings  and  moderately  stiff  cores.  The 
effects  of  transverse  shear  deformation  in  the 
facings  as  well  as  the  effects  of  the  stretching  and 
bendinH:  action  in  the  core  on  thermal  buckling  are 
considered.  Two  sets  of  boundary  conditions, 
hinged  or  clamped  at  both  ends,  are  studied  under 
uniform  or  tent-like  temperature  fields.  The  fol¬ 
lowing  important  conclusions  were  obtained: 

( 1 )  The  stiffness  of  the  bimodular  sandwich 
beam  varies  with  the  temperature  rise  due 


to  differences  in  the  thermal  expansion 
coefficients  of  the  facings.  When  this  differ¬ 
ence  is  large,  the  effects  on  stiffness,  critical 
buckling  temperature,  and  buckling  tem¬ 
perature  gradient  are  more  pronounced. 

(2)  In  a  uniform  temperature  field,  a  H-H 
bimodular  beam  facing  possessing  a  lower 
thermal  expansion  coefficient  always 
undergoes  compression,  whereas  the  facing 
of  a  C-C  bimodular  beam  is  subjec*"d  to 
axial  compressive  strain  and  its  stiffness 
remains  unchanged  until  buckling. 

(3)  In  a  nonuniform  temperature  field,  strain  of 
a  C-C  beam  varies  in  the  axial  direction. 
The  thermal  strain  is  nonsymmetric  in  the 
direction  of  thickness  if  the  thermal  expan¬ 
sion  coefficients  of  the  layers  differ. 

(4)  Provided  the  core's  thermal  expansion 
coefficient  is  low.  the  best  method  for 
increasing  sandwich  stiffness  and  the  criti¬ 
cal  buckling  temperature  gradient  is  to 
increa.se  the  core  thickness. 
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A  description  is  given  of  the  multi-term,  finite  strip  analysis  of  the  free  vibration 
and  buckling,  under  a  system  t)f  applied  biaxial  direct  and  shear  stresses,  of 
thin,  prismatic  shell  structures.  The  walls  of  the  structure  may  be  composite 
laminates  with  a  general  lay-up.  The  analysis  is  based  on  the  use  of  Koiter- 
Sanders  thin  shell  theory.  Combinations  of  diaphragm,  clamped  and  free  condi¬ 
tions  at  the  two  ends  of  a  structure  are  incorporated.  The  displacement  field  of 
a  transversely-curved  finite  strip  utilises  Bernoulli-Euler  beam  functions  in  the 
longitudinal  direction  and  quintic  polynomial  representations  in  the  circumfer¬ 
ential  direction.  The  superstrip  concept  is  used  in  conjunction  with  the  modi¬ 
fied  Sturm  sequence-bisection  approach  to  provide  an  efficient  analysis 
capability.  Several  applications  involving  Hat  plates,  curved  plates  and  complete 
cylinders  are  detailed. 


1  INTRODUCTION 

Pri.smatic  plate  and  shell  structures  are  important 
load-bearing  structural  components  in  various 
branches  of  engineering.  Such  prismatic  struc¬ 
tures  may  be  made  of  metal  or  —  in  aerospace  and 
marine  engineering  particularly  —  may  be  made 
of  fibre  reinforced  composite  laminated  material. 
As  part  of  the  design  process  for  such  structures  it 
is  necessary  to  be  able  to  predict  accurately  the 
vibrational  and  buckling  behaviour.  For  such  a 
prediction  the  finite  strip  method  (FSM)  offers  an 
attractive  blend  of  accuracy,  economy  and  ea.se  of 
modelling. 

In  recent  years  the  FSM  has  been  developed  to 
a  very  considerable  extent  for  analysis  of  the 
buckling  and  free  vibration  of  prismatic  plate 
structures  whose  component  plates  are  flat. 
Reviews  of  this  subject  area  are  contained  in 
recent  publications' ’  and  analyses  have  been 
done  on  the  basis  of  the  use  both  of  classical  (thin) 
plate  theory  and  of  first-order  shear-deformation 
plate  theory.  The  FSM  analysis  of  prismatic  shell 
structures,  i.e.  circular  cylindrical  shells,  a.s.sem- 
blies  (vf  component  plates  some  of  which  are 
transversely  curved,  etc.,  has  received  much  less 
attention,  though  some  studies  are  available  in  the 


literature.^  In  these  studies  the  development  of 
strip  properties  is  on  the  basis  of  thin  shell  theory, 
in  which  through-thickness  shear  effects  are 
neglected,  and  the  analyses  all  have  one  or 
another  major  restriction  on  their  range  of 
application. 

The  current  development  represents  a  major 
enhancement  of  earlier  work  by  Dawe^''  and 
Morris  and  Dawe' wherein  high-order  curv'ed 
finite  strips  were  developed  and  used  successfully 
in  linear  static,  buckling  (under  biaxial  direct 
stre.ss)  and  vibration  studies.  In  the  earlier 
studies^  ''  dealing  with  buckling  and  vibration  the 
shell  material  is  isotropic,  the  ends  of  the  shell  are 
diaphragm  supported  and  the  analyses  are  of  the 
single-term  type,  i.e.  displacements  vary  purely 
sinusoidally  along  the  structure  length  with  nodal 
lines  straight  and  parallel  to  the  ends  in  any  mode 
of  buckling  or  vibration. 

In  the  present  work  the  developed  FSM  buck¬ 
ling  and  vibration  capability  is  still  based  on  the 
use  of  thin  shell  theory  (that  of  Koiter"  and 
Sanders’’)  and  hence  is  strictly  applicable  only  to 
thin-walled  structures.  Now,  though,  the  walls  of 
the  structure  may  be  fibre-reinforced  composite 
laminates  of  arbitrary  lay-up.  the  system  of 
applied  stres.ses  may  include  shear  stress  as  well  as 
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biaxial  direct  stresses,  and  the  conditions  at  the 
two  ends  of  the  structure  may  be  any  combination 
of  diaphragm,  clamped  and  free  conditions.  To 
accommodate  these  enhancements  the  displace¬ 
ments  are  of  the  multi-term  type  and  Bemoulli- 
Euler  beam  functions  are  used  in  the  longitudinal 
direction  The  solution  procedure  now  incorpor¬ 
ates  the  powerful  superstrip  concept  in  conjunc¬ 
tion  with  the  modified  Sturm  sequence-bisection 
approach,  in  the  manner  described  in  earlier  work 
concerning  plate  structures.- 

The  present  study  is  part  of  a  more  general 
investigation  into  the  use  of  the  FSM  to  solve 
problems  of  buckling  and  vibration  of  shell  struc¬ 
tures.  A  related  report”  describes  the  develop¬ 
ment  of  a  FSM  capability  based  on  the  use  of 
shear  deformation  shell  theory. 

2  FINITE  STRIP  ANALYSIS 
2.1  General  remarks 

A  curved-plate  finite  strip  which  is  assumed  to 
form  part  of  a  prismatic  shell  structure  is  shown  in 
Fig.  1(a).  The  strip  has  a  uniform  radius  of  curva¬ 
ture  /?.  thickness  h.  curved  breadth  h  and  length 
A .  The  local  axes  .rvz  are  surface  ones,  i.e.  axial 
ior  longitudinal),  circumferential  and  normal 
ones.  The  strip  has  four  reference  lines,  numbered 
in  Fig.  1(a),  at  which  the  degrees  of  freedom  are 
located. 

The  finite  strip  may  be  subjected  to  the  applied 
membrane  stress  system  shown  in  Fig.  Kb),  lead¬ 
ing  to  buckling,  or  it  may  be  undergoing  harmonic 
motion  whilst  vibrating  in  a  natural  mode  with 
circular  frequency  p  (or  both  these  influences  may 


be  pre.sent,  but  this  is  not  pursued  further  here). 
The  applied  stress  system  comprises  uniform 
circumferential  stress  uniform  shear  stress  r',',. 
and  axial  stress  a\'  whose  intensity  around  the 
strip  may  vary  as  a  quintic  polynomial  distribu¬ 
tion. 

The  displacements  n,  v.  w  .shown  in  Fig.  l(ai 
are  axial,  circumferential  and  normal  displace¬ 
ments  at  a  point  on  the  middle  surf  ace  of  the  shell 
strip.  The.se  displacements  are  in  fact  perturbation 
displacements,  i.e.  they  represent  changes  that 
occur  at  the  instant  of  buckling  following  the 
application  of  the  given  inplane  stress  system  at  its 
cntical  level,  or  represent  changes  that  occur 
during  vibration  about  a  datum  position.  In  what 
follows,  other  quantities  such  as  stres.ses  and 
strains  are  to  be  understood,  in  a  similar  way.  to 
be  perturbation  quantities  (except,  of  course,  for 
the  prescribed  stress  components  which  are  iden¬ 
tified  by  the  superscript  0). 

2.2  Shell  equations 

The  development  of  strip  stiffness  properties  is 
ba.sed  upon  the  use  of  the  strain-displacement 
equations  of  Koiter-Sanders  thin  .shell  theory,” 
The  linear  expressions  for  the  three  significant  in¬ 
surface  strain  components  are.  at  a  general  point. 

f,  =duldx~  zd-H'Idx- 

f,.  -dr/dy  +  w/R  -l-c(  -d-w/dy-  -)-( 1  /R)dv/dy) 

y„  =  dn/0y  +6f/0x  +  -  20- w/dxdy 

+  {?idi'ldx  -dii/dy]/2R)  ll) 

In  general  the  finite  strip  is  assumed  to  be  a 
laminate  which  is  composed  of  a  number  of  layers 


Fir.  I .  A  curved  finite  strip:  (a)  geometry  and  di.splaccments;  (b)  applied  stress  system. 
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of  unidirectional  fibre-reinforced  composite 
material.  Making  the  usual  assumptions,  the 
stress-strain  relationships  at  a  general  point  for 
the  /th  layer  arc 


The  strain  energy,  U.  of  the  curved  strip  is 
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where  V  denotes  the  volume  of  the  strip.  With  the 
definitions  given  in  eqns  (l)-<4;  U  can  also  be 
expressed  as 
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where  are  plane-stress  reduced  stiffness  coeffi¬ 
cients.  The  constitutive  relationships  for  the 
laminate  are  obtained  through  use  of  eqns  ( 1 )  and 
(2)  and  appropriate  integration  through  the  thick¬ 
ness,  and  are 
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Here  A', ,  .V,  and  ,A'„  arc  the  membrane  direct  and 
shearing  forces  per  unit  length,  and  /Vf,.  M,  and 
are  the  bending  and  twisting  moments  per 
unit  length.  The  laminate  stiffness  coefficients  are 
defined  as 


h/2 


Qii{\,z,z^)dz  /,>  =  1,2,6 

(4) 


The  form  of  the  above  constitutive  equations  is 
very  general,  allowing  for  full  material  coupling 
between  in-surface  and  out-of-surface  behaviours 
and  for  general  anisotropy. 


This  strain  energy  expression  will  not  be 
pre.sented  in  full  here  but  clearly  it  includes  the 
effects  of  in-surface  stretching  and  shearing 
action,  of  out-of-surface  bending  and  twisting 
action  and  of  coupling  between  in-surface  and 
out-of-surface  actions. 

If  applied  stress  o'f  o‘'  and  r”  are  present,  their 
potential  energy  arises  from  the  action  of  the 
applied  stresses  on  the  corresponding  second- 
order  strains  f  ,  r  and  .  These  strains  are 
defined  as 
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and  the  potential  energy,  ly,,  of  the  applied 
sfrcs.scs  is 
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+r,jy,  )d-vdy 


(8) 


If  free  vibration  is  taking  place  it  is  assumed 
that  the  displacements  move  with  simple 
harmonic  motion  having  a  natural  circular 
frequency  p.  In  dealing  with  this  problem  it  is  con¬ 
venient  if  we  now  regard  the  displacements  as 
amplitudes  of  the  motion  and  V  as  the  maximum 
strain  energy  occurring  during  a  cycle  of  the 
vibration.  The  maximum  kinetic  energy  during  the 
cycle  is 
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2.3  The  strip  displacement  field 

The  state  of  perturbation  displacement  in  the 
buckled  or  vibrating  finite  strip,  i.e.  the  strip 
displacement  field,  is  defined  by  the  variations 
over  the  middle  surface  of  the  strip  of  ii.  v  and  u-. 
liach  of  these  displacements  is  represented  spa¬ 
tially  as  a  summation  of  products  of  longitudinal 
.v-direetioni  series  terms  and  circumferential  I  v- 
direction  polynomial  functions.  (In  the  dynamic 
problem  ii.  r  and  u- are  regarded  as  amplitudes.) 
The  specific  spatial  displacement  field  used  here 
is 
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In  eqn  (  1 0)  the  Ofyi  occurring  in  a-y-.  are  each 
row  matrices  defined  as 

<I>(  v)  =i  I  y  y '  y '  y  ‘  y'i  I  I 

This  indicates  that  u.  r  and  tv  are  each  repre¬ 
sented  in  the  circumferential  direction  by  quiniic 
polynomial  functions.  iThe  merits  of  high-order 
displacement  representation  for  analysing  thin, 
deep  shells  have  been  established  and  discussed  in 
Refs  5  and  b.  )  The  column  matri.x  A,  is  the  list  ol 
generalised  displacement  coefficients  correspond¬ 
ing  to  the  /th  term  of  the  longitudinal  series.  For 
each  series  term  the  generalised  coefficients  are 
related  to  appropriate  polynomial  degrees  vif  free¬ 
dom  d,  by  tin  equation  of  the  type 

.A=Cd,  12 

where  C  is  a  square  matrix  of  order  IS.  Fhe 
column  mttirix  of  degrees  of  freedom  for  series 
term  /  is  defined  as 

d,,=  !n|  u'l  b|  i(,  /■,  w,  di//dy  j  dr/dvi- 
(tx  /•)  us  (dt/Zdv',  dr/dyy  ii^  /s  p, 

1 .3 


d  =  1.  s,!.via!y)  A,  tiO) 

The  /-,  .V;  longitudinal  functions  in  s,;.vi  in  eqn 
10  tire  the  Bernouiii -F.uler  beam  functions 
which  have  been  used  frequently  in  the  past  in 
obtaining  .solutions  to  plate  and  shell  problems  by 
energy  methods  isee  the  monograph  by  Lcis.sa’'* 
for  shell  studies),  including  by  the  finite  strip 
method.''  A  beam  function  is  an  expression 
for  the  deflection  ( iv)  of  a  beam  when  vibrating  in 
ii  particular  mode  i.  The  beam  has  end  evrnditions 
which  correspond  to  a  combination  of  simply 
supported,  clamped  and  free  enils,  as  is  deemed 
appropriate  to  the  conditions  that  prevail  at  the 
ends  of  the  shell  structure  under  consideraiivm. 
Thus  it  appears  logical  to  represent  iv  in  the  x- 
direciion  for  the  finite  strip  by  the  series  of  /y(.v) 
functions,  and  then,  to  maintain  compatibility  at 
longitudinal  junctions  in  branched  shells,  it  is 
necessary  to  represent  r  in  the  same  fashion.  The 
selection  of  the  series  of  d/',(.V)/d.r  functions  to 
represent  u  longitudinally  is  somewhat  more 
arbitrary,  but  has  been  used  frequently  in  the 
past.'  *  It  is  particularly  appropriate  for  the  case  of 
diaphragm  supports  at  both  ends. 

The  summation  on  i  in  eqn  (10)  would 
ordinarily  be  consecutively  from  1  to  r  but  can  be 
more  selective,  according  to  the  nature  of  the 
problem  being  considered. 
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where 

dw  {■ 

14 

d\  R 

is  the  rotation  about  the  longitudinal  axis.  In  ecpi 
!  1 ,11  the  subscripts  1 .2. .3,4  relate  to  the  strip  refer¬ 
ence  lines  1 .2„3.4  shown  in  Fig.  I !  a  i. 

Finally,  on  combining  eqns  i  lO*  and  12:  the 
strip  displacement  field  can  be  expressed  as 

=  s,(.v!a!  v'Cd,  1.5^ 


Of  course,  in  effect  the  product  afyiC  is  a  matrix 
of  shape  functions. 

The  conditions  considered  here  at  the  ends  of  a 
shell  structure  are  combinations  of  diaphragm- 
supported  \or  simply  supported),  clamped  an. 
free  edges.  At  an  end  these  conditions  are  defined 
as  follows: 

Diaphragm  end: 

/'=  IV  =  A',  =  A/,  =0  (16) 

Clamped  end: 

u=v— w^dwfdx-O  (17) 

f  ree  end  : 


A,  =  A.,  +  3 
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dx  dy 
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Icniperaturc  and  me  curing  icmpciuiuic.  imw' 
ever,  the  |0°/y0°l.  laminate  was  iountl  to  have  a 
Ix’lter  fatigue  life  at  roi'm  te.iiperature  than  at  an 
elevated  temperature. 

I'he  present  formulation  proviilcs  a  convenient 
method  of  life  evaluation  of  symmetric  angle-ply 
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The  Bernoulli-Euler  beam  functions  used  in  the 
strip  displacement  field  satisfy  e.xplicitly  the 
necessary  kinematic  conditions  at  the  ends.  On 
the  other  hand,  the  natural  boundary  conditions 
arc  not  satisfied  explicitly,  except  in  particular 
cases,  c.g.  for  structures  with  diaphragm  ends  and 
made  of  orthotropic  material.  Of  course  explicit 
satisfaction  of  natural  boundary  conditions  is  not 
;i  requirement  of  the  present  approach  and  it  is 
only  necessary  that  such  conditions  be  allowed  to 
be  satisfied  as  a  result  of  the  variational  pro¬ 
cedure.  it  is  noted,  however,  that  .such  allowance 
is  not  always  possible  using  the  beam  functions 
and  that  then  the  displacement  field  is  not  strictly 
admissible.  This  occurs,  for  instance,  for  aniso¬ 
tropic  structures  with  diaphragm  ends.-  The  effect 
is  to  introduce  some  degree  of  over-constraint  at 
the  ends  but  not  to  an  excessive  extent. 

At  the  exterior  longitudinal  edges  of  a  strueture 
there  is  no  difficulty  in  applying  any  specified 
kinematic  conditions,  in  the  usual  Unite  element 
fashion,  and  there  is  n'^  contlict  in  allowing  any 
required  ntitural  conditions  to  arise. 

2.4  Strip  matrices,  superstrips  and  solution 
procedure 

The  displacement  field  defined  in  eqn  ( 1  .si  can  be 
used  in  conjunction  with  cqns  (6).  i8)  and  ift)  to 
establish  expre.ssions  for  the  strain  energy,  poten¬ 
tial  energy  cif  applied  stresses,  and  kinetic  energy 
of  a  strip  in  their  familiar  quadratic  forms  as 

I  =  d'kd  !ld) 

i;=td'M  (20) 

and 

/  =  p’d'md  (21  I 

Here  k.  k„  and  m  arc  the  local  stiffness,  geometric 
stiffness  and  consistent  mas,  matrices,  respec¬ 
tively.  and  d  is  the  column  matrix  of  all  local  strip 
degrees  of  freedom.  The  detailed  development  of 
these  matrices  will  not  be  given  here  hut  is  avail¬ 
able  in  the  work  of  Mohd."’  The  strip  has  18r 
degrees  of  freedom  if  it  is  assumed  that  r  scries 
terms  arc  used. 

Multilevel  substructuring  techniques  are  u.sed 
to  create  so-called  superstrips  using  the  approach 
developed  earlier  for  the  analysis  of  prismatic 
plate  structures.-  A  superstrip  is  an  assembly  of  a 
number  of  finite  strips  and  one  superstrip  may 
model  a  whole  component  curved  plate  or  part  of 
a  circular  cylinder,  subtending  a  large  angle.  Sub- 


structuring  is  first  employed  at  the  level  of  the 
individual  fmile  strip  to  eliminate  the  degrees  of 
freedom  at  the  two  internal  reference  lines  and 
hence  produce  a  strip  which  effectively  has  free¬ 
doms  only  at  its  outside  edges.  Then  repetitive 
subsiructuring  is  used  to  create  an  assembly  of  2 
strips  (where  <  =().  1 .  2.  ...  (  which  is  a  superstrip 
of  order  c,  or  simply  a  superstrip  C  .  rypically  wc 
may  take  with  Superstrip  .v  being  an 

assembly  of  .22  finite  .strips  but  it  is  possible  to  use 
up  to  c=  10,  or  1024  strips,  before  beginning  to 
meet  numerical  difficulties.  Whatever  the  value  of 
c.  a  .superstrip  ultimately  has  effective  degrees  of 
freedom  located  only  at  its  outside  edges  and 
there  are  Kr  such  freedoms.  There  is  no  loss  of 
accuracy  whatsoever  involved  in  substructuring 
out  the  very  many  internal  freedoms  associated 
with  a  Superstrip  ( .  i.e.  the  performance  of  a 
Superstrip  5.  say.  is  precisely  that  of  an  assembly 
of  .22  individual  strips  and  hence  is  a  very  ticcur- 
ate  mode).  Moreover,  superstrips  ctm  be  created 
with  very  little  penalty  ;is  regtirds  computation 
time. 

To  a.s.semble  a  model  branched  prismatic  shell 
structure  from  superstrips  will  require  the  trans¬ 
formation  of  superstrip  properties  from  the  local 
to  a  global  configuration.  In  fact,  two  types  of 
transformation  are  catered  for  in  the  analysis,  i.e. 
the  basic  rotation  transformation  arising  from  the 
fact  that  local  ii.xes  will  generally  not  coincide  in 
direction  with  a  chosen  set  of  global  axes,  and  an 
eccentricity  transformation.  Details  of  these  trans¬ 
formations  w  ill  not  be  given  here  but  are  of  similar 
type  to  those  considered  earlier.' 

Once  the  properties  of  all  the  superstrips 
forming  a  structure  are  established  in  ;i  global 
configuration  it  is  possible  to  assemble  the  struc¬ 
ture  stiffness,  geometric  stiffness  and  mass 
matrices.  Boundary  conditions  arc  applied  along 
longitudinal  lines,  as  appropriate  to  the  problem 
under  consideration.  Then,  symbolically,  the  final 
set  of  ei]uations  for  the  structure  has  one  of  the 
following  two  forms; 

(K-/j-IVljD  =  0  i22i 

(K-/K.JD  =  0  (22) 

Here  eqn  (22)  relates  to  the  free  vibration  prob¬ 
lem  whilst  eqn  (22)  corresponds  to  the  buckling 
problem.  K,  K^,  and  M  are  the  stiffness,  geometric 
stiffness  and  consistent  mass  matrices  of  the  struc¬ 
ture,  respectively.  D  is  the  column  matrix  of  struc¬ 
ture  degrees  of  freedom,  p  is  a  natural  circular 
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freciucncv  of  vibration  and  /  is  a  load  factor 
gvncrning  buckling. 

Because  of  the  use  of  substructuring,  the  eigen¬ 
value  problem,  of  eqn  ■  22<  or  eqn  !2,3.’,  is  non¬ 
linear.  The  practical  solution  of  the  set  of 
equations  to  yield  the  natural  frequencies  or  criti¬ 
cal  stresses  proceeds  in  the  manner  described  in 
detail  in  Ref.  2.  anil  involves  the  use  of  an 
extended  Sturm  sequence-bisection  approach.' 
This  iterative  approach  is  particularly  well  suited 
to  the  present  analysis  procedure  and  has  the 
great  merit  that  eigenvalues  are  determined  auto¬ 
matically  and  with  complete  certainty.  Once  a  par¬ 
ticular  eigenvalue  is  found  the  corresponding 
eigenvector  D.  representing  the  mode  of  vibration 
or  buckling,  is  determined  through  the  use  of  a 
random  force  vector. 


3  APPLICATIONS 


These  two  kinds  of  mode  have  been  anahsed 
separately,  using  either  onh  odd  senes  terms  or 
only  even  series  terms,  as  appropriate,  in  the 
longitudinal  direction.  .A  single  Supersiri[i  5  lias 
been  used  across  the  curved  plate. 

The  exhibited  manner  of  convergence  of  the 
b.SM  results  in  Table  1  is  verv  saiisfaclory  and  the 
comparison  between  the  present  results  and  those 
of  Ref.  1 H  and  i  d  is  good.  It  is  noted  that  the  coni- 
parativc  results  of  Olson  and  l.indberg  are 
obtained  using  high-order  triangular  finite 
elements  with  properties  btised  on  shallow  shell 
theory,  whilst  the  comparative  results  of  IVtvt  are 
obtained  from  what  is  described  as  an  extended 
Rayleigh-Rit/  method,  on  the  basis  of  Mugge's 
shell  theory. 

3.2  V  ibration  of  two-laycred,  simply  supported, 
curved  plates 


The  shallow  curved  plates  considereil  here  have 
3.1  Vibration  of  isotropic,  clamped  curved  plates  simple  supports  on  all  edges.  The  plates  are 

laminates  of  two-layer  eross-ply  construction  aiul 
The  vibration  of  a  shallow,  thin  curved  plate  with  thus  are  orthotropic  but  unbalanced,  with  the  R,; 

ail  edges  fully  clamped  has  been  considered  by  and  /T.  coupling  stiffness  coefficients  present. 

Olson  and  l.indberg''  and  by  Petyt.'”  Details  of  the  Details  of  the  curved  plates  are  recorded  in  fable 

gei'metry  and  material  properties  of  the  plate  arc  2,  Two  curved  plates  are  considered,  correspond- 

recorded  in  Table  1 :  /Os  the  curved  width  of  the  ing  to  R/h  values  of  3 1 2. ,5  and  1 .56,25 

plate.  This  table  presents  results  obtained  using  Soldatos-'"  has  presented  results  for  the  first 

the  present  FSM  in  the  form  of  a  convergence  four  modes  of  these  two  laminates,  when  in  turn 

study,  with  the  number  of  series  terms  used,  for  including  or  excluding  the  and  /T-  coeffi- 

frequeneies  corresponding  to  the  first  four  cients.  These  results,  like  the  present  analysis,  are 

symmetric  and  the  first  four  antisymmetric  modes.  based  on  the  use  of  Koiler-.Sanders  thin  shell 

theory.  Results  obtained  using  the  present  f  S.M 

lablf  1.  C  omiirsence  of  natural  frequencies  of  a  clamped.  presented,  along  with  those  of  Soldatos.  m 

isotropic  curved  plate  with  number  of  scries  terms 
,1=76  2  mm,  /f=1016  mm,  W  =  762  mm,  A  =  0  3.^  mm. 

6  89  X  10'"  N  'mb  v  =  0  .l.V.yO  =  2660  kg'm' 

. . - - .  Table  2.  Krequenev  factors  of  tHO-layered.  simply 


l.onuiiudinal 

Frequency 

U/ 

supported,  curved  plates 

terms 

.1 

fi.  A, 

F ,  =  40,  f., 

i/A,  =  l. 

V,  ,  0  25. 12  p.\‘(p 

/•:,  A’)'  ■ 

Sv  mmcinc  modes 

- 

T 

889-5 

96.3-3 

— 

1 786-3 

( ieometrv 

Mode 

1 

TL\]ucnc\ 

r.iclor  12 

1..^ 

879-7 

96  1  - 1 

-. 

178 1-2 

designation 

L.T.s 

876  4 

939-8 

1287-6 

1776-2 

/<//( 

Kill 

WiihiMit  K 

W  ith  K 

I..T5.7 

874-1 

638-7 

1286-6 

1  776  6 

ni  n 

l..T.S,7.9 

87.4-.t 

638  4 

1  286-7 

1776  3 

I’resenl 

Ret,  20 

I’resenl  Ret 

Ref.  1 « 

869-6 

637-6 

1  287-6 

1  776-6 

ISM 

t  SM 

Ref.  |y 

87(1 

638 

1288 

1763 

,30 

312-3 

I  1 

20-65 

20-05 

14-00  M-i 

Aniisvmmcinc  rtunlcs 

2  '  1376-8 

— 

1  2 

2  1 

3-V66 
30'4  3 

54  06 
,36-43 

32  42 
.33-43 

2.4 

1  374-9 

1446-1 

1756-8 

-- 

■>  1 

77-26 

77-20 

47-6  3 

2.4.6 

1 .374- 1 

]  444-3 

1  /38-4 

2660-6 

2.4 ,6,8 

1,373  7 

1443-6 

17376 

2289-5 

30 

1  3f>-23 

1  1 

2-)-37 

24-37 

1  6-  i  0  1  6- 

2.4.6.H.10 

1.372-8 

1442-4 

17,36-3 

2288-3 

1  2 

34-87 

34-87 

.32-87 

Ref.  18 

1,363  2 

1440-3 

173.3-6 

2263  .3 

2  1 

6  1  -6  1 

0  1  -0  1 

43.33 

Ref.  1 9 

1 364 

1440 

1733 

2.300 

V  s 

78-24 

78-24 

46-38 
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Table  2  and  excellent  comparison  is  exhibited.  (In 
this  table  the  quantities  m  and  n  arc  the  numbers 
of  half-waves  in  the  x-  and  y-directions,  respec¬ 
tively.)  The  FSM  results  are  based  on  the  use  of 
one  Superstrip  5  across  the  whole  plate  and  on 
the  use  of  two  series  terms  longitudinally.  (For  this 
orthotropic  curved  plate  two  series  terms  give  an 
exact  longitudinal  representation  for  modes  with 
one  or  two  longitudinal  half-waves.)  It  is  clear 
from  Table  2  that  the  coupling  coefficients 
have  a  major  influence  on  frequency  prediction 
for  the  two-layer  panel. 

3.3  Vibration  of  isotropic,  cantilever  cylinders 

Sharma-'  has  presented  solutions,  in  the  context 
of  the  use  of  Flugge's  thin  shell  theory,  for 
clamped-free  circular  cylinders.  The  details  of 
one  particular  shell  are  recorded  in  Table  3.  This 
table  shows  the  manner  of  convergence  of  the 
present  FSM  results,  for  the  fundamental 
frequency,  with  the  number  of  series  terms  u.sed 
up  to  r=6.  Four  identical  Superstrips  3  are  u.sed 
to  model  the  full  cylinder. 

The  natural  frequency  values  for  various 
modes  of  vibration  are  quoted  in  Table  4,  from 
both  the  present  FSM  approach  and  that  of  Ref. 
2  1 .  The  FSM  results  are  based  on  r  =  6  and,  for  a 
mode  with  tt  circumferential  half-waves,  on 
modelling  a  portion  of  the  cylinder  of  curved 
width  :rR/n  with  one  Superstrip  5.  The  re.sults  of 


t  able  ,V.  Convergence  of  the  fundamental  frequency /(Hz), 
for  an  isotropic  cantilever  cylinder 
,1  ==  502  mm.  If  =  6.5  5  mm,  h  =  1-63  mm,  H-21  x  10" 
^/m^  V  =  0  28,  p  =  7800  kg/m' 

r  I  2  ,t  4  5  6 

/  11/  .tivs.l  ,tl7SI  .317  1,^  .716-74  .7I6-.74 


fable  4.  Natural  frequencies  of  an  isotropic  cantilever 
cylinder 


Frequency  (Hz! 


fl 

m  ~ 

1 

m  = 

-) 

nj 

=  3 

Present 

FSM 

Ref.  2  1 

Pre.scnt 

FSM 

Ret.  2 1 

Present 

FSM 

Ref.  2 1 

■V 

3 1 6-3 

318-1 

447-6 

1006-4 

2337-2 

2356-5 

764-4 

764-7 

417-1 

')217 

14651 

1 504-2 

1 

1462  4 

1 465-5 

1520-7 

1523-3 

1715-7 

1726-1 

s 

2365  4 

2366-6 

2404-4 

2406-4 

25066 

2.504-1 

6 

3468-7 

3464-7 

3502-6 

3505-0 

3574-« 

3580-7 

.354 

Ref.  2 1  are  based  on  a  Rayleigh-Ritz  approach  in 
which  exact  sinusoidal  fu.ictions  are  used  circum¬ 
ferentially  and  one  clamped-free  and  one 
clamped-simple  beam  functions  are  used  longi¬ 
tudinally.  Comparistvn  between  the  two  sets  of 
results  is  quite  good  and  for  all  modes  the  present 
results  are  lower  than  those  of  Ref.  2 1 . 

3.4  Buckling  of  isotropic,  flat,  square  plates 

Here  two  cases  of  the  buckling  of  isotropic,  flat, 
.square  plates  are  considered.  Case  A  concerns  a 
plate  with  simply  supported  edges  subjected  to  in¬ 
plane  shear  stress  r\’,  whilst  Case  B  concerns  a 
plate  with  clamped  edges  subjected  to  biaxial 
direct  stresses  a‘l  =  o['.  F.ach  plate  is  modelled 
with  one  Superstrip  3.  Table  5  gives  details  of  the 
convergence  of  the  calculated  FSM  results  with 
increase  in  the  number  of  longitudinal  scries 
terms  used.  (For  Case  B  only  the  odd  terms  in  the 
series  are  u.sed  since  the  bucklir  mode  is 
symmetric  along  the  plate  length.)  Good  conver¬ 
gence  characteristics  are  indicated,  to  values 
which  agree  closely  with  comparative  results.--  -  ' 

3.5  Shear  buckling  of  anisotropic,  simply 
supported,  curved  plates 

Pallazoto  and  Straw-^  have  conducted  an  analysis 
of  the  buckling  under  shear  loading  of  anisotropic 
curved  plates  using  a  finite  element  approach  in 
the  context  of  modified  Sanders'  shell  theory  and 
incorporating  a  pre-buckling  displacement 
function.  For  these  curved  plates  A=B  and  Aj 
h  =  300  The  material  properties  are  such  that  £,  / 
E I  ==  14.  G, ,  / T I  =  ()-3,  and  v', ,  =  ()-2 3.  Two  sets  of 
1 2-ply  lay-up  have  been  considered:-'*  one  is  a 
symmetric  lay-up]  -F 45!/ -43;,),  with  and  Dy, 
coefficients  present,  and  the  other  is  an  unsym- 
metric  lay-up  |  F43,./-43f,]  with  7?,^  and  By, 


Table  5.  Buckling  of  isotropic  flat  plates 
(I  -  vb.  v  =  0  3 


f  'ase  A 

. . . 

Case  B 

r 

Ks 

r 

/Ss 

s 

10-3S8 

1 

5 -.740 

3 

4-378 

3 

5-308 

4 

4-366 

5 

5-305 

5 

4-3.74 

7 

5 -.704 

(» 

4  332 

4 

5-31*3 

Ref.  22 

4-332 

Ref.  2.7 

5-30(t 
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coefficients  present.  In  their  finite  element  appro¬ 
ach  Pallazoto  and  Straw  model  the  curved  plates 
with  Hat,  square  elements  each  of  which  has  32 
degrees  of  freedom,  and  they  use  a  mesh  of 
1 8  X  18  elements.  In  the  present  FSM  approach  a 
single  Superstrip  5  is  used  to  represent  the  whole 
plate  in  the  crosswise  sense,  and  in  the  axial  direc¬ 
tion  five  series  terms  are  used. 

Results  are  presented  in  graphical  form  in  Ref. 
24  and  hence  graphical  presentation  is  also  made 
here.  Figures  2(a)  and  2(b)  show  the  comparison 
between  the  FSM  and  FEM  results  for  symmetric 
and  unsymmetric  lay-ups,  respectively,  in  the  form 
of  plots  of  buckling  stress  versus  h/R.  There  is 
good  general  agreement  between  the  FSM  and 
FEM  results,  although  for  deeper,  symmetrically- 
laminated  curved  plates  the  predicted  FSM  buckl¬ 
ing  stresses  for  negative  shear  arc  quite 
significantly  lower  than  are  the  FEM  predictions. 
A  particular  feature  of  the  shear  buckling  of 
anisotropic  curved  (or  flat)  plates  is  that  positive 
and  negative  shear  can  yield  markedly  different 
values  of  buckling  stress. 

3.6  Buckling  under  axial  loading  of  pear-shaped 
cylinders  with  diaphragm  ends 

The  buckling  under  uniform  axial  stress  of  the 
pear-shaped  cylinder  shown  in  Fig.  3  has  been 
studied  by  Bushnell’'^  using  an  analysis  based  on 
the  finite  difference  method  used  in  conjunction 
with  energy  minimisation.  The  cylinder  has 
diaphragm  ends  and  is  made  of  isotropic  material. 
It  has  been  found""^  that  the  lowest  two  buckling 
modes  correspond,  in  turn,  to  buckling  of  the  flat 
plate  regions  1  and  3.  with  a  single  half-wave  in 


0  12  3  4  5 

iu!  h/R  x1 000 


the  axial  direction.  The  isotropic  pear-shaped 
cylinder  has  also  been  analysed  by  Dawe''  in  an 
earlier  finite  strip  approach. 

A  convergence  study  has  been  conducted  for 
this  problem  using  the  present  FSM  approach. 
The  FSM  modellings  used  are  detailed  in  Table  6 
and  involve  the  use  of  superstrips  of  various 
orders,  up  to  the  use  of  one  Superstrip  5  in  each 
of  parts  I  -4  of  the  cylinder.  In  the  longitudinal 
direction,  corresponding  to  one  half-wave,  a 
single-term  approach  is  suitable  for  this  applica¬ 
tion.  Details  of  the  calculated  FSM  values  of  the 
first  two  buckling  stresses  are  recorded  in  Table  7 
together  with  the  eomparative  solutions  ol 
Bushnell.  It  is  seen  that  the  FSM  results  converge 
rapidly  to  values  which  arc  very  close  to  those  of 
Ref.  25. 

The  scope  of  this  application  is  now  extended 
by  changing  the  nature  of  the  material  from 
isotropic  to  composite  laminate,  whilst  keeping  all 
other  details  the  same.  The  walls  of  the  pear- 
shaped  cylinder  are  now  cross-ply  laminates  with 
a  variable  but  even  number,  nl.  of  equal-thickness 
layers;  they  are  thus  unbalanced  laminates  with 
bending-stretching  material  coupling  present 
through  the  /?!,  and  stiffness  coefficients.  It  is 
assumed  that  prior  to  buckling  there  is  no  out-of- 
surface  displacement  and  that  a  uniform  axial 
stress  is  present  at  buckling.  Two  different  types  of 
material  are  considered,  for  both  of  which  the 
value  of  E,  is  the  same.  The  material  properties 
are  then  defined  as  /:j //■.,  =  1 0.  ("/i ,  =  0  33. 
»Vi  =  0  3  for  Material  I  and  =  39-8.  (/, ,/ 

/:,  =  ()-49.  I'l  l  =0-25  for  Material  2.  For  each  of 
these  materials  Fig.  4  shows  the  variation  of  the 
lowest  buckling  stress  with  the  number  of  layers  in 


0  1  2  3  4  5 

(h)  h/R  *1000 


Fig.  2.  .Shear  huckling  of  simply  supported,  laminated  curved  plate:  (ai  symmetric  lamination;  (b)  unsvmmetrie  lamination 
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Fir.  3.  C  niss-section  of  pear-shaped  cylinder. 


Table  6.  FSM  cnodeiiinRs  for  pear-shaped  cylinder 


Cylinder 

Number  of  finite  strips 

part 

Model 

Model  .Model 

Model 

Model 

Model 

A 

B  C 

D 

E 

F 

1 

4  S 

8 

16 

32 

-> 

4  8 

16 

16 

32 

3 

1 

:  8 

8 

16 

32 

4 

•> 

4  8 

16 

16 

32 

Table  7.  Buckling  stresses  ofisotropic  pear-shaped  cylinder 


Finite  strip  Valuesof 

model  - 


First  mode 

Second  motlc 

A 

24-2(l7 

35-1  Id 

B 

24-()33 

34-784 

C 

244125 

34-771 

D 

24'025 

,34-771 

f 

24-a2> 

.34  771 

F 

24-()2.s 

34-77 1 

Ref.  :.s 

24-02 

34-74 

the  laminated  wall.  The  horizontal  lines  shown  in 
the  figure  represent  the  buckling  stress  when 
bending-stretching  coupling  is  neglected,  i.e. 

=  The  results  shown  in  Fig.  4  correspond  to 
the  use  of  model  F  in  the  FSM.  Figure  4  reveals 
that  the  effect  of  bending-stretching  coupling  on 
buckling  stress  is  very  significant  when  the 
number  of  layers  is  small  but  dies  out  quite 
rapidly  as  the  number  increases,  as  expected. 

4  CONCLUSIONS 

T  he  finite  strip  method  has  been  developed  for 
the  prediction  of  natural  frequencies  and  buckling 
stresses  of  prismatic  shell  structures.  The  walls  of 


Fir.  4.  Buckling  of  cross-ply  laminalcd  pear-shaped 
cylinders  of  iwo  materials  > /s  =  10'  o',';,//.,  . 


the  structure  may  be  composite  laminates  with 
arbitrary  lay-up.  The  conditions  at  the  two  ends  of 
the  structure  may  be  any  combination  of  clamped, 
simply  supported  and  free  conditions.  The  super- 
strip  concept  has  been  incorporated  into  the 
development  to  provide  a  powerful  and  efficient 
solution  capability. 

A  small  range  of  applications,  in  which  com- 
pari.son  is  often  made  with  existing  solutions, 
has  demonstrated  the  general  validity  of  the 
developed  procedures.  It  has  been  noted,  though, 
that  the  use  of  beam  functions  to  represent  longi¬ 
tudinal  variations  of  displacements  is  not  always 
strictly  correct  and  can  lead  to  a  degree  of  over 
constraint  in  some  circumstances,  notably  when 
anisotropy  is  present. 

The  present  finite  strip  approach  is  based  on 
the  context  of  the  use  of  thin  shell  theory  and  this 
restricts  its  u.se  to  the  analysis  of  thin  structures. 
For  thicker  structures,  particularly  those  made  of 
composite  laminate  material,  through-thickness 
shear  deformation  effects  become  significant.  The 
development  of  a  finite  strip  approach  in  the  con¬ 
text  of  shear  deformation  shell  theory  is  described 
elsewhere.” 
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Influence  of  the  prebuckling  stress-field  on  the 
critical  loads  of  inhomogeneous  composite 

laminates 


M.  D.  Pandey  &  A.  N.  Sherbourne 

Depunmem  of  Civil  Cngineerinff,  University  of  Vt'aterloo.  Waterloo.  Camulu 


The  paper  studies  the  uniaxial  buckling  behavior  of  composite  laminates  in 
which  preselected  variations  of  fiber  spacing  in  the  constituent  laminae  are 
adopted.  Such  laminates  are  referred  to  as  inhomogeneous  laminates  because 
of  the  variable  elastic  stiffness  along  the  coordinate  axes.  A  non-uniform  pre¬ 
buckling  stre.ss  state  observed  even  under  constant  uniaxial  compression  has  a 
pronounced  influence  on  the  buckling  behaviour  of  an  inhomt'gcncous 
laminate.  A  procedure  is  summarized  for  computing  the  critical  load  of  a  lami¬ 
nate  using  the  Rttz  method  which  exploits  an  analogy  between  the  bending  and 
stretching  formulations  and  utilizes  (iram-Schmidt  orthogonal  polynomials. 
The  paper  illustrates  that  the  variation  in  fiber  spacing  is  an  innovative  way  of 
increasing  the  critical  load  fi>r  a  prescribed  amount  of  fiber  and  highlights  its 
remarkable  sensitivity  to  the  nature  of  fiber  spacing,  in-plane  and  tiut-of-plane 
boundary  conditions,  fiber  type  and  the  aspect  ratio  of  the  laminate. 


1  I.NTRODLCTfON 

The  concept  of  designing  materials  to  desired 
forms  of  anisotropy  and  inhomogeneity  by  mani¬ 
pulating  the  micro-structural  composition  has 
inspired  the  development  and  applications  of 
composite  material  laminates  in  engineering 
structures.  The  traditional  approach  to  designing 
such  laminates  focusses  on  optimizing  the  orienta¬ 
tion  of  fibers  and  the  thickness  of  constituent 
laminae.  Also,  in  the  plane  of  a  lamina,  fibers  are 
more  t)r  less  uniformly  distributed  such  that  thc 
assumption  of  a  homogeneous,  orthotropic  mate¬ 
rial  can  be  justifiably  invoked,  at  least  on  a  macro¬ 
scopic  scale.  The  possibility  of  introducing 
variations  in  the  spacing  of  reinforcing  fibers  in 
constituent  laminae  for  improving  buckling  resist¬ 
ance  has  been  recently  discussed  in  the  litera¬ 
ture.'  -  Because  of  variable  fiber  spacing,  the 
elastic  stiffness  is  also  variable  along  the  coordi¬ 
nate  axes;  such  laminates,  therefore,  are  referred 
to  as  inhomogeneous  laminates  in  this  paper. 

The  non-uniform  spatial  distribution  of  fibers 
causing  inhomogeneity  requires  an  explicit  deriva¬ 
tion  of  the  prebuckling  stress-field  and  its  sub¬ 
sequent  inclusion  in  the  buckling  analysis  since 
the  assumption  of  a  uniform  uniaxial  stress, 
commonly  adopted  for  homogeneous  materials,  is 


now  no  longer  valid.  For  a  fixed  quantity  of  fibers, 
a  laminate  design  with  variable  fiber  spacing 
reportedly  offers  considerable  improvement  over 
its  homogeneous  counterpart  with  uniform  fiber 
spacing.  Non-uniformity  of  the  prebuckling  stress- 
field,  an  important  feature  of  an  inhomogeneous 
laminate  design,  has  a  distinct  influence  on  its 
critical  load.  It  is  easy  to  understand  that  the  spac¬ 
ing  of  fibers  is  a  major  factor  governing  the  dis¬ 
tribution  of  stresses  in  the  prebuckling  state;  this  is 
further  accentuated  by  other  structural  parame¬ 
ters  such  as  boundary  conditions,  aspect  ratio  and 
elastic  constants  of  the  fiber.  The  paper  critically 
examines  uniaxial  buckling  behavior  of  unidirec¬ 
tional  inhomogeneous  laminates  (Fig.  1)  with  the 
purpose  of  highlighting  its  sensitivity  to  the 
prebuckling  stress-field  and  other  intended 
parameters. 

Six  unidirectional  laminate  designs  on  the  basis 
of  six  different  fiber  spacings  along  the  y-axis  (Fig. 
1),  as  proposed  by  Lcissa  and  Martin,'  are  ana¬ 
lysed  using  a  more  general  approach  which 
exploits  the  classical  analogy  between  the  bending 
and  stretching  formulation'  within  the  framework 
of  the  Ritz  method.-  The  critical  loads  arc  com¬ 
puted  not  only  on  the  basis  of  the  actual  prebuck¬ 
ling  stress-fields  but  also  on  the  assumption  of  a 
uniform  stress-field  as  valid  for  homogeneous 
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designs.  Naturally,  the  latter  case  does  not  require 
a  formal  computation  of  the  prebuckling  stress 
state.  The  advantages  of  variable  fiber  spacing  and 
the  discrepancies  in  the  critical  loads  due  to  ignor¬ 
ing  the  non-uniformity  of  the  stress  state  are  illu¬ 
strated  for  various  cases. 


2  ANALYSIS 

The  analytical  treatment  of  the  buckling  problem 
consists  of  two  steps,  viz.  the  derivation  of  the  pre¬ 
buckling  stress-field  and  the  subsequent  computa¬ 
tion  of  the  buckling  load  using  the  in-plane 
stress-field  derived  earlier.  Within  the  framework 
of  the  Ritz  method,  a  stress  function  formulation 
for  plane-stress  and  a  displacement  formulation 
for  buckling  analysis  are  employed.- 

2.1  Prebuckling  stress  analysis 

The  prebuckling  stress  state  in  an  inhomogeneous 
laminate  subjected  to  uniaxial  compre.s.sion.  o,,, 
i  Fig.  1 ).  may  be  described  by  a  stress  function  of 
the  following  form 

\  \ 

F[X.  Y  )^F,+  Y.  1  A„,„(t>,„{X)rp„{  K )  ( 1 ) 

*  i  ft  =  1 

where  Fp  is  the  particular  solution  due  to  the 
applied  stresses  and  A),  xp„{  Y ),  are  orthogonal 
polynomials  generated  by  the  Gram-Schmidt 
method"'  to  satisfy  the  prescribed  stress  boundary 
conditions.  The  in-plane  stre.ss-field  can  be 
expressed  in  terms  of  the  stress  functions  using 
the  relations 

=  =  T  and  -  F,,  (2) 

where  the  subscripts  preceded  by  a  comma 
denote  partial  differentiation  with  respect  to  the 
corresponding  coordinates.  Note  that  a  and  h  are 


Fig.  1.  Uniaxially  loaded  laminate. 


plate  length  and  width,  respectively.  X^xja  and 
y=  y/h  are  normalized  coordinates. 

The  incremental  potential  energy  under  the 
plane-stress  condition  is  given  by' 


t  j TT  +  f -Cfr  +  2(  i 


dA'dT  i3; 

where  C,,(  Y  ]  are  compliance  coefficients  defined 
as 

cj,(v)  =  (2,-'(y).  (/./=i . 3! 

being  functions  of  the  V’  coordinate  due  to  non- 
uniform  fiber  distribution  in  that  direction.  >'  ■ 
are  the  usual  orthotropic  elastic  constants  gi\en 
by 


(2,,=  G,,.  r/=(l  - 

where  £\  are.  respectively,  the  major  and 
minor  elastic  modulus.  v,,  are  major  and 
minor  Poisson's  ratio  and  G,,  is  the  shear  modu¬ 
lus.  All  the  elastic  constants,  being  a  function  of 
fiber  volume  fraction  L,,  are  now  variable  along 
the  y-coordinate.  Now.  substituting  from  eqn  (  2) 
into  eqn  (3)  and  minimizing  the  potential  function, 
t/p,  with  respect  to  the  coefficients  A,„„.  leads  to 
the  following  system  of  linear  simultaneous  equa¬ 
tions 


\  .\ 

I  X  !(/,/=  1 . V) 

ni  •=•)/»«] 

(4! 

The  solution  of  the  system  of  eqns  (4)  allows  one  to 
determine  the  prebuckling  stress-field  from  eqn  {2i. 
The  in-plane  stiffness  [H]  and  the  load  matrix  {P\ 
are  given  by  Pandey  and  Sherbourne.'  In  compu¬ 
tation  N=  10.  i.e.  100  terms  are  included  in  the 
stress  function  series  ( 1 ). 


2. 1. 1  In-plane  boundary  conditions 
A  sequence  of  Gram-Schmidt  orthogonal  poly¬ 
nomials  can  be  constructed  to  satisfy  the  required 
end  conditions  using  the  following  recurrence 
formulae'* 

^,(X)  =  (X-B2)(^,{X) 
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where 

B  fU<^ldX)dX  ^_Ul,{X)dX 
i',^l,(X]dX^  *  ilt^l,{X)dX 

(5) 


in  which  A  is  a  load  factor.  Explicit  expressions  for 
elements  of  the  stiffness  matrix,  and  the 

geometric  matrix,  may  be  found  elsewhere.' 
Buckling  loads  are  computed  using  .W=7.  i.e.  49 
terms  in  the  displacement  function  (9). 


(1}  Free  (F)  edges  A  free  edge  defined  by  o,  =  a,,, 
and  a„  =  0  at  4^=0, 1  can  be  idealized  by  choos¬ 
ing  coordinate  functions  that  satisfy  <t>Jx)  =  ^ 

(  v }  =  0  at  Ar=  0, 1 .  The  first  member  of  the  ortho¬ 
gonal  polynomial  sequences  in  ( 5 )  would  be 

^,(A)  =  rt,(^--2A'^  +  Ar-')  (6) 

(2)  Laterally  restrained  (R)  edges  A  laterally 
restrained  edge  is  defined  as  =  <7,  =  0  and 

at  X=0, 1,  for  which,  conditions 
=  (i,,,  ,,(x)  =  0  at  A'=0,  I,  should  be  satisfied. 
Here.  ^ ,  ( A")  is  given  by 

tl>,{X)  =  afX-2X^  +  X^]  (7) 


2.2  Buckling  analysis 


The  potential  energy  of  a  uniaxially  compressed 
orthotropic  laminate  at  incipient  buckling  is  given 
by 


dAdy+  b't 


o 


W. 


dAdV  (8) 


2.2. 1  Boundary  conditions 

Two  types  of  out-of-piane  boundary  conditions 
are  considered. 

(1)  .Simple  (S)  supports  The  conditions  of  zero 
displacement  and  moment  at  boundaries  arc  satis¬ 
fied  by 


1/  u 

W=  S  S  sin  w.TA.sin  ;?;Ty  (11) 

m  •  I  /I  -  I 

(2)  Clamped  (C)  supports  A  clamped  support  is 
specified  by  the  conditions  U'=  VV  ,  =  0  isay.  at 
A=  0. 1 )  which  can  be  satisfied  by  the  following 
set  of  orthogonal  polynomials 

W  M 

W=  Z  I  (12) 

rti  -  1  n  s-  I 

Using  the  duality  of  the  bending  and  stretching 
formulations.'  it  can  be  shown-  that  the  in-plane 
free  boundary  conditions  and  out-of-plane 
clamped  conditions  are  simultaneously  satisfied 
by  an  orthogonal  polynomical  sequence  generated 
from  eqns  (5).  (6)  and  (12),  This  feature,  in 
essence,  unifies  the  in-plane  stress  analysis  and 
the  buckling  load  calculation. 


3  RESULTS  AND  DISCUSSION 


where  W  is  the  out-of-plane  displacement  and 
/)„=  (7,/7l2  (».;=  1  ,...,3)  is  the  laminate  bending 
stiffness  derived  on  the  basis  of  Kirchhoff's  plate 
theory.'’  Using  displacement  functions  of  the 
following  form 

Si  M 

W(xy)=  I  z  BJJX)g„(Y)  (9) 

m  -  1  ri  I 

and  subsequently  minimizing  with  re.spect  to 
coefficients  B„„  results  in  a  generalized  eigen¬ 
value  problem 

M  M 

m  •  In-! 

(10) 


Numerical  results  are  obtained  for  two  laminate 
aspect  ratios.  «//?=  1.  2  and  three  fiber  types  as 
listed  in  Table  1.  Six  fiber  spacings  (Table  2)  as 
suggested  by  Leissa  and  Martin'  are  used.  The 
boundary  conditions  are  denoted  by  the  letter  S 
for  simple,  C  for  clamped,  F  for  free  and  R  for 
restrained  in  the  following  order:  x=0.  x=a 


Tablet.  Material  properties 

Material 

Elastic 

Poisson's 

modulus 

ratio  ( V  i 

(GPa) 

Glass 

7,t()9 

()-22 

Graphite 

275-« 

0'20 

Boron 

4I.t-7 

020 

Epoxy 

.3-44 

0-.t,5 

(/,/■=  1,...,M) 
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(loaded  edges),  v=(),  y=  h  (unloaded  edges)  such 
that  support  conditions  denoted  by  say  SSCC 
means  loaded  edges,  x  =  0  and  a  are  simply  sup¬ 
ported  and  unloaded  edges,  y=0  and  h  are 
clamped.  Normalized  buckling  coefficients 
[.\\=  l2o^,,h-/Efi-)  for  simple  (SSSS)  and 
clamped  (CCCC)  laminates  with  free  (FFFF)  in¬ 
plane  edge  conditions  are  reported  in  Tables  3 
and  4,  respectively.  Note  that  E,  is  the  fiber  elastic 
modulus.  Buckling  coefficients  are  tabulated  for 
the  following  three  cases,  ( I )  uniform  fiber 
spacing,  (2)  variable  fiber  spacing  and  (3) 
inhomogeneous  laminate  under  uniform  prc- 
buckling  stress  state.  In  all  the  three  cases,  the 
total  fiber  volume  remains  constant. 

Fiber  spacing  functions  of  type  I,  3  and  6  are 
plotted  in  Fig.  2  and  corresponding  .stress  distri- 


Table  2.  Fiber  distribution  functions 


No. 

Fiber  spacing 
function 

IV  VF 

Fmni  I'VO 
.>•=0,  1  1 

'‘Vo 

1  F=0-5^ 

1 

4U 

67 

0 

too 

16U' 

.S3 

0 

too 

3 

64U^ 

40 

0 

100 

4 

(t-.s  +  U 

67 

50 

75 

5 

()-.S  +  4C  = 

63 

.SO 

75 

6 

(1-.^+  16L'‘ 

60 

50 

75 

Note:  >1  I  -  >'  .  t',  =  fiber  volume  fraciion. 


butions  are  displayed  in  Figs  3  and  4  for  free 
(FFFF)  and  laterally  restrained  (RRRR)  in-plane 
BCs,  respectively.  In  Figs  3  and  4.  uniaxial  stress 
distributions  along  a  central  section  c-c,  at  x-  a  12 
(.see  Fig.  1 )  are  presented  for  square  and  rectan¬ 
gular  graphite-epoxy  laminates.  It  is  clearly  seen 
that  the  variable  fiber  spacing  introduces  a  vary¬ 
ing  degree  of  non-uniformity  in  the  stress-field 
depending  upon  the  spacing  function.  Fiber  spac¬ 
ing  of  type  3  results  in  remarkably  high  stress 
concentrations,  »  which  may  have  serious 

implications  in  actual  performance.  It  is  interest¬ 
ing  that,  in  rectangular  laminates,  the  stress  dis¬ 
tribution  tends  to  be  more  uniform  with  less 
pronounced  peaks.  Flowever,  it  is  noteworthy  that 
the  variation  of  F,  from  0  to  I .  c.g.  types  1  -3  in 
Table  2.  is  not  a  practical  case.  For  a  benign  fiber 
distribution,  e.g.  type  6,  the  stress  variation  is 
fairly  uniform  with  a, «  o,„.  As  shown  in  Fig.  4. 
for  laminates  with  in-plane  restrained  'RRRRi 
edges,  the  nature  of  the  stress  distributiims  is 
significantly  changed  and  stress  concentrations 
arc  le.ss  severe. 

3. 1  Efficiency  of  inhomogeneous  laminates 

The  efficiency  of  an  inhomogeneous  laminate  can 
be  estimated  by  comparing  its  buckling  load  i.N,  f 
against  that  of  an  equal  volume  homogeneous 
counterpart  (.Vp).  Thus. 


Tabic  3.  Critical  loads  for  simply  supported  <SSSS)  laminates 


Composite 

material 


(ilass-cpe.w 


(iraphite-epoxy 


Fiber  .\p  .V,  Fifficicncy  i"..'  .V,,,  I  rr('r 

spacing - - - — — -  - - - — - - - - -  - 


type 

«/6=  1 

(t/6=2 

0/6=  1 

(i/6=  2 

o/6=  1 

.1/6=2 

lt;6=  1 

a:h=l 

.(  6=  1 

u  6  =  2 

1 

10-77 

6-54 

12-76 

12  12 

18-4 

27 

13-7 

13-7 

7-4 

1 3- 1 

T 

8-4! 

7-13 

6-8. 3 

8-62 

16  8 

2t)6 

1  1  -03 

1 1-03 

12-2 

27-6 

3 

6-63 

5-7 

8-44 

6-86 

27-3 

20-3 

6-72 

6-2 

15-2 

.34-2 

4 

10-77 

6-54 

1  1-1.3 

6-83 

3-4 

3 

1 1;5 

10-26 

1 

4-3 

5 

10-02 

8-71 

10  56 

6-14 

5 -6 

5 

10  72 

6-6  1 

1-2 

5-1 

6 

6-51 

8-17 

10-26 

8-77 

8 

7-3 

10-4 

1-2 

5-2 

1 

7-77 

.3-86 

6-37 

5-61 

20-7 

45-6 

6-71 

6-23 

.3-6 

1 1 

■y 

6-06 

2-86 

7-41 

,3-71 

21-6 

28-5 

8-01 

4-43 

8-1 

16-2 

3 

4-66 

2-25 

6-28 

2-65 

.34-5 

31 

7-04 

,3-71 

12  1 

26 

4 

7-77 

3-86 

8-16 

408 

5-5 

5-8 

8-22 

4-16 

0-3 

19 

5 

7-26 

3-53 

7-86 

.3-83 

81 

8-5 

7-89 

3-62 

0-4 

S.s 

6 

6-6 

3-32 

7-64 
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10-6 

I  1 

7-66 

3-77 

0-4 

1 

7-39 

.3-13 

8-9 

4-5 

20-4 

43-7 

6-14 

4-86 

2-7 

8-7 

2 

5-81 

2-37 

7-03 

3-06 

211 

26-4 

7-55 

3-56 

7-4 

16-2 

3 

4-43 

1-83 

587 

2-45 

32-6 

34 

6-. 56 

3()1 

12-3 

23 

4 

7-36 

.3-13 

7-82 

3-33 

5-8 

6-3 

7-84 

.3-38 

0-2 

1-4 

5 

6-62 

2-88 

7-51 

314 

8-5 

6 

7-53 

.3-16 

0-3 

1-6 

6 

6-58 

2-71 

7-3 

302 

1 1 

1  16 

7-32 

.3-08 

0-2 

1-6 

Boron-epoxy 
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Table  4.  Critical  load§  for  clamped  (CCCC)  laminates 


Composite 

material 

Fiber 

spacing 

type 

Efficiency  (7o) 

,\ 

lU 

Error 

>  ‘'4)  ? 

«//)=  1 

alh=2 

1! 

a/6=2 

ajh=  1 

0/6=2 

o/6=  1 

0/6=2 

o/6=  1 

0/6=2 

Glass-epoxv 

1 

35-6 

22-6 

40-98 

23-84 

15-1 

5-5 

45-07 

28-5 

10 

19-4 

2 

28- 12 

17-61 

33 

18-42 

17-3 

4-6 

38-7 

24-03 

17-3 

30-4 

3 

2203 

1.3-87 

28-35 

15-67 

28-7 

13 

34-74 

21-61 

22-5 

37-9 

4 

35-6 

22-6 

36-83 

22-41 

3-4 

-0-8 

37-38 

2.3-.34 

1-5 

4-2 

s 

33-31 

21-02 

35-45 

21-31 

6-4 

1-4 

36-15 

22-46 

■> 

5-4 

ft 

31-69 

19-93 

34-6 

20-71 

9-2 

4 

35-33 

21-92 

2-1 

5-8 

Graphite-epoxv 

1 

29 

12-95 

35-15 

14-95 

21-2 

15-4 

36-42 

17-02 

3-6 

13-8 

T 

22-87 

9-8 

27-55 

1 1 

20-4 

12-2 

29-68 

1 3-76 

7-8 

25-1 

3 

17-46 

7-58 

19-75 

9-01 

13-1 

18-8 

23-71 

12-02 

20-1 

3,3-4 

4 

29 

12-95 

30-88 

12-82 

65 

-  11 

31-02 

1.3-17 

0-4 

2-8 

5 

27-2 

1 1-92 

29-89 

12*22 

9-9 

2-5 

30-07 

12-65 

0-6 

3-5 

ft 

2.3-9 

11-23 

29-18 

1  1-9 

12  7 

6 

29.36 

12-34 

0-6 

3-7 

Boron-epoxv 

1 

28-16 

10-93 

34  1 

13 

21-1 

18-8 

34-37 

14-02 

0-8 

7-9 

-> 

22-3 

8-32 

24-11 

9-76 

8-2 

17-2 

24-21 

10-37 

0-4 

6-3 

3 

16-91 

6-41 

16-69 

8-02 

-  1-3 

25-2 

14-86 

6-6 

-  11 

-  17-8 

4 

28-16 

1 0-93 

30-12 

11-03 

6-9 

0-9 

.30-21 

11-24 

0-3 

5 

26-43 

10-1 

29-15 

10-56 

10-3 

4-6 

29-27 

10-82 

0-4 

2-5 

6 

25-16 

9-52 

28-43 

10-29 

13 

8-1 

28-54 

10-57 

0-4 

2-7 

N-N 

Efficiency  =  -  - - x  1 00  (13) 

This  efficiency  is  dictated  by  the  chosen  fiber 
spacing.  For  simply  suppc7rted  laminates,  a  cubic 
fiber  distribution  (type  3)  increases  the  buckling 
load  as  much  as  34%  while  a  parabolic  distribu¬ 
tion  seems  to  be  optimal  for  rectangular  laminates 
resulting  in  an  increase  of  almost  45‘*/o  in  the  ca.se 
of  graphite-epoxy  composites.  Clamped  lami¬ 
nates  follow  a  similar  trend  and  display  a  pro¬ 
nounced  dependence  of  efficiency  on  fiber  type, 
i.c.  material  orthotropy,  as  well  as  aspect  ratio.  For 
example,  the  buckling  load  of  a  square 
boron-epoxy  laminate  is  decreased  by  2%  for 


1.5^ - 

1  25- 

,  rr  - 

0  75- 
0.5- 
0.25- 

/,  (c) 

0-) - 1 - 1 - , - 

0  0.25  0.5  075  1 

Y/b 

Fig.  3.  Prebucklini!  strcs.s-ficki:  free  (FFFF  i  in-plane  BCs 
(a!  fiber  spacing  I ;  (bi  fiber  spacing  3;  (c  '  fiber  spacing  ft. 
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Fig.  4.  Prebuckling  stress-field:  restrained  !  RRRRl  in-plane 
BCs  I  a  I  fiber  spacing  I ;  <  b  i  fiber  spacing  3; '  c '  fiber  spacing  6. 

fiber  spacing  of  type  3;  an  increase  of  25%  is 
noted  for  rectangular  laminates. 

3.2  Effects  of  prebuckling  stress-field 

Buckling  loads  (/V,  J  for  inhomogeneous  lami¬ 
nates  are  also  computed  ignoring  the  actual  pre- 
huckling  stress  field  and  imposing  the  a.ssumption 


of  a  uniform  stress  field,  ct,  =  throughout  the 
entire  plate.  The  effect  of  prebuckling  stress  is 
quantified  by  comparing  the  actual  buckling  load 
against  and  expressing  it  by  an  error  para¬ 
meter 

N  -N 

Error  =  - ^xlOO  (14) 

The  magnitude  of  the  error  term  reflects,  in  some 
way,  the  sensitivity  of  the  non-uniformity  of  the 
stress-field  to  the  buckling  load.  In  comparing 
square  laminates,  the  error  is  much  higher  than 
for  rectangul.tr  laminates,  as  high  as  38'’/<i  for  a 
clamped  glass-epoxy  composite  with  type  3  fiber 
spacing.  In  cases  of  benign  fiber  distributions 
(types  4-6).  the  error  is  fairly  small,  not  exceeding 
5%.  It  is  interesting  to  note  that  the  assumption  of 
a  uniform  prebuckling  stress  state  consistently 
provides  an  upper  bound  (non-conservative)  solu¬ 
tion  with  the  exception  of  clamped  boron-epoxy 
laminates  with  type  3  spacing  of  fibers  (Table  4). 
The  fiber  distributions  which  result  in  significant 
increases  of  the  critical  loads  also  admit  consider¬ 
able  error  upon  imposing  the  assumption  of  a 
uniform  stress-field;  this  highlights  the  importance 
of  the  formal  computation  of  the  prebuckling  state 
for  inhomogeneous  laminates. 

3.3  Effects  of  in-plane  edge  conditions 

In  Table  5.  critical  loads  of  simply  supported 
(SSSS).  graphite-epoxy  laminates  are  presented 
for  various  combinations  of  free  (F)  and  re¬ 
strained  (R)  in-plane  boundary  conditions  (BCs). 
Variations  of  in-plane  BCs  do  not  have  a  notice¬ 
able  influence  on  the  critical  loads  of  square  lami¬ 
nates  despite  significant  changes  in  the 
stress-distribution  in  comparison  to  that  corre¬ 
sponding  to  free  edges  as  shown  by  Figs  3  and  4. 


T'lble  5.  Critical  loads  for  SSSS  laminates  with  various  in-plane  BCs 


Fiber 

spacing 

type 

Buckling  coeff. '  i 

Ratio  of  buckling  coefficients  i  ,V,  jt 
In-plane  boundary  condition.s 

S' 

FFFF 

RRRR 

FFRR 

RRFF 

alh  =  1 

ajh--l 

«//>=  ' 

(1/6=2 

o/6  = 

alh~2 

alh=  i 

ii/h- 

1 

9-37 

3-H.‘) 

103 

1-64 

1 03 

1-63 

0-98 

1-44 

2 

7-4 

289 

1  08 

1  54 

1  08 

1-54 

0-98 

1-26 

3 

(yll 

2-2.S 

113 

1-66 

1  13 

1-66 

0-98 

1-29 

4 

HI  9 

3-85 

lOI 

115 

lOI 

1-13 

0-99 

1 05 

S 

7-H5 

353 

lOI 

117 

1 OI 

115 

0-99 

1 08 

6 

7-63 

3-32 

lOl 

12 

101 

MS 

0-99 

II 
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However,  rectangular  laminates  exhibit  a  remark¬ 
able  increase  in  buckling  loads,  as  high  as  66%  for 
type  3  fiber  spacing.  It  should  be  noted  that  the 
restraining  of  the  unloaded  edges  (FFRR  case)  is 
more  effective  than  restraining  the  loaded  edges 
(RRFF  case)  in  terms  of  increasing  the  critical 
load. 


4  CONCLUSIONS 

The  variation  of  fiber  spacing  proves  to  be  an 
effective  way  of  increasing  the  buckling  load  for  a 
prescribed  quantity  of  fibers.  It  results  in  a  non- 
uniform  prebuckling  stress  state,  even  under 
constant  compression,  which  induces  consider¬ 
able  change  in  the  critical  load  of  a  laminate. 
However,  the  magnitude  of  such  changes  is  highly 
dependent  on  other  related  structural  parameters, 
namely,  the  nature  of  the  spacing,  fiber  type,  in¬ 
plane  and  out-of-plane  boundary  conditions  and 
the  laminate  aspect  ratio.  It  should  be  noted  that  a 
fiber  spacing  effective  in  increasing  the  critical 
load  also  results  in  remarkably  high  stress  con¬ 
centrations  which  raise  concerns  about  its  practi¬ 
cality  and  feasibility. 


The  paper  emphasizes  the  accurate  computa¬ 
tion  of  the  prebuckling  stress-field  since  the 
assumption  of  a  uniform  stress  state  is  likely  to 
admit  gross  errors  in  the  buckling  analysis  for 
highly  inhomogeneous  laminates.  However,  for 
benign  fiber  distributions,  the  non-uniformity  of 
the  stress-field  is  of  such  a  mild  degree  that  its 
formal  computation  is  not  justified  on  the  grounds 
of  attaining  marginal  accuracy  at  dispropor¬ 
tionately  high  computational  effort. 
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1  he  dynamic  behavior  of  cross-ply  non-symmetric  composite  beams,  having 
uniform  piezoelectric  layers  is  analysed.  A  first-order  Timoshenko  type  analy¬ 
sis  is  applied  to  obtain  the  equations  of  motion,  which  include  shear  deforma¬ 
tion,  rotary  inertia,  bending-stretching  coupling  terms  and  induced  axial  strains 
caused  by  the  piezoelectric  material.  Using  the  principle  of  virOKil  work,  the 
coupled  equations  of  motion  and  the  relevant  boundary  eoiulinons  are 
obtained.  For  a  laminated  beam  having  uniform  piezoelectric  layers  the 
induced  strains  appear  only  in  the  boundary  conditions  yielding  time  depend¬ 
ent  ones.  Therefore,  a  .special  procedure  involving  orthogonality  of  the  coupled 
Timoshenko  type  natural  vibrational  modes  of  the  beam  is  applied  to  help 
understanding  of  the  dynamic  behavior  of  the  non-symmetric  laminated  beam 
and  to  investigate  the  influence  of  the  induced  strains  (by  the  piezoelectric 
layers'  on  the  dynamic  behavior  while  keeping  an  ‘open-loop"  control.  Typical 
types  of  laminates  and  piezoelectric  materials  are  used  to  calculate  natural  fre¬ 
quencies  and  mode  shapes  N'umertcai  results  for  various  parameters  of  larrit- 
nated  beams  are  presented  to  stress  the  better  applicability  and  suitabili^'  of  the 
present  approach  to  the  analysis  of  dynamic  behavior  of  laminated  composite 
beams  with  piezoelectric  layers. 


INTRODUCTION 

In  recent  years,  a  considerable  amount  of 
research'  "  has  been  done  on  intelligent  .struc¬ 
tures.  These  are  structures  which  arc  integrated 
with  sensors  and  actuators  to  obtain  active  con¬ 
trol.  With  the  ability  to  contrt)!  the  respon.se  of  a 
structure  movement,  the  intelligent  stucture  will 
have  three  major  applications,  namely  vibration 
control,  shape  control  and  damage  deflectittn. 

One  of  the  primary  materials  considered  for 
these  intelligent  structures  is  often  laminated 
eomptisites.'’  ’  The  advantages  of  using  laminated 
composite  materials  include  the  ability  to  design 
the  stiffness  and  stteiigth  of  the  laminate  so  as  to 
keep  the  ratio  of  strength  to  weight  maximum. 

Piezoelectric  materials,  which  exhibit  mechani¬ 
cal  deformation  when  an  electric  field  is  applied 
and/or  priKlucc  voltage  under  strain,  bee  »me 
increasingly  important  as  sensors  and  actua¬ 
tors.'''  '' 


Bonding  or  embedding'"  segments  or  layers  of 
these  materials  in  a  laminated  structure  would 
alk)w  the  application  of  strains  through  which  the 
deformation  of  the  structure  can  be  controlled 
and/or  damped.' ' 

To  date,  models  of  induced  strain  actuator/sub- 
strate  system  are  very  limited  because  most  the 
researchers  have  concentrated  their  efforts  on  the 
implementation  of  control  algorithms.' "  ' 
Most  of  the  models  in  the  literature  are  based  on 
the  classical  lamination  theories  such  as  Kirch- 
hoff's  hypothesis  for  plates  or  the  equivalent 
theory  for  beams,  the  Bernoulli-Euler  theory.'  '- 
both  neglecting  transverse  she  r  deformations 
and  rotary  inertia.  However,  shear  effects  are 
significant  for  anisotropic  beams  because  the  ratio 
between  the  transverse  shear  modulus  and  the 
extensional  modulus  is  between  1/20  and  l/.‘'0  for 
modern  composites  and  between  I/2‘.5  and  1/2 
for  isotropic  materials.”  Use  of  re'ined  shear- 
deformable  theories  including  piezoelectric  layers 


.371 

(  .V/n/r//;rcv  ()2b3-H223/43/SUfi,U()  ®  1443  I  Iscvicr  Science  Publishers  I  til.  l-nglantl.  Priiiteii  in  (Ireal  Britain 


372 


//.  Ahniniovkli,  .3.  Ijvshits 


are  confined  to  plates"*  "  only,  fitr  static  cases 
and  very  limited  dynamic  cases. 

In  the  present  work,  the  dynamic  behavior  of 
cross-ply  non-symmetric  (with  symmetrical  layup 
being  only  a  simplified  case)  laminated  composite 
beams,  having  uniform  piezoelectric  layers,  is 
analysed.  A  first-order  Timoshenko' ’  type 
analysis  is  applied  to  obtain  the  equations  of 
motion,  which  include  shear  deformation,  rotary 
inertia,  bending-stretching  coupling  terms  and 
induced  axial  strains  caused  by  the  presence  of  the 
piezoelectric  layers. 

Using  the  principle  of  virtual  work,  the  coupled 
equations  of  motion  and  the  relevant  boundary 
conditions  are  obtained.  For  a  laminated  beam 
having  uniform  piezoelectric  layers  the  induced 
strains  appear  only  in  the  boundary  conditions, 
yielding  time  dependent  ones.  Therefore  a  special 
procedure  involving  orthogonality  of  the  Timo¬ 
shenko  tvpe  natural  vibrational  modes  of  the 


beam  is  applied  to  help  understand  the  dynamic- 
behavior  of  non-symmetric  laminated  beams  with 
piezoelectric  layers. 

FORMULATION  OF  PROBLEM 

Figure  1  shows  a  laminated  composite  beam 
referred  to  a  system  of  Cartesian  coordinates  with 
the  origin  on  the  midplane  ol  the  beam  and  the  .r- 
axis  being  coincident  with  the  beam  axis.  Two  of 
the  cross-ply  layers  are  piez<relectric  layers.  We 
assume  that  the  piezoelectric  layer,  thickness  ^/.  is 
negligible  in  comparison  with  the  beam  thickness. 
h.  dlh<\.  The  electro-mechanical  behavior  of 
the  piezoelectric  layer  is  described  in  Refs  1.3.4 
and  12. 

The  displacements  of  the  beam  can  be  shown 
to  be  given  by  the  following  relations 

U-ti  +  zy  I 

W=  tv 


Uij.l.  ,\i  ros'.-ply  laminate  composite  heam  with  pic/oeicctrie  layers;  (ai  synimctrie  ease:  longitudinal  vihnitions; '  In  symmetric 
case,  transversal  vibrations;  ‘et  non-symmetric  case,  coupled  transverse  -longitudinal  vibrations;  ut  i  cross-seetion. 


(  nn.s-ph  Uminuih'd  Ih  iiins  »titi  (  im  Ut\ci\ 


where  ic.xj)  and  n;.v,  n  are  the  axial  and  lateral 
displaeements  of  a  pirint  on  the  niidplane  and 
V  -V. /'  is  the  rotation  ot  the  normal  to  the  mid- 
plane. 

For  the  symmetrie  ease  having  the  pie/oeleetrie 
layers  at  equal  distance  from  midplane,  .'i'  =re 
and  the  special  electric  scheme  isee  Fig.  l  a.h  ■ 
the  longitudinal  and  transverse  vibrations  of  the 
beam  are  not  coupled  and  may  be  described 
separately. 

T  he  classical  strains,  without  e,\tern;il  electric 
field  are  giv  en  by 

=  +  -I. 

ic' 

where  denotes  partial  derivation  with  respect  to 
the  span  coordinate,  v.  The  stress-strain  relation 
for  the  piezoelectric  material  is  similar  to  that  of 
thermoelastic  materials,  with  the  thermal  strain 
term  being  replaced  by  the  piezoelectric  induced 
strain.  Fhe  actuation  strain  r;'  due  to  the  external 
electric  field  is  given  by  '  '  ' 

■■  d;: 

' : 

vxhere  (/;,  is  the  appropriate  stiitic  piezoelectric 
constant.  I'  /i  is  the  tipplied  voltage  and  v.  the 
control  coefficient  for  the  /th  piezoelectric  layer 
number. 

The  stress -strain  relations  for  composite  lami¬ 
nae  are  gi\en  by' ' 

a,  =  ij n  r,  “■  r  ,' ' 

T. 

where  (Jn  and  are  the  transformed  material 
constants,  depending  on  the  material  constants 
and  on  the  angle  f)  between  the  fiber  direction  and 
the  longitudinal  axis  of  the  beam.  For  cross-ply 
laminae  the  value  of  the  angle  0  is  either  0°  or 
For  this  case  the  tranverse  and  torsional  deforma¬ 
tions  can  be  shown  to  be  uncoupled.' ' 

I  he  internal  forces  and  moments  acting  on  the 
cross-section  of  the  beam  are  given  by 


where  k-  5/h  is  a  shear  correction  factor.'  From 
relations  (  /  wc  can  obtain  the  beam  constitu¬ 


tive  equations: 

J  / 

M,  -  fk  -ji  -  /),i  V  *  I  r  (> 

(J,  =  .  1 ..  I/’  + 

where 

.b,./f. =<  (J  l.r.r  d: 

r  . 

.F.  =  A(j  (_T,il.' 

-  O  ,hd.  \.:  ' 

and  <  is  the  beam  width. 

Fhe  v  irtual  work  of  the  present  problem  is  ■ 

^  P 

d.T  =  j  -  .\,b  ^  A/,(Vig  V'*  "  ■' 

/,/i  l-tf  <)li  /,  lid  It’ /-li  -t  /;  V  dip 

d.vd/=l)  ■'x 

where 

/;  1..-.:'  d.-  d 

a  is  the  mass  density  of  the  beam  material  and 
denotes  partial  ilerivation  with  respect  to  time.  t. 
FKing  eqiis  iSi  and  carrying  out  the  various  varia¬ 
tional  operations  yields  the  governing  equations 
of  motion  lor  uniform  cross-ply  laminated  com¬ 
posite  beams  with  uniform  spatial  distribution  ol 
piezoelectric  layers 


It  -i'  /,  V' 

■  Fov"  ^ 

iV 

l^u 

d'  -  .1^4 

ae'-t- 

•d"  T.V’ 

and  the  boundary  conditions  are 

.■1,1 

4- 

!! 

or 

//=!) 

i(  +  H’'  i 

-t) 

or 

u  =  n 

u  -t-  /),, 

V''  +  /•,,  TTi-O 

or 

v-0 

SOLI 

ITION  OF  EQl  ATIONS  OF  MOTION 

FOR  A  C  ANTILKVER  BEAM 

Introducing  the  non-dimensional  span  of  the 
bciim.  and  the  non-dimensional  time,  r,  riefined 
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M-i 

by 


r=  ioj 


(12) 


where  L  is  the  length  of  the  beam  and  oj,,  is  the 
fixed  angular  frequency,  we  obtain  the  non- 
dimensional  generalized  displacements 


)</;  = 


I  II  Vf 

l/.‘  L 


■  V’l 


13) 


yielding  the  equations  of  motion  in  a  matri  c  form; 

+  !14) 

where  \  M\  is  mass  matrix  and  |C  !  is  matrix  differ¬ 
ential  operator,  defined  as 


13/]  =  m3/,] 


(15i 


-V/J  = 


1  0  rj- 

0  h'  0 
r]-h-  {)  rb' 


sja,-,  0 

a  a,'  a, 
L?'/5'af,  -a„  b-d;,-\ 


{ 16; 


(•)  =  —  3  =  — 

ar  a< 

are  non-dimensional  differential  operators  and 
the  non-dimensional  parameters  are  defined  by 

/>n  /->!!  A..L- 


r  -  ■, . ^  C  — .  n  = 

Dn  /,/. 


(17) 


Defining  the  non-dimensional  internal  forces  as: 


L- 

I 


(IH) 


yields  the  non-dimensional  internal  force  vector 
Ini  in  a  matrix  form 

in!  =  (.V|{f/!  -(-|f„)r-(r)  (19) 

where  i-Vl  is  a  matrix  differential  operator  defined 
as: 


|.V1  = 


c;a„  0 


0 


/)- 

C'a„  0 


.  a„ 


S  a,, 

1 

fr 
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b:n . 


f-n]  /-  I 

/-  />, 
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V,  is  nominal  voltage  amplitude.  r(r'  =  fi/i/i;  is 
non-dimensional  voltage-time  function. 

For  a  fixed  non-movable  end  the  boundary 
conditions'"  are  {t/'  =0  and  for  a  free  end"  they 
are  ’/ii  =  ().  Therefore,  for  a  cantilever  beam  the 
bciundary  conditions  are  given  by: 

$  =  ()  k/i^o 

^=1  |//i  =  0  , 22 1 

which  can  be  rewritten  as 


where  |  /'^  |  is  a  6  x  6  matrix 
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[/:]  is  a  unit  x  3  matrix  and  i/'|  is  the  piezo¬ 
electric  time-dependent  vector 

l/''l  =  -i.7^,i'’(f )  (2?; 

To  obtain  the  solution  of  the  beam  vibrations 
problem  having  time-dependent  boundary  condi¬ 
tions.  a  special  method  of  separation  of 
variables'''"''  is  adopted.  We  assume  that  the  solu¬ 
tion  form  is 


i^n=k/l  +  |r|{T(  (26i 

where  [Tj  is  a  3  x  6  matrix,  to  be  determined  later, 
and  defined  by 

|r|=|{g,(^)| . {gj$)i]  !27) 

Using  the  boundary  conditions  given  by  eqn  (23) 
yields 


(«1  f{^(0)lj 
k(l)ll 


E 

S 


\ 


[r(0)i]\ 

innjJ; 


iFi 

(28) 


C  ross-ply  laminaleii  beams  with  piezoelectric  layers 


Assuming  that  the  right-hand  side  of  eqn  (28)  is 


zero.  i.e. 


[/i‘bx,  irioj  , 


.V!  ini: 


The  matrix  system  given  by  eqn  (29)  may  be  re¬ 


written  as 


.1=1 . 6  (20) 


d„  is  the  Kronecker  symbol.  Solving  an  ordinary- 
differential  equation  system  like  (30).  yields  the 
following  form  of  the  matrix  [  f  ] 


!q:}dex7;,  =-  ii/:'!'|.v/|irid^:/-^' 


+  (q.ri'K'liride-!/-! 


Taking  into  account  the  eigenmode  behavior 
and  the  orthogonality  conditions 


'(1.7  \  p:p„d„ 


U/"'  i  I  ii$  =  p:,u„d„ 


1  0  0 


^2  ^ 
^1  "  9 


0 


0  1 


Si  “  4. 


0  0  1 


/■V  4 1 

TI  21  4 
4i  -  4 


Now  the  boundary  conditions  (28  )  for  the  general  where  p„  is  the  generalized  mass  of  the  nth  eigen- 
solution  for  U/}  in  eqn  (14)  are  homogeneous  and  mode  defined  as 
the  equation  for  ( q  1  may  be  rewritten  as 

!.V/!jq[  +  !r)k/f=  -(|M)lr|iTf  +  K-)(r|!/-!)  (32)  U/,:  1 


Now  the  spatial  and  time  variables  can  be  sepa¬ 
rated  'wsing  an  eigenmode  series.  Let 

\q\^l.\q"\T„  (33) 


where  \q,’,'  {^)\  is  the  nth  eigenform  of  the 
coupled  vibration  of  the  laminated  composite 
beam  with  the  respective  eigenfrequency  to,,  (or 
non-dimensional  frequency  p„),  and  7„(r)  is  the 
time-dependent  function. 

Substitution  of  eqn  (33)  into  eqn  (32)  and  using 
Boubnov-Galerkin  techniques  (multiplication  by 
the  function  \q',;"V  and  integration  along  the 
length  of  the  beam)  yields 

Y-il  iq;'}'iM|!q,nd^7;.+  f  {q.rr'iri 


and  d,„„  the  Kronecker  symbol,  yields  the  equa¬ 
tions  f<ir  the  time-dependent  function.  /  ( r  / 

+  (b,i’{T)+  (j*r{T)  (375 

where 


Q-  =  r:  =  j-  )  G  I '  I  r  ’ 

Pn  W„  p„ 

c;*,-  4- 


\(l\  =  if/;:'riA/„iirid£ 


!r/,r1'fr|!r!de 
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Solution  of  eqns  (37)  with  the  initial  conditions 
and  eqns  (26).  (31 )  and  (33)  yields  the  full  solution 
of  the  problem  of  vibrations  of  non-symmctrical 
cr<i'^s-ply  lamination  composite  beams  with  piezo¬ 
electric  layers. 

LAMINATED  COMPOSITE  BEAM  WITH 
PIEZOELECTRIC  LAYERS  AS  AN  OPEN- 
LOOP  CONTROL  SYSTEM 

Based  on  eqns  (26),  (31),  (33),  (37)  and  (38)  we 
can  get  the  structural  scheme  of  the  composite 
beam  with  piezoelectrical  layers  as  an  open-loop 
control  .system.  The  scheme  is  shown  in  Fig.  2.  In 
Fig.  2,  .V  is  the  Laplace  variable  and  f„  is  the 
damping  coefficient  for  the  //th  eigenmode  of 
vibration,  and  usually  Using  the  structu¬ 

ral  scheme,  we  can  get  the  transfer  function  and. 
respectively,  the  amplitude-frequency  and  phase- 
frequency  characteristics  of  the  electro-elastic 
system  for  all  the  displacements  of  any  point  on 
the  beam. 

For  a  cantilever  beam,  the  free  end  is  more 
interesting.  Using  a  normalized  system  of  eigen- 
modes  (  with  normalization  condition  m"  (1)  =  1 
for  each  n  i.  yields  the  standard  open-loop  control 
system.  Then,  the  classical  methods  of  control 
theory  may  be  used  to  lay  out  an  active  control 
loop. 


NUMERICAL  RESULTS 

The  study  presents  numerical  results  for  cross-ply 
laminated  composite  beams  having  rectangular 


cro.ss-section.  The  AS/3.3()l-6  graphite-epoxy 
material  pri)perties  used  in  the  numerical  results 
are:"'^ 

=  14-5  X  |l)"'N/m’  T,  =  0-y6x  l()"'N/m^ 
Vi,  =  ()-3 

6;,,  =  6',,  =  ()-4l  X  l()"'N/m- 

f;.;^U-34x  it)'"N/m" 

The  shear  correction  factor  k  is  .3/6  as  commonly 
used  in  the  literature.' ' 

Two  types  of  laminates  were  considered:  a  sym¬ 
metrical  one  10711°)  a  non-symmctrical  one 
jy()70°|.  In  the  symmetrical  case  the  longitudinal 
and  transverse  vibrations  are  not  coupled.  The 
relative  thickness  of  the  beam  was  ////.=  110.  .A 
comparison  of  the  non-dimensional  frequencies 
of  the  free  vibrations  for  a  cantilever  beam  with 
immovable  ends  is  presented  in  Table  1.  The  first 
two  mode  shapes  with  a  predominance  of  trans¬ 
verse  vibrations  (modes  number  1  and  2i  and  the 
two  first  mode  shapes  with  a  predominance  of 
hmgitudinal  vibrations  (modes  5  and  10.  marked 
(*(  in  Table  1 )  are  shown  in  Figs  3(a)-id  (i. 

The  influence  of  the  non-dimensional  radius  of 
gyration  r  v>n  the  first  three  non-dimensional 
frequencies  iplp,J  of  transverse  vibrations  for  a 
symmetrical  }070°1  cross-ply  beam  is  shown  in 
Fig.  4iai.  p„  is  the  calculated  frequency  using  the 
classical  Bernoulli'F'uler  theory  ( r=  6  =  0). 

The  graphs  of  the  dcpendeticies  of  non-dimen¬ 
sional  frequencies  (ptpj  for  a  non-symmetrical 
|y()70'’l  laminated  beam  on  the  non-dimensional 
radius  of  gyration  rare  shown  in  Fig.  4(bi.  p,,  was 
calculated  using  the  classical  laminate  Bern<iulli 


Fig.  2.  Structural  scheme  of  the  open-loop  control  clectroelastic  system 


(  ross-ply  laminated  beams  with  piezoelectric  lavers 
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Fable  1.  Non-dimensional  fre<)uencies  p  for  a  cantilever 
beam  (Llk=  10)  for  various  types  of  laminates 


Mode 

number 

n 

Symmetrical 

case 

Non-symmetrical 

case 

190701 

1 

3-2313 

2-3201 

2 

14-6  50 

1 2-696 

3 

31-648 

30-484 

4 

48-799 

50-326 

.s 

54-414' 

54-479  ■ 

6 

65-999 

72-724 

7 

82-801 

94-8 1 2 

8 

99-479 

1  16-47 

9 

1  15-894 

1 37-75 

10 

132  250 

144-28“ 

1  1 

148-320 

161-68 

n  nth  mode  of  longitudinal  vibrations. 

■ .  mode  with  predominance  of  the  longitudinal  vibrations. 

-Euler)  theory,  for  a  non-symmeiric  cross-ply 
laminated  beam.'^ 

The  shear  deformation  and  rotary  inertia  lower 
the  frequencies  with  increase  in  r  with  a  major 
influence  on  the  high  modes  of  vibration.  This 
influence  is  greater  in  region  ()<r<()()3  for 
modes  having  a  predominance  of  longitudinal 
vibrations  (curve  n- 5  in  Fig.  4fb)). 

The  open-loop  control  system  is  influenced  by 
the  longitudinal/lateral  stiffness  ratit)  of  the  beam 
and  the  properties  of  the  pieztielectric  layers.  A 
careful  choice  of  this  ratio  and  properties  will 
enable  the  transfer  of  energy  from  the  lateral 
vibrations  to  the  longitudinal  ones,  yielding 
improved  damping  characteristics  in  the  fle.xural 
direction.  A  parametric  study  to  tune  the  coupled 


Laminated  Composite  Beam  [90/01 

Ctemptd.Fr**  Unmovtbl*  fndi 


Laminated  Composite  Beam  [90/0] 

ClAmptd'RM  Unmovtbl*  End* 


(f)  (d) 

Fit>.  3.  MikIc  shapes  of  couplsxl  transvcrsc-lnngilmlinal  vibration.s  of  a  !00'’/(rj  cross-ply  canlilcvcr  beam  i  /,  //;=-  I O  :  a  1st 

ni<tdc; ( hi  2nd  mode;  (c )  5ih  mode;  ’d i  1 0th  mode. 
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Laminated  Composite  Beam  [0/0] 

Cl«fnptd*Fra*  End* 


Laminated  Composite  Beam  [90/0] 

D*mp«d-FTM  Unmov*&t*  End* 


Hs;.4.  Niin-ditncnsiiiniil  frequency  /'  />,  versus  non-climcnsional  radius  ol  ev ration  /  Tor  a  cornposits'  eross-pls  laminated 
eanlilc'er  heam:  la  ■  symmetrical  case  dr';0°i;  ■  b'  non-symmetncal  case  yd  b  . 


prt>pcrtit's  ol  the  laminated  eomposite  beam  with 
the  piezoelcctiie  layers  Ui  d'otain  the  minimum 
settling  time  tit  the  tlexural  vibrations  was 
initiated,  with  the  results  to  be  presented  in  the 
future. 

(ONCLISIONS 

The  equations  of  motion  of  non-symmetric  lami- 
ntited  composite  beams  having  uniform  piezo¬ 
electric  layers  have  been  formulated  and  solved, 
using  a  first-order  shear  deformation  theory.  The 
mlluence  of  longitudinal/llexural  coupling  was 
investigated  for  an  open-loop  control  scheme. 

Numerical  results  for  various  parameters  of 
laminated  beams  are  presented  to  stress  the  better 
applicability  and  suitability  of  the  present  appro¬ 
ach  to  the  analysis  of  dynamic  behavior  of  lami¬ 
nated  composite  beams  with  piezoelectric  layers. 
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Smart  structures  —  vibration  of  composites  with 

piezoelectric  materials 

S.  M.  Yang  &J.W.  Chiu 

Institute  of  Aeronautics  and  Astronautics,  National  Cheng  Kung  University,  Taiwan 


A  manufacturing  technique  is  developed  fc  embedding  piezoelectric  material 
in  composite  laminates  while  maintaining  the  structure  strength  and  piezo¬ 
electric  effectiveness.  An  ultrasonic  C-scan  test  is  applied  to  screen  out  the 
specimen  with  possible  delamination  along  the  interface  of  the  piezoelectric 
material  and  glass  fiber  layer.  It  is  shown  that  the  problem  of  electrical 
insulation  and  piezoelectric  material  cracking  can  be  prevented.  In  addition, 
tensile  and  static  te.sts  are  conducted  to  validate  the  manufacturing  technique. 
An  analytical  model  is  also  presented  to  predict  the  natural  frequencies  and 
mode  shapes  of  a  composite  structure  with  embedded  piezoelectric  materials, 
and  the  predictions  are  verified  by  modal  testing. 


1  INTRODUCTION 

The  stringent  requirements  of  aerospace  systems 
have  created  a  need  for  smart  structures,  struc¬ 
tures  with  built-in  sensor/actuator  and  intelli¬ 
gence  that  can  actively  change  its  physical 
geometry  and  property.  Application  in  aerospace 
systems  includes:  structure  vibration  suppression, 
structural  shape  control,  attitude  control,  and 
acoustic  noise  suppression.  In  particular,  a  smart 
structure's  adaptive  nature  to  external  stimuli 
makes  it  the  best  candidate  in  vibration  and  con¬ 
trol  applications.  Recent  research  emphases  have 
considered  materials  such  as  piezoelectric  cera¬ 
mics,  piezoelectric  polymers,  electrorheological 
fluids,  and  shape  memory  alloys.  This  work 
focuses  on  one  type  of  smart  structures  —  vibra¬ 
tion  of  aerospace  composite  structures  with 
piezoceramic  material. 

With  the  pervasive  application  of  composite 
structures  in  flight  vehicles,  the  need  to  develop  a 
technique  to  incorporate  piezoelectric  materials 
in  composite  laminates  during  the  manufacturing 
process  is  necessary.  Piezoelectric  material  can 
generate  an  electrical  charge  in  response  to 
mechanical  strain,  or  conversely,  can  provide  a 
mechanical  strain  as  a  result  of  the  applied  elec¬ 
trical  field.  The  history  and  application  of  piezo¬ 
electricity  can  be  found  in  Mason.'  The  major 
advantages  of  using  piezoelectric  material  in 
smart  structures  include:  (1)  no  magnetic  field 
generated  in  the  conversion  of  electrical  energy 


into  mechanical  motion,  (2)  response  time  less 
than  1  ms,  (3)  high  resolution  in  mechanical  posi¬ 
tioning,  and  (4)  large  force  output,  as  much  as 
1 000  N.  For  these  reasons,  applications  of  piezo¬ 
electric  material  to  structure  vibration  and  control 
have  received  considerable  attention  recently. 
Crawley  and  deLuis-  and  Crawley  and  Anderson' 
presented  a  mechanics  model  for  the  interaction 
of  piezoelectricity  with  a  one  dimensional 
Euler-BernouUi  beam  model.  Two  dimensional 
models  of  structures  with  piezoelectric  material 
have  also  been  developed  by  Lee^  and  Dimitriadis 
et  al.^  In  addition,  finite  element  models  for  piezo¬ 
electric  material  have  been  proposed  by  Nailon  et 
al.^  and  Tzou  and  Tseng.’  In  spite  of  all  the  above 
work,  however,  examples  and  their  applications 
have  been  limited  to  a  one  dimensional 
Euler-Bernoulli  beam  with  piezoelectric 
materials.  Lee  and  Yang"  have  recently  shown 
both  analytically  and  experimentally  that  the  stiff¬ 
ness  of  a  beam  structure  is  influenced  by  the  inter¬ 
action  between  the  piezoelectric  actuation  and 
structural  vibration.  But  like  many  of  the  above, 
the  work  was  conducted  on  isotropic  structures 
with  surface-bonded,  piezoelectric  materials. 
Analytical  and  experimental  verification  of  com¬ 
posite  smart  structures  are  both  necessary. 

The  use  of  smart  structures  in  fiight  vehicle 
vibration  control  and  flutter  suppression  is  very 
promising  for  the  low  power  consumption  and 
high  bandwidth  of  piezoelectric  material. 
Recently,  Ha  et  al!^  have  developed  a  finite  ele- 
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merit  formulation  for  composite  laminates  con¬ 
taining  piezoelectric  materials,  but  the  experiment 
is  conducted  on  a  specimen  with  surface  bonded 
piezoelectric  material.  Crawley  and  deLuis-  have 
applied  piezoelectric  materials  to  three  test  speci¬ 
mens  of  cantilever  beam;  aluminum,  glas.s/epoxy, 
and  graphite/epoxy;  their  tensile  tests  show  that 
the  ultimate  strength  of  the  laminates  is  reduced 
by  20%  when  piezoelectric  materials  arc 
embedded.  However,  the  natural  frequency,  mode 
shape,  and  damping  are  not  reported  in  their 
studies.  In  a  similar  work,  Jenq  et have  shown 
both  computationally  and  experimentally  that  a 
one-end-cantilever,  composite  laminate  can  have 
a  1  ()7o  natural  frequency  drop  when  a  square  cut¬ 
out  is  present.  Conversely,  the  embedding  of 
piezoelectric  materials  in  composite  laminates  can 
affect  the  natural  frequencies  and  mode  shapes  as 
well.  This  paper  presents  an  analytical  model  to 
predict  the  vibration  characteristics  of  composite 
laminates  with  embedded  piezoelectric  materials, 
and  manufacturing  techniques  are  also  developed 
for  embedding  piezoelectric  materials  inside  glass 
fiber  composite  laminates.  The  smart  structure 
specimens  are  tested  to  identify  the  effect  of  stiff¬ 
ness  and  inertia  of  the  embedded  piezoelectric 
materials  on  the  natural  frequencies  and  mode 
shapes. 


2  ANALYTICAL  MODEL 

A  prerequisite  of  effective  structure  vibration 
control  is  to  understand  the  mechanics  and 
dynamics  of  smart  structures.  An  analytical  model 
is  developed  to  predict  the  vibration  characteris¬ 
tics  of  composite  laminates  with  embedded  piezo¬ 
electric  materials.  The  model  incorporates  the 
composite  laminate  model  from  Jenq  et  al.'"  and 
the  piezoelectric  model  from  Crawley  and 
Anderson.'  Consider  a  composite  laminate  con¬ 
sisting  of  jV  thin  orthotropic  layers  of  constant 
thickness,  and  each  layer  is  oriented  at  an  angle 
i8„,]  with  respect  to  the  plate  coordinate  axes 
where  the  xy  plane  coincides  with  the  midplane  of 
the  plate.  Based  on  the  dynamic  shear  deforma¬ 
tion  theory  of  small  strain  and  linear  stress-strain 
assumptions,  the  displacement  field  can  be 
expressed  as 

Hi(x,  y.  z,  /)  =  u{x,  y.  t)  +  z<^^{x,  y,t)  ( 1 ) 

Uzix,  y,  z.  t}=t’{x,  y,  t)+z^yix,  y.  t)  (2) 

udx,  y,  z,  /)  =  w{x,  y,  t)  (3) 


where  i  is  time,  /q,  n.  and  Ux  denote  the  displace¬ 
ments  of  a  point  in  the  .v.  y  and  z  directions, 
respectively,  it.  f  and  u'  are  the  associated  mid¬ 
plane  displacements.  and  p,  denote  the  rota¬ 
tions  in  the  vz  and  yz  planes  due  to  bending.  From 
Hamilton's  principle,  the  equations  of  motion  can 
be  written  as 


d;V,  dX, 
dx  dy 


dX,.  d/V' 

—  "  +  — -- 

dx  dy 


/i  t'  -t-  7^0, 


dx  d\' 


=  (j  +  If  H' 


dM|  dA/„ 
dx  dy 


-Q,  = 


dx 


d.\h 


.S  ! 


6 


8; 


where  /|.  and  /,  are  the  normal,  couple  normal¬ 
rotary.  and  rotary  inertia  coefficients,  q  represents 
the  transverse  distributed  force.  A’,.  (7,  and  M,  are 
stress  and  moment  resultants  given  by  the  follow¬ 
ing  equations 


/V,.  A/,)  = 


C>:  )  = 


h : 


( 1.  z)  o,  dz 


(a,,  04 }  dz 


ii : 


(9i 


10) 


Note  that  t  =  1 . 2 . 6  and  the  stress  component 

is  denoted  by  a,,  i.e.  0|  =  o,.  o,  =  o,,  a. -a,.. 
Os  =  o,-  and  o,,  =  o,,. 

With  a  four-node  finite  element  formulation, 
the  governing  equation  for  each  element  can  be 
written  in  matrix  form  as 

Mx'^  +  K'''x"  =  L' 

where  M‘'  and  K*"  are  the  element  mass  and  stiff¬ 
ness  matrix,  respectively.  L  and  x'^  are  the  force 
and  displacement  vectors;  x"  =  |/F,  r'-'.  w". 

The  global  governing  equation  can  be  obtained 
after  assembling  the  equation  of  motion  for  each 
element, 

(M,  +  Mp)x  +  (K,  +  K,)x=/  (11) 

where  M  and  K  are  the  system  inertia  and  stiffness 
matrices;  the  subscripts  s  and  p  denote  composite 
structure  and  piezoelectric  material  rcspec- 
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tively;  and  the  components  ot  can  be  found  in 
Jenq  et  and  Reddy."  The  natural  frequency 
and  mode  shape  of  a  composite  structure  with 
embedded  piezoelectric  materials  can  then  be 
determined  by  eqn  (11)  with  the  prescribed 
boundary  conditions. 

3  .MANUFACTURING  TECHNIQUE 

Smart  structure  manufacturing  techniques  are 
developed  for  embedding  piezoelectric  materials 
inside  glass  fiber  composite  laminates.  The  com¬ 
posite  lamintites  are  made  of  S-glass/epoxy  uni¬ 
directional  pre-prag  tape  (Fibcrite  Hy-E  9134  B) 
with  embedded  piezoelectric  material  of  high 
Curie  temperature  {APC<S4()1.  Selection  of  the 
piezoelectric  materials  is  to  match  both  the  elastic 
modulus  and  curing  temperature  of  the  compo¬ 
sites  because  the  curing  process  is  limited  by  the 
Curie  temperature  of  the  piezoelectric  materials. 
The  mechanical  properties  of  uni-directional 
laminates  and  the  electro-mechanical  properties 
of  the  piezoelectric  material  are  listed  in  Tables  1 
and  2.  respectively.  A  cantilever  plate  of  smart 
structure  30  cm  x  14  cmx()-12  cm  is  considered 
in  this  study.  The  laminate  stacking  sequence  is 
90  ()|^  with  si.N  piezoelectric  plates  (>f  254 
mm  X  25  4  mm  x  0-375  mm  each,  three  on  each 
side  of  the  neutral  axis.  The  pre-prag  tapes  are 
processed  to  have  stjuares  cut  out  lor  accommo¬ 
dating  the  piezoelcetric  plate,  and  the  cross-sec¬ 
tion  of  the  smart  structure  is  shown  in  Fig.  I  in 


which  the  third  to  fifth  and  eighth  to  tenth  layers 
contain  the  piezoelectric  plate.  Note  that  the 
thickne.ss  of  the  piezoelectric  plate  is  about  three 
laminate  layers. 

The  electrical  lead  is  attached  to  the  center  of 
the  top  and  bottom  surlaccs  of  the  piezoelectric 
plate;  no  conductive  epoxy  is  required  for  attach 
ing  the  lead.  A  total  of  six  electrical  leads  -  M-iine 
accessories  326  —  DFV  i  is  led  through  the  adja¬ 
cent  layers  to  the  edge  of  the  cantilever  end.  In 
order  to  prevent  the  electrical  Ictids  from  becom¬ 
ing  brittle  during  the  curing  process,  each  lead 
goes  through  a  needle  (240-1.  25x()-55  <t>  mm 
located  at  the  edge  of  the  laminate  plate.  The 
smart  structure  is  then  hot  pressed,  vacuum 
bagged,  and  cured  at  about  1S()°C'  using  the  cur¬ 
ing  procedure  shown  in  Fig.  2.  After  the  curing 
process,  the  smart  structure  is  inspected  through 
the  ultrasonic  C'-scan  facility  to  screen  out  struc¬ 
turally  defective  specimens.  Figure  3  shows  a 
C'-scan  plot  of  a  smart  structure  specimen  in 
which  the  grey  area  around  the  piezoelectric  plate 
indicates  possible  delamination. 

4  STATIC  AND  VIBRATION  TES  I 

The  smart  structure  specimen  is  tested  for  its 
piezoelectric  effectiveness  by  attaching  a  strain 
gauge  to  the  top  surface  of  the  specimen  adjacent 
to  the  piezoelectric  materials.  I'he  embedded 
pieztK'Iectric  materials  with  IX'  voltage  from  a 
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power  supply  (HP6035A)  serve  as  actuator,  while 
the  strain  gauge  measures  the  displacement. 
Figure  4  shows  the  piezoelectric  effectiveness  of 
the  smart  structure  in  which  the  mechanical  strain 
increases  to  80  //  in  a  rather  linear  relation  when 
the  DC  voltage  increases  from  0  to  500  V.  The 
smart  structure  specimen  is  further  tested  in  a 
material  test  facility  for  its  stress-strain  curve  and 
ultimate  strength.  These  data  are  compared  with 
those  of  a  composite  structure  of  the  same  layout 
but  without  piezoelectric  materials.  Figure  5 
shows  the  stress-strain  curve  obtained  from  the 
composite  laminate  with  and  without  embedded 
piezoelectric  materials.  The  elastic  modulus  of  a 
specimen  without  piezoelectric  materials  is  about 
52-5  GPa  while  that  with  is  about  26-25  GPa. 
Their  difference  is  contributed  to  the  fact  that  the 
cross-section  of  the  latter,  in  terms  of  fiber  content 
is  smaller  than  that  of  the  former. 
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Fig.  2.  (  uring  pri'ccss  iil  the  jjliiss,  epoxy  in  hot  press. 


Effective  vibration  control  application  of  a 
smart  structure  is  impossible  without  knowing 
first  its  modal  parameters.  The  modal  parameters 
of  a  smart  structure  without  external  applied  volt¬ 
age  are  measured  by  using  modal  testing  tech¬ 
niques  for  its  natural  frequency,  damping,  and 
mode  shape.  The  objective  is  to  identify  the 
influence  of  embedded  piezoelectric  materials, 
such  as  material  property,  location,  and  size,  on 
the  vibration  of  a  composite  structure.  Several 
transfer  functions  are  measured  on  the  same 
.smart  structure  specimen  for  verification.  A  set  of 
modal  hammers  and  accelerometer  is  used  to 
measure  the  input/output  transfer  function.  In 
addition,  the  embedded  piezoelectric  materials 
are  applied  as  sensor  and  actuator,  and  the 
accelerometer  (B  &  K  model  4373)  is  attached  at 
the  tip  edge  but  off-center  in  order  to  measure  the 
torsional  mode  as  well.  The  transfer  function  can 
then  be  obtained  by  applying  an  AC  voltage  with 
sweeping  frequency  to  the  piezoelectric  materials. 
Figure  6  shows  the  schematic  diagram  for  smart 
structure  modal  testing. 

The  first  three  natural  frequencies  predicted 
from  the  analytical  model  are  12'9()  Hz.  501  Hz 
and  801  Hz,  respectively.  The  compari.son  of 
each  modal  testing  and  analytical  prediction  from 
the  finite  element  method  of  eqn  (11)  is  tabulated 
in  Table  3.  It  is  shown  that  the  analytical  predic¬ 
tion  agrees  quite  well  with  all  of  the  test  results. 
Figure  7  shows  the  frequency  response  function 
obtained  by  using  one  embedded  piezoelectric 
plate  as  actuator  while  three  on  the  same  side 
above  the  neutral  a.xis  act  as  sensors.  The 
embedded  piezoelectric  materials  can  he  success¬ 
fully  applied  lor  in-situ  -actuator  input  and  sensor 
measurement.  The  actuator  capabilities  are  shown 
in  Fig.  K  where  the  smart  structure  is  e.xcited  at  80 
VAC'  near  the  first  natural  frequency  and  the  tip 


Fig.  .1.  (  ■-scan  plot  of  a  smart  structure  specimen 
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Fig.  6.  Schematic  of  smart  structure  modal  te.sting. 


displacement  is  measured  by  a  displacement 
sensor.  It  is  shown  that  the  manufacturing  tech¬ 
nique  can  prevent  the  problem  of  electrical  insula¬ 
tion  of  the  sensor/actuator,  the  cracking  of 
piezoelectric  material,  and  delamination  of  the 
laminates. 


5  CONCLUSIONS 

( 1 )  An  analytical  model  is  developed  to  predict 
the  vibration  characteristics  of  smart  structures, 
composite  laminates  with  embedded  piezoelectric 
materials.  The  modal  parameters,  including 
natural  frequency  and  mode  shape,  are  calculated 
to  predict  the  influence  of  the  embedded  piezo¬ 
electric  materials  on  the  vibration  of  a  composite 
structure. 

(2)  A  manufacturing  technique  for  embedding 
piezoelectric  materials  inside  glass  fiber  compo¬ 
site  laminates  is  also  developed.  The  insulation 
techniques  at  the  poles  and  leads  of  the  piezoelec¬ 
tric  materials  should  be  considered  to  avoid  elec¬ 
trical  short.  The  smart  structure  specimens  are 
tested  for  their  static  piezo-effectiveness,  and  they 
are  also  tested  in  a  material  test  facility  for 
stress-strain  curve  and  ultimate  strength.  The 
ultrasonic  C-scan  is  employed  to  screen  out  speci¬ 
mens  with  unsatisfactory  delamination. 

(3)  The  modal  parameters  of  a  smart  structure 
without  external  applied  voltage  are  measured  by 
using  modal  testing  techniques  for  natural  fre¬ 
quency.  damping,  and  mode  shape.  Experimental 
results  indicate  that  the  smart  structure  with  exter¬ 
nal  applied  voltage  can  be  effectively  applied  for 
vibration  control. 

(4)  The  embedded  piezoelectric  material  is 
intended  to  .serve  as  a  strain  sensor  during  the  cur¬ 
ing  process;  however,  the  experimental  results 
show  that  the  piezoelectric  sensor  is  ineffective  for 
measuring  the  DC  signal.  The  need  for  an  on-line 


Table  3.  Natural  frequency  of  the  smart  structure  specimen 
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Frequency 


develop  a  charge  amplifier  circuit  so  as  to 
measure  the  DC  signal. 
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sensing  technique  by  embedded  pie/oeleetric 
sensor  is  yet  to  be  deveUrped.  A  piezoelectric 
sensor  is  physically  equivalent  to  ;i  capacitor;  it  is 
anticipated  that  further  research  is  needed  to 
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Two  beam  assemblies  fabricated  using  simple  pultruded  sections  and  adhesive 
bonding  have  been  tested  to  determine  their  structural  prtrpenies.  The  test 
configuration  was  three-point  bending  to  simulate  the  most  severe  loading  m  a 
proposed  application.  Short-term  stiffnesses  are  ct)mpared  with  those 
predicted  using  known  section  properties  and  linear  elastic  beam  theory-. 
Accelerated  creep  test  data  arc  used  to  determine  long-term  behaviour  using 
Findley's  linear  viscoelastic  theory.  For  the  purpose  of  structural  design. 
Findley  's  model  is  used  to  estimate  the  increa.se  in  ma.ximum  deflection  due  to 
a  constant  design  loading  of  I  week.  1  year  and  10  years. 


1  INTRODUCTION 

The  applications  of  pultruded  sections  in  struc¬ 
tural  engineering  are  becoming  more  frequent.'"' 
Standard  (e.g.  'I'  hollow  box  and  flat  sheet)  and 
non-standard  prismatic  sections  are  manufac¬ 
tured  economically  by  pultrusion."* '  The  pultru- 
sion  process  is  simple  in  principle;  continuous 
fibre  reinforcement  in  the  form  of  alternate  laters 
of  randomly  oriented  mat  and  of  uni-directional 
roving  bundles  are  pulled  through  a  thermosetting 
matrix  impregnator  and  then  on  through  a  heated 
die.  The  die  consolidates  and  forms  the  cured 
shape.  The  fibres  for  structural  sections  are 
usually  of  E-gia;,s.  The  binding  matrix  is  a  mixture 
of  thermosetting  polyester  resin  and  filler.  The 
physical  arrangement  of  the  fibre  reinfoicement  in 
the  process  gives  the  material  anisotropic  proper¬ 
ties,  with  the  highest  properties  in  the  directirrn  of 
pull.  MeyeE’  gives  further  details  on  the  process. 
Motivating  factors  for  using  pultrudates  are:-  ' 
corrosion  resistance;  electromagnetic  trans¬ 
parency;  easier  to  as.semble  and  .  ’lintain;  saving 
in  weight. 

The  majority  of  the  applications"^  use  pul¬ 
truded  sections  as  direct  replacements  for  tradi¬ 
tional  structural  steel  sections.  The  differences  in 
material  properties  ensure  that  identically  shaped 
membjrs  of  steel  and  pultruded  material  will 
behave  differently.  There  is  evidence  from  labora¬ 
tory  testing  by  the  author''  ''  and  others"”'  that 


optimum  design  is  unlikely  whilst  pultruded 
sections  are  used  as  steel  equivalents.  The  reason 
for  this  is  that  the  dominant  mode  of  failure  with 
pultrudates  is  elastic  buckling  (local  or  global  i  and 
not  material  strength.  They  have,  compared  to 
steel  sections,  much  higiicr  strength-to-stiffness 
ratios.  It  therefore  follows  that  open-sectioned 
members  may  need  to  be  replaced  by  closed- 
sections  ones  which  are  less  susceptible  to  buck¬ 
ling.  The  problem  then  faced  by  the  engineer  is  to 
provide  appropriate  connections. 

To  overcome  the  problem.  Maunsells  Struc¬ 
tural  Plastic  Group  developed,  over  the  last 
decade,  an  Advanced  Composite  Construction 
.System  (ACCS).’ The  ACCS  has  non¬ 
standard  pultruded  sections  specific  to  its  needs. 
Cross-sections  for  three  components  are  shown  in 
Fig.  1.  Tb"  plank  consists  of  a  cellular  system 
which  uses  effectively  both  the  properties  of  the 
material  and  the  pultrusion  process.  The  plank 
and  connectors  are  joined  using  mechanical  inter¬ 
locking  and.  if  required,  adhesive  bonding.  ’  The 
ACCS  has  been  used  to  construct  a  bridge  enclo¬ 
sure.'-  a  63  m  footbridge’  and  a  car  wash  porch. 

A  second  approach  to  providing  structural 
members  that  are  less  susceptible  to  buckling  is 
the  subject  of  this  paper.  Instead  of  pultruding  a 
complex  non-standard  closed-section  requiring  a 
large  investment,"  .simple  .standard  sections^-'' 
may  be  joined  along  mating  surfaces  by  adhesive 
bonding.  Figure  2  illustrates  a  number  of  potential 
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assemblies  using  Hat  sheet.  'I'  and  channel 
sections.  Such  bonded  assemblies  with  approp- 
nate  end  connections  could  be  used  as  beams, 
columns,  panels,  etc.  The  assemblies  could  be 
fabricated  in  workshops  and  transported  to  site 
for  final  erection.  The  potential  applications  for 
bonded  assemblies  is  likely  to  be  greater  than  the 
.\C'C'S.  as  they  may  have  optiniLin  design  for  the 
specific  loading  to  be  transmitted. 

Figure  show  s  the  configuration  of  the  closed- 
section  bonded  assembly  which  has  been  studied 
.It  V^arwiek  University.  It  consists  of  two  l-sections 
sandwiched  between  outer  flat  sheet  plates.  All 
mating  surfaces  tire  bonded.  The  adhesive  used 
Ix'longs  to  the  family  of  toughened  epoxies,  as 
these  adhesives  have  excellent  structural  proper¬ 
ties.  The  assembly  represents  a  beam  section 
which  may  be  repeated  to  construct  a  panel.  .Such 
panels  may  be  used  as  a  lightweight  floor  system 
in  steel  frtimed  buildings.  The  floor  system  has 
always  been  one  of  the  heaviest  components  of  a 
building.  Proposals  for  light  weight  systems  using 
pultrudetl  sections  anti  concrete  have  been  matle 
hv  Hillman  and  .Murray.''  No  test  data  on  their 
svstems  have  been  published. 

If  bonded  assemblies  are  to  have  strueiiintl 
tipplieations.  tests  must  he  eondue'.ed  to  de'er- 
inine  their  structural  performance.  Presented  in 
the  paper  are  results  of  both  short-  and  long-term 
tests.  All  three-point  bend  tests  were  conducted 
using  the  rig  described  in  Kef.  9  and  a  DARTHC 
9s(i(i  testing  niiiehine.  The  purpose  of  the  tests 
was  ihrecfold: 

1  lo  tleiermine  the  reduction  in  short-term 
stiffness  due  to  joining  sections  with  avlhe- 
sive  bonding. 

li  In  monitor  the  creep  behaviour  o'  the 
assenihlics  and  apply  Findley's  theory'" 
to  predict  long-term  deflections. 

Ill  lo  monitor  the  integrity  of  the  adhesive 
joints. 

1  he  low  stiffness  of  the  composite  material  makes 
deflection  of  beams  the  ..riiiiing  stale  when  deler- 
ininmg  safe  working  loads.  I  he  creep  behaviour 
oi  beams  siibjceted  to  working  loads  is  known  to 
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give  incretise  '  deflection.'"  It  is.  therefore  import¬ 
ant  that  we  know  how  to  account  for  the  creep 
del’leetion  by  having  a  relevant  and  reliable  creep 
model  and  its  defining  parameters.  Presented  in 
.Sections  2-4  tire  details  c'f  the  two  specimens,  test 
methods,  data  reduction  methods  and  results. 


2  .SPKC  lMFN  DF;T.\!1.S 

The  two  sections  in  the  assemblv  see  Fig.  .i  were 
from  the  M.MFfi  1  XTRFN  500,  .^d.s  series  ‘  The 
series  consists  of  over  100  standard  profiles.  Fhe 
resin  is  tin  isophthiilie  polyester;  it  is  mixed  with 
10-15  parts  per  weight  of  filler  eg.  calcium 
earhunatci.  to  form  the  mtitrix.  [  he  ff-glass  fibre 
reinforcement  is  continuous  filament  mat  to 
impart  trtinsverse  properties,  and  uni-tiireetional 
roving  bund' 's  to  give  the  essential  longitudinal 
properties.  Fxact  details  of  the  reinforcement  arc 
no*  available  as  the  manufacturer  considers  this 
information  proprietary. 

Fiach  assembly  had  dimensions  7,45  x  76  x  90 
mm.  I  hey  consisted  of  two  side-by-side  ,4  x  1  5  x  i 
in  i76x4Kx6  25  mni!  l-settions  sandwiched 
between  outer  plates  of  i  in  flat  sheet.  Fables  1 
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and  2  present  the  section  mechanical  properties/ 
Differences  in  the  fibre  reinforcement  mean  the 
two  sections  have  different  properties. 

One  Bonded  Beam  Assembly,  BBAL.  had  the 
longitudina  direction  (Table  2)  of  the  flat  sheets 
aligned  witii  the  I-sections.  The  second  Bonded 
Beam  Asembly,  BBAT,  had  the  transverse  direc¬ 
tion  aligned  w'ith  the  Tsections. 

The  supplied  sections  had  a  surface  coating  of 
releasing  agent,  which  along  with  the  polyester 
surface  veil  directly  below  it  must  be  removed  by 
abrasion  le.g.  shot  blasting)  before  an  adequate 
adhesive  bond  is  achieved.  This  was  confirmed  by 
lap  shear  tests.  These  tests  also  showed  that,  once 
the  releasing  agent  had  been  removed,  failure  was 
due  to  the  adherend  and  not  the  0-5  mm  thick 
adhesive  bond.  All  mating  surfaces  of  the  sections 
isee  Fig.  3)  were  bonded  using  Permabond  E32. 
This  is  a  toughened  cold  cure  two-part  adhesive. 
It  was  chosen  because  it  was  easy  to  mix  and 
spread,  it  had  good  flow  control  and  thixotropy, 
and  it  had  good  gap  filling  capability.  All  these 
features  made  the  E32  epoxy  adhesive  ideal  for 
the  bonded  assemblies.  To  control  the  minimum 
bond  thickness,  lengths  of  0-5  mm  diameter 
copper  wire  were  placed  between  the  bonded 
surfaces. 


Table  I.  Minimum  ultimate  coupon  properties  of  MMFG 
series  500,525  structural  shapes 


Property 

.ASTM 

test 

1  nits 

Longi¬ 

tudinal 

Tran'.- 

\crso 

1  ensile  strength 

D6.t8 

N  mm  - 

2111 

5(1 

tensile  modulus 

I)6.^8 

kN  mm  •' 

17 

C  ompressiNf  strength 

D6‘;I.S 

\  mm 

2ln 

103 

( 'ompres.sive  modulus 

Dhds 

kN  mm  ■ 

17 

7 

Shear  strength 

D2.U4 

N  mm 

.tl 

31 

Flexural  strength 

1)7V() 

N  mm  • 

21(1 

7(1 

Flexural  modulus 

0790 

k.N  mm  - 

14 

5-^ 

Piiisson's  ratio 

D.td.tV 

(I4t 

Table  2.  Minimum  ultimate  coupon  properties  of  MMFG 
series  500/525  flat  sheet 


Property 

A.S  FM 
test 

l/nits 

l.ongi- 

tudinai 

Trans¬ 

verse 

Tensile  strength 

D63.S 

N  mm  • 

138 

7(1 

Tensile  mixlulus 

1)6  3H 

kN  inm 

124 

62 

(  ompressive  strength 

1)695 

N  mm  - 

165 

1  14 

{  ompressive  modulus 

D695 

kN  mm 

12-4 

7 

Shear  strength 

D2344 

N  mm  ■’ 

41 

41 

Flexural  strength 

f)79() 

N  mm  ’ 

241 

103 

F  lexural  modulus 

1)790 

kN  mm  •’ 

13-8 

7  6 

Riisson's  ratio 

D3039 

(F31 

029 

Strain  gauges  were  attached  to  the  surface  of 
the  specimens  for  creep  data.  The  gauges  were 
3  mm  FLA-3- 1  1  (Tokyt)  Sokki  Kenkyujoi  having 
a  yield  strain  >  2'’,,.  The  adhesive  was  C-N  adhe¬ 
sive.  Figure  3  shows  the  positions  of  the  gauges. 
The  cross-ply  gauges  IS  and  2S  were  placed 
1 60  mm  from  mid-span  and  at  mid-depth  of  the 
web.  They  were  oriented  at  ±45°  to  the  c-a.xis 
(see  Fig.  3).  The  axial  strain  gauge  1 A  was  placed, 
at  mid-breadth,  on  the  underside  of  the  tensile 
flange,  directly  below  the  loading  nose.  It  was 
oriented  in  the  c-direction. 

3  THEORY  A.ND  TEST  .METHODS 
3.1  Short-term  tests 

The  purpose  of  these  tests  was  to  determine  the 
stiffness  of  the  a.s.semblies  and  to  find  out  if  linear 
elastic  beam  theory,  with  section  properties,  can 
be  used  to  predict  short-term  deflections.  Figure  3 
defines  the  carte, sian  axis  system  used  to  define 
beam  properties.  For  a  pultruded  beam  the  ratio 
of  the  section  longitudinal  flexural  modulus. 

to  the  section  shear  modulus,  (/,,  /  s  is 
.several  times  higher  than  it  would  be  for  the 
equivalent  steel  beam.  As  a  result  of  this,  the  shear 
deformation  contribution  to  the  deflection  should 
be  included  in  the  analysis.  The  term  section'  is 
used  to  distinguish  a  modulus  specific  to  a  beam 
from  the  'material'  or  'coupon'  modulus  deter¬ 
mined  using  a  standard  test  method.  The  two 
moduli  are  not  necessarily  equal.'  and  here, 
because  wc  shall  be  considering  creep,  they  arc 
viscoelastic,  and  therefore,  functions  of  time. 
Linear  elastic  beam  theory  for  three-point  bend¬ 
ing  gives  the  time-dependent  central  displacement 
M’l  I )  as 

vvi  i )  =  IV,, i  r '  +  IV, 1 1 ' 

_ n'  _  ^  /V  j 

4KJi,Ai<A 

where  w,,in  is  due  to  pure  bending,  and  wj  /'  is 
due  to  shear  deformatiim.  P  is  applied  load.  /,,  is 
the  second  moment  of  area  associated  with 
moduli  E. ,,(()!  M.e.  r  =  ()  h).  A  is  the  cross-section 
area,  and  /  the  beam  span.  The  shear  coefficient 
/C,  attempts  to  overcome  the  inability  of  Timo¬ 
shenko  beam  theory  to  account  for  the  exact  shear 
stress  distribution  over  the  cross-section.  Several 
expressions  evaluating  A,  for  multicclled  thin- 
walled  composite  beams  have  been  developed  by 
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Bank.''  However,  none  of  the  expressions  can  be 
used  here  because  the  beams  consist  of  sections 
having  different  properties.  It  was  therefore  con¬ 
venient  to  set  A.\=  10,  and  use  instead  of  A,  the 
area  of  the  two  webs.  (i.e.  s  h  a  in  eqn  ( 1 )). 

For  the  short-term  tests,  where  the  time  is  taken 
as  0  h,  eqn  ( 1 )  may  be  expressed  as 

I  1 

— -  _  —  - - —  f  ^ - j 

P!  4b£,,,(0)/„  4G,,(0)/f„ 

where  £.  „i0)  and  G^.IO)  are  initial  section 
moduli. 

The  proven  graphical  procedure  used  to  deter¬ 
mine  moduli  (£'.  ,,({))  and  G^40))  with  eqn  (2)  is 
detailed  by  Mottram."'  Central  load/central  deflec¬ 
tion.  iP/u  ).  gradients  for  the  I-section  and  speci¬ 
mens  BBAL  and  BBAT  were  measured  at  spans 
from  .s()()  to  700  mm.  The  increment  between 
each  span  was  50  mm.  These  data  were  used  to 
construct  a  plot'''  of  wjPl  against  1-.  Equation  (2) 
was  used  to  obtain  a  linear  regression  fit  to  the 
plot  whose  gradient  was  1  /48E.  ^.^0)/,^.  and  inter¬ 
cept  was  l/4Gv,.(0'/l„-  Section  moduli  were  then 
determined  by  in.serting  values  for  the  geometric 
properties  /,,  and 


3.2  Long-term  tests 

The  purpose  of  these  tests  was  to  determine  the 
creep  behaviour  of  the  assemblies  under  norma! 
laboratory  conditions  (22±2°C'  and  relative 
humidity  sOT.sTo).  Such  conditions  of  tempera¬ 
ture  and  humidity  may  be  expected  for  interior 
applications  of  bonded  assemblies.  For  exterior 
applications,  it  is  likely  that  environmental  condi¬ 
tions  will  be  more  severe. 

With  a  span  of  700  mm.  the  specimen  was 
loaded  to  22  S  kN  u.e.  .300  N  per  mm  width)  at  a 
constant  rate  of  0-2  kN  s  '.  This  load  corre¬ 
sponded  to  a  factored  design  loading  for  a  pro¬ 
posed  application,  that  required  a  lightweight 
floor  system  with  a  span  of  700  mm  and  a  maxi¬ 
mum  slab  depth  of  1 00  mm.  The  dead  load  of  the 
specimen  was  0-0.34  kN  and  its  effect  on  creep 
was  negligible. 

I  he  end  supports  and  loading  nose  <»f  the 
bending  rig  had  flat  bearing  surfaces''  to  minimise 
local  stresses  which  cannot  be  alleviated  by 
material  yielding  The  DARTEC  machine  was 
operated  under  load  ci>ntri4.  so  that  as  the  central 
deticetitin  increased  due  to  the  creep,  the  load  was 
kept  Ciinstant.  Figure  3  shows  the  positions  of  the 


transducers.  Central  deflection  was  recorded  by 
the  stroke  transducer  in  the  DARTEC.  Strain 
readings  were  monitored  in  real  time  using  an 
Orion  35.3 1 D  data  logger.  The  repeatability  of  the 
instrument  was  ±  7  The  surface  strains  were 
the  maximum  tensile,  f  (gauge  lA  )  and  the  maxi¬ 
mum  shear  strain,  y  (average  of  sum  of  gauges  IS 
and  2S).  The  strains  were  recorded  every  1  min 
for  the  first  hour,  3  min  for  the  next  9  h.  and  then 
every  1 5  min  until  the  test  was  terminated.  The 
test  duration  was  24  h. 

The  creep  behaviour  was  described  using 
Findley's  linear  viscoelastic  power-law  model."' 
The  choice  of  the  Findley  theory  follows  recom¬ 
mendation  by  the  American  Society  of  Civil 
Engineers"'  who  want  to  see  their  design  proce¬ 
dure  adopted.  Findley  s  model  has  been  used  by 
Bank  and  Mosallam'"  to  analyse  long-term  data 
from  a  beam  in  a  full-.sized  pultruded  U-frame. 
Other  creep  models  are  available.  Holmes  and 
Rahman'"  used  three  models,  including  Findley  s. 
to  study  the  creep  of  glass  reinforced  plastic  box 
beams.  They  could  not  recommend  one  mode!  to 
the  exclusion  of  all  others. 

Using  Findley's  theory  a  time-dependent  visco¬ 
elastic  modulus  may  be  obtained.  This  can  be 
used  to  determine  the  tiverall  deformation  behav¬ 
iour.  Equation  1 1 )  shows  that  the  deflection  has 
the  time-dependcni  terms  due  to  pure  bending 
IV, ,1/).  through  modulus  £.  and  due  to  shear 
deformation  through  modulus  fr.  f).  We 

therefore  need  to  develop  the  model  to  determine 
these  time-dependent  moduli. 

The  general  form  of  Findley  s  creep  power-law 
model  is 

f  =  A: 

where  r  is  the  time-dependent  creep  strain,  r ,,  and 
m  are  functions  of  stress,  n  is  independent  of 
stress,  t  is  time  and  is  a  constant  taken  as  unity 
(i.e.  I  h  in  practice).  Following  the  procedure 
given  by  Bank  and  Mosallam.'"  eqn  (3)  is  used  to 
develop  expressions  for  the  viscoelastic  section 
moduli  in  eqn  ( 1 ). 

For  example,  the  time-dependent  flexural 
modulus  £.  1 1  is  given  by 


where  £,  =  a,,/!,,  is  the  short-term  elastic 

modulus  independent  of  time  and  =  is  a 
modulus  which  characterises  the  time-dependent 
behaviour. 
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Similarly,  the  time-dependent  shear  modulus 
G,.(t)  is  given  by 


Gjt) 


GJ())G, 

G,+Gsnr/t.r 


(5) 


where  6'v-(0)=  rn/y,,  is  the  short-term  elastic 
modulus  independent  of  time  and  6’,=  r/m^,  is  a 
modulus  which  characterises  the  time-dependent 
behaviour. 

To  determine  the  creep  parameters  m  and  ti  we 
use  eqn  (3  ).  Its  form  for  the  axial  (i.e.  surface  strain 
due  to  bending)  creep  modelling  is 

f  =  +  «,(///, p)"'  (b) 

where  subscript  e  derives  from  the  Es  in  eqn  (4) 
which  define  a  flexural  modulus.  Equation  (6)  may 
be  written  as: 

logi  f  -  f „ )  =  log  +  tf.  log(  r//|,  j  ( 7 ) 

Equation  1 7 )  gives  a  straight  line  when  plotted  on 
a  log/log  sctiie.  When  /  =  1  h  the  ordinate  is  w,,. 
the  gradient  is  n,,.  The  same  procedure  can  be 
used  to  determine  parameters  and  in  eqn  i5) 
from 

log: )'  -  y,, )  =  log  +  If  logi  til,,  1  1 8 ) 


4  RE,Sl  LTS  AND  DISCUSSION 
4.1  Short-term  tests 

Separate  tests  gave  the  tensile  modulus  of  the  *  in 
flat  sheet  as.  longitudinal  (in  pull-direction)  14-6 
kN  mm  transverse  1 0  ?  kN  mm  -.  These  com¬ 
pare  with  MMFG  values  in  Table  2  of  12-4  and 
6-2  kN  mm  \  respectively.  1  he  flexural  moduli 
i  Table  2  t,  which  are  different,  are  not  associated 
with  the  deformation  of  the  flat  sheets  in  the 
beams. 

Using  the  procedure  given  in  Section  3.1,  twi) 
3  X  1  5  X  i  in  I-sections  had  mean  initial  section 
proerties  of  /,,,,{()!  =  3 I  I 5  kN  mm  -  and 
(/,y())  =  2  17  kN  mm  -.  In  Table  I.,  the  flexural 
modulus  is  14  kN  mm  -.  Its  value  is  <E,  JO) 
because  it  accounts  lor  shear  deformation  and 
creep.^ 

I  he  second  moments  of  area  for  specimens 
BBAI.  and  BBAT  were  calculated  using  the 
method  <rf  transformed  sections.-"  This  method 
was  required  because  the  flat  sheet  and  l-section 
had  different  moduli.  In  the  calculation,  the  effect 
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of  the  adhesive  layer  was  ignored  by  assuming  it 
was  rigid  and  had  no  thickness.  .Specimen  BBAL. 
with  the  flat  sheet's  longitudinal  direction  aligned 
with  the  1-sections  had  a  /,,  =  2-2.3  x  ]  O'’  mm\ 
Specimen  BBAL,  with  the  flat  sheet's  transverse 
direction  aligned  with  the  1-sections,  had  a 
/„  =  2-03  X  10"  mm\  These  /,,s  were  based  on  a 
flexural  modulus  /-..  ,,!())  =  31  1.5  kN  mm  ’.  For 
the  purpose  of  obtaining  the  highest  beam  flexural 
rigidity  (E.  ,,(E' A. '  h  would  have  been  better  if  the 
flat  sheet  had  had  the  higher  E  modulus. 

The  procedure  given  in  Section  3.1  was  used 
with  the  specimens  to  determine  their  initial 
section  moduli.  In  eqn  i2i  the  Au  those 
above  and  was  810  mm'.  1  =  29-2  kN 

mm  ’  and  (/,.(0)  =  3  17  kN  mm  ’  lor  BBAL. 
£',,,(01  =  28-7  kN  mm  -  and  (;„(0i  =  3-14  kN 
mm'-  for  BBAT.  The  section  modulus  G_  was 
similar  to  the  'materiar  modulus  using  the  losi- 
pescu  shear  test  method. 

The  difference  in  £.  ,,  (0  (29-2  and  2<S-7  kN 
mm'-)  between  the  assemblies  and  its  assumed 
value  for  calculating  /,,s  !31-15  kN  mm  ’  pro¬ 
vided  a  measure  of  the  reduction  in  oserall  beam 
stiffness  due  to  the  adhesive  bonding.  Here,  the 
reduction  in  stiffness  was  1",,.  It  follows  that,  for 
the  purpose  of  structural  design,  a  reduetion  of 
1  ()"/<>  in  the  flexural  rigidity  /-..  ,,!0i/,,  <  should  be 
adequate  to  account  for  the  flexibility  of  the  adhe¬ 
sive  bonding. 

4.2  Long-term  tests 

Each  specimen  was  subjected  to  ;i  number  of 
creep  tests  as  detailed  in  .Section  3.2.  .At  no  time 
was  there  any  indication  of  deterioration  in  the 
adhesive  btmd  integrity.  Follow  ing  a  test,  recos  ery 
»)f  a  specimen  to  its  initial  state  was  just  a  matter  of 
ht)urs.  Creep  behaviour  was  monitored  and 
results  from  one  of  the  tests  will  novv  be 
presented.  Using  linear  elastic  beam  theory  the 
axial  surface  tensile  stress,  a,,  (which  remained 
constant),  was  80  (BBAI.!  and  88  iBBAT'  N 
mm  From  Table  2  the  flat  sheet  has  a  tensile 
strength  of  longitudinal  138  and  transverse  70  N 
mm  -. 

Ihe  initial  central  deflectum,  was 

between  4-0  and  4-5  mm  (see  Table  3 !.  This  short¬ 
term  deflection  was  jl,ith  of  the  span,  near  the  limit 
of  iwth  for  structural  design.^  At  the  end  of  24  h, 
the  growth  in  the  central  deflection  was  between 
0-45  and  0-65  mm.  This  increase  (4'  over  10%  in 
the  denecti(m  showed  that  creep  was  rapid,  such 
that  a  creep  test  was  accelerated.  The  highest 
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values  were  for  specimen  BBAT  having  an  initial 
flexural  rigidity  (£,  „(00)/„)  0-89  of  specimen 
BBAL. 

Figures  4  and  5  are  plots  of  eqns  (7)  and  (8) 
using  the  strain  data  from  gauge  1  A,  and  gauges 
IS  and  2S  on  specimen  BBAL.  There  is  a  good  fit 
to  Findley's  model.  For  the  axial  creep  behaviour 
Fig.  4  has  gradient  t2,  =  0-22  and  =  135  x  10"^ 
jUE  (value  of  ordinate  at  t  =  1  h).  To  complete  eqn 
(4)  for  the  time-dependent  modulus  wc 

require  the  two  moduli  £;  „(())  and  E,.  The  initial 
elastic  modulus  £,  „(0)=  and  is  determined 
when  /  =  0  h.  The  relevant  tensile  strain  was 
measured  by  gauge  1  A.  and  was  3020  /tf.  Hence, 
we  have  £.  „(0)  =  80/3020  x  10''’ =  24-2  kN 
mm"-.  This  modulus  is  177o  less  than  the  initial 
section  modulus  of  29-2  kN  mm"-  (see  Section 
4.11  The  reason  for  this  discrepancy  is  unclear. 


To  predict  the  central  deflection  of  an  assembly 
using  eqn  ( 1 ),  the  objective  of  the  analysis  was  to 
obtain  the  time-dependent  moduli,  £  „'/).  It  was, 
therefore,  decided  to  take  £',  ,^(0|  =  29-2  kN 
mm  "  -.  The  moduli  £,  =  a/m,.  Following  Bank  and 
Mosallam'"  the  stress  was  taken  to  be  a,,  (i.e.  80  N 
mm "  thus  E,  =  593-2  kN  mm  "  -.  The  expre.s,sion 
(eqn  (4))  for  the  time-dependent  longitudinal 
flexural  modulus  is 


1-732  X  UL 
593-2 29-2  X  (/)“-- 


(9/ 


where  ris  in  hours. 

For  the  shear  creep  behaviour  of  BBAL  Fig,  5 
has  a  gradient  n^  =  0-24  and  m^,  =  180x  10"''  fie. 
To  complete  eqn  (5)  for  the  time-dependent 
modulus  we  require  the  two  moduli  G,.(0  ) 


Table  3.  Creep  properties  of  bonded  beam  assemblies 


Time  sh 

0 

1 

to 

24 

168 

8760 

87  600 

Specimen  BBAL 

t  kN  rntn'-^ 

29-2 

27-« 

27-0 

26'6 

25-4 

21-4 

18-2 

kN 

3-15 

2-83 

2-66 

2  53 

1-57 

1-15 

2'4S 

2-60 

2-68 

2-72 

2-85 

3-38 

3-98 

u'.ifi  '..mm: 

1-74 

1-85 

1  95 

2-21 

.VI 4 

4-28 

vvi/'imm; 

4-04 

4-34 

4-53 

4-67 

5-06 

6-52 

8-26 

h;.,p  /  '  mm.i 

4'()2 

4-23 

4-40 

4-47 

Specimen  BB.AT 

E. / '  .  kN  mm  "  - 

28-7 

27-2 

26-3 

25-8 

24-6 

20-7 

17-7 

O. .  /  okN  mm‘v) 

.t-i.*; 

2-87 

2-68 

2'59 

2-33 

1-62 

1-17 

VA-,,'/  ‘mm 

2-S() 

2-95 

3-0.6 

3- 1  1 

3-26 

3-88 

4-53 

lA  /  mm 

1  .36 

1-72 

1'84 

1-9(1 

2-1 1 

3-04 

4-21 

VA  r  mm 

4-36 

4-67 

4-89 

5-01 

5-37 

6-92 

8-74 

H;^,,i7-'mm 

4-46 

J-71 

4-84 

5-1 1 

Fig.  4.  Plot  of  a.xial  creep  for  specimen  BBAI.  and  fit  to  Findley's  mtxlel  for  parameter  evaluation. 
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Fig.  5.  Plot  of  shear  creep  for  specimen  BBAL  and  fit  to  Findley  s  model  for  parameter  evaluation. 


and  C/,.  The  short-term  elastic  modulus 
G'^.iOi=  r„/y,|,  was  taken  to  be  that  determined  in 
Section  4.1.  This  gave  G,,-(0)  =  315  kN  mm  -. 
The  moduli  G,-  was  determined  by  taking 
r  as  the  initial  shear  stress.  This  gave  r=  ydOVlO) 
and  G,  = '  1 580  x  1  x  3- 1 5  x  1  O’ )/ 1 80  x  1 0  - 
=  n-6()  kN  mm'-.  The  expression  (eqn  (5))  for 
the  time-dependent  shear  modulus  is 


6V-iFt  = 


_ 8-71  X  I0‘ _ 

27-66 -f3'1  5  X  (/)"-■* 


(10) 


Figures  6  and  7  are  plots  of  axial  and  shear  creep 
strains  for  specimen  BBAT.  Using  the  procedure 
described  above,  we  obtained 


_ 

500-6  +  28-7  xif)"-' 


(11) 


and 


10-01  x  KF 


32-1  I  -f  3-15  X  If! 


(12) 


I  he  rate  dependent  creep  parameter  n  is 
0-21-0-25.  Under  tension  loading,  glass  fibrous 
composites  have  parameter  n  typically  in  the 
range  0-16-0-22.''* 

In  the  creep  test  by  Bank  and  Mosallam,"'  a  M  ft 
span  8  X  8  X  ^  in  WF  beam  was  loaded  in  four- 
point  bending.  The  constant  load,  equal  to  i  of 
that  required  to  cause  buckling  failure,  induced  a 
maximum  surface  stress,  a,,,  of  only  12  N  mm  F 
lb  tietermine  creep  behaviour  using  Findley's 


model  the  duration  of  the  test  was  thousands  of 
hours.  Using  the  procedure  given  in  .Section  3.2. 
the  creep  parameters  were;  axial,  =4-46  x  10 
jUi  .  and  n,.  =  0-33;  shear,  =  21-5  x  10  ''  jut  and 
/?^,  =  0-34.  As  expected,  the  stress  dependent  para¬ 
meter  m  is  less  than  here.  The  rate  dependent 
parameter  ii  is.  however,  50"/o  higher. 

Presented  in  Table  3  are  predicted  creep  data 
for  specimens  BBAT  and  BBAT  using  eqn  1  . 
with  eqn.s  (9)-(l2).  For  a  period  up  to  10  years 
and  a  constant  load  of  22-8  kN.  the  table  gives  the 
viscoelastic  moduli  F-.yf)  and  bending 

deflection  shear  dellcction  n\\l  l  and  total 

central  dellcction  wit)  (i.e.  =  \d'{t)+  F.)T 

lowing  Bank  and  Mosallam,"'  who  showed  that 
Findley's  theory  satisfied  creep  data  from  a  test  of 
over  3500  h  duration,  it  has  been  assumed  that 
Ihe  data  from  a  24  h  accelerated'  creep  test  could 
be  used  to  predict  deflection  after  87600  h  i.i.e. 
10  years). 

Shear  deflection  accounts  for  40%  of  the  initial 
deflection.  After  87600  h.  the  shear  deflection 
will  be  similar  to  the  bending  deflection.  The  total 
deflection,  vv’(/),  will  double  in  the  10-year  period. 
The  deflection  of  a  bonded  assembly  will  grow  by 
20%  in  1  week  and  after  1  year  the  deflection  will 
exceed  the  maximum  design  limit  given  by  ti',)  of 
the  span. 

Central  deflections,  wit),  using  the  creep  data 
and  Findley's  theory  arc  found  to  be  similar  to  the 
experimental  deflections.  The  creep 

model  should,  therefore,  provide  a  good  estima¬ 
tion  of  deflection  such  that  long-term  safe  work¬ 
ing  loads  can  be  determined.  To  accomplish  this. 
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Fig.  6.  Plot  of  axial  creep  for  specimen  BBAT  and  fit  to  Findley's  model  for  parameter  evaluation. 


Fig.  7.  Plot  of  shear  creep  for  specimen  BBAT  and  fit  to  Findley's  model  for  parameter  evaluation. 


the  design  procedure  would,  however,  require  fur¬ 
ther  testing  at  longer  time  durations  and  with  dif¬ 
ferent  loadings.  Such  tests  would  be  used  to 
completely  characteri.se  the  creep  behaviour  of 
the  bonded  beam  assemblies.  Further  tests  would 
also  be  necessary  to  study  other  long-term  effects 
such  as  temperature,  humidity,  and  fatigue. 


5  CONCLUSIONS 

1.  It  is  practical  to  fabricate  closed-sectioned 
structural  assemblies  from  simple  pultruded 
sections  using  adhesive  bonding. 

2.  Connections  between  sections  using  adhe¬ 
sive  bonding  have  been  found  to  reduce  the 


short-term  stiffness  of  an  assembly  by  about 
10%  from  that  calculated  using  linear  elastic 
beam  theory,  section  properties  and  a  rigid 
adhesive. 

.3.  Accelerated  long-term  tests  (under  normal 
laboratory  conditions  i  have  shown  that  the 
creep  behaviour  of  an  assembly  was  similar 
to  that  reported  by  Bank  and  Mosallam'" 
for  a  pultruded  WF  beam. 

4,  t:vidence  has  been  given  to  show  that 
Findley's  creep  theory  is  valid.  This  indi¬ 
cates  that  pultruded  material  has  linear 
visco-elastic  properties. 

5.  Using  Findley's  model  and  a  factored 
design  loading,  the  central  deflection  of  a 
bonded  assembly  has  been  predicted  to 
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grow  by  25,  60  and  1 00%  of  its  initial  value 
in  1  week,  1  year  and  1 0  years  respectively. 

6.  As  deflection  limits  safe  working  loads,  the 
long-terms  tests  have  shown  that  it  will  be 
necessary  to  develop  a  design  procedure  to 
take  account  of  creep  behaviour. 
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Analysis  of  sandwich  plates  using  a  mixed  finite 

element 
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The  stress  and  displacement  analysis  of  the  thick  sandwich  plate  is  presented 
here  by  using  an  interlaminar  stress  mixed  finite  element  based  on  local  high- 
order  deformable  theory.  The  displacements  of  a  sandwich  plate  are  assumed 
to  be  high  order  polynomial  functions  layer-by-layer  through  the  plate  thick¬ 
ness.  Since  the  interlaminar  stresses  at  the  interface  between  layers  in  this  finite 
element  scheme  are  regarded  as  primary  variables,  they  can  then  be  accurately 
determined.  The  accuracy  of  this  finite  clement  scheme  is  checked  by  compar¬ 
ing  the  present  results  with  3-D  cla.sticity  solutions  of  a  simply  supported  sand¬ 
wich  plate.  The  response  of  a  thick  angle-ply,  fiber-reinforced  plastic  (FRPi 
faced  sandwich  with  fully  simple  supports,  subjected  to  a  sinusoidal  distributit>n 
of  transverse  load  is  evaluated.  The  present  finite  element  results  arc  compared 
w  ith  results  obtained  from  other  finite  element  schemes. 


INTRODUCTION 

The  analysis  of  sandwich  structures  has  received 
much  attention  resulting  from  the  increa.sing 
application  of  sandwich  structures  to  various 
industrial  areas.  Many  research  papers  have  been 
published  on  this  topic.  Rao'  has  respectively 
developed  a  bending  theory  of  flat  sandwich 
beams  and  plates.  A  sandwich-type  shell  theory 
has  been  formulated  by  Reissner.-  Whitney'  pro¬ 
posed  a  procedure  to  calculate  the  mechanical 
behavior  of  a  thick  laminated  composite  and 
sandwich  plates  by  a  first-order  shear  deforma¬ 
tion  theory  which  accounts  for  the  effect  of  trans¬ 
verse  shear  deformation.  The  most  important 
contribution  has  been  made  by  Srinivas  and  Rao-* 
and  Pagano''  who  have  presented  the  bending 
analysis  of  laminated  composite/sandwich  plates 
using  the  three-dimensional  theory  of  elastic 
approach. 

Many  finite  element  models  have  been  pro¬ 
posed  for  the  analysis  of  sandwich  structures  due 
to  the  need  of  practical  application.  Pandya  and 
Kant'’  presented  a  simple  isoparametric  finite 
element  formulation  based  on  a  high-order  dis¬ 
placement  model  for  the  bending  analysis  of  sand¬ 
wich  structures.  This  high-order  displacement 
model  was  also  applied  to  the  analysis  of  compo¬ 
site  and  sandwich  cylindrical  shells  by  Kant  and 
Mcnon.'  Rao  and  Meyer-Piening’'  developed  a 
hybrid-stress  finite  element  for  the  bending 


analysis  of  thick  sandwich  plates  with  simply 
supported  and  clamped  edges.  An  overview  of 
various  finite  element  models  being  proposed  for 
the  analysis  of  sandwich  plates,  was  given  by  Ha.' 

Here,  an  interlaminar  stress  finite  element 
.scheme  based  on  a  local  high-order  displacement 
model  is  presented  for  the  analysis  of  sandwich 
structures.  Since  the  local  high-order  displacement 
model  is  adopted,  the  effect  of  warping  of  the 
cros.s-section  which  is  predominant  in  sandwich 
structures  can  be  considered  in  the  present  for¬ 
mulation.  In  addition,  the  interlaminar  stresses  are 
treated  as  the  primary  parameters,  one  set  of 
interlaminar  stresses  can  be  uniquely  and  accu¬ 
rately  determined. 


THEORY 

In  the  present  theory,  the  displacement  compo¬ 
nents  and  w,  of  each  layer  are  assumed  in  the 
following  form: 

u,{x,  y,  z)  =  h';(x,  v)  -b  .■;,1  (9,(.v,  _v)], 

r,[x,  y.  z)  =t’'U,  y)^z,[f)^{x,  y)], 

+  z.;\il\{.x.y)\+z'\^y{x.y)], 
y,  z)  =  <(.r,  y)  +z,|e-(jr,  y)|,  +  c;!  y)), 


(  r(ir<s ((263-M223;'93/Snb 0(1  ©  1993  Flscvier Science  Publishers  l.til.  I  ngland.  IVintcil  intireal  Britain 
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where  u%  and  w'*  are  three  mid-surface  dis¬ 
placement  functions.  0,,  and  8.  are  three  rota¬ 
tion  functions  and  ip.,  <p,  and  are  the 

other  high  order  functions.  Zi  is  measured  from 
the  middle  surface  of  the  ith  layer. 

The  displacement  continuity  conditions  at  the 
interface  between  layers  are  regarded  as  the  con¬ 
straints  in  the  present  formulation  due  to  the 
introduction  of  the  local  coordinates.  The  dis¬ 
placement  continuity  constraints  between  the  ith 
and  ( /  + 1  )th  layers  are  given  by 


( / ),  =  n'V  ,  -  ^  ( (9,),. I  - ^  ( 8,), 


+  - rlV'vi; 

4  4 


(31 

f  /  i, = h','.  ,  -  u ^  ( 8,  ], 


hLi  .  h' 

4  4 


The  strain-displacement  relationships  based 
on  the  small  deformation  elasticity  are  then  given 
by 

*  f , ), = <  f "), + s(  Kx), + 2 ,'( r ,), + z '( //;), 

+  +  (3) 

(e,},  =  (f'.’), +z,(/C,j, 
and 

<  Yxx }.  =  ( y  n ),  +  z,{  KJ,  +  z ;( r  J,  +  z^( 

(4) 

^yv,h=(yy:h-^z,iKj,  +  zf(rj, 

in  which 


r  (I  0  III 

|£,.£v.^,!,= 


^  (I  T  (I 

OU  OP 

dx  '  dy 


X  8, 


[Kl  Kl  K%^ 

Lr.„r,!  = 


019, 

dx  '  0v 


2  ip, 


dip,  dip, 
'  0v 


'5: 


[n,ja= 

and 


0jr  ’  0v 


r  II  n  0  j 
[y.u.  Ttc.  y.rl 


dll"  0t’ 


dw 


0  w" 


IK,,.,  K,„  K,,], 


do,  d8,  ^  dd.  ^  do. 

— -  +  — —  2  va  ■* - ■  2  V'.  +  — ” 

0v  0a:  0.V  dv 


3p,  +  ---  .  30,  +  --- 
0V  dx  0.V  0V 


^0.  '  difly 

0v  dx 


ib! 


The  displacement  continuity  constraints  at  the 
interface  between  layers  (i.e.  eqn  (2l)  are  intro¬ 
duced  into  the  potential  energy  functional  of  the 
laminates  by  the  Lagrange  multiplier  method.  The 
Lagrange  multipliers,  without  a  loss  of  generality, 
are  taken  to  be  the  interlaminar  stresses  (i.e.  r,.. 
r,,  and  a.)  at  the  interface  between  layers.  The 
modified  potential  energy  functional  is  given  by 


v; 

n  =y 

*  *mp  ■i— « 

1=  I 


h,'2 

-  h.!2 


dyC,  ^  ^  Of  £ .  ^  T,,  }  ,, 

1  '1  J  -) 


I  T.Xyc  ,  L.yy. 


dz  d/4 


\Zu*+T,v*+Tw*\(iA 


+ 


M.  I 

T 


f(A.),(/.),  +  (A_, ),(/.), 


+  {A,.),(/.),)d/4 


(7) 


where  T,  and  are  the  tractions  applied  at  the 
upper  surface,  «*,  i'*  and  w*  are  the  displacement 
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components  at  upper  surface,  (A J;,  (A,.);  and  (A.), 
are  respectively  defined  as  the  interlaminar 
stresses,  i.e.  r,.,  r,,.  and  cj,,  at  the  interface  between 
ith  and  (/  +  l)th  layers.  NL  denotes  the  total 
number  of  layers  comprising  the  considered  lami¬ 
nates. 

The  generalized  stress  and  moment  resultants 
of  /th  lamina  can  be  obtained  by  performing  the 
integration  through  thickness  from  bottom  to  top 
surfaces  of  this  lamina  and  expressed  by 


/),„ :  0  :  0 


.V/  =  ()  ;  i\ :  0 


0:0:  11 


in  which 

M,  M.  M,.  MJ: 

a=ICA.CAI,'  .v,=i.s;..v.},' 

r,=ir,.r..rj;  ivi 

a;..  A'J’ 

,,  _  i  .,CI  1 1  Jt-*  _  )  I'  1C  I  I 

r*  =  I  r  r  ' ' 

*  /  i  *  V.'*  *  t:  i ; 

=  membrane  rigidity  matrix  of  lamina  / 
i  D,X  ~  flexure  rigidity  matrix  of  lamina  / 

\l)X  =  shear  rigidity  matrix  of  lamina  i 


A.  A,  N,  A.,  Q,  tX 

Xf  M,  M  M„  R,  R, 


M  M  ,,  / 


[A.  a;i,= 


[0^0,  r„!,  dz  (10) 


FINITE  ELEMENT  FORMULATION 

In  the  present  finite  element  formulation,  the  total 
domain  of  the  considered  laminated  composite/ 
sandwich  plate  is  discretized  into  .\'L  layers  (for 
the  sandwich  plate  case.  A7.  =  3)  and  then  each 
layer  domain  is  further  discretized  into  \E 
elements  such  that 

\!  \l 

n„,p=  1  1,  in;;p(a,./?,j|,  iiu 

I  ■  I '  I 

where 

a,  =\ti'\  i'".  u-*'.  6,.  0,.  0..  V’,.  v\'  V'.--  ' 


13 

A  nine-node  quadratical  C  "  isoparametric 
element  is  introduced  in  the  present  formulation. 
The  spatial  distribution  of  the  primary  displace¬ 
ment  variables  in  lamina  i  and  the  interlaminar 
stre,sse.s  at  the  interface  between  the  /th  and 
(/  -t-l  )th  layers  are  respectively  written  as 

\/)  =  V 

a,=  X  dJ.ia,),  /=1.2 . .\l.  il4i 


-  \‘'  , 


/=1.2 . lAT-li  il5i 


fa,  a,  a  r,,  r,,  r,,|,  dz 


where  ND  denotes  the  number  of  nodal  points  in 
the  adopted  element.  are  the  interpolating  (or 
shape)  functions  associated  with  node  j. 

Substituting  the  previously  assumed  displace¬ 
ments  and  interlaminar  stress  functions  into  cqn 
(  7),  then  after  taking  the  first  order  variation  of  the 
present  modified  potential  energy  functional  with 
respect  to  the  primary  variables  (i.e.  the  general¬ 
ized  displacements  and  the  interlaminar  stresses 
at  the  interface  between  lavers),  we  obtain  the 
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Stationary  equilibrium  equations  as; 


\l.  M  \/i 

V  V  V 

;  I  \  ,  I 


^111  ^Ull 
^11 II  ^11  III 

symmetric  A'|[’i,ii 


X  ,  =  l/•Vll 

.i/5;  I,  J 


1-378  X  l()'>kN/m-  (4-2  X  !()'■  psi, 

»^ii  =  '^ri  =  <)-2-5 

where  L  and  T  mean  the  directions  parallel  and 
transverse  to  the  fiber  direction,  respectively,  v,  ^ 
is  Poisson's  ratio  measuring  the  ratio  of  transverse 
strain  to  normal  strain  under  normal  stress  in  the 
fiber  direction. 

For  the  core  layer  (transversely  isotropic 
material ); 


where 


A  II 11  —  A II  III  -  A  III  III  —  0 


1 7, 1  i./i  dj d^ 


Av,  =A„  =  ()-27x  in'’kN/m’((H)4x  |{)''  psii 
a;,  =  3-4-3  X  10'’  kN/m’(0-5  x  |(r  psi, 
c;,,  =  =  0-4 1  x  1  O'-  kN /m-  > 0-06  X  10"  psi  i 

(»',,  =  0-1  1  X  10'’kN/m’(0-016  X  10"  psi  ■ 
i'..=  t'.,  =  i’„=  0-2.3 

The  stress  and  displacement  quantities  are  nor¬ 
malized  in  the  same  form  as  Pagano  in  order  to 
compare  the  present  results  with  Pagano's  3-1) 
elasticity  solutions.^  They  are  written  as 

1 

'  . ;  (o,.  (j. .  r,,i 

If,;-  6-1=  IT,..  r,,j;  o  = 

</».V  (/,: 


w  hen  i  =  \'L 
=  0  when/VA7. 

f'  II  ~  f  III  "  d  '  1 

M  MERIC  AL  APPLK  ATIO.NS  AM) 

DI.SC  l  SSION 

1  he  presently  mi.xed  finite  element  scheme  is  used 
to  study  the  displacement  and  stress  of  the  lully 
simply  supported  sandwich  plates,  faced  with  an 
angle-ply  fibre-reinforced  pla.slic  lamina  and 
subjected  to  sinu.soidal  transverse  loading  fi.e. 
/,  =  I,  ~  0  and  I  lx,  yj  =  r/,,  sin  xv/</  sin  -tv//>  ). 
The  geometric  configuration  of  the  considered 
sandwich  phite  is  shown  in  Fig.  I .  The  mechanical 
properties  of  the  face  and  core  material  are  listed 
as  follows. 

For  the  face  layer  (orthotropic  material): 

/-.,  =  I  -724  X  1 0"  kN/m '  1 23  x  I  ()'■  psi) 
/-:,=6-86x  l()"kN/m  -(10'-  psi) 

(>',  I  =  3-43  X  !()'-  kN/m’  (0-3  x  10"  psi) 


(a)  (0/core/ei  sandwich  plate 


V 


(b)  The  local  coordinate  .system  of  O’’  layer 

Hr.  1.  (iconu-lry  and  local  coorilin.ilc  svocin  ol  Ihc 
'  n/corc/f)!  sandv\ich  plate. 
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4(11 


Eyli  1  ()()£,  VV 

U  = - ,  VV'  = - y~ 

qfits  ipM 


a 


The  reduced  integration  technique,"'  which 
means  the  3  x  3  Gauss  rule  is  used  for  the  bending 
portion  of  the  stiffness  matrix  and  the  2  x  2  Gauss 
rule  for  the  shear  portion  of  the  stiffness  matrix,  is 
adopted  in  this  analysis.  A  quarter  plate  model 
with  a  2  X  2  in-plane  mesh  is  used  for  [07core/()°l 
and  !9{)7core/9()°j  .sandwich  plates,  and  a  full 
plate  model  with  a  4  x  4  in-plane  mesh  is  used  for 
!61/core/^|  sandwich  plates.  The  thickness  ratio 
between  the  face  and  core  layers  of  the  conskl- 
ered  sandwich  plates  is  {)-l  h.  The 

present  element  configurations  of  the  displace¬ 
ments  and  interlaminar  stresses  are  shown  in 
F  iii-  2. 

The  maximum  stresses  and  dellections  in  the 
three  layered  rectangular  laminate  and  square 
sandwich  plates  arc  respectively  shown  in  Tables 
1  and  2.  The  results  obtained  by  the  present  TTi 


Z1.Z2.z3 


(ai  Element  configuration  for  displacements 

Z1.Z2.Z3 


(bi  Element  configuration  for  interlaminar  stresso 
Fig.  2.  I’rcwiU  clcniciil  contiguratioii 


l  ablc  I .  Maximum  stresses  and  delleclions  in  three-layered  rectangular  ( h  ~  Aa)  laminate 


II  h  Source 

d,  ii  2.  b  2. 

1  2  0,  <1.2.  2.  I.b 

f,,  0.0.  1  2 

f  II.  1’  2,  0 

li  1/  2,  h  2 

-  I’aeano' 

2- 1.41 

(1  2.3(1 

-  0.0.S()4 

it'25'^ 

s-ro 
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ll■2,''0 

-(HI. -300 

11-20'’ 

.S-10,3 

Rao  aiul  Mcter-l’icnini;' 

- 
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1  14(1 

11  1  (Id 

-(l•o2()d 

(f  ,3,3  1 

232(1 
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11  on 

(fill 

-  0-02, so 

(f,30,3 

2  S2l 

Kao  and  Meyei-Pienine' 

(I'd  34 

(f  107 

-  oiOofi 

(f,3S' 

lu  I'acaiio' 

:i.72b 

(f04l,S 

-  ifoi  20 

0-420 
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0430 

OdI  " 
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0-037 

(1-012.3 

0-4,34 

(>010 

I  able  2.  Maximum  stresses  in  a  simply  supported  square  sanduieh  plate 


Source 

0  ,1  2,/) '2.  12 

0.  112.  />  2,0  4  • 

2,  1.2 

r,,  0,0.  1  2 

r,  0,  h  2, 

Pae.ino 

l-sSO 

0-2sd3 

0-14,3  7 

ft 

Pre'cnl 

l-,34.s 

0  224 

(f  24  1.3 

0- 1 .3,3d 

0  2407 

Pandva  and  Kanf 

1-.32.3 

0(112 

02414 

-If  14  Id 

0  2~.3o 

Rcdd\  aiiil  (  tiao 

(fsi.s 

- 

0- 1,3  17 

-  ()-(tS7S 

(11 

|.(ld7 

(fS7S 

(HI34.3 

-  (f04.3  3 

0  3:,40 
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1  IS,3 

(Kids 

0-1  104 

(f07ir 

Present 

1-210 

(Hi<id 

04  1  1,3 

-0-071,3 

0-,3177 

Pandva  and  Kaiii' 

1  10(. 

0/).S.S 

0-10.3  2 

(Hl(td2 

0,3411(1 

Redds  and  (  hao' ' 

1  (11s 

0-0774 

o-(i^;s5 

0-1112 

<11 

1  (Id? 

IfS/.S 

0034,3 

0-04.3.3 

(f.3240 

Paeano 

1110 

(fSIO 

0(1700 

■0  0.3  1  1 

0  3  no 

Present 

1173 

0S<)l 

IHI724 

■  0-0.32.3 

PaiidMi  and  Kanl' 
Reddv  and  (  haif  ' 

1  (fSl 

(I(l.3d4 
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1  1400 
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1  (Id7 
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solutiuii.i,  Pagano's  3-D  elasticity  solutions'^  and 
the  results  obtained  from  other  finite  element 
schemes'^  '  "  are  also  compared.  It  is  observed 
that  the  present  FE  scheme  gives  much  better 
prediction  as  compared  to  the  other  FE  schemes 
in  the  literature.  Figure  3  makes  compari.son 
between  the  present  FE  .solutions  and  3-D  ela.s- 


0.0  0.5  1.0  1.5  2.0  2.5  J.O  3.5  <.0 


(o)  [oycoRE/o*] 


X 

(c)  [30*/CORE/30*] 


ticity  solutions  for  the  dependence  of  central 
deflection  upon  the  side-to-thickness  ratio  alh. 
The  present  FE  results  are  in  e'  ccllent  agreement 
with  3-D  elasticity  solutions  th.ough  the  whole 
range  of  a/h  including  the  very  thick  and  thin 
plates.  The  variations  of  interlaminar  shear  and 
normal  stresses  contour  at  upper  interface  of 
( 0/core/ 0]  sandwich  plate  with  the  change  of  fiber 
orientation  angle  0  are  given  in  Figs  4  and  5.  It  is 
observed  that  the  maximum  interlaminar  shear 
stress  occurs  at  the  locations  (x  =  (),  y  =  hj2  )  and 
y  =  h/2)  in  the  [()°/core/0°j  sandwich  plate 
and  in  the  vicinity  of  these  two  locations  while 
()°<0<9(F,  The  variation  of  interlaminar  stress 
with  the  spatial  coordinate  is  much  more  sensitive 
while  0  app'^oaches  0°  than  while  0  approaches 
90°.  The  maximum  interlaminar  normal  .stress 
occurs  at  the  location  [x  -  all.  ihl).  The  influence 
of  the  change  of  fiber  orientation  angle  <'  on  the 
variation  of  interlaminar  normal  .'■tress  is  very 
in.significant. 


X 

(b)  [15VCORE/15*] 


X 

(d)  [45VCORE/45*] 


f  ig.  4 
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(C)  [30VC?>RE/30*] 


(d)  [45VcSrE/*5'] 


0.0  0.5  1.0  1.5  2.0  2.5  J.O  3.5  4.0  0.0  0.5  1.0  1.5  2.0  2.5  3.0  3.5  4,0 

X  X 

{•)  [60VCORE/60*]  (<)  [75VC0RE/75*] 


0.0  O.S  1.0  1.S  2.0  2.S  3.0  3.5  4.0 


(a)  [90*/CORE/90*] 
Fig,  5  —  ( 


CONCLUSION 

In  this  paper,  the  authors  present  a  mixed  finite 
element  method  based  on  a  local  high  order  lami¬ 
nation  theory  for  the  analysis  of  thick  sandwich 
plates.  The  displacement  and  stress  results 
obtained  from  the  present  FEM  and  from  3-D 


elasticity  are  in  close  agreement.  Since  the  inter¬ 
laminar  stresses  are  treated  as  the  primary  vari¬ 
ables.  the  present  FFi  scheme  also  gives  a  very 
accurate  estimation  of  interlaminar  stress  distri¬ 
bution  at  the  interfaces.  The  influence  of  the  fiber 
orientation  angle  6  on  the  variation  of  the  inter¬ 
laminar  shear  stress  is  much  more  significant  than 
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on  the  variation  ol'  the  interlaminar  normal  stress. 
The  maximum  interlaminar  shear  stress  r^.  oecurs 
at  the  locations  i.v  =0,  y  =  h/2)  and  {x  =  (L  v  =  /)/2! 
while  ^^  =  0°  and  and  in  the  vicinity  of  these 
two  locations  while  0  has  the  other  values.  The 
maximum  interlaminar  normal  stress  (U’curs  at 
i  .v  =«/2.  y  -hjZ]  for  any  values  of  the  fiber  (Orien¬ 
tation  angle  0. 
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Composite  laminates  have  vanous  failure  modes  mainly  because  of  the  heter- 
Ec-ficity  of  the  tnatcri-^l  and  failure  modes  are  influenced  by  the  mechanical 
properties  of  the  reinforcement  and  matrix.  In  particular,  interlaminar  delami- 
nation  is  the  most  severe  failure  mode  which  occurs  in  the  matrix  area  in  the 
interlamina.  But.  the  mechanism  of  dclamination  cannot  be  understood  by  the 
assumption  that  the  laminates  are  homogeneous.  We  propose  a  new  finite 
element  model  which  can  represent  the  behaviour  of  the  lamina  and  the  inter- 
lamina  independently.  Con.sequently.  the  good  analysis  results  expected  In 
experimental  results  were  obtained.  Moreover,  we  estimate  the  effect  of 
thermoplastic  film  which  is  inserted  in  the  interlamina  to  prevent  dclamination. 


1  INTRODLCTION 

Carbon  fibre  reinforced  pla.stics  (CFRP)  are  being 
used  for  many  aeiospace  .structural  components 
mainly  becau.se  of  their  higher  specific  strength 
and  specific  stiffness  compared  to  metals.  Lami¬ 
nates.  such  as  cross-ply,  angle-ply  and  quasi-iso- 
tropic  laminates,  ate  gaining  importance  for  real 
structural  applications.  But  to  use  them  efficiently, 
understanding  the  failure  mechanism  of  these 
composite  laminates  is  essential. 

(.'omposite  laminates  have  various  failure 
modes,  in  particular,  matrix  cracking  and  delami¬ 
nation  are  two  primary  failure  modes  often  seen 
in  composite  laminates.  The  damage  at  the  free 
edges  of  the  laminate  propagates  and  leads  to 
premature  failure  of  the  laminate.  Extensive 
research  has  been  done  on  the  failure  mechanism 
of  cross-ply  and  angle-ply  laminates  by  the  previ¬ 
ous  researchers.  Hong  and  Kim'  investigated  the 
fact  that  delamination  behaviour  of  cross-ply 
laminates  depends  on  the  stacking  .sequence  of 
composite  laminate.  Kobayashi  et  al.~  investigated 
the  effect  of  temperature  on  the  fracture  mechan¬ 
ism  of  CFRP  cross-ply  laminates.  Yalvac  et  a/.^ 
investigated  the  resi.stance  of  the  cross-ply  lami¬ 
nate  to  transverse  ply  cracking.  Belglund  et  ai* 


investigated  the  failure  mechanism  of  transverse 
layers  using  cro.ss-ply  laminates.  Shuan'  investi¬ 
gated  the  mechanisms  of  imerlamina  and  in-plane 
shear  failure  of  angle-ply  laminates.  On  the  other 
hand,  the  study  relative  to  the  failure  mechanism 
of  quasi-i.sotropic  laminates  is  not  conducted  so 
frequently  in  comparison  with  cross-ply  and 
angle-ply  laminates.  As  an  example.  Garg"  investi¬ 
gated  the  process  of  damage  propagation  of  quasi- 
i.sotropic  laminates  using  compact  tension, 
centre-notched  tension  and  three-piMnt  bending 
specimens.  That  is.  little  information  is  available 
on  the  fracture  behaviour  of  quasi-isotropic  lami¬ 
nates.  Moreover,  quasi-isotropic  laminates  have  a 
complex  stress  state  compared  with  cross-ply  and 
angle-ply  laminates. 

There  arc  various  methods  to  evaluate  the 
occurrence  of  delamination  in  composite  lami¬ 
nates.  Energy  release  rate  is  one  of  the  parameters 
determining  the  occurrence  of  interlaminar 
delamination.  Harikumar  and  Krishna  Murty' 
investigated  the  onset  and  growth  behaviour  of 
delamination  in  laminates  using  the  concept  of 
strain-energy  release  rate.  Kondo**  investigated 
delamination  onset  strain  associated  with  the 
growth  of  transverse  crack  tips.  In  recent  years, 
the  relation  between  delamination  behaviour  and 
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energy  release  rate  has  gradually  become  clearer 
by  much  research. 

Another  parameter  determining  the  occurr¬ 
ence  of  interlaminar  delamination  is  interlaminar 
stress.  This  method  is  more  systematic  compared 
with  the  method  using  energy  release  rate.  Pipes 
and  Pagano'^  were  first  to  point  out  the  existence 
of  interlaminar  stress  on  composite  laminates. 
Espeeialiy  in  the  case  of  quasi-isotropic  laminates, 
the  failure  mode  is  very  complex  because  of  the 
interlaminar  stress  near  the  free  edge  of  compo¬ 
site  laminates. 

Eo  understand  the  mechanism  of  delamination, 
a  knowledge  of  energy  release  rate  and  inter¬ 
laminar  stress  is  needed.  Therefore,  in  the  numer¬ 
ical  analysis  of  deiamination  both  energy  release 
rate  and  interlaminar  stress  are  used  widely.  In 
this  study,  interlaminar  stress  is  adopted  as  the 
parameter  determining  the  occurrence  of  inter¬ 
laminar  delamination. 

At  present,  three-dimensional  stress  analysis  is 
extensively  used  for  the  numerical  analysis  of 
delamination  problems.  Kim  and  ,Soni"'  predicted 
the  onset  of  delamination  either  due  to  interlami¬ 
nar  normal  stress  ia.  or  interlaminar  shear  stress 
r,. '.  Chen  and  Sun' '  inve.stigated  the  interlaminar 
stress  in  composite  laminates  with  and  without 
delamination  crack.  However,  the  analysis  is 
limited  to  a  specific  plane,  which  is  perpendicular 
ot  the  load  direction. 

Composite  laminates  undergo  three-dimen¬ 
sional  deformation,  such  as  out-of-plane  deforma¬ 
tion.  which  depends  on  the  stacking  sequence.  In 
the  above  method,  the  shear  deformation  of  layers 
IS  ignored  because  of  the  assumption  that  the 
bond  between  two  laminae  is  non-shear  deform¬ 
able.  Shear  stresses  are  developed  on  the  faces  of 
each  layer.  To  understand  deiamination  behaviour 
the  whole  geometry  of  composite  laminates 
should  be  considered  during  modelling.  Thus,  it  is 
desirable  that  these  stress  components  are  calcu¬ 
lated  by  three-dimensional  stress  analysis  for  the 
whole  of  the  laminate.  Moreover,  each  layer  of  the 
laminate  is  assumed  to  be  homogeneous.  But  the 
actual  composite  laminate  is  not  homogeneous. 
For  example,  Chapin  and  .loshi'’  investigated  the 
variation  of  residual  thermal  stress  in  graphite/ 
epoxy  laminates  for  three-dimensional  analysis 
using  three-dimensional  solid  elements.  However 
this  method  did  not  consider  the  whole  geometry 
of  the  laminate  and  the  presence  of  interlamina 
for  interlaminar  stress  analysis. 

In  this  paper,  a  three-dimensional  finite  cle¬ 
ment  model  was  proposed  ter  investigate  the 


occurrence  of  deiamination.  Using  this  analytical 
model  interlaminar  stress  was  calculated  and  the 
deiamination  behaviour  of  the  composite  lami¬ 
nates  was  investigated.  Moreover  the  influence  of 
introducing  interleaf  materials  on  the  deiamina¬ 
tion  behaviour  of  compiwite  laminates  was  also 
investigated. 

2  modexljnt; 

2.1  Modelling  of  the  interlamina 

As  mentioned  above,  each  interlaminar  stress  of 
composite  laminates  should  be  calculated  b\ 
three-dimensional  stress  analysis.  However,  the 
state  of  stress  near  a  free  etige  on  composite 
laminates  is  not  a  plane  stress  stale  but  a  three- 
dimensional  stress  state.  T  herefore.  for  three- 
dimensional  stress  analysis  it  is  necessary  to 
understand  the  fracture  mechanism  of  composite 
laminates. 

One  of  the  considerable  problems  of  ihrce- 
dinitiisional  stress  analysis  is  the  expression  of 
fracture  mixlcs.  Generally,  tipplying  some  fracture 
standard  to  judge  the  fracture  of  the  elements  is 
the  most  usual  technique.  Considering  that  com¬ 
posite  laminates  are  homogeneous  materials, 
applying  the  fracture  standard  to  composite  lami¬ 
nates  is  not  desirable  because  the  interlaminar 
deiamination  cannot  be  expressed  under  this 
assumption.  Deiamination  is  a  complex  pheno¬ 
menon  which  results  from  various  interlaminar 
stresses.  To  understand  deiamination  behaviour,  it 
is  desirable  to  consider  delaminjition  as  a  micro¬ 
scopic  failure  mode.  But.  considering  the  calcula¬ 
tion  time  on  the  computer,  this  assumption  is  not  a 
good  idea. 

From  another  viewpoint,  interlaminar  dckimi- 
nation  can  be  considered  as  the  fracture  of  a  resin 
area  of  the  interlamina.  Accordingly,  if  the  exist¬ 
ence  of  the  interlamina  can  be  assumed,  inter¬ 
laminar  deiamination  can  be  expresseti  by  the 
fracture  of  a  resin  area  of  the  interlamina,  that  is. 
dclaminatitm  can  be  treated  as  macrosccrpic  a 
failure  mode.  However,  most  of  the  failure  ana¬ 
lyses  of  composite  laminates  which  have  been 
done,  did  not  consider  the  distinction  between  the 
interlamina  and  other  layers.  That  is.  all  layers  of 
the  laminate  tire  replaced  with  homogeneous 
materials  consisting  of  fibre  and  matrix.  But  this 
assumption  can  cause  trouble  because  in  the  fai¬ 
lure  area  one  cannot  distinguish  between  fibre 
breakage  and  matrix  cracking;  in  other  words,  the 
fracture  of  a  quasi-isotropic  laminate  caused  by  a 
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mixture  of  various  fracture  modes  cannot  be 
explained.  Accordingly,  the  existence  of  inter¬ 
lamina  must  be  considered.  As  an  example.  Hong 
and  Kim''  defined  anisotropic  layers  and  iso¬ 
tropic  matrix  layers  respectively,  and  the  matrix 
layers  may  he  treated  as  a  shear  spring.  However, 
this  study  did  not  distinguish  between  the  material 
constants  of  fibre  and  resin.  I'hat  is  it  used  the 
material  constants  of  a  composite  material. 

In  this  study,  the  resin  layer  at  each  interlamina 
svas  represented  by  separating  each  layer  of 
eomptwite  laminate  into  fibre  area  and  resin  area. 
The  concept  t>f  laminate  mtidelling  is  shown  in 
Fig.  1,  In  this  figure,  in  the  fibre  area  the  fibre 
compacts.  On  the  other  hand,  in  the  resm  aiea  the 
fibre  does  not  exist  at  all.  In  the  moilellmg  t>f 
composite  iamnates  including  interlaniina  and 
t'ther  layers,  it  is  necessar\  to  know  the  ttiickness 
of  the  fibre  layers  and  resin  layers.  In  this  study, 
the  thickness  of  the  fibre  layers  and  resin  layers  is 
determined  b\  the  fibre  volume  fraction.  The 
theoretical  fih.'-c  Miiumc  fraction  of  a  composite 
laminate  IT  can  be  calculated  in  an  equation 
uhere  2R  is  the  eentre-to-centre  spacing  of  the 
fibres,  and  r  is  the  fibre  radius.  I'his  equation 
includes  the  assumption  that  the  fibres  have  the 
same  diameters  and  hexagonal  arrangement.  The 
maximum  value  of  I  ,  is  when  r-  R.  that  is. 

the  fibres  are  touching.  In  this  concept,  the  thick¬ 
ness  of  the  fibre  area  h  .  and  that  of  resin  area 
eati  be  calculated  casilx  in  an  equation.  Where  ft, 
Is  the  thickness  of  the  carbon  epoxy  prepreg 
sheet,  r...  IS  the  fibre  volume  fraction  of  the 
composite  laminate. 

2.2  Modelling  of  transxerse  cracking 

f  he  failure  mode  of  quasi-isotropic  (  FRF  lami¬ 
nates  under  uniaxial  tension  depends  on  the 
stacking  sequence.  It  is  expected  that  the  layer 
breaks  first,  (ienerally.  the  fracture  of  the  layers 


along  the  thickness  in  composite  laminates  is 
called  transverse  cracking.  In  this  case,  iransxcrse 
cracktng  mainly  means  the  fracture  I  (1  tt'iC  qo 
layer.  Fransverse  cracking  in  (I  4.''  -  45  Fb 
qiiasi-isoiropic  laminates  is  shoxsn  in  Fig.  2.  1  he 
interlaminar  delamination  is  closely  associated 
with  the  transverse  cracking  of  the  bb  layer. 
Hence  it  is  essential  to  consiiler  transserse  crack¬ 
ing. 

Transverse  cracking  can  be  consideieii  as  the 
fracture  of  the  resin  area  in  the  bb  layer,  similar 
to  interlaminar  rlelamination.  It  is  considered  that 
the  interpretation  of  transverse  cracking  in  the 
failure  process  of  composite  laminates  is  the  kev 
to  better  motielling  of  laminates.  Fhc  manage¬ 
ment  of  transverse  cracking  in  numeric.it  .iii.iKsis 
is  very  difficult.  Transverse  cracking  can  be  con¬ 
sidered  as  a  microscopic  laihire  niotlc  Accord¬ 
ingly.  it  is  appropriate  that  element  di\  ision  of  the 
modelling  correponding  with  transverse  cracking 
and  the  neighbourhood  must  be  strictly  con¬ 
ducted.  Hut  considering  the  calculation  time  on 
the  computer,  this  assumption  is  not  suitable  lor 
stress  analysis  of  composite  laminates.  It  is  known 
that  a  lamiiiale  with  a  stacking  sequence  m  which 
the  bb”  liiyer  is  loctited  mid-layer  occurs  in  n  aiis- 
vei'se  cracking,  In  diis  study,  modelling  of  tnins- 
verse  cracking  is  conducted  on  the  assumption 
that  the  transverse  crticking  absolutely  occurs  m 
the  composite  kiminate  in  which  the  bb  layer  is 
located  mid-hiyer. 

Now,  interpretation  ol  two  types  olTiansvcrsc 
cracking  w;is  preptirevl.  First,  transverse  cracking 
should  be  identically  treatevl  .is  .i  complete  Irac- 
turc  because  tr.msvcrse  cracking  cannot  transmit 
the  stress  component  to  another  element.  In  this 
ca  c.  the  clastic  constant  of  the  eleincni  which 
correspoiiils  with  transverse  crtickiiig.  is  defined 
as  zero.  SccoiKlly.  transverse  cracking  should  be 
expresscil  by  a  decrease  in  stiffness  of  the  ele¬ 
ments  which  correspond  with  it.  If  the  cl.istic 
constant  of  the  element  which  corrcspomls  with 
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transverse  crackiriit  is  zero,  it  is  appropriate  that 
that  element  does  not  exist.  However,  the  exist¬ 
ence  oi'  fibre  and  matrix  in  that  element  cannot  be 
ignored,  so  that  the  elastic  constant  of  the  element 
uhieli  eorreponds  with  transverse  cracking  can 
not  he  defined  ;is  zero.  Therefore,  the  element 
uhich  occurs  in  transverse  cracking  does  not 
break  perfectly  but  decretises  in  stiffness.  Crad¬ 
dock''  describes  the  decrea.se  in  stiffness  in 
composite  laminates  using  a  reduced  modulus 
method.  In  this  study,  the  decrease  in  stiffness 
when  the  element  in  the  9(P  layer  breaks,  is 
expressed  by  substituting  the  elastic  constant, 
except  for  the  .V  component,  of  the  element  which 
corresponds  to  the  transverse  cracking  of  neat 
resin. 

in  this  paper,  the  applicability  of  the  modelling 
which  was  obtained  from  the  above  mentioned 
interpretations  was  investigated,  d  hen.  numerical 
analysis  was  carried  out  according  to  the  follow¬ 
ing  three  analxsis  conditions: 


1.  Numerical  analysis  is  carrierl  out  lix  an  ana 
lytical  model  withoui  iranswrse  cracking. 
When  any  element  of  the  laser  has 
reached  its  limit  in  strength,  analysis  is 
continued  by  substituting  the  elastic  con 
stani  ol  all  elements  which  constitute  the  ‘>(f 
layer  vs  iih  that  of  neat  resin  callcii  I  spe  A 

2.  Numerical  analysis  is  conducted  h\  an  ana¬ 
lytical  model  without  transserse  cracking. 
When  any  element  of  the  dO  laser  has 
reached  its  limit  in  strength,  analssis  is 
continued  by  substituting  the  elastic  con¬ 
stant  of  the  broken  elements  of  the  d(i  laser 
svith  the  elastic  constaiii  ol  ihe  neat  resin 
called  rs)ie  B  . 

.'.  Numerical  analssis  is  conducteil  bs  anals- 
lical  model  ssith  transsersc  cracking.  I  he 
elements  sshich  correspond  svith  transverse 
cracking  are  defined  as  zero,  as  mentioned 
above  callevi  l  ype  ( '  . 

2.3  .Analysis  iiieihud 

A  three-dimensional  analytical  moilcl  of  the  lami 
nates  was  made  by  lasing-up  of  alternate  lasers  of 
fibre  and  resin.  I  he  analytical  model  Ispe  (  is 
shown  in  big.  .v  In  this  model,  the  .V.  )'.  /.  dircc- 
tivms  are  defined  as  in  Fig.  .T  The  analytical 
mvidel.  referred  to  as  the  v|uarter  model,  has  the 
X-Y.  -V-Z  planes  defined  as  planes  of  symmetry. 
The  shaped  portion  in  this  figure  indicates  trans- 
serse  cracking.  I  he  occurrence  of  interlaminar 
delamination  was  judged  by  each  interlaminar 
stress  component  of  the  A  -  )  plane.  For  the  finite 
element  model,  a  three-dimensional  solid  clement 
such  as  an  eight-noile  iso|iaranieiric  clement  is 
used. 
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Fig.  .4.  Analytical  nKKlcl. 
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Table  1  lists  the  meehaniea!  pniperties  tiT  the 
carbon/epiexy  composites  used  in  this  analysis. 
Thi'  material  constants  of  the  fibre  laser  were 
calculated  using  the  material  constants  of  the 
carbon  epoxy  composite  laminate  bs  I'enuira's 
appiarximate  et|iiation  as  follows.'''  The  material 
constants  of  the  libre  layer  correspond  with  these 
s  allies  in  the  case  of  I =  dO-?'’,). 
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where  the  subscripts  f  and  m  refer  to  the  fibre  and 
matrix;  I.  and  I  refer  to  the  fibre  and  transverse 
direction,  respectively,  and  (>,,  uses  the  half  value 
of  ff, for  convenience.  1  he  boundary  condi¬ 
tions  arc  shown  in  Fig.  .F  In  this  model,  the  dis¬ 
placement  in  the  .V  direction  on  the  node  of  the 
plane  CIXiH.  the  displacement  in  the  Z  direction 
on  the  node  irf  the  plane  A  BCD.  the  displacement 
in  the  Y  direction  on  the  centre  node  of  the  line 
(A-B)  were  fixed  respectively.  In  ;in  ordinary 
tensile  test,  it  seems  that  most  of  the  tensile  load  is 
on  the  surface  layer  of  laminates  because  both 
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ends  t)l  the  specimen  are  tixed  by  a  grip  iacc. 
rherefore.  concentrated  load,  which  occurs  when 
interlaminar  delamination  occurs,  was  at  the  m)dc 

the  line  F-F  l  that  is,  on  the  node  of  the  sur¬ 
face  layer  of  laminates. 

Stress  analysis  was  carried  out  by  a  modified 
analysis  model  which  follows  the  analysis  condi¬ 
tions  lype  .-\.  B  and  C.  as  mentioned  above.  The 
nonlinear  analysis  of  fracture  behaviour  under  a 
tensile  load  was  carried  out  by  the  incremental 
load  method.  The  interlaminar  normal  stress 
component  o. :.  interlaminar  shear  stress  compo¬ 
nents  r.-  and  r,.  ■.  and  Mises's  equivalent  stress 
component  '  of  each  resin  layer  was  calcu¬ 

lated  in  order  to  judge  whether  or  not  interlami¬ 
nar  delamination  had  occurred.  On  these  analysis 
results,  adequate  modelling  of  trans\  erse  cracking 
was  obtained. 


3  RESl  I  TS  AND  DISC  I  SSION 

The  fracture  development  of  resin  layers  in  each 
analysis  condition  is  shown  in  Fig.  4.  The  failure 
arci!  is  indicated  by  shading  in  this  figure.  The 
colour  of  the  failure  area  darkened  with  increase 
of  tipplied  lotid,  and.  the  applied  load  is  at  left  side 
itf  each  figure.  In  this  study,  when  the  Mises's 
cqui\alcnt  stress  of  the  resin  element  reached 
tensile  strength  of  neat  resin,  the  clement  was 
regtirded  as  having  broken  d<wvn.  Therefore,  the 
increase  in  the  failure  iirea  can  be  regarded  as 
indicating  the  development  of  delamination.  In 


the  case  of  'iyi'>e  .A.  the  failure  area  occurs  at  thc 
free  edge  of  a  45/  -  45  intcriarnina  at  lirst,  Suiv 
scqiiently.  the  failure  area  occurred  at  the  free 
edge  of  a  ■  ~45/^t<)  interlamina;  anil,  the  develop¬ 
ment  of  the  failure  areti  was  not  otsserved  m  all 
interlamina.  lypc  B  iiulicated  the  same  icndencv 
as  'iype  .A.  On  the  other  hand.  Ivpe  (  shows  the 
occurrence  of  the  failure  area  at  the  live  edge  of  a 
'45/ “45^  and  <  -45  40  intcriamma  in  the  loail 
when  the  failure  area  occurs  in  lypc  A  and  Ivpe 
B  at  first.  'Fhc  development  oi  the  faiime  area  c;m 
be  observed  in  -45/4(1  and  4^  -45  inter¬ 
lamina  after  the  occurrence  of  the  initial  failure 
tirea.  Failure  area  of  Type  ('  is  greater  than  lor 
Type  .A  and  Type  B. 

.Mises's  cijuivalent  stress  distribution  in  each 
analysis  condition  is  shown  in  Fig.  5.  Fhc  disrup¬ 
tion  indicates  analysis  of  results  when  a  40  laver 
was  ruptured  in  Type  ,A  and  fype  if  the  applied 
load  IS  about  SOO  kgb.  In  this  figure,  tlie  Iton- 
zontal  axis  represents  the  location  along  the 
length  of  the  laminates;  the  results  are  plotted  tor 
points  along  the  length.  Fhese  figures  indicate  the 
distribution  of  nearin  transverse  cracking  from 
.V,  to  .V-  in  Fig.  .f  .  lypc  .A  and  ivpe  B  indicated 
constant  stress  liisiribution  in  all  intcrkimma. 
wheretis  with  Fype  ('  there  was  an  increase  in 
stress  at  liie  -45  4(i  intcriamma  as  the  points 
approach  transverse  cracking,  l-rom  these  results, 
the  development  of  interlaminar  fracture  cannot 
be  expressed  by  the  condition  that  transverse 
cracking  is  rcgaidcit  as  a  decrease  in  stiffness,  and 
it  is  difficult  to  understand  the  occurrence  of 
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dciaminatidn  in  the  case  of  Type  A  and  Type  B. 
T  herefore.  Type  ('  is  the  most  effective  in  the 
modellime  of  transverse  crackinj:. 

f't'oni  the  analytical  results  of  the  development 
of  the  failure  area,  there  is  a  possibility  that  inter¬ 
laminar  deiamination  occurs  at  either  i  -45/^0' 
or  45,  -45  interlamina.  Considering  Mises's 
equivalent  stress  disu'ib'.triop.  interlaminar  deiam¬ 
ination  of  a  laminate  with  the  stacking  sequence  of 
0/45  -454;()|,  occurs  in  the  i-45/V(0  intcr- 
lumina. 

1  he  sties.s  (.lanponcnt  which  causes  interlami¬ 
nar  deiamination  has  been  investigated  al.so.  The 
distribution  of  interlaminar  normal  stress  (o.i  and 
interlaminar  shear  stress  ( r ,,  and  are  show  n  in 
f  ig.  6  applied  load  was  SOO  kgf).  Both  r,.  and 
(ire  higher  than  o..  It  was  considered  that  inter¬ 
laminar  deiamination  occurs  either  due  to  r,,  or 
r, .  after  transverse  cracking  occurs.  The  r,.  was 
different  for  both  the  interlaminae  (45/ -45)  and 
-45/00 1,  In  the  case  of  (-45/90)  interlamina, 
r,.  becomes  high  close  to  transverse  cracking. 
T  herefore,  r,  ,  has  a  great  inlluence  on  the  inter¬ 
laminar  deiamination  of  composite  laminates. 


Tensile  tests  were  conducted  in  order  to  com¬ 
pare  the  analytical  prediction  with  the  expen- 
mentai  results.  I  he  iaminate;.  '.vere  made  iwine 
unidircctional  carbon/epo.vy  prepreg  sheet 
(T(S00fI/ #  2500,  Toray  industries.  Inc.  and  a 
vacuum  bagging  autoclave  method.  A  quasi-iso¬ 
tropic  stacking  sequence  of  |()/45/ -  45/90|^  was 
used  in  the  laminates.  The  tensile  specimens  wore 
straight  sided.  I  3  mm  thick,  25  mm  wide  and  2 1 0 
mm  long,  with  end  tabs.  Tensile  tests  were  con¬ 
ducted  using  an  Instron  testing  machine.  The 
interlaminar  deiamination  of  the  laminates  which 
were  loaded  to  <S2%  of  their  tensile  strength  is 
shown  in  Fig.  7.  Interlaminar  deiamination  was 
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(>l'scr\cil  at  45  40  intcrlafiiina  mily  .  I  rom  this 
u  can  be  conckuied  that  tliL  occurrence  oi 
interlaminar  (.Icianiination  ol  the  laminate''  can  he 
predicted  bv  an  analytical  model  with  transverse 
eraekinij;, 

4  MMKRK  A1  ANALYSIS  '  -r 
IMI  RLLWFI)  LAMIN  r  S 


resin  la\cr  v\erc  siibsnuitcd  tor  ihosc  nj  du;  inlm  - 
leaved  him  layer.  1  he  matciial  cunsianls  ol  ih., 
films  are  uiven  in  lable  2,  An  anab  iieal  nieths  hI  i  a 
interleaxed  CI-RI’  laminates  was  adopK'd  toi  noie 
linear  analysis  under  tensile  load.  I  Sine  tho 
metlioil.  each  interlaminar  stress  aiul  ills'  slc'clop 
ment  of  iaihire  at  each  inlerlamma  was  ealeiilatcii 
In  this  analysis,  the  load  condition  adopted  was 
the  inerementiil  hrad  method. 


4.1  \nal\lical  mwdel 


4.2  Resiills  and  discussion 


I  sine  t‘.  abo\e  analysis  method  the  onset  ol 
interlaminar  delaminalion  can  be  predicted.  !  he 
next  step  is  to  obtain  an  iinesiieation  methoil 
which  prexents  the  onset  of  interlaminar  delami- 
nation.  Aeeordine  t(>  Sliiau  and  (  'hue'  the  inter¬ 
laminar  stress  .11  the  Tree  esiee  ot  the  composite 
laminates  can  be  controlled  by  xaryini;  the  tibre 
xolume  traction.  Kim  '  has  shown  that  delamina- 
lum  of  siuaspisotropie  laminates  can  be  prevented 
by  reinloreine  the  free  edges  with  glass-cloth 
woven  fabric. 

Another  method  ot  |xre\enting  delamination  is 
by  usine  a  thermoplastic  resin  based  film  which  is 
called  an  mteiieaxe.  As  an  example,  l.agace  ci 
(//. '  '  inxestigated  the  suppression  effects  of  delam- 
mation  by  introducing  a  film  arlhesixe  interlayer. 

In  this  snuly,  the  above  analysis  method  was 
appiievl  to  i.|uasi-isotropie  (  I  RP  lamimites  vxith 
jvoly  ethylene  film  interleaves.  Ihe  stacking 
sequences  of  interleaxed  CPRP  laminates  are 
show  n  in  Fig.  S.  I  he  shaded  portions  in  this  figure 
indicate  film  layers.  For  example,  type  II  has  a 
him  layer  m  each  -  4.^  41)  interlamina.  in  this 
study,  we  ignored  the  change  in  the  thickness  of 
the  laminate  due  to  the  presence  of  interleaxerl 
material.  It  the  change  in  thickness  is  to  be  consid¬ 
ered.  then  we  must  consider  many  other  morlels 
which  eoineule  with  constituents  of  the  laminates, 
lo  facilitate  numerical  analysis  of  interleaxed 
(  FRP  himinates.  the  material  constants  of  the 
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The  Mises  ciiuixaleiit  stress  disiribuiioris  oi  each 
laminate  are  shown  m  Fig.  4.  I  his  di'.inbuir m 
confirms  the  analysis  results  that  die  delamination 
occurs  at  an  applieil  load  ol  l.'iiu  kal  In  this 
figure,  the  estimaimn  ol  stress  don ihuti< >n  is  ic 
strieteil  to  4:s  i)(i  interlamina  mainly  bccaiis;. 
interlaminar  del.immation  w.is  libservcd  m  iho 
interlamiiui  onix.  I  xeepl  lor  Tv  pc  II.  the  \bs,.  s 
stress  ol  all  other  ixpes  becomes  high  close  lo 
transverse  cracking.  1  spcei.illy.  Ivpe  III  indie. itc' 
the  highest  stress  in  the  nciehbourhood  ot  n.ms 
xer.e  cracking.  Moreover,  lype  111  has  ,i  non 
symmetric  stress  disiribiition  comparei!  w  nh  I  v  pc 
I  and  Type  i  \  , 

Faeh  interlaminar  siress  component  ol  these 
laminates  w.is  also  investigated  I >tsti ibuiiotis  oi 
interlaminar  normal  stress  a  and  interlaminar 


I  able  2.  Malerial  coiislaiils  of  inlfrli  ii'ed  films 
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Hr.  9.  Miscs's  eqiiivalenl  stress  uisirihuiion  of  inicrkcucii 
( 'FRP  liiniinale. 
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<  I  Kl’  lamui.ik'. 

■'heal  ''Ire-'''  r  ami  r,  arc  shinvii  in  hiu.  Ml.  In 
the  ease  ot  I  vpc  II.  interlaminar  stress  is  alnmsi 
/ern  in  all  loetitions  with  respect  to  transverse 
cracking.  f\pe  IV'  incilcates  a  similar  stress  dis- 
'iilnitinn  te  Type  I.  In  the  ease  oi  rype  III  Irnth  r, 
ami  r  vary  with  respect  to  transverse  cracking. 

1  he  tracturc  ilevelopment  ot  each  resin  laver  is 
sliown  in  f  ig.  11,  In  lype  II.  the  hhliire  areti  is 
contined  to  only  the  tree  edge  ol  145/ -  45  ‘  inler- 
lamina.  As  a  result,  it  is  expected  that  the  failure 
load  of  lype  11  is  higher  than  that  of  Type  I.  In  the 
ease  o)  lype  IV.  the  laikire  area  occurs  at  the  free 
edges  of  45/  45  and  t  ■  45/40)  intcrlantinae. 

I  he  taiiure  area  increases  and  cotilcsccs  with  the 
neighbouring  transverse  cracking.  The  distribu¬ 


tion  of  f.iilure  area  is  similar  t»'  that  ol  Ivpe  I.  Bui 
the  erowtii  of  taiiure  area  ts  slower  dian  dia'  ol 
Type  1.  'I  herefore.  a  fiighei  lailure  load  o 
expecteil  in  the  case  of  Type  iV  eompaied  to  lyps^ 
1.  In  the  case  of  lype  111.  the  lailure  aie<i  initialK 
occurs  near  the  transv  erse  crack  mu  ami  vvas  not 
t'bserved  ;il  tire  free  eiige  of  the  larnmaie. 

I  ’om  these  restilis,  ii  seems  that  ihe  siackiiu; 
sev|uence  for  interhiiniruir  deianniKitioii  is  onl\ 
type  IV.  Also.  It  is  eoiisideretl  th;it  Ivpe  111  ha.',  .i 
univ|Ue  fnielure  process  since  the  vieveloftment  ol 
the  fiiilure  iirea  ;it  45  oil  interlamina  iliilets 
troin  other  kimimites.  1  herefore.  the  iraettiie  pao 
cess  of  Type  111  wu'.  investigiitei.!  in  more  detail. 
1  he  tensile  stress  ol  e;ieh  lavet  o,  is  Uibulaieti  m 
liible  4  he  tensile  stress  values  presented  in  ihi- 
table  vvere  calculated  loi  each  kiyer  m  the  vieiniiv 
of  transverse  cracking.  1  lie  siress  ol  lyive  111  at 
ihe  4s  hiyer  ;s  the  highest  eompaied  lo  .ill 
other  lay  CIS.  Hence  interlaminar  delainuuition 
vloes  not  oeeur  in  Ivpe  111,  however  transverse 
cracking  develops  in  llie  45  laver.  In  the  ease  oi 
Type  Hi.  Ihe  layers  between  the  interleaved  lilni 
layers  deforniet!  iiidepenvlently  since  llie  tiaiis- 
niission  ol  shear  force  was  suppressed  bv  the  tihn 
kiyers.  ( ■onse'’'iently.  this  laminate  uiuleigoes  iii- 
plane  shear  delorniation  wliieli  resiiiis  m  ihe  ios^ 
of  in-pl;ine  isotropy,  it  seems  that  this  jvheiio- 
menon  is  one  ot  the  reasons  why  the  4,s  layer  ot 
lype  111  brciiks  rapullv  compareil  with  other  lami¬ 
nates,  Henee  it  is  expected  that  the  strength  ol 
Type  ill  laminates  vlecrciises. 

.■\  tensile  test  was  carrievl  out  in  oixler  to  com¬ 
pare  experimental  results  with  prevlietion  results 
Ihe  (nicture  aspects  of  lype  II  and  Ivpe  i\ 
which  was  loatled  lo  .S2'hi  of  tensile  strength  are 
sluwvn  in  f  ig.  12.  1  felamination  was  not  observevi 
in  lype  II  whereas  viekinmiation  of  i\]K  IV  at 
-45,4t).  intcrkiniina  w;is  obseivvil.  Intcrkiimnar 
vleliiniiiKition  hits  not  been  olvserved  in  lype  111. 
1  he  tensile  properties  of  interle;ivcd  iaimnales  are 
tabulated  in  lable  4.  I  he  predicted  estimates  o! 
iilfitmilc  tensile  lo;id  agreed  with  the  cxpcnmcntal 
results.  It  can  be  eoncluvled  that  this  analvsis 
method  can  be  tipplicd  to  interleaved  (  I  Rl*  lami¬ 
nates. 

5  CONC  l.rsIONS 

Based  on  the  results  of  this  study,  the  tollowing 
conclusions  can  ix'  tiniw  n. 

I.  It  has  been  shown  liiat  by  considering  the 
whole  gcometrv  of  the  kiminatc,  the  fracture 
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iiohavioiir  ol  the  latnitialo  can  he  prcclKtoil 
acciiratcK  tisinu  ihroc-tliniciisionai  iikhIcI- 
lini;. 

2  1-or  iicenrate  nKHlcllino,  it  i>  '■..-cnlial  lo 
ennsKior  the  prosonco  ol  the  iiitoriamtnai 
rosiii  layers  and  tr;insverse  eraektng. 

.C  This  throe  tlimcnsional  analysis  method  is 
valir!  tor  tiiKlersiandinu  the  ilelamination 
behaviour  ol  interleaved  Cl  RP  laminates. 
Also  the  position  of  the  intcrieavetl  film 


liiyer  uilh  respeel  to  laminate  thickness  is 
important  in  delermininy  ihe  lielaminalion 
be'ha\  1011  r. 
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Analysis  of  stiffness  loss  in  cross-ply  composite 

laminates 
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['he  behaviour  of  laminatcil  eomposite  plates  bevonci  first-ph  failure  has  hsvn 
the  subjeel  <if  much  research  work.  It  is  well  known  that  generally,  the  load- 
bearing  capability  of  laminated  composite  plates  can  remain  signilicant  despite 
the  presence  ot  some  damtige  in  the  plies.  I  r;uliiion;illy.  the  ply -discount 
method  has  been  used  among  analysis  and  designers,  although  the  approach  is 
generally  regarded  as  too  conserxalise  It  is  therefore  desirtible  to  licxelop 
models  for  the  prediction  of  the  mechtinical  properties  ot  damaged  composite 
laminates  at  various  tipplied  loads,  and  to  be  able  to  correlate  the  changes  in 
properties  w  ith  the  amount  of  damage  and  cracking  within  each  constituent  piv. 
(lenerally.  it  the  models  are  to  be  useful  as  predictive  tools,  they  must  be 
capable  of  not  only  sufficiently  describing  the  viamage  state  but  also  the  nature 
ot  the  damage  evolution  with  loading.  This  evolution  law'  is  otteii  ohtameil 
through  fracture  analysis,  although  it  should  be  noted  th;it  the  diftuscil  nature 
of  cracks  ami  the  multiplicity  of  failure  modes  m  composites  in  general  greatly 
eompliciites  the  analysis.  I  he  problem  of  iriinsverse  matrix  cracking  m  eross- 
ply  laminates  uiuler  unia.xial  tension  is  consiilerably  simpler  because  it  is 
essentially  dominated  by  mode  I  fracture.  I'hus  it  is  necessarily  the  first  step  lor 
any  movlel  aiming  to  predict  stiffness  losses  in  eomposite  lamintites.  In  this 
|v;iper.  a  constitutive  movlel  of  the  vlamtige  state  for  composite  laminates,  lirsi 
proposed  by  .Allen  er  u/..  is  iisevl  with  a  vlamage  evolution  criterion  based  on 
strain  energy  to  predict  the  stiffness  loss  due  to  matrix  cracking  in  cross-ply 
laminated  eompi'site  plates.  Although  the  constitutive  model  iloes  mn  reviuire 
the  determination  of  many  const;mts.  the  st;ite  of  vhimage  is  vlescribed  bv  a 
vector  ol  internal  state  variables  ISV  .  which  contains  inlv'rmation  on  the  crviek 
geometry  and  fracture  modes.  .A  series  i>f  parametric  finite  element  aiwlyses 
w;is  pertormevl  to  determine  the  effects  of  relative  ply  thicknesses,  crack 
ilensity  anvl  crtick  opening  profile  on  the  vector  of  lS\  s.  ,A  computer  algorithm 
was  written  tor  the  analysis  of  cross-ply  laminates  based  on  the  damage 
evolution  eriterioii  proposevi  in  this  work.  I  he  results  of  the  analvsis  comptire 
laviHirably  with  experimental  measuremetils  of  progressive  stiffness  loss  in 
damjiged  cross-ply  grtiphile-epoxv  laminates  obtaineil  from  other  resetuehers. 


INTRODlCnON 

The  process  of  damage  evolution  in  composite 
laminates  is  generally  very  eomple.x  due  to  the 
multiplicity  of  failure  modes  such  as  transverse 
cracking,  fibre-matrix  interface  debonding,  fibre 
breakage  and  delamination.  The  use  of  fracture 
mechanics,  especially  in  the  realm  of  linear  elastic 
fracture,  has  been  very  successful  and  well  estab¬ 
lished  for  isotropic  engineering  materials  becau.se 
fracture  in  these  materials  (for  linear  clastic  ca.ses) 
can  often  be  adequately  characterized  by  a  single 
parameter  (for  example,  the  stress  intensity 
factor).  However,  attempts  to  apply  similar  frac¬ 


ture  mechanics  tools  in  the  analysis  of  composite 
laminates  have  only  met  with  limited  success. 
Much  of  the  effvtrt  at  chttrtictcrizing  fracture  in 
composites  has  been  directed  at  the  measurement 
of  fracture  toughnesses  in  laboratory  test  speci¬ 
mens,  These  serve  as  useful  guides  for  eomptiri- 
son  between  different  eomptrsite  material 
specimens,  but  it  remains  unclear  how  the  liata 
from  such  tests  can  be  used  for  the  analysis  of 
fracture  in  structural  components.  One  reason  is 
the  considerable  difficulty  in  determining  the 
complex  interactions  between  different  failure 
modes  and  the  effects  of  component  size  and 
geometry. 
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There  have  been  attempts  to  model  dtimagc  in 
compixsite  laminates  using  damage  and  fracture 
theories.'  ^  For  some  types  of  diffused  or  distri¬ 
buted  damage,  a  constitutive  representation  of  the 
damage  state  may  be  most  appropritue.'  The  use 
of  fracture  mechtmics.  however,  is  still  necessary 
in  order  to  establish  criteria  for  damage  progres¬ 
sion.  Numerous  phenomenological  models  for  the 
prediction  of  stiffness  loss  in  composite  laminates 
are  available.  Among  the  better  known  models 
based  on  continuum  mechanics  are  those  devel¬ 
oped  b\  Talreja'  tind  Ktichanov-  sand  applied  to 
composite  plates  by  Allen  ei  ai.':.  These  are  p:ir- 
ticularly  suittible  for  cases  where  the  damtige  is 
ftiirly  uniformh  distributed  throughout  the  lamina 
eg.  transverse  matrix  cracking,.  However,  the 
equations  in\oived  usually  contain  many  con¬ 
stants  which  are  not  easily  determined  experi- 
menttilly  e.xcept  in  the  simplest  of  cases.  Hashin' 
developed  an  apprc'ximate  variational  method 
with  admissible  stress  functions  for  cross-piv 
laminates,  but  the  tintilysis  has  not  been  extended 
to  lamiiKites  with  other  stacking  sequences.  One 
of  the  earliest  developments  is  the  shear  lag 
nu'dei  proposed  by  Highsmith  and  Reifsnider.' 
.Mthough  this  model  is  quite  simple  and  has  been 
applied  succcssfullt  to  cross-ply  laminates,  it 
assumes  the  existence  of  an  imtiginary  shear  trans¬ 
fer  laser  svhose  properties  are  not  readily  defineti 
or  obtained  through  experiments.  Fsxperimentally. 
the  monitoring  and  obsersation  of  damage  pro¬ 
gression  III  composites  also  involve  cumbersome 
procedures.  Fhc  specimens  arc  usuallv 
removed  from  the  test  rig  after  a  predetermined 
number  of  fatigue  cycles,  dye-penetrated  and 
,\-ra\cd  in  order  to  determine  the  crack  densities. 
It  is  n<tl  known  sshether  the  process  ol  repeaterl 
dyeing  and  cleaning  has  an\  effeel  on  the  results, 
in  an\  case,  the  procedure  becomes  impractical 
for  even  moilerately  thick  laminates  or  kiminates 
with  more  complicated  stticking  sequences  other 
than  cross-plies  since  adequate  tlye-penetration 
c;in  no  longer  be  cnsuretl.  It  is  not  surprising  then, 
that  most  published  experimental  dat:i  on  rack 
densities  have  been  limited  to  thin  cross-pIv 
laminates. 

In  this  paper,  a  computer  code  based  on  the 
constitutive  model  of  damage  proposed  by 
Kachanov  and  Allen  ci  nl.  '  is  used  in  conjunction 
with  a  simple  kinematic  representation  of  trans¬ 
verse  crack  profile  to  predict  the  stress-strain 
behaviour  of  ilamtiged  cross-ply  laminates.  A 
ilamage  evolution  criterion  based  on  strain  energy 
considerations  is  also  proposed. 


RKPRKSFM  AHON  OF  I  UK  O AMACF 
STAIK 

C'urrentlv.  there  are  tw<i  well-known  models  o, 
damagetl  composite  laminates  based  on  con¬ 
tinuum  damage  mechanics  (  DM  .  The  first  is 
due  l<'  ralreja.'  who  used  a  tirsi  order  tensor  ol 
internal  state  variables  1S\  to  describe  the 
damage  modes.  B>  assuming  the  energ\  densits  in 
a  cracked  volume  to  be  a  lunction  of  the  strain 
tensor  and  a  damage  vector,  a  set  of  cDnsiitutoe 
equations  with  observable  strains  and  an  effective 
stress  tensor  can  be  constructeti.  However,  this 
method  requires  the  determination  of  ten  con¬ 
stants  for  a  general  laminate  containing  matrix 
cracks.  The  number  of  eonsttints  is  reduced  to 
four  in  the  case  of  cross-ply  laminates. 

A  second  model  used  b\  .Allen  </  a/,  also 
employs  a  set  of  ISA's  described  by  second  oixicr 
tensorial  quantities,  originally  proposed  b\ 
Kachanov,'  Phis  motlel  appears  to  require  Icwcr 
constants  and  explicillv  incorporates  the  crack 
kinematic  features  into  the  lormulation  lor  the 
ISA’s.  For  these  reasons,  n  is  used  in  the  work 
presetited  in  this  paper.  In  this  model,  the 
stress-strain  relationship  ol  a  small  vulume  ol 
damaged  materia)  at  pl\  level  is  assumed  ade- 
quateK  described  by  the  equation 

.  i  t  .  1 

w  here  o  are  the  applied  stresses.  (  \  arc  the  stiff¬ 
nesses  of  the  undamaged  material,  r.  are  the 
strains.  /'.  arc  elements  of  the  dama.ee  nuitrix, 
a  are  the  internal  state  variables,  and  r/  -  1.2,  .v 
....  refers  to  the  damage  ithhIcs.  It  was  shown 
that  to  a  first  approximation. 

.  - 

1  his  assumption  simplifies  the  theory  ctmsider- 
ably.  leaving  the  unknown  ISA's,  r?'  .  yet  to  be 
determined.  Note  that  the  entire  description  of  the 
damage  state  is  embedded  in  the  second  term  of 
eqn  '■  1  ].  However,  it  is  impirrtant  to  realize  that 
eqn  i  1  i  does  not  provide  any  information  on  how 
that  state  of  damage  has  been  attained,  i.e.  the 
history  of  damage  accumulation.  Thus  it  is  neces¬ 
sary  to  turn  to  fracture  mechanics  in  search  of 
suitable  criteria  for  damage  growth.  Tquation  '  I  ’ 
is  sufficiently  general  for  use  in  the  classical  lami¬ 
nation  theory  iCF.r  )  or  some  higher  order  theo¬ 
ries.  If  the  former  is  used,  the  damage  in  each  ply 
can  then  be  modelled  separately. 

The  vector  of  resultant  forces  I.A'i  can  be 
expressed  in  terms  of  the  laminate  midplane 
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strains  if";  in  the  absence  of  bending-stretching 
coupling  b\'; 

where  j.-l]  is  the  stiffness  matrix  of  the  laminate, 
defined  for  the  ^;th  ply  by 

\ 

A,=  I  i4i 

s  i 

Here,  -  ().,  ^  are  the  transformed  reduced  material 
stiffnesses  of  the  orthotropic  layer,  and  is  the 
thickness  of  the  ply.  The  following  vectors  are 
defined; 

r  ’ 

A  =  1  o,  a .  T,,  '  dr  '  i 


p  =  Ik  n  .L 


where  r/T  is  the  crack  opening  displacement.  /I’y 
is  the  normal  to  the  crack  surface  and  /  the  unit 
crack  volume.  The  integral  is  evaluated  over  the 
entire  crack  surface.  The  equivalent  ISV  for  mode 
II  mav  also  be  similarlv  defined: 


/(r  ni'.  d\ 


where  ii’l-  is  the  craek  sliding  and  //!•  is  a  unit 
vector  in  the  plane  of  the  crack  surface  in  the 
direction  of  shear. 

Thus  it  is  seen  that  the  damage  state  is  assumed 
adequately  described  by  the  damage  veeti'r  P  . 
The  evaluation  of  the  ISVs  according  to  eqns  1  I 
and  12  )  requires  know  ledge  of  the  crack  opening 
and  sliding  profiles,  and  the  densits  at  each  load 
level.  The  former  is  obtained  through  i  d:,  analv 
while  the  crack  density  can  be  obtained  through  a 
suitable  damage  evolution  criterion.  For  cross-pl\ 
laminates,  fracture  in  the  transverse  plies  is  domi- 
ntited  by  mode  1  and  thcrctore  only  the  mode  I 
IS\  is  relevant  to  the  work  presented  here. 


where  the  subscripts  v  and  y  refer  to  the  global 
co-oixiinate  system,  while  the  subscripts  I  and  2 
refer  to  the  longitudinal  and  transverse  material 
directions,  respectively.  I  he  vector  ./>  is  known 
as  the  damage  vector,  is  the  thickness  of  the  Ath 
piv  ;uKi  a  ,  is  the  transformed  vector  of  internal 
slate  variables  ISVs '.  '  defined  as 

o  .  =  O  (l (I  ’  ,  , '  ■  S  ; 

1  he  vector  of  ISV's  can  also  be  expressed  in  the 
material  co-ordinate  system: 

a  .  =  0  ft ,  a  ^  v> 

It  follows  from  cqn  2  that  to  an  tipproximation.' 
if  only  modes  1  and  II  fracture  is  considered,  the 
mtitri.x  /a  in  mtilerial  co-ordinates  is  given  by 


0  (J,.  (I 

0  (f,,  0 

b  II  <J.„ 


I  he  matrix  /  is  the  transformed  matrix  in  global 
co-ordinates.  The  ISVs  embody  the  effects  of 
crack  geometry  and  distribution.  Ihc  ISV  for 
mode  I  cracking  is  defined  as 


EV.ALl  ATION  OF  INTERNAL  .STATE 
V.ARIABLF. 

We  tissume  that  the  transverse  cracks  within  a 
damtiged  layer  are  unilormly  distributed  and  that 
the  behaviour  of  the  laminate  can  be  adequately 
represemted  by  a  repetitive  unit  volume  of 
materia!  containing  a  traivsverse  crack  as  shown  in 
Fig.  1.  .A  senes  of  finite  element  parametric 
studies  has  been  performevi  in  order  to  establish 
the  effects  of  crack  opening  profiles,  relative  ply 
thicknesses  and  crack  density  on  the  stiffness  of 
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cracks 
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Hj;.  1 .  1 1  ansvci  sc  cracks  in  *1(1’  ply. 
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the  laminate.  Figure  2  shows  an  FEi  model  ol  a 
quarter  portion  of  the  representative  volume 
previously  defined  in  F'ig.  1.  The  region  ABFC 
represents  the  0°  ply  and  FCED  the  90°  ply.  The 
edges  AB  and  E2D  are  restrained  from  movement 
in  the  vertical  direction  and  AF  is  restrained  in 
the  horizontal  direction.  A  uniform  displacement 
in  the  positive  ,v-direction  is  applied  to  BCD.  The 
half  crack  length  e.xtends  from  F  to  F.  with  the 
cracktip  at  F,  which  is  at  the  interface  between  the 
0°  and  90°  layers.  The  entire  model  consists  of 
eight-noded  isoparametric  elements  with  ortho¬ 
tropic  material  properties  obtained  from  Ref.  .v 
and  given  in  Table  1. 

I'he  follow  ing  non-dimensionalized  parameters 
are  defined: 


p  =  Is! 

i  14. 

I( 

!  1  i 

II 

+ 

i  16) 

where  z,  and  z.  are  the  thicknesses  of  the  0°  and 
9(1°  plies,  respectively.  /  is  the  distance  between 
two  tidjacent  transverse  cracks,  and  ii,,  is  the  ma.xi- 
mum  crack  opening  displacement.  Hence  p  and  d 
may  be  regarded  as  non-dimensionalized  crack 
density  and  maximum  crack  opening  displace¬ 
ment  COD  .  respectively.  Since  the  analysis  is 
linearly  elastic.  <)  is  directly  proportional  to  the 
applied  strtiin, 

I  he  results  of  the  analysis  are  presented  in  Figs 
and  4  lor  both  graphite-epoxy  tmd  glass-epoxy 
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systems.  From  Fig.  3.  it  is  seen  that  as  the  crack 
density  p  increases,  d  decreases  rapidly  for  a 
constant  applied  strain.  On  the  other  hand.  Fig.  4 
shows  that  as  the  ratit)  of  the  thickness  of  the  (1 
ply  to  that  of  the  90°  ply  increases,  d  approaches  a 
finite  constant  '  alue.  Althtmgh  the  curves  are 
obtained  hm  one  value  t)f  applied  strain,  the 
results  at  other  strains  can  be  obtained  by  linear 
scaling. 

Figure  .x  shows  the  variation  of  the  non-dimen¬ 
sionalized  crack  opening  profile  across  the  thick¬ 
ness  of  the  90°  ply.  obtained  from  the  Ff-i  analysis. 
A  fourth  order  polynomial  fit  of  the  nodal  dis¬ 
placements  is  obtained  such  thtit 

zzi  u  > 

-  ^  \  ->-  (  ,(i  +  (  17 

zz,. 

where 

- 


Substituting  etjn  17*  into  eqn  HI.  performing  the 


Kii;.  ,V.  1  ol  ciai'k  ilcnslp  o  on  4  zz  - 


8 

Hr.  4.  I  ttcil  ol  thickness  ZZ  on  A  <  o  ~  1  . 
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Fiy.  5.  Non-iliiiK'n'-ioiuiii/ci.l  crack  opening  prolilc  across 
lliickncss  ot  yo  la\cf. 


integratirrn  and  assuming  that  the  crack  extends 
through  the  width  h  of  the  90°  ply,  w  e  have 


a  -  - 


1  +  C  I  y'  ■  +  (  :  </  *  I  d  r/ 


=  "  '  1  +  (  I  /  +  C  ; /5  i  i  I  d  I 

As  determined  from  Fig.  5.  the  constants  C,  and 
C  -  are  -OO^d  and  -(1-98.  respectively.  <^'1  is 
negligible  compared  tr)  unity,  so  that  tr>  a  good 
approxiniatirtn.  eqn  •  1  di  reduces  to 

a.;  =  -Ar,,c  20  i 

where  2  is  the  crack  density,  defined  as 


riius  it  is  seen  that  the  ISV  for  mode  1  trtinsverse 
matrix  cracking  is  camiplctely  determined  if  the 
maximum  COD  and  the  crack  densitv  are  know  n. 


DAMA(.E  F.VOIA  TION 

1  he  model  is  completed  with  the  specification  of 
the  manner  in  w  hich  the  damage  accumulates  with 
iipplied  load.  At  any  stage  in  the  lottding  history,  it 
is  necessary  to  obtain  £.  the  crack  density.  This  is 
by  no  means  ;i  trivial  exercise  and  different  ap¬ 
proaches  have  been  suggested  by  researchers, 
although  most  employ  fracture  mechanics  in  some 
form.  Varkitional-type  analyses  were  used  by 
Hashin'  and  Nairn.  '  although  these  w/ere  invariably 
restricted  to  cross-ply  laminates.  An  interesting 
application  of  probabilistic  fracture  mechanics 


was  reported  by  Wang  ei  al..'"  but  this  methovi 
also  retpiired  extensixe  testing  of  a  large  number 
(»!  specimens  to  determine  the  material  coelli- 
cients  used  in  the  probability  functions.  .Much 
research  remains  to  be  done  in  the  formulation  of 
a  damage  evolution  criterion  that  is  not  onl\ 
capable  of  predicting  crack  densities  in  cross-piy 
laminates,  but  also  in  laminates  with  general 
stacking  seiiucnces. 

In  this  paper,  a  fracture  or  damage  exolution 
criterion  based  on  strain  energy  is  proposed. 
Consider  a  symmetric  cross-ply  laminated  eom- 
pixsite  plate  of  width  />  tind  length  /..  with  the  lay¬ 
up  configuration  where  the  subscripts  /> 

and  (j  are  integers.  As  the  laminate  is  being  loaded 
unitixially  in  tension,  the  stress- strain  curve 
obtained  is  linear  until  first-ply  failure  al  A  see 
Fig.  hi.  A  transverse  crack  is  then  introduced  in 
the  layer  ;md  the  crack  density  determined 
from  eijii  2D.  The  maximum  COD  eorresponti- 
ing  to  this  crack  density  and  laminate  geometry 
can  be  obtained  from  the  curves  shown  in  Figs  .f 
and  4.  Fhese  values  are  used  in  the  eompulation 
of  ri>.  according  to  eqn  20  and  substituted  into 
eqns  .>  ■  and  7  s  The  result  is  a  reduction  in  the 
effective  stiffness  of  the  kiminate  in  the  direction 
of  the  applied  load,  anti  this  is  represented  by  OF 
in  Fig.  0. 1'ptrn  further  application  of  strain  / the 
load  path  FB  tiinv  rellects  this  reduction  in  stiff¬ 
ness.  Note  that  the  slope  of  the  line  OI  corre- 
sptnids  to  the  stiffness  of  the  laminate  as 
tleterminetl  by  the  ply  tiiscount  methotl.  where  the 
cirniribution  of  the  00°  layer  to  the  load-bearing 
eapticity  of  the  kiminate  has  been  neglected. 
Hence  OI  represents  the  lower  limit  of  the  stiff¬ 
ness  curves  as  far  ;is  dtimage  in  the  00’  layer  is 
concerned.  Further  fntclure  is  assumed  to  have 
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occurred  when,  upon  further  application  of  strain, 
the  area  FBHG  reaches  a  critical  value.  An  addi¬ 
tional  transverse  crack  is  formed  and  the  effective 
stiffness  further  reduces  to  the  slope  of  OC,  which 
is  calculated  from  eqn  (3)  and  the  updated  a.,. 
Denoting  the  area  FBHG  by  (dVV/d<’  ),,  and  defin¬ 
ing  the  quantity  U,  such  that 


a  transverse  crack  is  assumed  to  have  formed 
when 

(23i 

where  is  the  mode  I  energy  release  rate  for  the 
formation  of  a  transverse  crack.  This  simple 
criterion  can  be  easily  implemented  in  any  algo¬ 
rithm  which  employs  lamination  theory.  The  pro¬ 
cess  of  determining  the  transverse  crack  density  is 
repeated  for  each  successive  matrix  cracking 
using  the  same  value  of  Hence  in  Fig.  6  a 
series  of  points  (A.  B.  C.  D . E)  can  be  gener¬ 

ated  until  the  limit  OI  is  reached,  beyond  which 
matrix  cracking  in  the  90°  layer  no  longer  signifi¬ 
cantly  influences  the  laminate  stress-strain  behav¬ 
iour.  As  a  typical  analysis  usually  involves  a  large 
number  of  cracks,  a  computer  code  has  been  writ¬ 
ten  to  perform  the  calculations.  It  is  noted  that  in 
practice,  the  intervals  between  the  points  A,  B.  C. 
etc.,  are  very  small  and  the  curve  appears  smocHh 
rather  than  discontinuous  as  shown  schematically 
in  Fig.  6. 

(  OMPARISON  WITH  EXPERIMENTAL 
•STRES.S-.STRAIN  CT  RYES 

T  he  predictitms  of  stiffness  loss  with  damage  for 
three  graphite-epoxy  laminates  and  one  glass- 
epoxy  laminate  are  compared  with  experimental 
stress  strain  curves  obtained  by  Daniel  and  Lee" 

^  see  Figs  7- 1 0  Figures  7  and  9  show  good  agree¬ 
ment  between  theory  and  experiment,  althtmgh 
the  predicted  curves  have  reached  the  limit  deter¬ 
mined  by  the  ply  discount  theory  at  the  applied 
strain  of  about  0-01.  Both  experimental  curves 
from  Daniel  and  Lee"  show  a  stiffening  of  the 
kiminates  at  high  strains.  This  phenomenon  is 
particularly  pronounced  in  the  10^90°],  laminate 
(Fig.  9)  and  may  be  due  to  stretching  of  the  re¬ 
inforcing  fibres  in  the  0°  plies.  This  effect  is  not 
considered  in  the  present  analysis.  For  the 
(0790°  1^  laminate,  Fig.  H  shows  that  initially,  the 
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Hs-  7.  Stress-strain  curve  tor  d  Ull  itiafitiitc -epow 
himinate. 
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Fij>.  8.  Siress-str;ilii  curve  tor  11  ‘>(1',  eraphite-epovv 
liiminate. 
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Fig.  9.  Stress-strain  curve  lor  iU-  40";.  grttphile-ept'vy 
laminate. 

prediction  of  stiffness  loss  after  first-ply  failure  is 
greater  than  experimentally  observed,  iiowever. 
better  agreement  is  achieved  with  increasing 
applied  strain.  In  this  case,  the  predicted  curve 
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Ha.  10.  StK'ss-siram  curve  ior  0°  alas--  cpo\\ 

laiTiinaic. 


coincides  with  the  ply  discount  prediction  ;it  an 
applied  strain  of  about  OOlS.  The  value  of  (1^. 
used  for  transverse  cracking  of  graphite  -epoxy 
laminates  is  22S  J/m'.' '  Finally,  a  comparison  is 
also  made  witii  a  glass-epoxy  laminate  in 

Fig,  1 0,  The  value  of  (i,^  in  this  case  is  taken  to  be 
'"  ni'rimenml  stress-strain  curve 
shows  distinct  knees.  It  is  seen  in  Figs  7-1(1  that 
the  predictions  from  the  current  model  agree 
reasonably  well  uitii  the  a\ailable  experimental 
data. 


CONCLISION 

A  computer  algorithm  based  on  a  constitutive 
model  of  damage  has  been  written  and  a  criterion 
for  damage  progression  in  the  b(l°  layer  in  cross- 
ply  laminated  composite  plates  has  been  pro- 
poseti.  rhe  finite  element  method  has  been  used 
to  determine  the  effect  of  damage  accumulation 
on  the  ISV  used  in  the  laminate  ct|uations.  I'he 
predicted  stress-strain  curves  compare  rca.son- 
ably  well  with  experimental  curves  obtained  from 


other  researchers.  Work  is  currently  in  progress  to 
predict  the  stress-strain  hehaviour  of  constrained 
angle-ply  laminates. 
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High  strain  rate  compressionai  behavior  of 
stitched  aiid  unstitched  composite  laminates 

with  radial  constraint 


S.  T.Jenq&S.  L.Sheu 

i>l  Aerttnaunt  ^  iiiul  Astronutnii  s.  \tiiiiiniil  i  hcuu  Kiiii);  L  nivcrsiiy.  hinmn.  Itiiwini. 


Thi>,  paper  is  concerned  with  the  high  strain  rate  compressionai  behaviour  ot 
glass  epoxy  Hy-ti  dl  34B.  Fihcrite.  L'SA  i  composite  laminates  with  or  without 
stitching  rci/ilorccment  bv  untwisted  Kevlar-4P  threads  1141)  denier  1  he 
split  Hopkinson  pressure  bar  SUPB;  apparatus  is  used  in  performing  the  high 
strain  rate  tests,  lesi  data  are  analyzed  in  a  manner  similar  to  that  reported  b\ 
Hauser  t.\p.  Mct  h..  6  ■.  1466  395.  Specimens  are  tested  at  strain  rates  up  to  ll)‘ 
s  f  nidireetional  laminated  parallelepiped  samples  are  impacted  along  their 
liber  direction.  I  heir  high  velocity  compressive  ductility  is  observed.  Both  D'  ■ ; 
and  0  90’:,.;^  glass/epoxy  circular  specimens  with  disc  diameters  ol  ID  and 
sD  8  mm  arc  transversely  impacted  by  an  input  bar  m  order  to  study  their  high 
strain  rate  behavior.  Moreover,  two  sets  of  stitched  circular  specimens  with  disc 
vliainetcTs  ot  10  and  50  8  mm  arc  also  examined.  The  eff  ect  of  -train  rate  and 
ladial  constraint  on  the  dynamic  properties  of  stitched  and  unstitched  (SfRP 
laminatcvl  specimens  and  their  assochitcd  damage  patterns  are  tiescribed. 


INTRODl  CTION 

I.tiiTiinolcd  compo.siic.s  have  been  witlely  used  in 
such  light  weight  and  high  strength  structures  as 
ground  transportation  vehicles,  airplanes,  and 
space  satellites.  zVccordingly,  there  is  a  need  tor  a 
detailed  characterization  of  the  behavior  of  fiber- 
reinforced  compvfsites  subject  to  dynamic  load¬ 
ing.'  zMthough  many  invaluable  papers 
emphasizing  the  dynamic  behavior  of  metallic 
alloys  can  be  found  in  the  literature,  and  also  in 
the  proceedings  of  varicius  conferences.'  '  a 
limited  amount  of  work,  however,  emphasizes  the 
high  strain  rate  behavior  of  laminated  compo.sites. 
For  an  extensive  summary  of  material  behavior  at 
high  strain  rates,  the  reader  is  referred  to  Zukas  cf 
a!!'  A  brief  summary  of  the  work  related  to  the 
current  research  follows. 

Sierakowski  and  Nevill,''  working  with  an 
experimental  program  that  systematically 
evaluated  the  deformation  and  fracture  of  steel 
wire  reinforced  epoxy  composite  systems  sub¬ 
jected  to  impact  loading,  found  that  (he  rate 
effects  depend  upon  composite  constituent 
properties,  geometric  arrangement,  volume  frac¬ 
tion  of  reinforcement  and  the  size  of  the  reinforc¬ 
ing  fibres.  In  addition,  they  found  that  maximum 
failure  stress  was  dependent  upon  wire  size,  the 


volume  percent  of  filament  reinforcement  and 
strain  rate. 

Harding  and  Welsh"  examtned  a  number  of 
experimental  techniques  that  had  been  previously 
employed  in  determining  the  mechanical  behay  ior 
of  composites  under  tensile  impact  loading.  With 
a  myidified  version  of  the  tensile  split  Hopkinson 
pressure  bar  (.SHPBf  apparatus  for  tensile  impact 
testing  of  carbon  fibre  reinforced  plastics  iCT'RP 
and  glass  fibre  reinforced  plastics  GF'RP  .  they 
found  that  over  strain  rates  of  approximately 
10  10'  s  ',  yvhile  the  dynamic  behavior  of  uni- 

directionally-reinforced  CHRP  is  independent  of 
strain  rate.  GF'RP  specimens  demonstrated  a 
dramatic  increase  in  failure  strength  and  elastic 
modulus  at  impact  rates  of  strain. 

Saka  and  Harding'"  also  investigated  the 
po.ssible  use  of  glass-reinforced  layers  in  improv¬ 
ing  the  impact  resistance  of  all-carbon  reinforced 
cyrmposite  materials.  Hybrid  specimens  with 
different  weight  fractiyrns  yif  carbyrn  ty)  glass  yvere 
prepared  and  their  impact  responses  at  a  tensile 
strain  rate  yyf  abyiut  1000  s  '  were  compared  with 
thyyse  ytbtained  for  similar  all-carbon  and  ail-glass 
specimens. 

An  extensive  study  y>f  high  velocity  brittleness 
and  ductility  of  FVrex  glass,  metallic  materials  and 
compyrsites  was  systematically  conducted  by 
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Kawata  ei  «/. "  The  dynamic  tensile  stress-strain 
reiatitmships  in  the  strain  rate  range  up  to  lO’ s  ' 
were  obtained  for  these  materitils  and  their 
dynamic  macromechanical  characteristics  dis¬ 
cussed.  In  addition,  the  mechanisms  of  the  various 
impact  behavior/phenomcna  were  discussed 
micromechanically.  While  GFRP  specimens 
exhibited  remarkable  tensile  high  velocity  ductil- 
it\.  C'FRP  specimens  showed  slight  high  velocity 
brittleness  .strain  rate  insensitiveness s 

T  he  increase  in  How  stress  relative  to  simple 
uniaxial  compression  for  2024-(^  aluminum 
plates  subjeeted  to  symmetric  quasi-static  com¬ 
pression  by  steel  punches  and  to  dynamic  com¬ 
pression  by  the  Kolsky  split  Hopkinson  bar  was 
experimentally  investigated  by  Liss  c/  a!.'-  For  a 
specimen  thickness  to  bar  diameter  ratio  of  0-5,  a 
constraint  factor  of  20  and  1-75  resulted  under 
quasi-static  and  dynamic  conditions,  respectively. 

Fhe  majority  of  the  above  mentioned  work 
concentrated  on  the  high  strain  rate  tensile 
behavior  of  laminated  composites.  Note  that  the 
dynamic  compressional  behavior  of  GFRP  with 
or  without  rtidial  constraint  at  high  strain  rate 
loading  has  not  been  extensively  studied. 
Although  composite  laminates  possess  high 
strength  in  the  fiber  direction,  the  lack  of  through- 
the-thickness  reinforcement  usually  limits  their 
use.''  Improved  delamination  resistance  in 
stitched  composite  plates  subjected  tt)  low- 
velocity  impact  has  been  reported  by  Liu.'"  in 
1  MS.s.  Mignery  et  demonstrated  that  although 
the  effect  of  stitching  on  the  ultimate  tensile 
strength  of  graphite/epo.xy  laminates  is  not 
predictable,  it  can.  however,  effectively  decrease 
the  amount  of  delamination  by  checking  the 
extent  of  cracking.  Although  the  effect  of  stitching 
on  the  strength  of  composites  and  in  improving 
their  tolerance  for  impact  damage  has  been 
reported.''  '  the  effect  of  stitching  on  the  high 
strain  rate  behavior  of  composite  laminates  has 
however,  been  largely  overlooked.  The  high  strain 
rate  compressional  behavior  of  stitched  and 
unstitched  CiFRP  specimens  with  or  without 
radial  constraint  is,  accordingly,  investigated  in 
this  work. 


EXPERIiVIENTAL  SETUP  AND 
PROCEDURES 

The  high  strain  rate  compressional  tests  were 
performed  using  the  split  Hopkinson  pressure  bar 
(,SHPB)  apparatus  A  schematic  drawing  of  the 


lest  setup,  containing  an  input,  an  nulput.  and  a 
throw-off  bar.  in  addition  to  the  associateil 
electronic  data  recording  devices  is  presented  in 
Fig.  1 .  liaeh  of  the  aforementioned  bars  possc'-sed 
a  diameter  and  length  of  12-7  ami  llltltt  mm. 
respectively  and  were  made  of  DC.s.i  steel  allox 
(Tatung  Co..  Taiwan  ..  Prior  to  the  tests,  these  bars 
were  heat  treatetl  to  a  hardness  of  R  fui  b2. 
thereby  ensuring  that  no  permanent  tleformation 
would  occur  during  the  impact  tests.  The  corre¬ 
sponding  mechanical  properties  of  these  bars  are 
summarized  in  Fable  !.  The  striker  bar  .’lb  g  . 
made  of  .SAL  4 1  ,s()  steel,  was  fired  ontti  the  input 
bar  by  a  pneumatic  gun  at  impact  velocities  of 
lO-.sO  Ill's.  Two  sets  of  unidirectional  strain 
gauges  {FLA-2- 11.  TML.  .lapan  .  with  a  gauge 
length  of  2  mm.  were  installed  on  the  input  and 
output  bars,  respectively.  In  ortler  to  eliminate  anx 
bending  waves,  the  gauges  in  etich  set  were 
mounted.  equi-dist;mtlx  from  the  end  of  the  bar. 
opposite  to  one  another  along  their  respeetive 
bar's  axial  direction.  The  specimen  was  placed 
between  the  input  and  output  bars.  The  set  of 
strain  gauges  mounted  on  the  input  bar  were 
designed  for  measuring  both  incident  ami 
rellected  stress  waves,  while  their  counterparts  on 
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liar  test  setup. 


Table  I.  Mechanical  properties  and  sire  of  the  striker, 
input  and  output  bars 


Strikei  bar 

Input  and  output  ba 

Material 

SAi;  41.10 

DC'.s.l-  heat  treated 
steel  alloy 

Diameter  (di 

1  2-7  nim 

1  2-7  rtini 

1  ength  ill 

,1 1  7  mm 

1  IKK)  mm 

Den.sily  (,<)} 

772()kg/m‘ 

7,S7(I  kg/m' 

Bar  wa\e  sfteerl 

.s  1 74  m/s 

,s200  m  s 

Yield  strength 

4.1fv4  MPa 

2SK()  MP;t 

■'Mttnufaciured  liy 

Tatung  Co  .  Tainan. 

Rf)(  . 

tliiih  'itrmn  raw  conipnssunud  belunitfr  oj  stiulied  and  imstiiciwd  (  iinijHtsuc  hinunates 


the  output  bur  measured  the  transmitted  stress 
wave.  A  four-channel  signal  amplifier  and  digital 
oscilloscope  i4()y4C'.  Nieolet.  USA)  recorded 
these  trtinsient  v\ave  forms.  I  he  measured  signals 
were  then  transferred  through  the  general  pur¬ 
pose  interface  bus  iGPlB)  to  a  personal  computer 
for  further  anah  is.  In  order  U'  assure  the  ;iccu- 
rac>  itnd  reproducibility  of  the  measured  wave 
forms,  a  set  ».4' split  Hopkinson  bar  tests  were  per¬ 
formed  on  the  6061-0  aluminum  specimens. 
.Satisfactory  results  were  obtained.'^ 

A  total  of  four  types  of  composite  specimens 
were  investigated.  The  geometry  and  fiber  orien¬ 
tations  of  the  samples  are  showm  in  Figs  2(aj~2idi. 
All  tests  were  conducted  at  room  temperature 
appro.ximately  25°C  i. 

The  first  set  <4'  samples  consisted  of  cured  |0°|„4 
glass/epo.xy  iHy-Ei  91348.  Fiberitc.  USA) 
laminates  that  had  been  machined  into  rect¬ 
angular  parallelepipeds  N  x  6  5  x  6-2  mm  in 
length,  width,  and  thickness,  respectively:  Fig. 
2  a  :.  A  set  of  high  strain-rate  compressional  <1)8 
series'  tests  were  performed  on  these  specimens 
with  the  specific  purpose  of  studying  the  dynamic 


direction 
of  impact 


S  mm 


6-t  ply  unl-Jirectional 
laminate 


(al 


laminate  ((O’  nO”!'.)? laiiilnale' 

Ibl  (O 


Fig.  2.  Schematic  ilrawing  of  the  test  specimens  siutlied. 
Note  that;  'ai  represents  uniilirectionally  reinforced  GFRP 
samples  impacted  along  their  fitx-r  direction;  tbi  :ind  tc) 
depict  unidireclitmal  and  cross-ply  GFRP  laminates  struck 
transversely  by  the  input  okI;  tintl  td :  represents  the  unidirec¬ 
tional  GFRP  samples  with  Kevlar  fiber  stitching  reinforce¬ 
ment. 
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behavior  of  these  unidirectionally  reinforced 
GFRF  samples  impacted  along  the  fiber  direction. 
The  second  and  third  set  of  specimens,  dr  I-  and 
1(0790“), glass/cpoxy  (Hy-F  9134B.  Fiberitc 
laminates  shown  schematically  in  Figs  2  b  -  and 
(ci.  respectively,  were  both  machined  into  tw,o 
different  diameter  (10  and  .sOH  mm:  circular 
discs.  The  AP  and  AR  designations  represent, 
respectively,  the  test  scries  for  10  and  50  K  mm 
diameter  !0°j-4  GFRP  specimens,  while  the  C  P 
and  C'R  designations  represent,  respectively,  the 
test  scries  for  10  and  50S  mm  diameter  ()" 
CjFRP  samples.  Thoc  circular  discs  were 
impacted  along  their  thickness  direction.  The 
fourth  type  of  composite  specimen  incorporated 
Kevlar-49  untwisted  fiber  1140  denier  sewn,  via 
the  horizonlal  bahinced-lock-stitching  method'' 
with  a  sewing  machine  employing  a  stitch  spacing 
and  stitch  step  of  .s  mm.  perpendicular  to  the 
direction  of  the  glass  fiber  in  :0°lv;  g!ass/cpo.\\ 
pre-preg  iHy-F  9134B.  Fiberitc  .  .Again  these 
stitched  laminates  were  machined  into  two  differ¬ 
ent  diameter  circular  discs  as  above,  vt  ich  the  10 
and  -30  K  mm  diameter  specimens  being  used  for 
the  F.P  and  HR  test  sets,  respectively.  ,\  schematic 
representation  of  these  stitched  samples  and  the 
impact  (.lirection  is  show  n  in  Fig.  2d. 

Note  that  the  parallelepiped  specimens  were 
impacted  along  the  fiber  direction,  while  the 
circular  specimens  were  impacted  at  the  center  of 
the  disc  along  the  direction  t4  thickness.  The 
circular  unidirectional  and  cross-ply  CiF’RP 
laminate  specimens  were  examined  with  the  spe¬ 
cific  purpose  of  studying  the  effect  of  rtidial  con¬ 
straint  on  their  dynamic  properties.  In  addititm. 
the  effect  of  stitching  reinfttreement  on  their  high 
strain  rate  compressional  behavior  was  ;ilso  inves- 
tigatevl.  Prior  to  each  test,  the  center  line  along  the 
specimen,  the  input  bar  and  the  output  bar  were 
ctirelully  aligned.  /\ll  specimen  surtaees  were 
carefully  finisheti  in  order  to  assure  close  contact 
between  the  specimen,  and  the  input  and  output 
bars.  The  quasi-static  mechanical  projicrties  ttf 
the  unidirectional  glass/epoxy  laminates  obtained 
with  a  M  TS  tester  set  at  a  strain-rate  of  3  x  10  * 
s  '  are  shown  in  fable  2. 


ANALYSIS 

Due  to  the  fact  that  the  input  and  output  bars 
remain  in  the  elastic  state  at  all  times,  stress  :irul 
particle  velocity  can  be  accurately  determined 
according  to  the  measured  strain.  1  he  measured 
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lablo  2.  I  he  (ensile  and  eonipressi\e  quasi-static  proper¬ 
ties  of  (0'’)  and  (90°)  laminates 


Deseripliirn 

Young's 

modulus 

c;pa 

L'ltimate  strenath 
i  MPai 

Strain  rate 

i  S  ‘  - 

tl'  ten.sile 

.s61S 

I6.S0 

3-3  X  It)  ' 

prt^pcnics 

■48-62:" 

^  i2(io-i6om-' 

0  eompressive 

.84-2 

7.sS 

l-Ox  HI  ' 

properties 

41-,s,S' 

‘■>0'  tensile 

1 8-9 

42’' 

31  X  It)  ‘ 

properties 

90'  c(^mpressive 

17-1 

146 

>>-9x  1(1  ^ 

properties 

Represents  the  matenal  properties  supplied  In  the  manu- 
faeturer,  page  lihcrilc  Muternih  Utimihnok.  K'l 

hiberite.  i  empe.  AZ. 

rite  neat  resin  tensile  strength  of  Fibente  ‘>34  epoxy  is  2"^  n 
MI'a  aeeordine  to  the  lihtrlit'  Muirniits  l!unilhi>i>k  page 

\  .h-,'  . 


signals  arc  analyzed  based  on  the  uniaxial  stress 
nave  theory  detailed  by  Hauser'''  and  Lindholm 
;tnd  Yeakles.- '  Considering  the  force  equilibrium 
iit  interhtees  I  and  11  refer  to  Fig.  I  ,  the  average 
stress  in  the  specimen  can  be  expressed  as; 


where  a,  rj,  aiul  o,  are  metisured  lxv  the  gauges 
located  on  the  input  and  oiiipiit  btirs,  respectively, 
i'he  area  of  the  input  bar  and  the  compressed 
area  of  the  specimen  are.  respectively,  repre¬ 
sented  by  ,l  and  ,1  .  I  he  respective  X.  and  .V. 
siisplacements  of  mterfaces  I  and  II  can  be 
expressed  as: 


r; 

d.\  -  d/ 
f>( 


(},  -  (>,  d  I 


n,  dr 


where  p  and  (  represent,  respectively,  the  density 
and  bar  wave  speed  of  the  input  and  output  bars, 
and  a  is  the  thickness  of  the  specimen.  F'rom  the 
equations  shown  above,  the  average  strain  in  the 
specimen  can  now  be  expressed  as; 


(I  pCa 


(fj,  -  a, I  dr 


(3) 


fhe  corresponding  average  strain  rate  is  then: 

-  a.  -  o,  ‘  '  a 

pi  a 

Based  on  eqns  i2).  (.3i  and  4-.  the  dynamic 
strcss-str;iin  relationships  can  be  computed  from 
the  measured  wave  forms. 


RE.SI  LTS  A.ND  DISC  I  SSION 

The  unidirectionally  reinforced  glass.epoxx 
parallelepiped  specimens  ^  Fig.  2  tt  were  tested  at 
average  strain  rates  of  dSO.  1.3.sn  and  2ll2n  s  . 
which  correspond,  respectively,  tt'  the  DPI.  I)P2. 
aiul  DP.3  tests.  I'hese  samples  were  impacted 
along  the  fiber  direction  and  their  respective  post¬ 
impact  photographs  are  shown  in  Figs  3  a  3  c 
Note  that  the  specimens  have  been  shattered  into 
small  pieces,  and  that  they  possess  a  failure 
pattern  quite  different  from  that  found  fniiri 
quasi-static  compressional  tests.  Measureii  wave 
forms  were  analyzed  based  on  the  theorv  outlined 
in  the  analysis  section,  (,'urves  ,\.  B  and  (.'  in  1  ig 
4  represent  the  dynamic  stress  strain  curves 
corresponding,  respectively,  to  the  DPI.  Dl’2  and 
DiF3  tests,  rile  dynamic  elastic  modulus,  ultmiiite 
stress  anti  the  corresponding  strain  were  tlcler- 
mined  for  each  test  and  are  listcti  in  fable  3  Note 
th;it  for  unidirectional  (iFRP  samples,  the 
dynamic  ultimate  stress  under  DP3  test  coiitli- 
tions  is  approximately  twi'  times  higher  than  the 
(F  ■  quasi-static  compressive  strength.  In  addition, 
the  ilynamic  elastic  moilulus  of  this  specimen 
under  DP3  conditions  w;is  found  to  be  approxi¬ 
mately  d2'’<.  higher  than  the  0  quasi-static  elastic 
modulus. 

1  he  relationships  between  ultimate  stress  aiul 
the  strain  rate  for  the  parallelepiped  specimens 


(at  (b)  'C 

Hg.  ,X.  Photographs  of  the  damage  pattern  tor  the  i  a  DP  I . 
ib‘  1>P2,  and  c'  I)P3  speeiniens 
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0  10  2  0  30  40  50  10“‘’l0'^10'^t0''l0°l0’l0^1Q^10'^ 

miili-strain  strain  rate  (1/sec) 

tii>.  4.  lOynamic  ^lrL■ss-'^train  curves  ioi  iini(lircctu)nal  Fig.  5.  A  plot  ol  ultiniafc  sircsv  versus  sirain  rale  ii>r  liic 

(li-RF  specimens  re.  DP  series  impaeferi  alonj;  iheir  (iher  DP  test  senes  curve  A  .  an<l  the  lest  results  Ironi  I  l.irilinc 

viirectidn,  anil  Welsh '  and  Kawala  ct  u/.  im  (iFRP 


Table  3.  A  summary  of  tost  results  for  the  DP  test  series 


Ruj)  no. 

A\crauc  strain 

fsltC  s 

'inunc'v  moiluluc 
'('■Pa 

Maximum  sirew 
MPa 

failure  virain 

Note 

SI-  1 

i-ii  <  1(1  ' 

'4-2 

7?,s-u 

ill  11)4; 

Speeimeii  failei! 

DPI 

vtsd 

mil 

lUS'll 

0  (M  " 

Specimen  tailn.i 

dp; 

LUu 

(l  lli  V 

Speeimei!  I.iileil 

DP'- 

;(i;n 

liM-U 

i.=!;u 

loiZa 

Speemien  tailc'ii 

Represems  the  1 1  quasi -static  ci  impressive  properties  ot  uiiKlircclioiial  f  if  RP  sample 


I  able  4.  A  summary  of  the  lest  results  for  the  AP  and  AR  lest  sets 


Run  no. 

Ascra^c  strain 
rate  s 

Sbunc  s  modulus 
'(.Pa 

Maximum  stress 
MPa 

Failure  strain 

Note 

S.Ml 

u  ‘r  X  Id  ‘ 

I"’-! 

I4(vd 

d-uiis 

Specimen  tailed 

.\1M 

.M4: 

1  S-(> 

350-11 

II  (133 

Specimen  l.iilcd 

\i>: 

3350 

;d-: 

45.'‘  U 

003.'^ 

Specimen  t.iilcd 

Atyi 

6  >  Wi 

;4-.s 

S7d-d 

0  II4S 

Specimen  tailed 

ARi 

1  S-76 

Zdd  It 

(t-OJ 

Specimen  tailed 

\k; 

.;m4 

Zd-.S 

550-0 

d()3 1 

Specimen  l.iikx! 

AR.) 

4d43 

ZZ-d 

050  0 

0  04'' 

Speemien  t.iiled 

Represents  the  ‘Ki  quasi-statie  compressive  properties  ol  unidirectional  ( IF  RP  sample 


;irc  shown  by  curve  A  in  Fig.  Note  that  high  (AR  series),  were  impacleti  along  their  thickness 

velocity  compressive  ductility  tor  these  unidircc-  direetion  with  the  specitic  purpose  of  investigating 

tional  (iFRP  specimens  is  observed.  The  high  the  elTeet  of  nidial  constraint  on  their  dynamic 

sirain  rate  tensile  test  results  reported  by  Harding  properties.  A  tot:il  of  six  tests  were  performed  for 

and  Welsh' and  Kawata  el  ulP  for  (iFRP  spcci-  both  the  AP  and  AR  scries  and  their  ultimate 

mens  are  also  shown  in  Fig.  .‘i.  Note  that  in  all  stress,  corresponding  strain,  average  strain  rates, 

cases,  high  velocity  ductility  is  exhibited.  and  dynamic  elastic  modulus  results  are  summar- 

f  he  itPl  i  glass/cpoxy  circular  disc  laminates  ized  in  Table  4.  When  specimens  10  mm  in 

Fig.  2<bi,i  yvere  tested  under  the  various  strain  diameter  were  tested  at  average  strain  rates  of 

rate  conditions  shown  in  Table  4.  Two  sets  of  3(M)()-7()00  s  ',  they  sha  tered  into  small  pieces 

unidirectional  dPIij  (iFRP  laminates,  possessing  upon  impact  (refer  to  Figs  biai-bie)).  Under  ARl 

diameters  of  10  mm  (AP  series)  and  5(}H  mm  test  c<inditions.  the  larger  i .'s()-<S  mm  in  diameteri 
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(d'l 


(e) 


(f) 
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rciiiinrccil  'pL'ciiiKnv 


NpccinKiis  exhibited  extensi\c  edge-Iii-edgc 
nitit n \  Cl iiv  ks  elM'>e  to  the  reeion  oi  impact  Fig, 
fi  d  .  /\t  vtraiii  latCN  higher  than  s  '  ,\R2 

and  ,\R.'  leet  conditions  ,  the  central  impact 
region  ol  the  larger  specimen  split  into  se\eral 
pieces.  Note  that  the  lilvrs  in  this  region  ha\e 
broken  aiul  ha\e  spiirreii-oiit  reler  to  1  igs  6  e 
and  n  I  , 

(  iirxes  A.  H  and  (  in  Fig.  7  ;ii  represent, 
respectively,  the  dynamic  stress-stniin  rela¬ 
tionships  lor  the  .AIM,  AP2  and  AP.i  tests. 
Similarly,  curves  A.  B  and  C  in  Fig.  7ds^  repre¬ 
sent.  respectively,  the  dyiuimie  stress -strain  rela¬ 
tionships  tor  the  ARI,  AR2  and  AR.^  tests.  A 
summary  ol  the  test  results  is  listeil  in  Fable  4,  An 
examination  of  this  table  reveals  that  the  dynamic 
elastic  moilulus.  ultimate  stress  and  the  associated 
strain  increase  with  strain-rate  lor  both  the  Af’ 
ami  AR  test  sets.  I  he  relationships  between 
ultimate  stress  and  average  strain  rate  lor  the  AP 
and  AR  test  sets  are  shown  in  Fig.  H,  Fhe  ‘o'  point 
in  this  figure  corresponds  to  the  transverse  quasi¬ 
static  compressive  strength  of  a  unidirectional 
fiFRI'  specimen.  Note  that  the  ultimate  stress  of 
the  larger  diameter  specimens  at  high  strain  rates 


is  greater  than  that  of  smaller  specimens,  I  he 
difference  is  iltie  to  the  effect  of  radial  constraint 
on  the  high  strain  rale  1  ehavior  ol  the  larger  t' 
speeimeiis. 

High  strain  rate  tests  lor  eross-pK  0  Ml)  .  ^ 
(iFRP  laminated  samples  were  also  eondueied,  A 
schematic  representation  of  these  specimens, 
ineliuimg  the  impact  direction,  is  shown  in  I  ig, 
2  e  .  /\gain.  two  diftereni  specimen  liiamcters  IM 
mm.  CP  series,  ami  sb-N  mm.  CR  scries  were 
examineih  with  two  tests  being  eonduetevi  for  each 
series.  summarv  of  the  test  conditions  that 
embodv  these  two  series  is  given  in  Fable 
Photographs  ol  the  impact  damaged  CPI  ami 
C!’2  specimens  are  shown  in  Figs  b  a  and  b  b  . 
respectively.  Since  the  glass  epoxy  laminates  are 
partially  transparent,  their  damage  /ones  are 
easily  examined  with  a  strong  back  light.  CfN 
sample  was  tested  at  an  average  strain  rate  of 
.flbS  s  '.  Note  that  its  damage  pattern  is 
dominated  by  (.lelamination,  and  that  the  damage 
/one  is  located  about  the  eireumfcrential  edge  of 
the  specimen.  When  the  same  diameter  specimen 
is.  however,  loaded  with  an  averageu  strain  rate  of 
.s2M4  s  '  (the  CP2  tests  it  shatters  completely 


sfmin  raw  annprcsstoiial  bcha\u>r  of  mwhcd and  nnsiddicd  rontpostw  laininatc'. 


intd  numerous  small  pieces.  Large  specimen  (5()-S 
mm  diameter)  damage  patterns,  shown  in  Figs 
diC  i  and  idl.  exhibit  an  indented  impacted  region 
and  extensive  delamination  zones  stretching  out 


f-ij;,  7,  DyniiniK.'  slivss  strain  curws  lur  thf  \l’  ;i  ,iii>l 
AK  ii  test  sets,  where  the  specimens  were  inipaeieil  aUrni.' 
their  thickness  rhreclion. 


•t.v's 

from  the  edge  of  this  region  tr>  diameters  ol 
approximately  25  and  .s.v  mm  for  the  CKi  and 
C'R2  specimens,  respectively.  In  both  cases,  the 
central  impacted  region  did  not  delaminate. 

The  dynamic  compressional  stress-strain 
curves  for  the  C'P  and  CR  test  sets  are  shown  in 
Figs  lOta)  and  lOihi.  respectively.  In  each  case, 
curves  A  and  B  represent,  respectively,  test 
numbers  one  and  two.  A  summary  of  the  aserage 
strain  rate,  dynamic  ehtstic  modulus,  maximum 
stress  and  its  associated  strain  for  the  C'P  and  C'R 
test  sets  is  presented  in  Table  5.  An  extiminalion 
of  this  table  revetiis  that  the  maximum  stress  tor 
etich  test  increases  with  loading  stniin  rate.  A  plot 
of  the  strain  rate  versus  maximum  stress  for  the 
C'P  and  CR  test  sets  is  presented  in  Fig.  1  1  and 
reveals  that  the  effect  of  radial  constraint  on  the 
mtiximum  stress  for  these  cross-ply  specimens  is 
limited;  results  in  contrast  to  those  found  for  the 
unidirectional  CiFRP  specimens.  An  examination 
t)f  Figs  S  and  1  1  reveals  that  for  strain  rates  oi 
lO'-lO’  s  the  maximum  stress  for  cross-pK 


to'  10^  10^  10'’ 

strain  rate  (1/sec) 

Fig.  8.  plot  ol  ultinialc  stress  versus  strain  rate  lor  titc 
At’  :tnvl  AR  lest  sets 


l  ahlc  5.  A  summar)  of  the  tcsl  results  for  the  CP  and  CR  lest  sets 


Run  no. 

.Average  strain 
rale  s 

X  oitim's  niiHliilir 
TiPa 

s  Maximum  stress 

MPa 

1  allure  strain 

Ni'le 

S:\il 

nv  X  1  It  ‘ 

17  J 

14fv(l 

niins 

Specimen  failcil 

(  P  1 

.1 1  f)N 

21  ‘)7 

H61() 

otiau 

Specimen 

vlelamin.itevl 

(  l’2 

S.AIU 

2fv8 

I6U2 

01)7,7 

Specimen  tailed 

(  Rl 

2')2X 

1  ><■<> 

5541) 

O-O.v'.i 

Specimen 

delanimaied 

(  k: 

sn.t2 

27-.1 

1  11)7 

()-()55 

Specimen 

delaminated 

'Kcprcscitis  the  ‘in  i(ii;isi-st;i!ic  contprcvsjvi-  properties 

of  iiiiKhreettonal  ( it  RP  sample. 
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(c)  (d) 

Kig.  9.  Photographs  of  the  damage  pattern  for  ti  CPi.  h 
(■P2,  e CRl  and  d  ('k2  specimens. 


samplc.s  is  about  twice  as  high  as  that  ot  unidircc- 
tittntil  samples. 

A  plot  of  strain  rate  versus  the  elastic  modulus 
for  the  AP.  AR.  C'P  and  C'R  test  sets  is  shown  in 
Fig.  1  2.  Note  that  the  clastic  modulus  of  cross-ply 
specimens  increases  with  strain  nite.  Also  note 
that  the  dyntimic  elastic  modulus  of  the  t'R2 
specimen  loaded  with  a  strain  rate  of  .3032  s  '  is 
as  much  as  !  fi  times  higher  than  the  transverse 
quasi-stiitic  compressive  elastic  modulus  of  an 
unidirectionally  reinforced  glass/epo.xy  specimen 
lable  .3  .  Moreover.  Fig.  1  2  also  indicates  that  for 
strain  rates  of  I  O’- 10'  s  the  effect  of  radial 
constraint  on  the  dynamic  elastic  motlulus  of 
cross-ply  (iFRP  laminates  ithe  (  P  and  C'R  series- 
is  less  significant  than  that  of  the  high  strain  rate 
behavior  of  unidirectional  CiFRP  laminated  sam¬ 
ples  the  A  I’  and  AR  series!. 

I  he  last  type  of  composite  specimen  incorpor¬ 
ated  Kevlar-40  untwisted  fiber  Ml 40  denier) 
sewn,  via  the  horizontal  halanced-lock-stitching 
melhotl''  with  a  sewing  machine  employing  a 
stitch  spacing  and  stitch  step  of  .3  mm,  perpen¬ 
dicular  to  the  direction  of  the  glass  fiber  in  |0°Im 
glass/epoxy  pre-preg  iHy-F.  VI34B.  Fiberile).  As 
above,  two  different  specimen  diameters  (10  mm, 
FP  series,  and  .30  X  mm.  HR  series)  were  studied. 


(a) 


m  i  Hi  -  s  t  r  a  i  n 

(b) 


Kig.  10.  I)\n;miic  vtn-ss -sirain  curves  for  ilic  Cl’  a  aiui 
(  R  1’  tcsl  sets,  uhcic  ihc  cniss-pK  CKRP  laminates  were 
imptieteel  along  iheir  thickness  aireclion 


Fig.  II.  A  plot  of  the  maxitmim  stress  versus  strain  rate  for 
the  CP  and  CR  test  sets. 


High  strain  rate  compressionul  behavior  of  stitched  and  unstitched  composite  laminates 


Strain  rate  (1/sec) 


Fig.  1 2.  plot  of  the  strain  rate  \  ersus  clastic  irKnlulus  for 
the  AP.  AR.  CP.  and  CR  test  sets. 


with  three  dynamic  compre.ssional  te.sts  being 
conducted  for  each  specimen  diameter.  A  sum¬ 
mary  of  the  average  strain  rate,  dynamic  elastic 
modulus,  and  the  ultimate  stress  for  each  test  is 
listed  in  Table  6,  Stitched  specimens  10  mm  in 
diameter  shattered  completely  into  small  pieces 
upon  impact.  e.xhibiting  those  damage  patterns 
shown  in  Figs  13(a)- 1 3(ci,  The  larger  specimens 
exhibited  broken  stitched  fibers  especially  near 
their  stitching  point,  in  addition  to  extensive  edge- 
to-edge  matrix  cracks  i.see  Figs  1 3ldl- 1 3!f)). 

The  A.  B  and  C  dynamic  stress -strain  curves 
shown  in  Fig.  14!a)  correspond,  respectively,  to 
the  EPl.  EP2  and  EP3  tests.  Similarly,  the  A,  B 
and  C  dynamic  stress-strain  curves  in  Fig.  14(b) 
correspond,  respectively,  to  the  ERl.  ER2.  and 
ER3  tests.  Again,  note  that  dynamic  ultimate 
stress  increases  with  strain  rate.  Due  to  the  effect 
of  radial  constraint,  the  dynamic  ultimate  stress 
for  the  larger  diameter  specimens  is  even  higher 
than  that  for  the  smaller  diameter  samples.  The 
relationship  between  ultimate  .stre.s.s  and  strain 
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rate  for  the  AP.  AR,  EP  and  I'.R  test  sets  is 
presented  in  Fig.  1  .s.  An  examination  of  this  figure 
indicates,  however,  that  the  ultimate  stress  for 
stitched  specimens  is  less  than  that  for  unstitched 
specimens  (AP  and  AR  samples s  This  situatii>n 
arises  from  the  stitching  process  weakening  the 
specimens,  reducing  their  ultimate  strength. 
Although  the  dynamic  elastic  mt)dulus  for  the 
stitched  specimens  increases  with  strain  rate  as 
shown  in  Table  6,  this  value  is  only  \  to  ,  that  of 
the  unstitched  specimens.  It  is  also  tbund  that  the 
dynamic  elastic  modulus  of  the  stitched  specimens 
becomes  less  than  the  transverse  quasi-static 
elastic  modulus  of  the  unidircctionally  reinforced 
GFRP  samples.  A  plot  of  the  strain  corresponding 
to  ultimate  stress  versus  strain  rate  for  the  AP. 
AR,  EP  and  ER  test  sets  is  shown  in  Fig.  16.  An 
examination  of  this  figure  reveals,  however,  that  at 
strain  rates  of  10'~1(E  s' the  dynamic  ultimate 
strain  of  the  stitched  specimens  is  about  30-S()‘'.. 
higher  than  that  of  the  unstitched  specimens. 

CONCLUSIONS 

The  high  strain  rate  compressional  behavTir  t)f 
GFRP  laminated  (Hy-E  9I34B.  Fibcrite-  speci¬ 
mens  with  or  without  stitching  reinforcement  by 
Kevlar-49  untwisted  threads  was  studied.  High 
velocity  ductility  was  verified  for  unidirectional 
gla.s.s/epoxy  rectangular  parallelepiped  specimens 
when  impacted  along  the  fiber  direction  and  the 
dynamic  elastic  modulus  was  found  to  be  approxi¬ 
mately  92%  higher  than  the  corresponding  quasi- 
static  test  value.  The  dynamic  clastic  modulus  and 
the  ultimate  or  maximum  stress  for  all  specimens 
tested  was  found  to  increase  with  strain  rale.  The 
effect  of  radial  constraint  on  increasing  ultimate 
stress  for  stitched  and  unstitched  unidirectionally 
reinforced  GFRP  specimens  cannot  be  over¬ 
looked.  Maximum  stress  values  for  10  and  30-8 


rabk'  6.  .\  summary  of  the  ies«  results  tor  the  EP  and  ER  test  sets 


Run  no. 

Average  strain 
rate  !  s  ' i 

Young's  modulus 
ifd’ai 

Maximum  stress 
(MPa! 

Failure  strain 

Note 

SMI" 

V-Vx  10  ' 

17) 

146-0 

O-OOS 

Specimen  failed 

EP  1 

4150 

K-2 

252-0 

0-042 

Specimen  failed 

E.P2 

5500 

S-2 

.t.VK-O 

0-046 

Specimen  failed 

EP.t 

10400 

1.1-4 

450-0 

0-06.1 

Specimen  failed 

f.Ri 

2!«0 

9-9 

.169-0 

0-04 

Specimen  failed 

I.R2 

2900 

1(H) 

471-0 

0-057 

Specimen  failed 

ERt 

52MO 

14  1 

755-0 

0-062 

Specimen  failed 

"Represents  the  VO"  quasi-siatic  compressive  properties  of  unidirectional  (iFRP  sample. 


436 


■S'.  7.  Jcnq.  S.  /..  Sheit 


(d)  (e)  (f) 

Fig.  13.  Photographs  cif  the  damage  puiicrn  for  ihe '4i- liPl,  t-4’2.  ic  liP.^,  d  1:R1.  c  I- R2  and  f  i  R.^  stitched  (if- RP 

specimens. 


Fig.  14.  I  he  dynamic  stress  strain  curves  for  the  14’  i;ii  and  I  R  ib.  test  sets,  where  the  stitehed  samples  were  impacted  along 

their  thickness  ilirection. 


mm  diameter  cross-ply  GFRP  specimens  were 
found  to  be  less  sensitive  to  radial  constraint.  In 
addition,  at  strain  rates  of  10^- 1 (P  s  ',  the  maxi¬ 
mum  stress  of  cross-ply  GFRP  discs  impacted 
akrng  their  thickness  direction  was  found  to  be 


about  twice  as  high  as  that  for  unidirectionally 
reinforced  GFRP  discs.  For  strain  rates  of 
lO^-lO'*  s  '.due  to  the  fact  that  the  stitching  pro¬ 
cess  introduced  defects  in  the  stitched  samples, 
the  dynamic  ultimate  stress  for  unidirectional 


Hi^h  strain  rate  eomjnessiotud  behavior  of  stitched  and  unstitched  conifx/site  laniinaies 
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15.  A  plot  of  ultimate  'itress  \crMis  strain  rate  for  the 
AP.  AR.  I  P  and  HR  test  sets. 


Fig.  1 6.  A  plot  of  strain  rate  \ersus  strain  correspondinu  to 
the  ultimate  stress  for  the  AP.  AR.  1  .P  and  FR  test  sets. 


(jFRP  samples  with  stitching  reinforcement  was 
found  to  be  less  than  that  for  unidirectionally 
reinforced  glass/cpoxy  samples.  It  was  also  found 
that  the  dynamic  elastic  modulus  of  the  stitched 
specimens  becomes  less  than  the  transverse  quasi- 
static  elastic  modulus  of  the  unidirectionally 
reinforced  GFRP  samples.  The  dynamic  elastic 
modulus  for  stitched  samples  increased  with 
strain  rate:  results  similar  to  those  found  in 
unstitched  specimens.  Moreover,  for  stitched 
specimens,  the  maximum  strain  corresponding  to 
the  ultimate  stress  was  found  to  be  larger  than  that 
for  unstitched  specimens,  and  may  enable  the 
stitched  specimens  to  absorb  more  deformation 
energy  under  high  strain  rate  conditions. 
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A  new  local  high-order  laminate  theory 


Chih-Ping  Wu  &  Chih-Shun  Hsu 

Ik'pdrtnu’nt  oj  C  ivil  Idii’iiweriiii^.  Wiiioiwt  (  heng  Kiiiig  L’niversiiy.  Idiiuin.  Tdi»dii  7III0I 


A  nev\  local  high-order  del'ormahlc  theory  of  laminated  conipoMte/sandw,ieh 
plates  is  presented  here.  The  displacement  fields  of  each  discrete  layer  were 
assumed  in  the  present  theory  to  be  of  a  high-order  polynomial  series  through 
laver-t hickness.  1  he  displacement  and  traction  continuity  conditions  at  the 
interlace  between  layers  and  the  traction  conditions  at  the  outer  surfaces  were 
imposed  as  the  constraint  conditions,  and  introduced  into  the  potential  energy 
functional  by  the  Lagrange  multiplier  method.  The  etjuatrons  of  motion  and 
adini.ssiole  Imundary  conditions  yyere  given  on  the  basis  of  the  present  theory 
by  using  the  generalized  variational  principle.  Pagano  s  .4-D  elasticity  solutions 
of  generally  rectangular  laminated  composite/sandyvich  plates,  fully  simply 
supported.  sub)ccted  to  transverse  sinusoidal  loading  were  used  for  assessmeni 
of  the  present  theory  and  other  theories  tliscussed  in  previous  literature.  T  he 
present  theory  was  founti  to  agree  verv  closely  w  ith  ,s-l>  elasticity  solutions. 


I  INTRODI  CTION 

Pritpitsina  a  new  laminate  theors  which  is  capable 
of  both  accounting  for  ihc  transverse  shear  or 
shear  normal  deformation  on  the  global  behavior 
of  composite  structures  and  producing  an  accur¬ 
ate  determination  of  ihc  distribution  of  stresses 
produced  in  the  composite  structures  under 
various  loading  conditions.  h;is  received  much 
attention  in  the  ptist.  T  his  topic'  '  has  been  the 
focus  of  main  previously  published  research 
papers.  T  his  is  largely  due  to  the  fact  that  the 
innuence  of  transverse  shear/normal  deformatum 
IS  much  more  significant  on  the  composite 
material  than  on  the  isotropic  material. 

.\lindlin,'  Ren.’  Reddy,'  Lo  cl  al.'''  and  Sun 
and  Whitney'’  have  respcdively  proposed  their 
global  first-order  or  higher-yyrder  laminate 
theories  for  consideration  of  the  effects  of  trans¬ 
verse  shear  or  shear/normal  debvrmation  where 
the  displacement  fields  were  assumed  as  some 
kind  of  polynomial  scries  across  the  entire  lami¬ 
nate  thickness.  T  his  displacement  assumption 
results  in  discontinuous  tract^on.^  at  the  interface 
between  layers  owing  to  the  different  elastic 
moduli  for  each  layer.  T  he  first-order  discrete- 
layer  laminate  theories  '  ave  been  previously  pre¬ 
sented  by  Man  and  Seide.''  A  general  laminated 
plate  theory  without  numerical  applications  was 
presented  by  .Soldatos.'  The  most  important  con¬ 
tribution  has  hec"  m  id<’  by  Pagano'""  w'ho  pre¬ 


sented  the  bending  analysis  of  laminated 
compositc/sandwich  plates  using  three-dimen¬ 
sional  theory  of  elastic  approach.  These  .T-D  elas¬ 
ticity  solutions  provide  a  standard  for  assessing 
the  new  laminate  they)ries.  An  excellent  review  of 
early  laminate  theories  which  considered  the 
effecw  of  transverse  shear  or  shear  normal  detdr- 
mation  was  made  by  Noor  and  Burton. 

A  local  high-order  laminate  theory  has  been 
proposed  by  W'u  and  Kuo"  where  the  high-order 
deformable  model  was  used  in  each  discrete  layer 
compytsed  of  the  entire  laminate  and  only  the  dis¬ 
placement  continuity  conditiitns  at  interfaces  were 
imposed  as  constraint  conditions.  A  mi.xed  finite 
element  scheme  based  on  this  theory  has  been 
subsequently  developed  by  Wu  and  Kuo.'"  A  new 
local  high-order  laminate  theory  is  presented  in 
this  paper  for  enhancement  yif  Wu  and  Kiu)s' 
theory  on  the  accuracy  y>f  transverse  shear  anti 
normal  stresses.  This  is  attained  through  means  of 
imposing  both  the  displacement  and  traction  con¬ 
tinuity  conditions  at  inleiTaces  and  the  tractitvn 
conditions  at  outer  suiTaces  as  constraint  condi¬ 
tions  in  the  local  high-order  deformable  model. 
F’agano's  .T-I)  elasticity  solutions  of  the  generally 
rectangular  laminated  composite  plates  being  fully 
simply  supported  and  subjected  to  transverse 
sinusoidal  loads  are  used  for  assessment  of  the 
present  theory,  Wu  and  Kuos'  theory.  Ren's  theory 
and  Reddy's  theory. 

4.4U 
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2  THEORY 

2.1  Kinematical  relationships 

A  local  cartesian  ct)ordinatc  system  in  the  present  theory  is  located  on  the  mid-suriaee  ol  each  intlividual 
lamina.  The  local  displacement  fields  for  a  typical  lamina  i  arc  expanded  as  a  certain  high-order 
polynomial  series  of  thickness  z,  and  expressed  by 

z  i  =  it';{x.  y  )  +  z,\0^{x,  y)|,  +z^'m\{x.  y)|,  >''l 

r<x.v,  =  +  I  ^ 

u-  i,  V,  - '  =■  vfVi  .Y,  y )  ;,i  BJx.  y  ij,  -l-  v,-*  -y.  y)|, 

where  i"'  and  u;’  are  three  mid-surface  displacement  hinctions,  and  H  are  three  rotation 

functions,  and  t/v,  and  0,  are  the  other  high-order  functions,  z,  is  meastiretl  from  the  mid¬ 

surface  of  the  /th  layer. 

The  strain-displacement  relationships  are  then  given  on  the  basis  of  small  deformation  elasticity  as 
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2.2  Constraint  conditional 

The  displacement  and  traction  continuity  conditions  at  the  interface  between  laminae  and  traction 
conditions  at  outer  surfaces  are  impt)sed  as  the  constraint  conditions  in  the  present  formulation.  They  are 
respectively  written  as  follow.s;  the  displacement  continuity  constraints  between  the  ith  and  (i-eljth 
layers  are 
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where  /  =  1.2 .  (  A'T-  1)  and  AT  denotes  the  total  number  of  layer  composed  of  the  considered 

laminae. 

The  traction  continuity  constraints  between  the  /th  and  { i  +  1  'th  layers  are 
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where  i=  1,2 . ( .V/.-  1 

T  he  traction  conditions  at  the  top  and  bottom  surfaces  of  the  entire  laminate  are 
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2.3  Equations  of  motion 


The  displaecmont  and  traction  continuity  constraints  at  the  interfaces  and  traction  conditions  at  the  outer 
surfaces  ii.e.  eqns  i/o-idii  are  introduced  into  the  p<)tentuil  energy  functional  of  the  lamintite  In  usine 
l.agrange  multipliers.  This  modified  potential  energy  funcliontil  is  then  giseti  In 
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w  here  /. .  /,  and  /.  are  the  trtictions  tipplied  :it  top  surface  of  the  entire  laminate,  /r'.  r"  aitd  u  '  are  the 
displacement  eomponents  at  the  top  surface.  Applying  the  minimum  potential  energy  principle  i.e 
dn,„„  =  (i  .  the  integration  is  performed  through  the  thickness  from  hottom  t('  top  surfaces  ol  a  tvpical 
lamina  /  Following  the  standard  variational  operation,  we  obtain  the  es|ualions  of  motion  as: 
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The  generalized  foree  and  moment  of  a  typical  lamina  ;  in  eqns  f  1  1  —  1  3  are  defined  bs 
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3  EXACT  SOLI  nONS  FOR  SIMPLY  SI  PPOR TED  CROSS-PLY  RE(  LANGl  LAR  LAMINA  IT  S 


The  exact  analytical  solutions  of  the  simultaneously  partial  differential  equations  in  eqns  1  1  -  13  can  be 
obtained  for  the  generally  rectangular  cross-ply  laminated  composite/sandw ich  phites.  with  lulK  '.imple 
supports.  The  following  elastic  modulus  for  each  layer  is  identical  to  zero: 

Oi..  =  1" 


The  simply  supported'  boundary  conditions  are  assumed  as  follows: 
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at  .V  =  (I  and  .v  =  n 
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A ,  =  A  b 


at  v  =  0  and  ^  =  h 


lf> 


I  he  displacement  variables  for  a  typical  lamina  /  and  the  Lagrange  multipliers  at  the  interlace  between 
the  /th  ami  /  +  I  th  layers  are  exptinricd  in  the  double  Fourier  scries  as; 
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A„i,=  1,  1,  sin  cu' sin /^y 


■  ,  4  “  —  ~  i  s <4-v  sin  /^y 

■>;  I  1 

/■ ,  =  1.  ^  '  /I;  y;,,,  sin  ax  cos  /^y 


,,  =  1.  '  /i<  sin  «.v  sin 

\shcrc  a  =  iu.T  ti  anti  ji=nnlh.  The  hountlary  conditions  ot  the  cinisidcrcd  laminate  arc  completcK 
satisfied  ou  ini:  to  the  assumption  of  cqn  ■  I  7 1.  Substituting  eqn  '  1  7  into  eqns  >  1  I  -  1  a  yieltl'>  one  vet  oi 
the  simultaneously  algebraic  equations  expressed  in  terms  c)f  the  coefficients .  ly  .  a  .  a.  : 
b,,  ' .  ’  b,  '  ■ .  ^  /)-  c'„i  ’ .  •  <■,  '  (•_.  I ' ;  and  i/^„!  ■ ,  i/ij ' ' .  >  (h ' ' .  ‘/iy  . .  [-i.  '  ji.  .  Once  the  applied 

transverse  Untdings  are  written  as  a  dt)uble  Fourier  series,  thrrse  eiK'fficients  can  be  obtained  lor  certain 
fixed  \aiues  of  >n  and  //.  T  hus  the  bending  problem  of  the  laminated  composite/saiulssich  plates  is  solv  ed. 


4  M  \IERKV\L  APPLICATIONS  AND 
DISCISSION 

1  he  generally  rectangular  cross-ply  laminates, 
vsith  tuliy  simple  supports,  subjected  to  sinusoidal 
transverse  loading  are  evaluated  here  for  the  sake 
of  validating  the  present  laminate  theory.  T  he 
stress-dis[)lacement  quantities  arc  normali/cd  in 
the  following  form  of; 
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f  ables  I  and  2  show  static  bending  results  for 
dl'7y(r/()°|  cross-ply  laminate  composed  of  layers 
of  equal-thickness,  and  aspect  ratios  of  h/u=! 
and  .T,  respectively,  and  subjected  to  sinusoidal 


transverse  loading  ]'/ xi  ~(/,,sin  .a  u  \  sin  .7  h  \  . 
I  he  geometry,  loadittg  comlition  aiul  local  co¬ 
ordinate  system  of  this  eonsklerevl  problem  are 
shown  in  Fig.  1.  T  he  lamina  properties  are 
assumed  Iti  be 

/;,  =  1  -724  X  1  O'  kN  m  2,^  x  )  0“  psi 
/•.i  =  (iSbx  lO'  kN  in  Itf  psi 
( /| ,  =  ,T-4.'s  X  1 0"  kN  in '  t )■  .s  X  1 0"  psi  in 

137SX  lo"  kN  m  (I^X  Id'  psi 
I'l  ,  =  iq,  =0'2,s 

where  I.  aiul  I  icspeetisely  indicate  the  ilireeiions 
parallel  and  transverse  to  the  fiber  viirection.  and 
I’l  I  is  the  Poisson  ratio  measuring  the  ratio  of 
transverse  strain  to  normal  strain  under  normal 
stress  in  the  fiber  direction.  I  he  comparisons 
between  the  present  theory  and  3-1)  elasticity  and 
other  laminate  theories  are  illustrated  for  the 
dependence  of  the  stress  and  displacement  results 
at  a  certain  critical  location  upon  the  side-to- 
thickness  ratio  of  ii/h.  T  he  present  results  are  in 
excellent  agreement  with  those  of  .VI7  elasticity. 
T  he  variations  of  transverse  shear  stress  through 
the  laminate  thickness  are  respectively  shown  in 
F  igs  2  and  3  at  v  =  4,  id  and  I  (Id  hm  a  square  (07 
ytf/tPj  cross-ply  laminate. 


(.  -/■  ll(/.  (  -s  Hsu 


44{, 


lablv  I.  Maviiiumi  strtvsvs  and  (liNplacfimiil  ill  Ihf  |(l  90  0  I  laminalis  U/  h\ 


.<  //  Suyro.. 

(  } 

n 

i.h  1  : 

i/  2.  />  2,  1  1 

(’iisZitno 

i--l.Vy 

U.(i6U 

2  I’lS'scnt 

!  --iSMs 

n.(,sS(i 

Vvu  aiul  Ki.ii 

1 4.^^: 

1  l-liU.SS 

I’ayailo 

OnOI 

u  s  ej 

Presciu 

0  s^is- 

4  \\u  ,iiul  Kiui 

nso  ] 

n-'  U4 

Ken 

O'.S.’s) 

(IS  l.j 

RcUdv 

0  '’44^ 

ll-SiPS 

I’agani' 

f}  ^*>1) 

II  2ss 

I’lSM-'iH 

r,  ■)  >n'^ 

U.^S4~ 

ll'i  WiiaiuiKihi 

ll■2x.^s 

Ren 

n>^>4 

u■2s.s 

Redds 

n  ^fvs  i 

n.2(ei(i 

1‘aeanii 

(1  5  u> 

(MSI 

I’re'ent 

H'^344 

(I  ISU.S 

inn  WuaiulRun 

(ISxW; 

(I  IMI.S 

Rt  n 

(MSI 

Redds 

0 

U  IMU, 

(  IM 

n  5 

U  ISII 

tf 

T 

r 

, 

2.  h  2.  1  2 

II. :  (1 

•i  2-  <  f,  i  ' 

<b  <  b  1  .? 

>'  2  h  4. 

1  (II  Hill 

n  if. 4 

t 

1  y-i  IN  As/ 

1  III  11  Ml 

U  1 

< » .4>4  ' 

ibO.N  ^4 

A  {  ) '  "  ■ ^ 

1  IlSdli 

<<  * 

0  0  \  A 

A  i  i-i  0, 

i  III  Hill 

(1  4  <6 

"■2  i  '’4 

f  M  lA  1  \ 

4  OOf . 

1  1 II II  Ml 

1  M  1  A  1  1 

4  00  >0 

1  |02  1 

11 

W  J  1  NO 

O  0  N  1  i  1 

4  Oi  MS  -S 

<*■44  ' 

if-:  1  io 

0  n  A  4  f , 

401; 

<*  4<04 

()■  i  ^44 

ill  1  i'T 

1  04  !  N 

1-111)11(1 

(1 

it  J  4  4  N 

il 

0  "A  ; 

1 -III  Hill 

i*-4Ss 

4  i  42'* 

0  04-''  -A 

0  ”  A  ;  ( . 

]  II6‘)S 

0  V'“.x 

li-j  44,n 

0  I’.'nn 

0  ■■  A  2}  , 

1144; 

0  1  44t< 

‘'■1*4’*  i 

0  '■  >  > 

*f :  44" 

it  ! 0 4, 4 

0  0  4  " 

<‘’14’' 

1  IHMMI 

lb  ;‘js 

1  M  I,n4  S 

0041  ; 

f  1  -i  X  •' 

I'lHHIII 

lb  S<f4“ 

1  1  1  1,n4  N 

‘'■f'4  i  * 

1  >  .i  X  *  ^ 

1  IMiU.S 

0  44 1” 

l>4bs4N 

1104}  1 

0  :  X ; ' 

ib4v5 

iiit.s4s 

(•04  1  ; 

0  i  ■'  A 

n  ir  >11 

•  0  04  1  4 

'  <■  i  '  J 

n-4‘)4 

1  b|  IN4  4 

00414 

0  i  4s  1  i 

h 


Scuirci.' 


I  able  2.  Mavimum  slrcNSi".  and  displaccnu-nt  in  llu'  |0  90  0  )  laminalis  ( b  -  ^a) 

”  "  «  T  r  T 

"  -■  -  •'  -■ -■  I  >'  >1  2.  h  2.  \  2  (I,  />  2.  n  2. 11. 1)  h,  ii.  I 


I’ai'ani) 

2  12 

11-2  2(1 

2  I’reseni 

2  211'  1 

22211 

H'li  aiisl  Kuo 

2  1  !l  Is 

(i.22>r 

f'auaiio 

I  l-t 

(i-lim 

1 ’re 'em 

M4')2 

(I-  ion" 

■i  Hii  and  Kill) 

M-is-* 

II  mss 

Ren 

l-IK 

11  1  ill 

Redds 

I-U.tSs/ 

II  |()2s 

I’aeano 

||•~2^ 

iinils 

Rreseni 

(i-'dn  i 

n-iidm 

i  n  \\ii  and  Kuo 

u-‘’2i>2 

III)  4 1 s 

Ren 

ii-'Ms) 

1  III  12(1 

ResMs 

II  (m24 

ll-ll  UlS 

I’aeano 

n-1.24 

1)11222 

i'leseiit 

11-024.) 

UII2S  2 

Inn  \\u  and  Kuo 

u-n244 

II  1)2 '2 

Ren 

(1404 

i)-ii222' 

Redsis 

(|■(')24n 

(l•()2S2 

<  I’  1 

U',22 

IKI222 

1  llliilil 

(1  2'“ 

it-(t0f)S 

■  OOAfi.J 

i  IHIIIII 

(i^mi ; 

(too  "’ll 

1  bl  1  Afi'l 

l-ll~4  1 

n  2''l 

It  OOfxS 

0  o.Af) ; 

1  IHIIIII 

II  2S  1 

Ib044  i 

tbO40W 

1  III  II  III 

||•2S2.! 

II 044  i 

0'04oo 

l-irr 

ii-ys  1  1 

0-0444 

O'OZoo 

11-21 ' 

ibo'xos 

ibo4's 

II  2  '2  1 

0-044.S 

fbii4h4 

I  IHIIIII 

II  12(1 

<b0]  54 

(bilj  40 

1  IHIIIII 

(1-12114 

0  (1 1  <4 

O'Oi  4i* 

;  ii'ip 

II- 12(1 1 

001  >4 

■  fbOi4o 

11-4  1  s 

O'Ol  Is 

tbti  i  44 

(i-2ssn 

0  (l|  "o 

001  i  A 

1  IHIIIII 

n-  I2<i 

0-0]  Os 

o-oos4x 

1  (111(1(1 

II  4  2<)  2 

uoios 

0-01  ts  X 

1  (|-(is 

II  l  2')2 

0  0]  OS 

0 1I0S4' 

(1  12’) 

O-OlOS 

o-oos4x 

(|•2sS(^ 

0  0  1  40 

O'OOS.'^ 

(1441) 

0  0  1  OS 

0  00s  ' 

^  ' 

"  1  1  ii. 

S  !  /i<  Wi 

2  S  2 

:(hi  1  i 

( iw  1 M 
U  'i  I  N'J 
11’.)}  >'< 
(»'On 

(I  l,s 

i  y  •'■ 

!  y  ” 

If  >n,s 
i  I  r?  “  1  i 


A  lully  simply  su[>p()rtccl  sandwich  plate  with  a 
thickness  ratio  of  //,„,///,,„,  ■=()■  1 /j/O-.S/;  and  sub¬ 
jected  to  sinusoidal  transverse  loadinr:  is  coit- 
sidcrcrl  in  lalilc  A  I  he  material  properties  of  the 
lace  layers  are  listed  in  i‘iin  ini  and  that  of  the 
core  layer  arc  given  by 
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f',  -  fi,  -0.41  X  lti''kN/in  ai'iio  x  10'  psi 

41 

<',,  -  011  ^  10''  kN /ni  (1  ()  I  n  X  1  O'  nsi 

I', ,  ~  i\.  =  i',,  -  0-25 

1  he  maximum  stresses  ami  tiisplaeemcnl 
obtained  by  the  present  laminate  theorv.  Pagano  s 
34)  eiasticitv  approach  and  other  laminate 
theories  in  previous  literature  in  the  considered 
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Table  3.  Maximum  siresses  and  displacement  in  asimplv  supported  square  sandwich  plate  {a  =  h) 


a  ill  Source  <>,  <>  r,  r  r,  u 


\a/2.bi2.  l/2i 

iu/2.  6/2, 1/2; 

■u/2./)/2.  1/2^ 

iO,  /)/2.o; 

■u/2,  0.  0- 

<1.0.  12 

U.2,  />  2.0 

Paitano' ' 

1-556 

0-2.X95 

1  (1000 

o-2.4syo 

0-1072 

-0  14,47 

7-596 

Present 

14676 

0-2.4f»7 

1-0000 

0-2.497 

0-1  106 

-0-1281 

7-6451 

4 

Wu  and  Kuo'  ‘ 

l-467>f 

0-2.410 

1-0177 

0-2.497 

0-1106 

-0-1281 

7-645.4 

Reddy  and 
Chao' ' 

0-867 

01 520 

— 

0-099.4 

0-1740 

-  0-0877 

4-767 

FPT 

0-906 

0- 1  578 

— 

0-0995 

0-04.46 

-0-0912 

4-755 

Pagano ' ' 

1-15.4 

01 104 

1  (1000 

0.41)00 

0-0527 

-0-0707 

2-200 

Present 

1-1446 

01 065 

1-0000 

0-2998 

0-05.44 

-0-0686 

2-2008 

10 

Wu  and  Kuo ' ' 

1  1446 

0-1066 

1-0165 

0-2998 

0-05.44 

-0-0686 

2-2008 

Reddy  and 
Chao'' 

1-017 

0-0776 

— 

0-1  1  10 

0-0950 

-0-0544 

1  560 

FPI 

1-062 

0-0806 

— 

0-1  112 

0-0248 

-0-0554 

i-557 

Pauano ' ' 

1-1  10 

0-0700 

1-0000 

0-4  1  7 

0-0.461 

-0-051  1 

~ 

Present 

1-1078 

0(1691 

1-0000 

0-4  1 74 

0-0.46.4 

-  0-0505 

1-2264 

20 

Wu  and  Kuo ' ' 

1-1079 

0-0691 

1-0162 

0-417.4 

0-0.46.4 

-0-0505 

1-226.4 

Reddy  and 
Chao'' 

1-05.4 

0-0595 

— 

1  140 

0-076 

-0-0450 

10524 

- 

CPF 

1-097 

0-054.4 

- 

0-4240 

0-0295 

-  0044.4 

n-s7S3 

sandwich  plate  at  =  4,  1 0  and  20  are  illustrated 
in  Table  3.  Again,  the  present  results  give  much 
more  accurate  predictions  of  stress  and  displace¬ 
ment  in  the  sandwich  structures  as  compared  to 
the  other  laminate  theories  presented  in  the  litera¬ 
ture. 


5  CONCLUSIONS 

A  new  local  high-order  deformable  thettry  of 
laminated  composite /sandwich  plates  was  pro¬ 
posed  in  this  paper.  The  local  displacement  fields 
presented  here  according  to  Pagano's  work  were 
indicated  to  be  significantly  more  realistic  as  com¬ 
pared  U)  the  other  global  displacement  fields  pro¬ 
posed  by  previous  researchers.  The  displacement 
and  traction  continuity  conditions  at  the  interfaces 
and  the  traction  conditions  at  the  outer  surfaces  in 
the  present  theory  were  completely  satisfied.  The 
present  theory  could  be  concluded  here  from 
observ'atit)n  of  the  numerical  applications  to 
perform  excellent  results  for  bending  problems  of 
the  generally  cross-ply  laminates. 
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Dispersive  waves  in  composites,  a  comparison 
between  various  laminated  plate  theories 


W.  J.  N.  Lima  &  A.  M.  B.  Braga 

Departineni  of  Mei  hanica!  Ifiii'ineering,  Pontifkia  Vnivemdaiie  Catolku  do  Rio  de  Janeiro.  CHI’  224f'.f  Rio  dc  Janeiro.  Hruzd 


The  exact  Rayleigh-Lamb  wave  dispersii>n  spectrum  of  laminated  plates  is 
obtained  by  applying  a  recursive  algorithm  developed  for  the  analysis  (jf  stress 
waves  in  anisotropic  layered  media.  Results  from  this  benchmark  problem  are 
used  in  comparisons  between  the  classical  laminated  plate,  first-order  shear 
deformation,  and  two  higher-order  shear  deformation  theories.  Attention  ts 
paid  to  the  effects  of  the  number  of  layers,  direction  of  propagation,  and  lay-up 
'symmetric  or  asymmetric),  on  the  range  of  frequencies  where  these  theories 
apply. 


INTRODUCTION 

Over  the  last  two  decades,  considerable  effort  has 
been  directed  towards  the  development  of  appro¬ 
ximate  theories  for  the  deformation  of  laminated 
composite  plates.  Thorough  literature  reviews  are 
found  in  articles  by  Reddy.'  Noor  and  Burton- 
and  Kapania  and  Raciti,’  to  name  only  a  few.  In 
most  cases,  in  order  to  assess  the  range  of  validity 
in  the  frequency  domain  of  a  given  theory,  com¬ 
parisons  are  made  with  available  exact  results 
obtained  from  three-dimensional  elasticity,  such 
as  those  presented,  for  instance,  in  Refs  4-6.  With 
a  few  exceptions,  most  of  these  results  are 
restricted  to  simply-supported,  rectangular,  cros,s- 
piy  laminates  with  a  limited  number  of  layers,  and 
to  the  low-frequency/long-wavelength  range.  This 
paper  pre.sents  a  study  on  the  limits  of  application 
in  the  frequency  domain  of  laminated  plate 
theories.  This  investigation  is  made  via  a  wave  dis¬ 
persion  analysis. 

The  dispersion  spectrum  of  waves  propagating 
in  a  composite  plate  calculated  via  a  higher-order 
theory,  has  as  many  real  branches  as  the  number 
of  kinematic  variables  used  in  the  approximation 
of  the  di.splacement  field.  Within  the  range  of  fre¬ 
quencies  where  the  theory  is  valid,  each  of  these 
branches  must  have  a  counterpart  in  the  Ray¬ 
leigh-Lamb  wave  dispersion  spectrum  obtained 
from  three-dimensional  ela.sticity.  A  comparison 
between  dispersion  curves  calculated  through 
both  methods  allows  one  to  assess  the  limits  of 
validity  of  the  laminated  plate  model,  as  well  as  to 

44‘> 


give  evidence  of  the  boundaries  between  different 
approximate  theories. 

This  approach  has  been  pioneered  by  Mindlin" 
in  the  evaluation  of  shear  correction  factors  for 
his  first  order  theory  of  homogeneous,  isotropic 
plates.  Nelson  and  Torch'"  and  Whitney  and  Sun*" 
have  also  relied  on  comparisons  between  exact 
and  approximated  dispersion  curves  for  the  calcu¬ 
lation  of  correction  factors  needed  by  their 
higher-order  laminated  plate  theories.  Valisetty 
and  Rehnfield'"  have  compared  the  first  branch  of 
the  flexural  wave  dispersion  spectrum  obtained 
via  a  ply  level  analysis  and  other  approximated 
theories  with  exact  results  reported  by  Kulkarni 
and  Pagano.^  The,se  authors  have  studied  lami¬ 
nates  with  up  to  five  layers,  and  with  a  variety  of 
lay-ups.  Due  to  numerical  stability  problems, 
inherent  in  the  method  applied  in  the  exact  analy¬ 
sis  presented  in  Ref.  5.  the  results  from  Kulkarni 
and  Pagano  are  limited  to  the  low-frequency 
range  (wavelengths  not  shorter  than  twice  the 
plate  thickne.ss). 

Here,  the  exact  Rayleigh-Lamb  wave  disper¬ 
sion  spectrum  is  obtained  by  applying  a  recursive 
algorithm  developed  for  the  analysis  of  stress 
waves  in  ani.sotropic  layered  media."  This 
algorithm  is  ba.sed  on  the  discrete  invariant 
imbedding  technique,  and  has  been  shown  to  be 
stable  over  a  wide  range  of  frequencies,  even  in 
the  presence  of  evanescent  wave  modes. ' '  Due  to 
the  numerical  stability  of  the  algorithm,  it  is  pos¬ 
sible  to  obtain  exact  results  for  the  whole  fre¬ 
quency  spectrum  and  for  a  variety  of  laminates. 
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These  results  are  used  in  comparisons  between 
the  classical  laminated  plate  theory,  lirst-order 
shear  deformation  theory,''  Reddy's  refined 
third-order  theory'’*  and  Lo  et  al.''  first-order 
theory.  The  governing  equations  of  the  approxi¬ 
mate  theories  are  written  in  matrix  form  using  a 
state  variable  approach,  and  the  dispersion  curves 
are  constructed  from  the  solution  of  the  asso¬ 
ciated  eigenvalue  problem.  Attention  is  paid  to 
the  effects  of  the  number  of  layers,  direction  of 
propagation,  and  lay-up  (symmetric  or  a.sym- 
metric),  on  the  range  of  frequencies  where  these 
theories  apply. 

EXACT  A.NALYSIS 

The  field  equations  governing  the  linear,  elastic 
motions  of  homogeneous  anisotropic  media  are 

div  a  =  p  d'-uldi-.  and  a  -  C.Sii  ( I ) 

w  here  o  represents  the  Cauchy  stress  tensor,  u  the 
displacement  field,  and  C  the  rank-4  elasticity 
tensor.  Since  we  are  concerned  with  laminated 
planar  structures,  it  is  convenient  to  employ  as  a 
field  variable  the  traction  t=ae.,  which  must  be 
continuous  acro.ss  planes  parallel  to  the  layering. 
Assuming  plane  har  nonic  motions  in  the  form 

l\x.z.n=f{z)c‘^ . .  (21 

where  /i.v,  *. /)  represents  any  (vf  the  field  vari¬ 
ables.  while  (ij  is  the  angular  frequency  and  A:,  the 
wave-number  in  the  .v-dircction.  eqns  ( 1 1  may  be 
recast  into  a  six-dimensional  system  of  ordinary 
differential  equtitions.  w  ritten  in  matrix  form  as'*’ 

1 1  I  =  i\i  i  r  i.  w  here  |  ( c. )  =  C. '  '  1  ( .4 ) 

d.v  (picil 

while  the  linear  operator  .\’  is  a  real  valued  six- 
tens(vr  depending  upon  the  anisotropic  material 
properties,  and  on  the  pair  (</aA,).  T  he  matrix  ,\' 
for  orthotropic  media  may  be  found  in  Ref.  lb. 

In  order  to  obtain  a  solution  for  eqn  (,4),  one 
must  find  the  eigenvalues  of  A'.  These  six  eigen¬ 
values  are  the  wave-numbers  in  the  ^-direction, 
and  occur  in  pairs  representing  waves  propagating 
or  decaying  in  opposite  directions  of  the  r-axis."’ 
We  use  the  terms  upgoing  and  downgoing  when 
referring  to  these  partial  waves.  The  eigenvectors 
of  A  arc  the  polarization  vectors  of  these  six 
waves. 

A  common  practice  in  the  description  of  the 
wave  motion  in  layered  media  is  the  separation  of 


the  field  variables  into  two  parts,  corresponding 
to  the  contributions  of  the  upgoing  and  down¬ 
going  waves  to  the  total  fields.  Using  the  suh- 
scripts  1  or  2  to  represent,  respectively,  the 
upgoing  or  downgoing  wave  motions,  we  may 
write: 

u(z)  =  u,(z.:'+  U2izi.  and  fi z  i  =  f,’ z  >  +  // z  •  4 

It  may  be  shown  that  the  fields  li,/  z :  and  r 
assume  the  following  form"  '  4io  sum  over 
repeated  index) 

w„(c  !=  \y„i  z.  i  u„i('  I.  and  ip  z  -  in; r  ^ 


where  the  and  Z,/a  =  1.2  are  3x3 

matrices  constructed  from  the  eigenvalues  and 
eieenvectors  of  the  six-dimensional  svstem  matrix 

A^ 

Equations  (4)  and  completely  describe  the 
plane  harmonic  motions  in  homogeneous  aniso¬ 
tropic  media.  The  operator  is  the  propa¬ 

gator  matrix  that  relates  the  upgoing  ■  a  =  1  :.  or 
downgoing  (a  =  2).  displacement  field  at  a  plane 
of  coordinate  r  with  its  value  at  ■  =  0.  The  matrix 
Z„  is  the  local  impedance  tensor  of  the  upgoing 
(«=  1  i  or  downgoing  (u  =  2!  waves.  T  he  vectors 
H|(0)and  w40)  are  the  only  unknown  terms  in  the 
Ibrmalism  represented  by  f  4 1  and  '  ,v  i.  and  must  be 
obtained  from  boundary  conditions  applied  at 
planes  normal  to  the  c-axis. 

Surface  impedance  tensor  of  a  homogeneous 
plate 

We  now  exmsider  an  infinite,  homogeneous  aniso¬ 
tropic  plate  of  thickness  /j,.  which  is  Umded 
along  its  lower  surface  U'  =  0i  to  a  substrate 
characterized  by  the  impedance  tensor  i.c. 
along  ,’  =  ()  (the  plane  immediately  below  the 
interface  i 

/(())= -irnf/oiifd  1  fb) 

We  assume  that  G,,  is  given.  If  the  layer  is  traction- 
free  at  the  lower  surface,  we  take  G||  =  0.  In 
general,  the  impedance  G„  will  depend  on  both  c; 
and  A,.  .Since  the  layer  is  perlectly  bonded  to  the 
substrate,  both  the  displacement  and  tracti<in 
must  be  continuous  along  the  interface,  i.c. 

ii(()  )=ii(()*l.  and /(O  )  =  /(()")  (7) 

In  this  case,  tractions  and  displacements  at  r  =  /i, . 
the  top  surface  of  the  homogeneous  layer,  will  be 
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related  through  the  expression  " 

i{hi)= -icuGih,)  u{hj)  (8) 

where 

=  //(/!,  )  +  Z:l[/+f/(/z,li''  (9) 

and 

(10) 

Equation  (8)  expresses  a  linear  relation  between 
the  traction  and  velocity  fields  at  the  plane  c  =//,. 
The  (3  X  3 1  operator  G(/!, )  represents  the  surface 
impedance  tensor  of  an  anisotropic  layer  of  thick¬ 
ness  /!|  bonded  to  a  substrate  with  impedance  G,,. 

Surface  impedance  tensor  of  a  multilayered 
composite  plate 

We  now  consider  a  laminated  composite  plate 
which  is  in  contact  along  its  lower  surface  with  a 
substrate  of  given  surface  impedance  G,,.  The  n 

homogeneous  layers  have  thicknesses  /», .  //. . h„. 

and  the  total  thickness  of  the  laminated  plate  is 
h.  The  goal  is  to  find  an  expression  which  is  a 
gcncralizaUon  of  (8)  to  the  case  of  a  multilayered 
plate.  That  is.  we  need  to  find  the  tensor  G„  such 
that 

i=-\(oG„u  (111 

w  here  t  and  u  are.  respectively,  the  traction  and 
displacement  on  the  top  of  the  plate. 

We  start  by  using  the  results  of  the  last  section 
to  evaluate  the  impedance  G,  on  the  top  of  the 
first  layer  (for  the  sake  of  simplicity,  we  write 
G,  =  G(  likewise,  we  write  //,  =  //(/?,  )).  We  then 
proceed  by  employing  this  result  to  calculate  Gj. 
the  impedance  on  the  top  of  the  second  layer,  and 
so  on.  up  to  the  nth  layer.  This  procedure  is  sum¬ 
marized  in  the  following  algorithm: 

(;iven  G„.  a>  and  A  ,  ; 

I  For / =  1  to  n repeat 

I  H~w;(h,}\z;  ~G,_,\  ‘IG,.,-Z:I 

I  X(W:(A,))  ' 

I  G,  =  |Z;  H,  +  Z/l/+//,l  '  (12) 

where  VF,;  (/z^)  and  Z,'  are  the  propagator  matrix 
and  the  local  impedance  of  the  upgoing  (a  =  1 ),  or 
downgoing  (a  =  2).  waves  propagating  in  the  yth 
layer.  These  (3x3)  matrices  are  evaluated  by 


solving  the  eigenvalue  problem  for  the  A'  matrix  ol 
each  homogeneous  layer.  A  detailed  analysis  ol 
this  algorithm  may  be  found  elsewhere."  where 
its  stabilitv  over  a  wide  range  of  frequencies  has 
been  verified. 

Rayleigh-Lamb  waves  in  a  composite  plate 

In  this  section,  we  consider  an  infinite,  laminated 
composite  plate  which  is  traction-free  on  both 
surfaces.  We  are  interested  in  generating  the  dis¬ 
persion  curves  of  plane  waves  that  can  propagate 
ireelv  in  the  plate.  In  order  to  apply  the  algorithm 
(23).  w^'  choose  G|,  =  0.  which,  according  to  eqn 
(6).  guarantees  that  the  lower  surface  of  the  plate 
is  free  of  tractions.  For  each  ! oj.  A,  i  pair,  we  apply 
(23)  to  evaluate  the  impedance  tensor  G,.  on  the 
upper  surface  of  the  plate.  From  eqn  i  1  E.  we  con¬ 
clude  that  the  traction-free  boundary  condition 
will  be  satisfied  only  for  those  values  of  w  and  A, 
such  that  the  following  equation  holds: 

det  G„  =  0  ‘13 

This  equation  provides  an  implicit  relation 
between  the  frequency  «;  and  the  wave-number 
A\.  It  represents  the  dispersion  equation  of  free 
waves  that  propagate  in  the  plate  in  the  absence  of 
an  external  disturbance.  The  numerical  results  of 
eqn  i  1 3  i  w  ill  be  compared  with  those  predicted  b\ 
different  approximate  plate  theories. 

APPROXIMATE  THEORIES 

The  highest  order  laminated  plate  model  con¬ 
sidered  in  this  paper  is  the  third-order  shear 
deformation  theory  introduced  by  To  er  «/. " 
(TSDT ).  based  on  an  assumed  displacement  field 
which,  for  time-harmonic  motiims.  has  the  form 

iij.x.  y. n  -  \iiix.  y)  +  t:0|(.v.  y)  c ' V’lf-'".  y  • 

+  :'(9,i.v.y)|e  "" 

fq(.v, y.  ~.  / !  =lr(.Y.  y)  -I- yi  V’;(,v.  y ' 

+  c '  ft  4  .V,  V 1  j  e  ” " "  i  1 4  i 

U-ix.  y.  c.  /)  =1  mTv.  y)  -t-::0;i.v.  y  I 
+  z-y>J.x,  y)le" 

Other  theories  may  be  considered  particular  cases 
of  (14).  The  classical  laminated  theory  (CLT  i.  is 
obtained  from  expression  ( 1 4  )  by  assuming 

01  =  -  d  0;  =  -  0  ve/0y,  0,  =  0,  y>,  -  0. 

and  6>,  =  ()  (1-3) 

for  /=  1.2.3. 


with  15  layers;  (ai  C’LI',  </  = 
>  r.  </■  -  fitt”;  ( f !  RSI)  I',  v  =  60°. 
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Inertia  coefficients  and  generalized  forces  are 
defined,  respectively,  as 


Is- 


and 


OjZ  d^ 


(18) 


FSDT  and  RSDT.  The  matrix  M  for  TSD'l  may 
be  found  in  Ref.  1 7.  From  the  symmetries  of  S  and 
L  follows 


where  /= 


-I 

0 


■26) 


where  o,[j-  1,2 . 6)  are  the  six  components  of 

the  stress  tensor.  Stiffness  coefficients  are  defined 
by 

i,4„.  D„,  E,,  F„,  G,,  H.,) 

'  h 

Q„[\.z,z'.zKz\z\z‘')dz  (19) 

j  h  2 

where  (9„  are  the  elastic  constants  in  the  plate 
coordinates  —  for  CLT,  FSDT  and  RSDT.  they 
represent  the  plane-stress-reduced  constants. 

In  the  case  of  cylindrical  bending,  when  all 
derivatives  in  the  y  direction  vanish,  the  balance 
of  linear  momentum  —  in  the  absence  of  forcing 
terms  —  and  constitutive  equations  for  all  four 
theories  may  be  written  in  matrix  form  as'’ 

--4:=.V/?  !2()) 

d-v 

where  the  state  vector,  5-  is  defined  as 

^'=111.  r.  -du/d-v.  | 

for  CLT  (2!) 

n-.Rl\  R::.R,<  .R,!  .R I' \ 

for  FSDT  (221 

^ i\  Ip).  ~  4idu7d.v)/.3/r.  w,  R," ,  R" , 

R,'  -4R|V-V?-.R„'  -4R„V-Vt7R,\R7j 

for  RSDT  (23) 

and 

C'  =  !((,  i\  di-  0:-  V'l-  If':-  ^1-  0>  V'’.- 

R,‘’.R;;,R'.R„'.Rr.R^R,'’.R..’-. 

R7.  R3  .  R7  IforTSDT  (24) 

I- ven  though  its  size  depends  on  the  theory  that  is 
being  applied,  the  system  matrix  M  in  eqn  ( 20)  can 
in  all  cases  be  partitioned  into  four  real,  square 
submatrices; 


where  both  S  and  L  are  symmetric.  These 
matrices  are  presented  in  the  Appendix  for  CLT, 


From  (26),  we  conclude  that  the  eigenvalues  of  M. 
which  we  denote  by  i^,.  occur  in  pairs  of  opposite 


Fig.  2.  Dispersion  curves  for  a  laminate;  oo 

C'1.7',  =  0“;  (hi  FSDT.  <f  =  07  (e)  RSI>T,  <?  =  0°. 
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sign.'-  It  is  clear  that  these  eigenvalues  are  the 
wave-numbers  associated  with  partial  waves  that 
propagate  —  or  decay  when  is  complex  — ■ 
along  the  unloaded  infinite  plate.  When  solving  a 
boundary  value  problem,  these  partial  waves  must 
be  linearly  combined  in  order  to  satisfy  a  proper 
set  of  boundary  conditions.  Next,  we  compare 
pairs  formed  by  these  eigenvalues  and  frequencies 
with  the  dispersion  curves  of  Rayleigh-Lamb 
waves  evaluated  through  the  exact  method  pre- 
■^ented  in  the  preceding 

RESULTS  AND  DISCUSSION 

The  dispersion  curves  presented  in  this  section 
have  been  obtained  by  plotting  the  nondimen- 
sional  frequency,  (ohinc.  versus  the  noudimen- 
sional  wave-number  where  c  =  ^Qxylp  \^  a 

reference  wave  speed.  The  w'avelength  is 
A  =  2.T/A:,.  Except  for  the  slowness  plots  in  Fig.  4 
below,  the  direction  of  propagation  (.v-direction) 


makes  an  angle  q  with  the  stiffer  direction  of  the 
top  layer  in  the  laminate.  In  all  plots,  dotted  lines 
correspond  to  approximate  theories,  while  con¬ 
tinuous  line's  are  reserved  for  exact  solutions.  The 
following  material  (properties  have  been  used  in  all 
the  calculations: 

/•:,  =  i6/:\,  c;,;  =  (■;,;  =  ()-57/...  c;.,  =  ()■.•(;/. 

and 

v„  =  ()-25. 

The  curves  drawn  in  Fig.  1  are  for  a  cross-pl\. 
symmetric  laminate  with  15  layers.  Figures  l  ,a-c 
have  been  obtained  for  q^(f.  in  this  case,  the 
lower  branch  of  the  dispersion  spectrum  cor¬ 
responds  to  a  flexural  wave,  the  second  to  an  anti- 
plane  shear  wave,  and  the  third  to  an  extensional 
wave.  All  three  start  from  the  origin.  The  fourth 
branch  is  associated  with  another  antiplane  shear 
wave  and  the  fifth  corresponds  to  the  second 
flexural  wave.  Phrts  in  Figs  I(d.e)  are  for  q  =6(F. 
As  expected,  the  llexural  branch  from  Cl.T  iFigs 


Fig.  i.  Dispersion  turves  obtained  via  TSDT:  (a)  ((r/Qtr/O").  -  0";  plane  motions;  (h)  (()790'’/0°),  q  -=  07  aniiplane  motions; 

(c)  (07yd°/07W”),  (p  -  0”.  plane  motioas;  (el)  (if iq{)° jW I'H)”),  q  =  0°,  antiplanc  motitms. 
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1(a)  and  1  (d))  matches  the  exact  result  only  at  very 
low  frequencies.  The  shear-correction  factor  used 
for  the  FSDT  results  presented  in  Figs  1(b)  and 
lie)  has  been  calculated  following  Mindlin's 
approach.'  We  observe  from  Figs  1(c)  and  1(f) 
that,  as  the  wave-number  becomes  larger,  the 
RSDT  will  predict  higher  frequencies  for  the 
lower  flexural  mode  than  the  exact  analysis  or 
FSDT. 

The  results  in  Fig.  2  are  for  an  antisymmetric 
laminate  '.'  ith  ptif**-'  The  angle 

(f  IS  0°.  Again,  except  for  the  first  antiplane  shear 
mode,  results  from  CLT  match  the  exact  disper¬ 
sion  spectrum  only  in  the  low-frequency  region. 
The  shear  correction  factor  .t-/I2  was  used  for 
FSDT  results  in  Fig.  2(b).  The  matching  of  the 
first  three  branches  in  Fig.  2(b)  to  exact  results  is 
remarkably  good  up  to  the  nondimensional  wave- 
number  3  ().  which  corresponds  to  a  wavelength 
equal  to  2/;/3.  This  is  a  much  better  result  than 


the  one  obtained  from  RSDT  and  shown  in  Fig. 
2(c).  whose  first  dexural  branch  matches  the  exact 
curve  up  to  the  nondimensional  frequency  0  45. 
corresponding  to  a  ratio  A  //i  =  2. 

The  first  two  plots  in  Fig.  3  present  the  disper¬ 
sion  spectrum  of  a  (0°/9()°/0°i  plate  calculated 
from  TSDT.  The  results  are  for  q  =  0°.  In  this 
ca.se.  plane  and  antiplane  motions  uncouple,  and 
are  plotted  respectively  in  Figs  3(a/  and  .3ibi.  The 
first  three  branches  of  Fig.  3ia ;  and  the  first  two  of 
Fig.  3(h)  can  be  identified  with  those  obtained 
from  both  FSDT  and  RSDT.  The  results  from 
these  two  theories  for  the  three-ply  laminate  are 
not  shown  here,  but  we  have  observed  that  the 
agreement  of  the  lower  branches  of  TSDT  with 
exact  dispersion  curves  is  better  in  this  case.  As 
the  frequency  increases,  the  matching  of  the 
higher  branches  of  TSDT  with  those  obtained 
from  the  exact  ana'ysis  is  very  poor  though,  even 
for  low  wave-numbers  dong  wavelengths!.  The 


(a) 


(b) 


px 

(c) 


px 

(d) 


Fij>.  4.  Slowness  curves  for  a  ((r/457<t74.5'7<l'’)  lamiiiiHc  at  =  (18:  (a)  Ci  T:  (h)  F.SDT;  Id  RSDT;  ;d!  I  SIXI', 
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same  conclusions  regarding  the  TSDT  results  are 
reached  for  the  plots  in  Figs  3(c)  and  3(d),  cor¬ 
responding  to  a  (079070790°)  plate. 

Finally,  we  consider  a  (0°/45°/0745°/0°)  lami¬ 
nate  and  observe  the  matching  with  exact  results 
as  we  vary  the  angle  of  propagation  <p.  The  plots 
in  Fig.  4  correspond  to  slowness  curves  for  a  fixed 
frequency.  They  are  obtained  by  dividing  the 
nondimensional  wave-number  by  the  frequency, 
which  yields  the  inverse  of  the  phase  velocity. 
Results  are  for  wfi/jcc^O-H.  The  slownesses  p, 
and  p,  represent  the  p*T>jections  '^f  t*'e  inverse  of 
the  phase  velocity,  k^cjco.  on  the  x-  and  y-axes. 
The  -v-axis  is  parallel  to  the  stiffer  direction  of  the 
top  layer  in  the  laminate.  The  outermost  and 
irmermost  curves  correspond,  respectively,  to  the 
first  and  second  flexural  modes.  For  ail  four 
theories  considered,  the  agreement  with  exact 
results  depends  on  the  angle  of  propagation. 
Poorest  results  are  again  from  the  CLT.  At  this  fre¬ 
quency.  both  the  FSDT  and  RSDT  provide  very 
good  estimates  of  the  first  flexural  pha.se  velocity 
for  angles  of  propagation  close  to  90°.  The  best 
match  is  obtained  from  TSDT.  The  matching  of 
the  second  flexural  mode  is  poor  for  all  three 
theories,  except  for  angles  (f  close  to  0°. 
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APPENDIX:  MATRIX  M 


For  CLT: 

77  =  0  ( /.  y  =  1 . 4),  except  for  P4,  =  -  1 

I  7-27  7,44  “  ct7*^7j,  7, 4 4  <0-/4,  7,|4  7,41  “  ~  o}~ 1 2 

7-1 2  ~  7,21  =  7,|4  =  L41  =  7-24  ~  7,42  ~  L24  ~  7,42  —  7,44  =  7,44  =  () 
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For  F8DT; 

=  0  I  /,  /  =  1 . 5  j,  except  lor  /% ,  =  -  1  and  /%4  =  -  A 4^ lA 

/.|  I  =  -  -  01' 1^.  /-4;  =  -  W-/4.  1.4.1-  ~  lx  +/I44  -  Al^x/Ax^ 

/.|,=  /.;|  =  Z.;4  =/-4;  ==  -  in-D.  =  L,4=  1.4,  =  L^x  =  =0 

F: ,  =  Lx:  =  =  ^oa  =  ^^4.  =  l  =  Z..4  =  0  and 


-•Vw, 

77,, 
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/{,, 
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7>,, 
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For  RSDT: 

L..  =  0  •:  /',  /=  i . 6 !,  except  lor  =  -  3/j-/4 

-  Lxx  =  -  0>  -  lx  +  /i  ;;  i  .  /-4  4  ~  “  ^  '  44 

/.;<  =  —  a)  f-  +  3//'.'i  ix/A.  Lfx  ~  Lx\  —  /--4  =  /.4;  ”  ~  Ck/; 

L^x  =  Lx^  =  -  (11-/4.  /,,4  =  7,4 ;  =/i45.  l.XX  -  I.XX  =  -  O'L  -  MlL-lxxl'A 

7.4,  =  7,„.=  /.,„  =  7-:,  =  7.,,  =  F,,  =  0 

7-:,,  =  7.„:  =  7.,„  =  7.„,  =  7.,„  =  7.,, 4  =  7..,  =  =  0 

■V,„  =  .V„„  =  .S„„  =  1).  .V,, ,  =  7v'„^(  for  «,  /i  =  1 . 6.  where 
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and  -AD./Ah'.  7)„  = /)„ -X7„/3/;- +  1 677„/9/r‘.  47/  /3/t^  for  n/=1.6,  = 

-  X7),,,/7f-  +  167„':/7j for  a.  /7  =  4.  3.  /-  =  7,  -4/4/3/r'.  7;  =  7,  -K7./3//^  +  lh7-/7/r‘,  7.  =7,  -4/-/3/;4 
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Optimum  design  for  buckling  of  plain  and 
stiffened  composite  axisymmetric  shell  panels/ 

shells 
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1  he  buckling  of  plain  anti  tliscreiely  stiflened  composite  tixisymmetrie  shell 
ptinels  shells  maile  repealed  suWaminaie  consinieiion  is  studied  using  the 
finite  element  method.  In  repeated  sublaminate  construction,  a  full  laminate  is 
obtained  by  repeating  a  baste  sublaminate,  which  has  a  smaller  number  of  plies, 
I'he  optimum  design  for  buckling  is  obtained  by  determining  the  layup 
sequence  of  the  plies  in  the  sublaminate  by  ranking,  so  as  to  achieve  maximum 
buckling  load  tor  a  specified  thickness.  For  this  purpose,  a  Idur-nodcd  4,S-dof 
quadrilateral  composite  thin  shell  element,  together  with  fully  compatible  two- 
noded  Ib-dof  composite  meridional  and  parallel  circle  stiffener  elements  are 
used. 


1  INTRODICTION 

.Axisyinmcfrie  shell  structures  made  <>l  laminated 
cemposiles  are  used  extensively  in  many  engi- 
TicsTing  applications  Buckling  is  one  of  the 
important  modes  of  failure  of  shells  when  they  are 
thin,  as  is  the  case  most  often  in  all  aerospace 
tipt'hcations.  Buckling  of  composite  cylindrical 
shcji  panels  shells  has  been  attempted  by  many 
researchers,'  "  showing  the  inlluenee  of  various 
coupling  terms,  the  panel  aspect  ratio,  geometric 
nonlinearity  and  imperfections  on  the  resultant 
buckling  load.  The  buckling  problem  of  conical 
shells  made  of  orthotropie  and  composite  materi¬ 
als  has  been  solved  by  Hua  and  Dongxing''  and 
Wang  '  respeetivcly.  In  order  to  meet  the  stiffness 
and  strength  requirements,  keeping  in  mind  the 
minimum  weight  consideration,  shells  are  stif¬ 
fened.  Addition  of  stiffeners  may  change  the 
buckling  load  and  mode  of  the  structure  entirelv 
depending  on  the  size  and  location  of  the  stiffen¬ 
ers.  material  properties,  loading  and  boundary 
conditions.  Such  a  construction  has  to  be 
modelled  appropriately  to  represent  the  realistic 
behaviour  of  the  shell,  A  fairly  extensive  review 
on  the  buckling  of  laminated  composite  plates  and 
shell  panels  by  Leissa'"  indicates  that  most  of  the 
research  has  been  limited  to  unstiffened  panefs, 
I  his  paper  presents  the  work  done  on  the  buck¬ 
ling  problem  of  laminated  anistttropic  axisym- 


metrie  shell  pancis/shells  with  laminated 
anisotropic  stiffeners  tin  meridional  and  hoop 
(.lirections!  using  the  finite  element  method.  .A 
four-noded.  48-dof  quadrilateral  composite  thin 
shell  element  with  fully  compatible  two-mxied. 
16-dof  mcridonial  stiffener  element  iVlSH  and 
parallel  circle  stiffener  element  PC'SE  ^  are  used 
for  the  linear  bifurcation  analysis. 

In  designing  a  composite  shell  with  composite 
stiffeners  along  meridional,  and  parallel  circle 
directions,  the  designer  has  several  parameters  to 
contend  with,  such  as  geometry  of  the  shell,  fibre 
angles,  the  stacking  sequence,  spacing  between 
stiffeners  and  their  locations,  etc.  Among  these, 
orientation  angles  and  slacking  sequence  of  the 
plies  diC  found  to  have  a  significant  effect  on  the 
buckling  load  of  the  structure.  This  makes  it 
imperative  to  investigate  ways  to  optimize  the 
composite  layup  and  exploit  its  directional  pnv 
perty.  It  is  found  that  attempts  at  optimization 
have  been  made  only  for  sin”'*''  cases  of  clamped 
or  simply  supported  laminate^  mposite  circular 
cylindrical  shells  for  which  closed  form  solutions 
arc  available."  '  '  Not  much  information  is  avail¬ 
able  on  the  optimization  of  general  stiffened  com¬ 
posite  shells  for  buckling,  treating  the  ply  angle 
distribution  through  the  thickness  as  the  design 
variable.  In  this  paper  a  simple  way  to  find  the 
optimum  layup  scheme  of  plies  in  the  shell  and 
stiffcnci  that  will  give  the  maximum  buckling  load 
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factor  for  a  given  geometry,  loading  and  boundary 
conditions  is  proposed  and  several  eases  arc 
addressed. 


2  REPEATED  SI  BLA.VIINATE 
CONSTRl  CTION  AND  SI  BLAMINATE 
CODING 

In  the  repeated  suhlaminate  construction  of 
composite  laminates  (Fig,  1 1,  the  basic  sublami¬ 
nate  ccjiisisting  of  a  few  plies  is  repeated  several 
times  to  obtain  the  desired  thickness  of  the  lami¬ 
nate.  Such  a  construction  results  in  better  mi.xing 
of  plies  of  different  orientations  leading  to  more 
damage  tolerant  laminates.  '  Besides,  it  also 
reduces  manufacturing  errors  and  is  therelore 
employed  in  iniiustry. 

The  buckling  load  of  a  shell  panel/shell  is 
mainlv  governed  by  its  tlexural  stiffnesses 
Both  location  and  orientation  of  plies  in  a  sub¬ 
laminate  have  significant  intluence  on  these  stiff¬ 
nesses  and  hence  on  the  resultant  buckling  load, 
rherelore.  optimization  of  both  location  and 
orientation  r)f  plies  in  a  sublaminate  is  needed  to 
ma.ximize  the  buckling  load.  A  coding  as  devc- 
lopetl  by  Tsai'"  for  the  laying  up  sequences  of  the 
plies  in  the  sublaminate  is  followed  in  this  paper. 
Details  of  the  coding  are  given  below. 

T  he  number  of  plies  in  a  sublaminate  are  taken 
to  be  6.  4  or  2.  Four  ply-orientation  angles  [0,. 

H,.  6.  '  are  considered.  Of  these,  the  number  t)f 
possible  orientations  of  plies  in  6.  4  and  2-ply  sub¬ 
laminates  are  assumed  to  be  .T  2  and  2  respect¬ 
ively.  Thus  the  following  layup  schemes  .e 
examined: 

ii  40,  6-pIy,  tri-directional  laminates  repre¬ 
sented  by  the  code  i41IO|.  |,4210l . 

iOl  14j  with  the  restriction  that  at  least  one 
ply  must  exist  for  each  of  the  three  angles 
in  a  sublaminate; 

ii;  IX.  4-ply.  bi-directional  laminates  repre¬ 
sented  by  the  code  i310()|,  122001 . 

lOOl  ,1|  w  ith  the  restriction  that  at  least  one 
ply  must  exist  for  each  of  the  two  angles 
considered  in  a  sublaminate;  and 

iiii  6,  2-ply.  bi-directional  laminates  repre¬ 
sented  by  the  code  1 1  I00| . |001 1  j  with 

the  restriction  that  at  least  one  ply  must 
exist  for  each  of  the  two  angles  considered 
in  a  sublaminate. 

The  sublaminate  code  designates  the  number 
of  plies  in  the  order  of  0°,  r„  (9°.  Thus  |41  l()| 


Ty  pjcal 


z  sublaminate 

(e,/e/  Gf,) 

( 

•  -  - 

^  X 

Whole  laminate 


Scherne 


Lay  up  scheme  I  —  (61/92/63  6^,) 

Loy  up  scheme  2  —  ^ 

Fij;.  I .  Repeated  Miblaminate  coiistriieiion. 


Fig.  2.  Farallel  circle  and  meridional  siiffener  elements 
eompatiole  with  quadrilateral  shell  element. 


de.signates  |(Tf,  h/f?./^,|.  There  arc  altogether  64 
sublaminates  under  this  class. 

As  buckling  is  a  phenomenon  primarily 
governed  by  bending  and  twisting  stiffnesses,  the 
location  of  a  ply  with  respect  to  the  middle  plane 
of  the  laminate  is  very  important.  S<i.  each  one  of 
the  64  sublaminatcs  with  all  possibilities  of  stack- 
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iiig  arc  considered.  For  example,  in  (be  ca.se  ol  (he 
suhlaminate  [6^.  0,-  ^4l-  there  are  24  vomhina- 

tions  possible  such  as  [0^.  Ih.  H..  f),\.  \f),.  H..  fF- 
i  B,i  I....  etc.  1  herelore  we  have  J'or. 
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•  40.  r)-pK  sublanunales.  240  combinaiuins. 

•  IS,  4-pK  sublanunales.  sO  eonibni.itnnis. 

•  ().  2-pl\  subiaminales,  I  2  combinations 

'(  hus  in  ad.  coriespondme  to  the  04  etoufis  ot 
subiaminales.  one  would  luive  2SS  conitniKitions 
to  be  considered.  I  hc  lollowine  new  nouition  is 
ititrodueetl  to  deline  these  subl.tmittatc'  hixufi 
schemes. 

Integer  1  denotes  11,  |il\ 

Integer  2  denotes  fl.  p|\ 

Integer  .1  denotes  B  ply 
Integer  4  denotes  B  pi\ 

1  lilts  ;i  11112.'  lauin  scheme  means  H, 

ty.  rB,-\, 


I  iiblr  1 .  Kiiiiki-d  cadinu  for  clamped  spherical  cap  under  iiniforin  cslernal  pressure 
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3  FINITE  ELEMENT  FORMl  LA TION  FOR 
BUCKLING 

A  doubly  curved  quadrilateral  laminated  aniso¬ 
tropic  shell  linite  element  has  been  presented  bv 
Venkatesh  and  Rao.''  This  is  a  tour-noded  ele¬ 
ment  ot  uniform  thickness  bound  by  two  parallel 
circles  and  two  meridians  of  a  shell  of  revolution. 
Each  of  the  three  displacements  of  the  reference 
surface  within  the  shell  clement  is  e.xpressed  as 
prodnets  >'f  one  dimensional  first  order  Hermite 
interpolation  polynomials.  This  leatls  to  a  48-dof 
clement  with  i2-dof  per  node.  A  laminated  aniso¬ 
tropic  meridional  stiffener  element  iMSEi  and  a 
parallel  circle  stiffener  element  f’SCF;  have  been 
presented  Venkatesh  and  Rao."*  Each  is  a  two- 
noded.  1 6-diif  degenerated  element  derived  from 
the  above  shell  element  invoking  line  member 
assumptions  Fig.  2). 

Nonlinear  strain-displacement  relations  and 
the  details  of  formulation  of  strain  energy  and  the 
geometric  stiffness  matrix  for  the  shell  and  stif¬ 
fener  elements  have  been  given  in  Ref.  17.  The 
stifiness  matrix  elastic  and  geometric  i  of  the  stif¬ 
fened  shell  is  obtained  by  adding  the  respective 
stiffness  matrices  of  tbt'  shell  and  the  stiffener 
finite  elements  after  suitable  transformations  are 
made.  I  hese  transformations  take  into  account 
the  eccentricity  between  the  shell  and  stiffener 
axis  systems  and  introduce  the  correct  rotation 
dof  and 

I  hc  bifurcation  buckling  load  is  computed  by 
solving  the  eigenvalue  problem  given  as 

A ,  7  J  =  ( I 

where  K,  |  is  the  global  ekistic  stiffness  mtilrix  and 
K,,  \  is  the  global  geometric  stiffness  matrix,  which 
not  only  depcml  on  the  geometry  of  the  structure 
but  also  on  the  initial  applied  loavls  All  2.SS  poss¬ 
ible  layup  schemes  given  in  Section  2  :ire  consi¬ 
dered  and  the  corresponding  buckling  load 
lactors  rtink  ordcrevl.  I  hc  kiyup  is  optimum  if  the 
buckling  load  factor  corresponding  to  it  is  a  maxi¬ 
mum. 


4  opnvil  M  LAYUP  FOR  BU(  KLINIi  BV 
RANKING 

t  he  lornnilation  ;ind  the  computer  code  has  been 
checked  for  correctness  by  computing  buckling 
loads  for  several  plain/stiffcned  shell  panels/shells 
with  isotropic/orthotropic/laycred  composite 


materials  and  subjected  to  various  boundarv 
conditions  and  loadings.  Comparisons  made  else¬ 
where'  ’  with  e.xisting  solutions  in  the  literature 
indicate  good  performance.  Here  opfimi/ation  of 
ply  location  and  orientation  in  the  sublaminate  are 
taken  up  to  obtain  maximum  buckling  loads  for 
three  ty  pical  examples.  The  cases  considered  arc: 

1 .  clamped  spherical  cap  under  external  pres¬ 
sure. 

2.  ring  and  stringer  stiffened  cylinder. 

.4.  conical  sandwicli  panel  without  and  with 
hoop  stiffeners. 

The  ply  material  used  for  till  ctises  considered 
for  optimization  is  i  .4()();’N,>2(IS  graphite-epoxv. 
Its  properties  arc: 

/.,  -  1 S 1  c;P;i 

/.,  =I()27(iPa 

(',,1  =  707  GPa 

1',,  =l)'2.S 

The  thickness  of  each  ply  is  ^I•I2.'^  mm.  All  2SS 
possible  layup  schemes  for  6-.  4-  and  2-ply  sub- 
laminates  are  considered  for  rank  ordering.  I  he 
four  piv  angles  are  chosen  as  02  0()'.  4.>'  and 
-  4,s2  ’ 


i 
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A(:s 


Clamped  spherical  cap  under  external  pressure 

The  geometry,  loading  and  boundary  conditions 
oi  the  spherical  cap  considered,  are  given  in  Fig, 
3.  The  rank  ordered  list  of  buckling  load  factors 
are  given  in  Table  1.  The  optimum  layup  scheme 
for  the  sublaminate  is  [222344|  or  (90^457 
-457-  It  can  be  seen  from  the  table,  that  combi¬ 
nation  of  90°.  45°  and  -45°  plies  in  the 
sublaminate,  with  ±45°  plies  placed  away  from 
the  shell  reference  axis,  gives  higher  buckling  load 
factors.  The  layup  scheme  [43 1 1 1 1 1  gives  a  mini¬ 
mum  buckling  load  factor  of  3  4  amongst  all  poss¬ 
ible  cases  (T  6-ply  itri-directional)  sublaminates, 
whereas  by  reversing  the  layup  scheme 
iil  11134]).  the  buckling  load  factor  obtained  is 
4-76  (  ~40'’b  increase).  Compared  to  the  maxi¬ 


mum  buckling  load  factor  of  6-75  corresponding 
to  the  tri-directional  6-ply  sublaminatc  layup 
scheme  1 2222344].  for  bi-directional  sublami¬ 
nates  ! 4-ply),  the  highest  buckling  load  factor  is 
4-7S  for  the  layup  scheme  4442 1. 

Ring  and  stringer  stilTened  cylinder 

The  geometry  and  boundary  conditions  of  the 
stiffened  cylinder  are  shown  in  Fig.  4,  The  thick¬ 
ness  of  the  shell  is  3  mm  (  12.  2-piy  or  6.  4-pl\  or 
4.  6-ply  sublaminaicsi  and  the  depth  of  each  stif¬ 
fener  is  6  mm  (24,  2-ply  or  12.  4-ply  or  S.  6-p!y 
sublaminates).  The  stiffener  laminae  are  consi¬ 
dered  to  be  parallel  to  the  shell  middle  surface. 
For  ply  orientations  of  the  cylinder  and  stringer 
sublaminates,  the  reference  direction  is  along  the 


Table  2.  Ranked  coding  for  the  axially  compressed  ring  and  stringer  stilTened  cylinder 


SI. 

No. 

Code 

A" 

St. 

Nil. 

Code 

A 

SI. 

.No. 

Cede 

A  ■ 

1 

I  I -1.744 

(fdSl 

84 

1 14422 

0-485 

218 

222111 

0-115 

T 

114411 

(f681 

85 

111114 

0-485 

219 

41 

0-111 

3 

1  1  1411 

0-674 

86 

222111 

0-485 

220 

4411 

0-11 1 

4 

1  1  1 144 

0-674 

87 

1 14444 

0-484 

5 

1  1  1 114 

0  664 

88 

111222 

0-484 

h 

1  1  1441 

0-662 

89 

1 1 1122 

0-482 

240 

4111 

0-289 

7 

1  1 1444 

0-6  .S  6 

9(1 

114444 

0-478 

241 

224441 

0-285 

M 

441122 

0-6.S4 

244 

444421 

0-282 

V 

1  14111 

0651 

245 

221111 

0-28  1 

1(1 

1 1  1 444 

0-65  1 

126 

122211 

0-441 

246 

.<11422 

0-281 

1  1 

1.14422 

0-650 

127 

1122 

0-440 

247 

122444 

0-280 

i: 

1  14441 

0-640 

128 

112444 

0-440 

248 

111121 

O-219 

i.t 

411111 

0-615 

129 

444112 

0-418 

14 

1  1 1,114 

0-614 

1.10 

442111 

0-417 

15 

441111 

0-6  14 

111 

411111 

0-414 

260 

144442 

lfi 

1  I  1  141 

0-6  1  2 

112 

111442 

0-411 

26! 

224441 

0-25"’ 

n 

111114 

0-609 

111 

1  1  12 

0-412 

262 

4 .  > .> .'  2 

IS 

111144 

0-599 

1.14 

4444 1 1 

0-412 

261 

124444 

0-246 

264 

421111 

0-245 

265 

444412 

0  244 

24 

142222 

0  577 

144 

112 1  1  1 

0-421 

266 

111142 

0-241 

25 

224411 

0.565 

145 

444112 

0-421 

267 

2.14444 

0-242 

26 

144411 

0-562 

146 

21111  1 

0-421 

268 

241111 

0-241 

27 

1 11444 

0-561 

147 

442211 

0-420 

269 

444421 

0-21:' 

2S 

1 44111 

0  560 

148 

111114 

0-420 

270 

111124 

0  216 

29 

222241 

0-556 

149 

411111 

0-419 

271 

244441 

0-228 

,4(l 

221.144 

0-556 

150 

2244  1  1 

0-419 

272 

2111.14 

0-22" 

151 

122221 

0-418 

152 

14 1  1  1  1 

0-418 

76 

111441 

0-491 

151 

41 

0-417 

281 

21 

0-111 

77 

411122 

0-491 

1.54 

111.141 

0-417 

284 

4442 

0-112 

7H 

111122 

0-492 

285 

T  T  >  5 

0  112 

79 

1111  1  1 

(f-492 

286 

1112 

0-112 

S(! 

222114 

0-491 

214 

112221 

0-121 

287 

2444 

0  129 

SI 

1  14222 

0-4H8 

215 

144422 

0-122 

288 

2111 

0-129 

X2 

211114 

0-487 

216 

222441 

0  12  1 

s.t 

211111 

0-4S6 

217 

111122 

0-117 

Buckling  liiiid  factor. 


464 


Itiswajit  liipatliy.  K.  P.  Hao 


length  of  the  cylinder  whereas  for  ply  orientations 
of  the  ring  sublaminates,  the  reference  direction  is 
along  the  circumference.  Thus,  code  number  1  in 
a  layup  scheme  will  imply  that  fibres  of  that  ply 
are  aligned  axially  for  the  stringer  and  cylinder 
sublaminates,  and  are  aligned  along  the  circum¬ 
ference  for  ring  sublaminates.  As  shown  in  the 
figure,  the  stiffeners  are  located  eccentrically  with 
respect  to  the  shell  middle  plane.  The  stiffened 
shell  is  subjected  to 

I  i  i  axial  compression  f  A',  =  --  1 0"  N/m ); 
oi  l  axial  compression  and  uniform  external 
pressure  (.V,=  -10^  N/m.  /’,=  -IO' 

N/m-t. 

The  rank  ordered  buckling  load  factors  (12x4K 
mesh !  are  given  in  Tables  2  and  .T  respectively. 


F-br  the  axially  compressed  eccentrically  stif- 
I'ened  cylinder  (  Table  2i,  a  j  I  13344)  or  ;(t°/45T 
-4.3°)  sublaminate  gives  the  best  buckling 
performance  with  a  buckling  load  factor  /,  of 
O  bSl.  cr>mpared  to  /,  =  ()-227  i corresponding  to 
1233334)  layup  sehemei,  which  is  the  lowest 
among  the  6-ply  tri-directional  sublaminates.  I  he 
layup  scheme  12333)  gives  the  overall  lowest  A  of 
01 2b  considering  both  bi-dircctional  and  tri- 
direclirmal  sublaminates.  !t  is  observed  that  by 
changing  only  the  location  of  the  plies  of  given 
orientations  in  the  sublaminate,  the  buckling  load 
is  affected  significantly.  For  example,  by  reversing 
the  layup  scheme  1431111)  iA  =  0'420  to 
III  I  134)  !A  =  0-60b!.  the  buckling  load  factor 
goes  up  bv  4.3",,.  C'omparing  the  two  lavup 
schemes  1224443)  (A  =  0-237’  and  ;224433i 


Table  .T.  Ranked  codiii)>  for  the  ring  and  stringer  stiffened  cylinder  subjected  to  avial  compression  and  uniform  eslernal  pres¬ 
sure 


SI. 

No, 

(ode 

A  ■ 

SI. 

No. 

(  ode 

A" 

SI. 

No. 

(  lule 

A 

! 

i  14222 

0054 

8.4 

442211 

0-726 

174 

24441 1 

0-6  18 

> 

1 1,4222 

0052 

84 

522224 

0-725 

|75 

222444 

0-61(1 

1  1  1422 

0-04  1 

S5 

442211 

0-725 

1'6 

222444 

0  616 

4 

411222 

0040 

86 

222214 

0-724 

177 

444421 

0-614 

1  1  1.422 

0040 

178 

222444 

0612 

6 

.411222 

00,48 

1  122 

0-0,42 

100 

222241 

0-711 

s 

411122 

00  10 

101 

442224 

0-7  1  1 

200 

422444 

0-507 

102 

s  s  -  1 

0-7  1(1 

! 

1114 

0-506 

10.4 

444422 

0-710 

202 

224441 

[*■595 

20 

1  14422 

0-8S4 

104 

222  11  1 

0-700 

204 

1114 

0-502 

21 

1  1.4.422 

0-SK2 

105 

222411 

0-708 

204 

1444.4.4 

0-502 

■)  ■> 

1  1 1 142 

0-S57 

106 

221144 

0-707 

205 

1,4,4444 

0-502 

i  1  1  1,42 

n-S57 

107 

221144 

0  706 

20(i 

22.4.4.41 

1 1  50  2 

24 

144222 

OS54 

108 

21  1  1 

0-702 

20~ 

4222 

25 

441122 

OS5,4 

208 

144444 

0-5011 

20 

1 .4.4222 

0-S52 

1  18 

41 1 144 

0-68(1 

1  10 

4111 44 

0-685 

244 

224444 

(F5^fi 

40 

21 

0  son 

120 

444221 

0-685 

244 

224,4,44 

0  S6  5 

4  1 

1  12244 

0-70S 

121 

144442 

0-68  1 

24.5 

1444 

0  56  2 

42 

1  1  22.4.4 

0-707 

122 

114444 

0-68  1 

246 

1  44,4 

0  56  1 

4,4 

1 1 1 244 

0-705 

124 

1 1 4444 

0-681 

247 

441  1 

0-560 

44 

1  1  1  2.4.4 

0-704 

124 

1 44442 

0-680 

248 

4411 

0-550 

45 

441  1  12 

0-70.4 

240 

22444,4 

1^559 

4/) 

.4.4  1  1  12 

0-702 

240 

22.4.4.44 

0  558 

47 

422221 

0  7S2 

150 

441  144 

0-654 

-IS 

.422221 

0-7.SI 

151 

442244 

0-648 

40 

4.42222 

0  778 

152 

442244 

(t-648 

284 

4444 

0-4  -  5 

50 

■*  *)  ■> 

0-778 

154 

444412 

0-647 

284 

4444 

51 

1  14  142 

0  778 

154 

444412 

0  646 

285 

4444 

0-471 

2 

144422 

0-778 

155 

41  1  1  14 

0-645 

4444 

0-471 

150 

.7  1  1  1  1  -1 

0-645 

287 

2444 

0-462 

288 

2444 

0  458 

Sll 

4441 12 

0-728 

SI 

42222.4 

0-727 

172 

444442 

0-620 

S2 

44.41  12 

0-72? 

174 

2444  1  1 

0-610 

Itiicklini;  load  laiior. 
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$  =  45*  3 


Fig.  5-  C'oiiiciil  santluich  panel  uith  hoop silfTencrv 


(/  =  ()-565j,  it  is  seen  that  replacing  a  -45®  pK 
with  a  45°  ply  increases  the  buckling  load  by  more 
than  l(l()"/o.  It  is  also  seen  that  sublaniinates 
having  an  unequal  number  of  45°  and  -  45°  plies 
combined  with  few  dO®  plies  give  a  low  buckling 
performance  for  this  typical  case.  From  this,  it 
appears  that  bending-twisting  coupling  terms 
introduced  by  unbalanced  45°  and  -45°  plies 
lead  to  a  substantial  reduction  of  the  buckling 
load.  However,  this  coupling  has  a  less  pro¬ 
nounced  effect  on  the  buckling  load  when  there 
are  0°  plies  in  the  sublaminate  instead  of  40°  plies, 
along  with  the  set  of  unbalanced  45°  and  -45° 
plies.  This  is  evident  bv  cemsidering  the  lavup 
schemes  jllddd.-^l  (A  =  (K)40i  and  H  144.551 
i/,  =  ()'6Sr!. 

This  general  trend  is  changed  completely  w  hen 
the  same  stiffened  cylinder  is  subjected  to  both 
axial  compression  1 10'  N/m^  and  uniform  exter¬ 
nal  pressure  '  10'  N/m- 4  as  can  be  seen  from  the 


l  ablc  4.  Ranked  cndiiif’  for  sandwich  conical  panel  without  hoop  stiffener 


.SI, 

('<  idc 

A' 

.SI. 

code 

A  • 

.SI. 

Code 

A 

No. 

N.), 

Ni). 

1 

542222 

l■64(( 

105 

4442 

1-207 

202 

444415 

1-005 

452222 

1-640 

104 

221555 

1  -206 

205 

444451 

1  (104 

522224 

1  ■65.S 

105 

225551 

1-204 

204 

544441 

1-005 

4 

422225 

1  hr 

106 

2444 

1-205 

205 

1 55554 

o-oos 

5 

-s  J 

1  656 

107 

555.54  2 

1  -205 

6 

222245 

1  -656 

lOK 

455552 

1-202 

552  1  1  1 

o-oos 

22S 

25511  1 

o-oo" 

.511 

422221 

1-.S20 

126 

2555 

I-2.S4 

220 

1  14445 

0-00  1 

,5! 

222214 

1  .Slv 

12'’ 

1 14422 

1-215 

250 

1 15444 

0-000 

.’2 

222241 

1-5  IS 

12s- 

141  122 

1-214 

251 

5 1 1 444 

fl-SMO 

53 

554422 

1  500 

120 

1 12244 

1-212 

252 

444  1  1 5 

U-s^vs 

54 

445522 

1-500 

150 

442211 

1  20S 

55 

552244 

1 -4V6 

151 

221144 

1  20S 

.5  6 

442255 

1  -406 

250 

1 1 1152 

0-760 

251 

421111 

140 

4445 

1-126 

2i2 

241111 

55 

52222 1 

1-466 

150 

5444 

1-124 

255 

1 1 1445 

0-70*^ 

56 

222215 

1-465 

151 

155552 

1110 

254 

1  1 1 544 

tt'To" 

5 

222251 

1  -464 

152 

555512 

1117 

25.5 

1  1  1  2 

0  ■’0" 

5S 

225554 

1  -46  1 

|55 

555521 

1116 

54 

422555 

0-461 

154 

125555 

1115 

611 

224555 

1  460 

2S0 

1  1  1  1 54 

0-60S 

61 

144222 

1-155 

2S1 

411115 

0-605 

175 

111422 

1-052 

2S2 

511114 

0-(iU5 

176 

444211 

1-052 

2S5 

451111 

0-605 

su 

445552 

1-557 

177 

411122 

1-051 

2S4 

451111 

0  605 

SI 

555244 

I-.5S5 

17S 

111224 

1-050 

2S5 

1  1  14 

0  4S6 

.S2 

442555 

1-554 

170 

1122 

1-040 

2  SO 

1115 

0--1S5 

S5 

255544 

1-554 

ISO 

2-t.t4t  1 

1-040 

2S7 

4111 

0-4S5 

S4 

244555 

1  555 

2SS 

5111 

0-4S2 

S5 

144422 

1-55S 

200 

1 54444 

1-006 

201 

5 1 4444 

1-005 
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Table  5.  Ranked  coding  for  the  sandwich  conical  panel  with  hoop  stifleners 


SI. 

No. 

Code 

SI. 

No. 

Code 

A-' 

SI, 

No. 

Code 

A" 

1 

342222 

205! 

104 

444432 

1-647 

203 

44443 1 

1-247 

2 

432222 

2051 

105 

344442 

1-646 

204 

34444 1 

1-246 

3 

322224 

2050 

106 

444423 

1  -646 

205 

1.333.34 

1-229 

4 

422223 

2-050 

107 

221333 

1-645 

5 

222234 

2-048 

108 

223331 

1-644 

6 

222243 

2-048 

227 

3321 1 1 

1-137 

228 

2331 1 1 

1-1.36 

126 

2333 

1-587 

229 

1 14443 

1-1  16 

30 

442233 

1-899 

127 

1 14422 

1-543 

230 

1  1 ,3444 

1-115 

31 

142222 

1-897 

128 

441 122 

1-542 

231 

3 1 1 444 

1  1 14 

32 

412222 

1-897 

129 

112244 

1-540 

232 

444 1 1 3 

1-113 

33 

22B44 

1-897 

1.30 

442211 

1-535 

34 

224433 

1-897 

131 

221144 

1-5.35 

35 

122224 

1-895 

250 

111132 

0-965 

36 

422221 

1-893 

251 

421111 

0-964 

149 

133332 

1-404 

252 

241111 

0-96,3 

150 

333312 

1  -402 

253 

31  1  112 

0-963 

56 

23 

1-858 

151 

333321 

1  -400 

254 

211113 

0-958 

57 

122223 

1-858 

152 

1 23.333 

1-399 

255 

321111 

0-956 

58 

2233 

1-857 

1.53 

213333 

1-398 

59 

222144 

1-856 

154 

4443 

1-397 

60 

322221 

1-856 

280 

111143 

0-757 

61 

223334 

1-855 

281 

31 1 1 14 

0-754 

175 

444112 

1  -3 1 9 

282 

4 1  I  1  1 .3 

0-754 

176 

112444 

1-318 

283 

34 1  1 1  1 

0-751 

80 

333442 

1-698 

177 

144433 

1-318 

284 

431111 

0-751 

81 

443332 

1-698 

178 

223111 

1-317 

285 

1  1  14 

0-610 

82 

444122 

1-697 

179 

1 33444 

1-317 

286 

4111 

0-608 

83 

333244 

1-696 

180 

444 1 33 

1-316 

287 

1113 

0-606 

84 

442333 

1-694 

288 

31 1  1 

0-603 

85 

233344 

1-694 

200 

1 .34444 

1-250 

201 

314444 

1  249 

103 

122333 

1-647 

202 

4444 1 3 

1-248 

Buckling  load  factor. 


rank  ordered  li.st  given  in  Table  3.  The  layup 
scheme  i  I  13344|  which  was  topping  the  ranked 
list  for  the  axial  compression  case,  is  now  in  1 23rd 
place.  In  this  case,  the  highest  buckling  load  factor 
is  obtained  by  tri-directional  6-ply  sublaminates 
with  A  =  ()-9.64  for  a  1 1  1 4222 1  layup  scheme  which 
was  in  S  1  st  place  earlier.  T  his  is  close  to  the  high¬ 
est  buckling  lotid  factor  obtained  for  bi-direc¬ 
tional  sublaminatcs  1 2-ply  and  4-ply  sublaminates) 
with  /  =  ()  932  for  a  1 1  1  22|  layup  scheme.  For  the 
ctise  considered,  a  combination  of  0°  and  90°  plies 
with  no  angle-ply  (for  bi-directional  sublaminates) 
or  one  4,3°/  -  4,S°  ply  (  for  tri-directional  sublami¬ 
nates  i  in  the  sublaminate  seems  to  give  the  best 
buckling  performance.  Sublaminate  layup 
schemes,  containing  large  numbers  of  4.3°  and 
43°  plies  give  poor  buckling  load  factors  and 
find  a  place  towards  the  end  of  the  table.  Tike  the 
previous  case,  here  also  reversing  the  layup 
scheme,  for  example  |222411|  to  [II4222| 


changes  the  buckling  load  significantly  'from 
0-7()9  to  {)-934i;  ~33T(>).  The.se  general  trends 
however,  are  extremely  difficult  to  predict  ah 
initio. 

Conical  sandwich  panel  without  and  with  hoop 
stiffeners 

The  geometry  and  boundary  conditions  of  the 
stiffened  panel  are  given  in  Fig.  3.  First,  the  sand¬ 
wich  conical  panel  is  considered  without  the  hoop 
stiffeners  and  then  the  panel  is  modelled  with  the 
stiffeners  to  see  the  effect  of  the  stiffeners  on  the 
rank  ordered  buckling  loads.  The  loading  is 
assumed  to  be:  (A’,  =  -  10'  N/m,  P,=  -  10'  N/m'). 
It  is  seen  that  {  lables  4  and  3)  the  optimum  layup 
scheme  [3422221  (and  the  overall  rank  ordering) 
remains  unchanged  with  addition  of  the  hoop  stif 
feners.  The  maximum  buckling  load  factor  how¬ 
ever,  has  increased  from  T640  to  2-031  (  ~23%) 
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in  the  process,  which  is  appreciable  considering 
the  increase  in  weight  of  the  panel  (  ~  1%)  due  to 
the  addition  of  stiffeners. 

5  CONCLUDING  REMARKS 

A  four-noded.  48  dof  doubly  curved  quadrilateral 
element  together  with  a  two-noded.  16  dof  fully 
compatible  meridional  stiffener  element  (MSE) 
and  parallel  circle  stiffener  element  (PCSE)  are 
used  for  the  linear  bifurcation  buckling  analysis  of 
plain/stiffened  laminated  anisotropic  axisymmet- 
ric  shell  panels/shells.  By  using  transformations 
which  account  for  the  eccentric  placement  of  the 
stiffeners,  problems  of  eccentrically  stiffened 
shells  of  revolution  have  been  solved.  Determina¬ 
tion  of  optimum  layup  scheme  for  buckling  by 
ranking,  of  laminated  composite  axisymmetric 
shell  panels/shells  with/without  laminated  com¬ 
posite  meridional  and  hoop  stiffeners  made  of 
repeated  sublaminate  construction  is  presented.  It 
is  observed  that  both  orientation  and  location  of 
plies  play  a  significant  role  in  deciding  the  buck¬ 
ling  load.  For  FRP  shells  subjected  to  general 
loading  and  boundary  conditions,  it  is  exiremely 
difficult  to  predict  the  optimum  layup  .scheme  a 
priori,  that  will  give  the  highest  buckling  load.  In 
such  cases,  rank  ordered  tables  such  as  those  pre¬ 
sented  in  this  chapter,  will  be  of  significant  practi¬ 
cal  use  to  the  designer. 

The  finite  element  software  developed  can  also 
handle  buckling  problems  of  eccentrically  stif¬ 
fened  axisymmetric  shell  panels/shells  of  revolu¬ 
tion  with  edge-stiffened  cutouts  whose  boundaries 
coincide  with  meridians  and  parallel  circles  of  the 
shell.  Radially  and/or  circumferentially  stiffened 
circular  plates  with/without  stiffened  cutouts  with 
radial  lines  and  parallel  circles  as  boundaries  can 
also  be  solved  as  a  special  case  of  the  stiffened 
shell  presented  in  this  paper. 
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Stiffened  panels  are  structures  that  can  be  designed  to  etficiently  support  in¬ 
plane  compression,  bending,  and  shear  loads.  Although  the  stiffeners  are 
usually  discrete  elements  which  are  fastened  or  bonded  to  a  flat  or  continuously 
curved  plate,  manufacturing  methods  such  as  thermoforming  allow  integral 
formation  of  the  stiffeners  in  a  panel.  Such  a  configuration  offers  prtential 
advantages  in  terms  of  a  reduced  number  of  parts  and  manufacturing 
operations,  for  thermoplastic  composite  panels  stiffenerl  by  integrally  formed 
open-section  beads,  the  effects  of  bead  spacing  and  bend  eross-seetion 
geometry  on  the  initiation  of  buckling  under  uniaxial  compression  and  uniform 
shear  loading  were  investigated.  Finite  elements  results  tor  a  range  ol  stillened 
panel  sizes  and  bead  geometries  are  presented  and  comptired  with  approximate 
closed-form  solutions  based  t>n  an  effective  flat  plate  size,  f-.xpcrimemal  verifi¬ 
cation  of  analytical  predictions  for  one  of  the  shear  panels  and  one  of  the 
compression  panels  is  described.  C  ompensation  of  the  forming  tool  to  reduce 
the  degree  of  initial  curvature  of  the  panels  was  found  to  be  tiecessary . 


INTRODLCTIO.N 

Stiffened  panels  are  Uiw-weight  structural  conf¬ 
igurations  which  can  be  designed  to  efficiently 
supp'trt  in-plane  compression,  bending,  and  shear 
Ittads.  In  conventional  aircraft  structures,  the 
stiffeners,  which  typically  have  a  C.  Z.  L,  T  or  hat 
cross-section,  are  mechanically  fastened  or 
bonded  to  the  panel.  However,  the  use  of  discrete 
stiffeners  adds  cost  and  complexity  due  to  a  large 
number  of  parts  and  assembly  operations. 
Manufacturing  methods  such  as  theimoforming 
make  integral  formation  of  the  stiffeners  in  the 
panel  as  one  piece  an  economically  attractive 
alternative,  although  the  resulting  open-section 
bead  has  relatively  low  torsional  rigidity.  An 
example  of  a  stiffened  panel  design  w  hich  consists 
of  repeating  cells  defined  by  closed-loop  open- 
section  beads  is  shown  in  b  ig.  1 . 

A  comprehensive  survey  of  composite  plate 
buckling  by  Leissa'  indicated  a  lack  of  previous 
work  addressing  the  issues  concerned  with  the 
design  of  bead-stiffened  thermoplastic  shear 
webs.  Rouse’  presented  experimental  and  analyti¬ 
cal  results  for  the  shear  loading  of  panels  with  one 


or  two  parallel  bend  stiffeners  extending  the  full 
panel  length,  for  two  bead  widths.  The  effects  of 
bead  corner  radii  and  other  bead  cross-section 
parameters  upon  the  initial  buckling  load  were 
not  specifically  addressed  but  are  important 
design  considerations  for  bead-stiffened  panels. 

The  primary  objective  of  the  study  reported  in 
this  paper  has  been  to  determine  the  effects  ot 
bead  spacing  and  bead  cross-section  geometry 
upon  the  initial  buckling  load  of  a  bead-stiffened 
thermoplastic  composite  panel.  Part  of  this  effort 
has  been  the  determination  of  effective  boundary 
conditions  provided  by  the  bead  stiffener  to  the 
fiat  panel  regions  enclosed  within  the  bead. 


•Present  adilress;  McDonnell  Aircraft  Company.  .St  l.ouis. 

Missouri,  t  iSA,  Hr.  1.  Stiffened  panel  incorporating  an  open  section  head. 
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The  following  section  describes  a  parametric 
study  which  was  performed  using  finite  element 
analysis  to  assess  the  effects  of  different  bead 
profile  geometries,  corner  radii,  and  panel  sizes 
upon  the  initial  buckling  load  of  panels  loaded  in 
shear  and  uniaxial  compression.  A  basis  for  a 
simplified  analysis  methodology  is  developed  in 
which  the  finite  element  results  are  bounded  by 
approximate  closed-form  solutions  after  an  effec¬ 
tive  flat  panel  size  has  been  determined  and  load 
reduction  techniques  have  been  applied.  Finally, 
the  experimental  program  is  discussed,  including 
fabrication  processes,  test  fixtures,  and  instru¬ 
mentation  used  in  the  experimental  verification  of 
selected  finite  element  results. 


PARAMETRIC  STUDY 

A  parametric  study  was  performed  using  the 
PATRAN'  finite  element  code  to  determine  the 
cross-section  geometry',  corner  radii,  and  panel 
sizes  upon  the  initial  buckling  load.  The  specific 
panel  configuration  considered  was  a  square 
panel  containing  a  closed-loop,  open-section 
bead,  representing  one  cell  or  bay  of  the  panel 
shown  in  Fig.  1.  The  parameters  of  interest,  which 
are  defined  in  Fig.  2.  included  the  bead  centerline 
spacing  (CW).  bead  corner  radius  (CRt.  bead 
height  iBFl),  and  bead/pan  laditts  ;SR'.  The  radius 
BRI  at  the  top  of  the  bead  was  held  constant  at 
i  2-7  mm. 

The  panels  were  modeled  with  general  shell 
elements,  four-node  quadrilaterals,  and  three- 
node  triangles,  with  six  degrees  of  freedom 
per  node.  The  material  was  a  quasi-isotropic 
■O/yO/d.S/ -  45],  laminate  of  unidirectional 
AS4/APC2  thermoplastic  composite.  A  sym¬ 
metric  quasi-isotropic  laminate  was  chosen  in 
order  to  avoid  extension-bending  coupling  effects 
and  to  provide  significant  degrees  t)f  bi)th 
longitudinal  and  shear  stiffness.  The  eight-ply  lay¬ 
up  and  the  range  of  panel  sizes  were  determined 
by  the  capabilities  of  available  testing  facilities  to 
be  used  in  the  experimental  phase  of  the  project. 
T  he  thickness  of  the  laminate  was  assumed  to  be 
1 06  mm,  based  on  a  nominal  ply  thicknc.ss  of 
01. 52  mm.  The  material  properties,  shown  in 
Table  I.  were  assumed  to  be  orthotropic  and 
homogeneous. 

The  clamped  boundary  conditions  for  the  finite 
element  model  restrained  out-of-planc  displace¬ 
ments  and  rotations  on  all  edges  but  allowed  in- 


Fir.  2.  Boad-stilfened  panel  geometn. 


I'abic  I.  .4.S4  AP('2 lamina  laminatcmatcrialpropertii's 
Properly  Lamina  laminale 

(iPa  1:0  76  5 

OiPa  Il)'.’v45'6 

'  I'p.  i',, 

(iPa  5  10  ,S  14 

‘  Flexural  properlic''  i)l  0''^()/45/  -  45  laminale. 

plane  deformation,  consistent  with  the  actual 
conditions  of  the  testing  to  be  performed  later.  A 
constant  shear  force  was  applied  on  all  edges  in 
the  conventionally  defined  positive  direction, 
divided  equally  among  the  edge  nodes.  The  criti¬ 
cal  buckling  load  was  determined  by  multiplying 
the  applied  load  by  the  eigenvalue  returned  from 
the  finite  element  analysis.  Elasticity  solutions'  for 
fiat  plates  to  calculate  the  stresses  at  the  panel 
center  confirmed  correct  application  of  the  load. 
Geometric  parameter  values  and  results  are  listed 
in  Table  2. 

For  the  application  of  compressive  loading, 
only  one  half  of  the  panel  was  modeled,  thus 
saving  computational  time  and  memory  by  utiliz¬ 
ing  symmetry.  The  boundary  conditions  were 
essentially  the  same  as  those  utilized  for  the  shear 
model.  A  compressive  force  was  uniformly  distri¬ 
buted  along  the  nodes  of  the  side  parallel  to  the 
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Table  2.  Parametric  study  shear  panel  geometry  and  results 


Case 

Corner 

Pan 

Bead 

Panel 

Closed- 

Closed- 

radius 

interface 

height 

width 

without 

with 

form 

form 

CR 

radius 

BH 

RW 

load 

load 

soln.  SS 

soln.  Cl. 

SR 

reduction 

reduction 

(cm) 

(cm) 

(cm) 

(cm) 

(kN/m; 

(kN/mi 

-kN/m'’ 

kN.'m- 

PW= 

4.3-2. 

CW=.30-5  cm 

IS 

.305 

1-27 

2-54 

19-3 

22*9 

9-75 

9-26 

17-7 

2S 

.3-05 

1-27 

1-27 

20-0 

21-2 

9-75 

X-65 

16  5 

3S 

.305 

1-27 

0-635 

21-0 

16-7 

8-21 

7-81 

14-9 

4S 

.305 

0-6.35 

2-54 

20-6 

21-0 

9-75 

K16 

15-6 

.SS 

.305 

0-318 

2-.54 

21-2 

20-3 

9-60 

7-67 

14-6 

6S 

I -52 

1-27 

2-54 

22-4 

22-1 

1  1-6 

6-92 

13-2 

7S 

0-76 

1-27 

2-54 

2.3-9 

21-2 

1 2-0 

6(16 

1  1-6 

pw= 

7.3-7. 

CW=61-0  cm 

8S 

.3-05 

1-27 

2-54 

49-8 

4-55 

.3-17 

1-39 

2-66 

ys 

!'52 

1-27 

2-54 

52-8 

4-47 

.3-29 

1-24 

2 -.36 

lOS 

.3-05 

1-27 

1-27 

50-5 

4-31 

.3-05 

1-36 

2-59 

1  IS 

1-52 

1-27 

1-27 

535 

4-40 

319 

1-21 

2  29 

PW= 

104. 

CW=91-4  cm 

12S 

i-2  / 

2  54 

80  3 

1-91 

1-52 

0-536 

1-02 

i.ts 

1-52 

1-27 

2,54 

8.3-3 

1-87 

1  -56 

0-497 

0-9  4- 

14S 

.3'05 

127 

1-27 

80-9 

1-79 

1-45 

0-527 

1-01 

l.SS 

1-52 

1-27 

1-27 

84-0 

1-77 

1-49 

0-490 

0-93.3 

symmetry  axis.  Stresses  at  the  panel  center  con¬ 
firmed  correct  application  of  the  load  ba.sed  upon 
elasticity  solutions  for  a  flat  panel.  Parameter 
values  and  results  are  prc.scnted  in  Tabic  3. 


First,  for  uniaxial  compression. 

n 


CLOSED-FORM  SOLUTIONS 

Available  solutions  for  the  initial  buckling  of  a  flat, 
rectangular  plate  were  used  in  an  attempt  to 
bound  the  preceding  finite  element  solutions 
based  on  an  effective  flat  panel  size.  The  govern¬ 
ing  differential  equation'  for  a  flat,  orthotropic 
plate  subjected  to  uniform  stress  resultants  iV,  and 
,V„  is 


where  for  simply  supported  edges. 


/.■  itr 


and  for  clamped  edges. 


1  ,2 

K  •-  4  4-  /I'  +  -  /), 

\A'  .3 


d  *  u'  d  '  H-  d^  w 

d  v  d.v  dv  d.v 


d"  vv  d'  H' 

“  ava.. 


(I; 


.Solutions  to  this  equation  tor  plates  with  all  edges 
either  simply  supported  or  clamped,  under  both 
uniaxial  compression  and  shear,  are  well  known. 
Approximate  solutions  for  all  four  edges  cither 
simply  supported  or  clamped  are  as  follow.s;'' 


For  uniform  shear  loading, 

=  A, 

h 

where  for  simply  supported  edges  (/f  <  1 ). 

=  'T  -/V' 

A  =  -  0-27-t^()-lS.S/), 

«  =  0H2  +  ()-46/U-()-2/>t 


i4'i 


l.S) 


16) 
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Parametric  study  shear  panel  geometry  and  results 

Case 

Corner 

Pan 

Bead 

Panel 

'■V.C 

;,V, 

Closed- 

1  lo.sed- 

radius 

interface 

height 

width 

without 

with 

h.itn 

lorm 

CR 

riidius 

Btl 

RW 

load 

load 

soln,  SS 

soln.  Cl 

SR 

reduction 

reduction 

icm 

'em) 

(cm  1 

(cm) 

I'kN/nii 

TN/m- 

kN/m 

kN  m 

PW  = 

43-2. 

CW=  30-5  cm 

1C 

3-().S 

1-27 

2-54 

10  3 

52-0 

,3-,3  1 

3-06 

13-0 

2C 

3-05 

1-27 

1-27 

20-0 

40-0 

6-25 

3-70 

121 

}C 

1-27 

0-635 

21-0 

22-6 

6-36 

3-.34 

lo-o 

4C 

3'O.s 

(1-635 

0-635 

21-5 

22-1 

6 -.34 

3- 1 0 

10-4 

.4' 

3-O.s 

0-318 

0-635 

21-8 

21-0 

6-30 

3-10 

101 

6C' 

1  52 

1-27 

0-635 

24-1 

21-0 

6-30 

3-10 

8-35 

7C 

0-76 

1-27 

0-635 

25-6 

20-8 

7-32 

2-26 

7-30 

PW  = 

7.3-7. 

CW=  6 1  -0  cm 

8C' 

3-(15 

1-27 

0-635 

51-5 

.3-10 

1-80 

0-557 

1-82 

4C 

1-52 

1-27 

0-6.35 

54-6 

.3-0 1 

1-87 

0-406 

1-63 

1(»C 

3-05 

1-27 

1-27 

.-30  5 

6-02 

2  66 

0-5SO 

1-0! 

1  1C 

1-.52 

1-27 

1-27 

5.3-5 

6-74 

2-73 

0-515 

1  -60 

PW  = 

104, 

CW=  0 1  4  cm 

12C 

3(15 

1-27 

0-635 

82-0 

1  20 

0-881 

0-210 

0-720 

13C 

1'52 

1-27 

0-635 

82-0 

110 

(1-000 

0-205 

1  i-oOO 

14C 

3'n5 

1-27 

1-27 

80-0 

1-03 

1-07 

0-226 

0  730 

I5C 

i-52 

1-27 

1-27 

84-0 

1-01 

MO 

0-208 

0-686 

and  lor  clamped  edges  (((•6  <  /^ <  1 ). 

=  +  10  '  -/(,.■  MU, 

A  ,  =  I9-3  +  N45/), 

i7) 

,d  =  -  (r(l4  -r  (j-OO."' 

/?=  iyy  +  o-3s/;, 

in  which 


(X) 

A  ^\alh\\ /Z,,/73|  1 )'  ■' 

(9) 

/),=  "  - 

'  10) 

and  /)||.  /7|,  and  M,,,  are  laminate  flexural 

stiffness  coefficients.  These  equations  are  valid  for 
the  square  plates  ia=h)  being  modeled  and  for 
the  first  buckled  mode  shape  in  the  form  of  one 
half-sine  wave  i  ni  =  1  i. 

Independent  verification  of  the  approximate 
solutions  given  by  eqns  (2)-(  l())  for  the  specific 
laminate  properties  was  performed  by  comparing 
the  results  with  known  analytical  solutions  lor 
simply  supported  orthotropic  plates  loaded  in 
uniform  shear  and  uniaxial  compression.'  1  he 
results  of  eqns  f2i-(  10)  were  also  compared  with 
finite  element  results  for  a  Hat  quasi-i.sotropic  [0/ 
90/45/  - 45 1.  AS4/APC2  panel.  The  panel 
dimensions  were  arbitrarily  assumed  to  be  36  cm 


in  length  and  width,  with  a  thickness  of  I  -O  mm. 
The  maximum  error  was  calculated  to  be  13"... 
Finite  element  predictions  for  the  same  panel 
were  compared  with  analytical  results  from  eqns 
(2H4).  The  results  for  both  a  simply  supported 
panel  and  a  clamped  panel  agreed  within  I'/.., 

The  same  square,  orthotropic  panel  with  sim¬ 
ply  supported  edges  was  used  for  comparison  of 
shear  buckling  results  frcim  a  Galerkin  solution' 
with  those  of  eqns  1.5)  and  i6).  The  analytical 
results  from  eqns  (5  n  7i  were  also  compared  with 
finite  element  iv.-,ults.  The  maximum  deviations 
for  simply  supported  and  clamped  ptinels  were  3 
and  2"/;>  respectively. 

These  results  indicated  that  eqns  i2!-i  K).  were 
valid  solutions  of  the  governing  differential  eqn 
( 1  i  for  the  panels  being  modeled,  and.  therefore, 
the.sc  solutions  were  used  to  calculate  all  further 
analytical  results  for  this  study.  The  close  agree¬ 
ment  between  the  finite  element  results  and  the 
results  of  eqns  (2)-(  10)  also  verified  the  represen¬ 
tation  of  simply  supported  and  clamped  boundary 
conditions  for  the  finite  element  models. 

Equation  ( 1 )  is  valid  for  orthotropic  laminates, 
i.e.  laminates  where  Z),,,  and  />,,,  are  zero,  which 
is  only  approximately  true  for  quasi-isotropic 
laminates  of  unidirectional  plies.  However,  pub¬ 
lished  criteria'  were  applied  to  demonstrate  that, 
for 

the  (()/9()/45/-45|.  AS4/APC2  laminate.  /),„ 
anil  were  sufficiently  smalt  to  be  neglected. 
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thus  confirming  the  applicability  of  the  governing 
differential  equation  for  an  orthotropic  plate  as 
presented  in  eqn  ( 1 ). 

DETERMINATION  OF  EFFECTIVE  FLAT 
PLATE  SIZE 

In  the  design  of  stiffened  panels,  it  would  be  help¬ 
ful  to  be  able  to  determine  an  approximate  buck¬ 
ling  capability  using  closed-form  solutions  for  a 
rectangular,  orthotropic  plate.  Solutions  for  sim¬ 
ply  supported  and  clamped  boundary  conditions 
could  represent  upper  and  lower  limits  to  the  cri¬ 
tical  buckling  load,  provided  that  the  appropriate 
flat  plate  length  and  width  were  used. 

Referring  to  Fig.  2,  three  dimensions  of  the 
beaded  panel  which  were  considered  as  candi¬ 
dates  for  the  effective  flat  plate  edge  length  were 
the  lengths  CW,  FW  and  RW.  Determination  of 
the  most  appropriate  effective  length  was  based 
on  three  criteria;  (1)  the  finite  element  results 
should  be  bounded  by  the  simply  supported  and 
clamped  closed-form  solutions,  (2)  the  length  was 
required  to  have  a  physical  geometric  interpreta¬ 
tion.  and  (3)  for  every  variation  of  a  bead  para¬ 
meter,  the  length  also  had  to  change  in  a  logical 
manner.  For  this  study,  the  panel  geometry  was 
defined  such  that  the  bead  centerlines  were  first 
located  on  the  panel  and  then  the  open-section 
bead  was  modeled.  As  a  result,  the  length  CW 
remained  invariant  for  certain  bead  parameter 
changes  and  thus  did  not  satisfy  the  third  condi¬ 
tion.  It  was  also  determined  that  neither  length 
CW  nor  FW  satisfied  the  first  condition  since,  for 
many  cases,  the  finite  element  results  exceeded 
the  clamped  clo.sed-form  solution  by  a  significant 
margin.  The  length  RW,  on  the  other  hand,  satis¬ 
fied  all  three  criteria  and  thus  was  selected. 

The  finite  element  results  were  modified  to 
account  for  the  amount  of  the  total  applied  load 
transmitted  by  the  beads  versus  the  quantity  seen 
by  the  flat  pan  area  enclosed  within  the  bead.  This 
was  done  by  averaging  the  stress  resultant  along  a 
line  of  n(xles  of  length  equal  to  RW,  through  the 
center  of  the  panel.  For  panels  loaded  in  compres¬ 
sion,  ,V,  was  averaged,  while  for  panels  loaded  in 
shear,  .V„  was  averaged. 

ANALYSIS  RESULTS 

The  closed-form  solutions  for  flat,  square  plates 
loaded  in  shear  and  uniiixial  compression,  based 


Fig.  3.  Shear  panel  bead  spacing  and  bead  height  effects 
lCR  =  3(l  mm,SR=  12-7  mmi. 


Fig.  4.  C  ompression  panel  betid  spacing  and  bead  height 
cffectsiCR  =  30  mm. SR  =  1 2  '7  mm  l 


upon  the  length  RW.  are  plotted  in  Figs  3  and  4, 
respectively.  The  finite  element  solutions  that 
involved  variation  of  bead  cross-section  at  each  of 
three  different  panel  sizes  are  also  shown.  As 
expected,  when  panel  size  was  increased,  the 
buckling  load  decrea.sed.  However,  for  small 
panels,  the  effective  boundary  conditittns  appear 
to  be  simply  supported,  while  large  panels  would 
be  belter  represented  by  clamped  boundary 
conditions.  The  single  finite  element  solution  that 
falls  below  the  simply  supported  curve  is  show  n  in 
Fig.  4  for  bead  height.  BH=25mm.  The 
deformed  geometry  results  for  this  case  showed 
local  flange  buckling  or  edge  crippling  in  the  area 
between  the  closed-loop  bead  and  the  load  appli¬ 
cation  of  the  panel  edge.  This  indicated  that  the 
bead  was  so  stiff  that  insufficient  load  was  being 
transmitted  through  the  bead  into  the  Hat  pan 
region  to  initiate  buckling  there. 

The  effects  of  the  radius  at  the  bead-panel 
interface,  SR,  were  not  sigificant  in  terms  of 
changes  in  the  initial  buckling  load.  However, 
referring  to  Fig.  2.  SR  can  have  a  significant 
impact  in  terms  of  the  formability  of  a  panel.  If  the 
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Fig.  5.  Critical  buckling  load  (normalized!  vs.  head  flexural 
rigidity. 


radius  SR  is  very  small  in  relation  to  BH.  BR  and 
FW,  then  bridging  of  fibers  across  the  radius  may 
occur,  resulting  in  an  insufficiently  consolidated 
or  otherwise  poor  quality  part.  Decreasing  the 
bead  corner  radius,  CR.  was  found  to  produce 
small  decreases  in  the  total,  unreduced  buckling 
loads. 

It  has  been  demonstrated  that  for  stiffened 
rectangular  panels  of  isotropic  material  loaded  in 
uniform  compression^  or  shear, critical  buckling 
stress  increa.ses  with  increasing  flexural  rigidity  of 
the  stiffeners  until  a  limiting  value  is  reached,  at 
which  the  stiffener  remains  essentially  straight, 
acting  as  a  nodal  line  for  the  buckled  plate. 
Increasing  the  flexural  rigidity  beyond  this  critical 
value  produces  no  further  increase  in  the  critical 
stress.  It  was  further  shown  that  increasing  the 
stiffener  torsional  rigidity  increased  the  critical 
value  of  flexural  rigidity.'' 

The  critical  compressive  and  shear  buckling 
loads  calculated  in  the  finite  element  parametric 
study  are  plotted  in  Fig.  5  as  a  function  of  normal¬ 
ized  bead  flexural  ngidity,  in  which  /  is 

the  moment  of  inertia  of  the  bead  cross-section 
with  respect  to  an  axis  at  the  interface  with  the 
panel.  The  loads  have  been  normalized  using  the 
following  relationship  developed  from  eqn  (2  ): 

(11) 

For  the  plate  aspect  ratio  a/h—  1  used  in  the  para¬ 
metric  study.  Fig.  5  indicates  the  critical  values  of 
bead  flexural  rigidity,  beyond  which  no  additional 
benefit  in  terms  of  buckling  capability  is  realized. 
I  he  bead  geometry  at  this  point  would  typically 
represent  an  optimum  design,  for  further  increa.s- 
ing  the  bead  height  would  most  likely  either  result 
in  lower  part  quality  or  require  higher  forming 
pressure,  thereby  increasing  cost.  For  the  particu¬ 


lar  material,  lay-up  and  thickness  that  were 
modeled  in  this  investigation,  the  optimum  bead 
height  appears  to  be  approximately  1-27  cm  for  a 
bead  spacing  of  3()-5  cm  or  2  54  cm  for  a  bead 
spacing  of  6 1  •()  cm,  for  either  compressive  or 
shear  loading. 


EXPERIMENTAL  VERIFICATION  OF 
BUCKLING  LOADS 

In  order  to  verify  the  critical  buckling  loads  pre¬ 
dicted  by  finite  element  analysis,  four  bead-stif¬ 
fened  panels  of  AS4/APC2  thermoplastic 
composite  were  manufactured  and  tested,  two  in 
uniaxial  compression  and  two  in  shear.  The  [0/90/ 
45/ -45],  panels  were  fabricated  with  a  25-mm 
high  bead  corresponding  to  Cases  IS  and  1C  of 
the  parametric  study.  Four  flat  panels  were  also 
manufactured  with  the  same  stacking  sequence. 
Two  of  the  flat  panels  were  tested  in  compression, 
and  two  were  tested  in  shear  to  verify  the  material 
properties  and  the  boundary  conditions  used  in 
the  analysis. 

The  flat  quasi-isotropic  panels  were  manu¬ 
factured  in  an  autoclave  at  390°C  under  690  kPa 
pressure.  The  bead-stiffened  panels  were  pro¬ 
duced  by  double  diaphragm  forming  at  3S0°C  and 
690-760  kPa.  Shear  test  panels  had  two  five-ply 
glass/epoxy  tabs  adhesively  bonded  along  each 
edge  prior  to  drilling  for  mounting  in  the  shear 
test  fixture. 

Each  test  article  was  instrumented  w'ith  strain 
gages  at  the  center  of  the  panel,  both  front  and 
back,  to  monitor  the  state  of  strain  in  the  panel 
and  to  determine  the  on.set  of  buckling.  The  shear 
articles  were  instrumented  with  strain  rosettes 
(0. 45, 90-dcg  orientation  to  the  applied  load)  and 
the  compression  articles  with  biaxial  gages  {0.90- 
deg  orientation).  The  shear  and  compression  test 
fixtures  are  illustrated  in  Figs  6  and  7.  respect¬ 
ively.  A  modified  Southwell  technique'"  was  used 
in  plotting  the  load-strain  data  in  order  to  obtain 
the  critical  buckling  load. 

The  finite  element  code  PATRAN  was  used  to 
predict  the  initial  buckling  load  of  all  test  articles. 
The  models  were  the  same  as  in  the  parametric 
study  discussed  previously  except  for  the  input  of 
the  actual  test  specimen  thickness  and  the  actual 
outside  dimensions. 

The  compression  test  articles  were  clamped  by 
the  test  fixture  on  ti  1 3-mm  width  around  the  peri¬ 
meter.  The  resulting  area  (48  cm  x  48  cm)  inside 
the  fixture  was  modeled  as  a  panel  with  clamped 
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Fig.  6.  Shear  test  fixture. 


Fig.  7.  C  ompression  test  fixture. 


Table  4.  C  omparison  of  predicted  buckling  loads  with  test 
results 


Panel  Nn 

('(infiguration 

Predicted 

load 

•kNi 

Test 
result 
■kN  ■ 

„  error 

(Tunpression 

1 

Hat 

F.tf) 

1  44 

h 

■> 

Hat 

l-.TS 

I  40 

4 

4 

Beadeil 

1 .4-0 

1.4-8 

(> 

,s 

Beatlei-l 

I, 4(1 

14-9 

12 

s- 

Iteadeci 

1  16 

I2-I 

4 

12' 

fk'adcc) 

1  Ih 

10-5 

1  1 

Shear 

,t 

Flat 

2-64 

2-7? 

4 

4 

Flat 

2-64 

2-82 

7 

6 

Beadei' 

14  2 

6-.S8 

1 00 

7 

Beaded 

1.4-2 

(rlts 

95 

4" 

Betided 

X-42 

8-().S 

4 

1(1" 

Iteaded 

«-42 

8-01 

4 

Tool  compensated  to  reduce  panel  initial  curvature. 


boundaries  on  ail  edges.  J  he  shear  test  articles 
were  clamped  by  the  ’picture  frame’  test  fi,xture  on  a 
38'mm  width  around  the  perimeter,  f  he  resulting 
panel  area  (43  cm  x  4.3  cm)  enclosed  by  the  fix¬ 
ture  was  modeled  as  a  panel  clamped  on  all  four 
edges. 

The  predicted  buckling  loads  arc  compared 
with  test  results  for  compression  and  shear  in 
Table  4.  For  the  initial  set  of  bead-stiffened  pan¬ 
els.  the  measured  buckling  load  was  significantly 
less  than  that  predicted  by  finite  element  analysis, 
particularly  in  the  case  of  the  shear  specimens.  In 
the  region  enclosed  within  the  bead,  all  four  of  the 
stiffened  panels  were  found  to  have  an  initial 
curvature  with  a  maximum  amplitude  of  approxi¬ 
mately  2  mm,  or  nearly  twice  the  panel  thickness. 
Finite  element  analysis,  including  modeling  of  the 
temperature  dependence  of  the  material  proper¬ 
ties.  was  used  to  predict  the  initial  curvature.  The 
analytical  results  were  then  utilized  in  the  design 
of  a  concave  surface  on  the  base  block  of  the 
forming  tool."  Four  panels  were  fabricated  with 
the  compensated  tool,  and  the  amplitude  of  the 
resulting  initial  curvature  was  found  to  have  been 
significantly  reduced.  Panels  iS.  9.  10  and  12  in 
Table  4  were  the  stiffened  panels  that  were  pro¬ 
duced  w'ith  the  compensated  tool. 

CONCLUSIONS 

The  results  of  a  finite  element  parametric  study 
performed  on  bead-stiffened  panels  loaded  in 
uniform  shear  and  compression  showed  that  the 
geometric  parameters  that  have  the  most  signifi¬ 
cant  effects  upon  the  buckling  load  are  the  bead 
height  and  panel  size.  Increasing  the  bead  height 
effectively  increases  the  buckling  load,  while 
increasing  the  panel  size  decreases  the  buckling 
load  as  expected.  However,  as  demonstrated  pre¬ 
viously  for  stiffened  panels  of  isotropic  material, 
there  is  a  critical  llexural  rigidity,  above  which 
further  increases  in  bead  height  will  not  be  pro¬ 
ductive.  The  bead  corner  radius  was  found  to 
have  a  small  effect  upon  the  initial  buckling  load 
in  compression  and  in  shear,  but  it  is  important  to 
note  that  decreasing  the  bead  corner  radius  can 
also  be  an  important  formability  issue  for  panels 
with  large  bead  heights. 

A  basis  for  a  simplified  analysis  methodology 
was  developed  in  which  effective  flat  panel  widths 
and  load  reduction  techniques  were  used  to 
bound  finite  element  s(7lutions  with  the  limiting 
clo.sed-form  solutions  for  simply  supported  and 
clamped  edges. 
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Vibration  of  composite-material  cylindrical  shells 
with  ring  and/or  stringer  stiffeners 
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Free  vibration  is  anaIvYcd  for  thin-walled  circular  cylindrical  shells  constructed 
of  composite  materials  and  provided  with  ring  and/or  stringer  stiffeners. 
Numerieal  results  are  presented  for  graphite-epo.xy  shells;  unstiffened  and  stif¬ 
fened  with  rings  only,  stringers  only,  and  both  rings  and  stringers. 


INTRODUCTION 

In  many  applications  of  composite-material  cir¬ 
cular  cylindrical  shell  structures,  the  u.se  of 
advanced  fiber-reinforced  composite  materials 
can  be  made  even  more  efficient  if  axial  (stringer) 
and  circumferential  (ring  or  bulkhead)  stiffeners 
are  used.  This  statement  is  valid  for  both  aircraft 
and  deep-diving  submarine  applications.  Through 
the  years,  many  analyses  of  isotropic  circular 
cylindrical  shells,  reinforced  with  stringers  alone 
or  with  rings  alone,  have  appeared  (for  extensive 
reviews,  see  Bert  and  Egle'  and  Mukhopadhyay 
and  .Sinha-).  There  have  also  been  sttme  which 
treated  both  stringers  and  rings  (cf.  Egle  and 
Sewalf’).  Likewise,  there  have  been  numerous 
analyses  of  smooth  (unreinforced)  composite- 
material  shells;  see  the  review  by  Bert.'' 

There  appears  to  be  a  near  void  of  published 
analyses  concerned  with  vibration  of  composite- 
material  shells  reinforced  with  rings  and/or 
stringers,  (Prokopenko'  con.sidered  such  shells 
with  symmetric  ring  reinforcements.)  The  purpose 
of  the  present  paper  is  to  fill  this  need  by  con¬ 
sidering  free  vibrations,  in  both  axisymmetric  and 
unsymmetric  modes,  of  circular  cylindrical  .shells 
made  of  laminated  composite  materials  and  dis¬ 
cretely  reinforced  with  rings  and/or  stringers. 
Emphasis  is  placed  on  evaluation  of  the  accuracy 
of  various  approximate  theories  by  the  use  of 


dimensionless  tracer  coefficients  and  i>n  assessing 
the  relative  improvement  in  the  lowest  natural 
frequency  due  to  'ing  stiffeners  versus  stringer 
stiffeners. 

HYPOTHESE.S 

The  following  hypotheses,  widely  used  in  thin 
shell  analyses,  are  made; 

1.  7'hin  wall  {hlR<  1 ;.  This  implies  no  trans¬ 
verse  shear  and  transverse  normal  deforma¬ 
tion  and  no  rotatory  inertia. 

2.  A  complete  circular  cylindrical  shell  of  finite 
length  and  having  no  geometric  imperfec¬ 
tions  is  considered. 

3.  The  vibration  is  assumed  to  involve  suf¬ 
ficiently  small  amplitudes  that  geometric 
nonlinearity  may  be  omitted. 

4.  Orthotropic,  linear  elastic  materials  having 
the  same  properties  in  tension  and  compres¬ 
sion  are  considered. 

.5.  Discrete  ring  and  stringer  stiffeners,  equally 
spaced  and  with  negligible  torsional  rigidity, 
are  considered.  The  stiffeners  are  taken  to 
be  thin  but  the  stiffener  eccentricity  is 
included. 

6.  The  Sanders-Koiter  best  first-approxima¬ 
tion  shell  theory  and  various  simpler 
theories  arc  considered. 
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1.  The  end  conditions  considered  are  simply 
supported  without  axial  constraint  at  both 
ends. 


DERIVATION  OF  EQUATIONS  OF  MOTION 
IN  TERMS  OF  DISPLACEMENTS 


Five  different  thin  shell  theories  are  employed.  In 
order  of  descending  accuracy  and  a.scending  .sim¬ 
plicity,  they  are  as  follows: 

1 .  the  Sanders-Koiter  best  first-approximation 
theory,'’  ’ 

2.  Love's  first-approximation  theory,'' 

?<.  Loo's  approximation,'' 

4.  Morley's  approximation,"' 

5.  Donnell's  shallow'  shell  theory.' ' 

To  present  all  five  of  the  theories  mentioned  in 
a  generalized  manner,  the  concept  of  dimension¬ 
less  tracer  coefficients,  as  used  by  Bert  and 
Kumar.'  -  for  instance,  is  applied.  The  values  taken 
on  by  the  various  coefficients  {C\j  for  the  respec¬ 
tive  theories  are  listed  in  Table  1 . 

The  equations  of  motion,  including  both  in¬ 
surface  and  radial  inertias,  are:'- 


, V,, +  .V„, -((',//?)  A/,,  =  />»„ 

.  +  .V, ,  + ,  c ',  //e  i  .w,, .  + 1  r,  //? )  A/ , ,  =  /T,, 

.V/,„  +  2A/,,,„+.V/,.„-(V,//^l  =  />w'„  (1) 

Here  the  M,  and  A',  are  stress  couples  (bending 
and  twisting  moments/unit  width)  and  stress 
resultants  (membrane  forces/unit  width) given  by 


'  A/,.  A', 


li  - 


(,T.  1 )  o,  dc  ii—  1 . 2, 6) 


h  : 


The  total  mass  per  unit  mid-surface  area  is  given 
by 


h 

p[z}dz  +  )^  ^iy-yjpyK 


+  d{x  -  X,}  p,A,  (  3) 

where  the  symbol  d  denotes  the  Dirac  delta  func¬ 
tion. 

Finally,  A.  and  A,  denote  respective  stringer 
and  ring  cross-sectional  areas;  /t  =  shell  thickness; 
R  =  mean  radius  of  the  shell;  x.  y.  z  arc  the  axial, 
circumferential  mid-surface,  and  outer  thickness- 
direction  normal  position  coordinates;  w,  v,  w  arc 
the  mid-surface  displacements  in  the  respective  x. 


Table  1.  Listing  of  tracer  coefficients  associated  with  dif¬ 
ferent  thin  shell  theories 


Theory 

( 

C  : 

c. 

Sanders 

1 

1 

.t.'2 

1,2 

Love 

J 

1 

1 

0 

Loo 

i 

u 

1 

0 

Morlev 

1 

(1 

() 

0 

Donnell 

0 

u 

0 

1) 

y,  c  directions;  p  denotes  density;  and  ‘  ■ 
denotes  d-(  )/dx  d  v,  etc. 

The  laminated  .shell  con.stitutive  relations  are 


B., 


\i.j=  1.2.6 


'4i 


Here  f”  are  the  mid-surface  strain  components,  k 
are  curvature  changes,  and  the  stiffnes.ses  are 
determined  in  the  usual  way  (cf,  Jones'  ’)  as 

'h  : 

=  i  1 . Q,i{ I  d,'  ( /.  /  =  1 . 2. 6 )  ^  .3  ^ 

J  - 

where  (>,,  are  the  plane-stres.s-reduced  material 
stiffness  coefficients.  In  the  present  study,  it  is 
a.ssumed  that  A  ,,,  = =  /J|„  = /L,,  *=/)| „  =  /),„  =  0. 
Therefore,  the  shells  considered  here  mttdel 
exactly  the  following  classes  of  lamination 
arrangement: 

•  shells  with  symmetrically  or  unsymmetri- 
cally  laminated  isotropic  layers  (A,,.  /J„  and 
D,!  all  isotropic), 

•  shells  with  a  single  layer  of  bimodular  ortho¬ 
tropic  material,' - 

•  symmetricallv  laminated  cross-ply  shells 

•  antisymmetrically  laminated  cross-ply  shells 
( /L ,  =  - /i| I  and  B^-  =  B,.^  =  0 ). 

Furthermore,  the  billowing  classes  are  modeled 
approximately  for  the  case  of  many  layers  (say,  10 
or  more): 

•  symmetric  angle-ply  shells  (A,,,.  A.^. 

h\  and  D^^lh-  negligible  relative  to  other 
stiffnesses;  B„  =  0), 

•  antisymmetric  angle-ply  shells  [B^^/ft  and 

approach  zero). 

The  total  strain  at  an  arbitrary  position  ix.y.z) 
is  given  by 

f,(x,  y.  z)=^i'‘;(x.y]  +  ZK,{x.y)  (6) 
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In  view  of  hypotheses  1  and  3,  the  mid-surface 
engineering  strains  may  be  expressed  as 

fV  =  M,.4  s'2  =  r  ,.+{w/R];  =  (7) 

The  curvature  changes,  in  view  of  hypothesis  1 , 
are 

8) 

K,=  -2w,,+(C2lR)v,,~{CJR)u, 

Neglecting  the  torsional  stiffnesses  of  the  stif¬ 
feners  and  allowing  for  the  discrete  nature  of  the 
stiffener  spacing,  one  can  write  the  constitutive 
relationships  for  the  stiffeners  as  follows; 

iNT .  Mil 


=  X  d[y~yj 


EJ,lu}{e^^  +  ZK,)b,{z)diz 


E,\\,z\{e2  +  ZK2)  b,{z)dz 


Here,  s'  or  s  '  indicates  integration  throughout 
the  entire  depth  of  the  corresponding  stringer  (s) 
or  ring  (r).  6,,  and  b,  are  stiffener  widths,  and 
and  E,  are  stiffener  elastic  moduli. 

The  total  stress  resultants  and  stress  couples 
are  the  sum  of  those  of  the  shell  and  the  stiffeners, 
i.e. 


A',  =  N,  +  A7  ;  /V,  =  N,  -t-  /Vf ;  =  N„ 

.  '  -  -  -  ' 

3/i  =  M,  +  M ;  M;  =  M,  +  Mi  :  A7„  == 

Substituting  eqns  (4),  (7),  (8)  and  (9)  into  eqns 
i  10)  yields  the  following  expressions  for  the  total 
stress  resultants  and  stress  couples  in  terms  of  the 
displacements: 

A'l  =  A , ,  u  ,  +  A^J.i’ ,.  +  R  '  w)  -  /f|  I 

+  ^L  d{y~yj  n  ,  ,,) 

/V.  I  .n  ,  4-/1  j,(r  ,  +  R  '  w)  -  /f,^w  ,, 

-  (c; 1 

+  L  d(x  ~x,)  E,A,\r  +(w/R) 
-z,iw,,~C2R  'f- Ji 


^'h^AiJii,  +r  ,) 

+  B,J-2w,^+C\R-'r,-C\R  'uy 

HE 

+  1  <3( 

,  ^  4/r  'k') 

-  „  -D22(vv  V,  -  CAK  'r  , ! 

4V  6(.v ,  +R  'm/i 

r 

-E^lJw^^-C.R  'r^}\ 

Ms  =  BJu,,  +  r  d 

+  DJ-2w,,+C2R-'v.-C,R  'uE 

Here.  /,„  and  are  the  stiffener  area  moments  of 
inertia  about  the  shell  mid-surface,  and  and  z, 
are  the  distances  between  the  stiffener  centroids 
and  the  shell  mid-surface. 

Substitution  of  the  complete  constitutive 
expres.sions,  eqns  ( 1 1 ),  into  the  equations  of 
motion,  eqns  ( 1 ).  yields  a  set  of  linear  partial  dif¬ 
ferential  equations  which  can  be  expressed  a^ 

U'lin.r,  «’['={()!  ,12) 

The  elements  of  the  linear  differential  operator 
matrix  y’  are  listed  in  Appendix  1 . 


SOLUTION  OF  THE  EQUATIONS  OF 
MOTION 

The  boundary  conditions  considered  here  are 
simply  supported  without  in-surface  constraint 
(SS3  conditions  in  the  nomenclature  of  Hoff'^) 
along  its  curved  edges  at  v  =  0,  L; 

.V,  =  Af|  =  w  =  r’  =  ()  il3' 

Assuming  normal  modes,  one  can  show  that 
these  boundary  conditions  are  satisfied  identically 
if  the  following  displacements  are  used: 

u  ~  U  cos  ax  sin  (jy  cos  tot, 

V  ~  V  sin  ax  cos  fly  cos  tot,  (14) 

w  -  W  sin  ax  sin  /?>'  cos  tot 

where  a  =  ninlL,  n/R,  and  m  and  n  arc  the 
axial  half-wave  number  and  the  circumferential 
mode  number,  respectively. 
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Substitution  of  eqns  (14)  into  eqn  (12)  yields  a 
set  of  homogeneous  algebraic  equations  in  terms 
of  U.  V  and  W.  Since  vibrations  are  possible  only 
if  the  determinant  of  this  set  vanishes,  this  require¬ 
ment  yields  the  frequency  equation. 

REDUCTION  TO  THE  SMEARED  CASE  FOR 
CLOSELY  SPACED  STIFFENERS 

In  many  applications,  such  as  deep-diving  sub- 
mersibles  and  high-performance  military  aircraft, 
the  stiffeners  are  spaced  sufficiently  close  that  the 
so-called  'smeared'  approximation  is  valid.  In  this 
case,  the  actual  stiffened  composite-material  shell 
is  modeled  by  another  hypothetical  orthotropic 
shell  with  different  effective  properties. 

Let  /,  and  /.,  denote  the  center-to-center  spacing 
of  the  rings  and  stringers,  respectively.  In  the 
assumption  of  clo.se  spacing,  one  obtains 

I  (3!.v-.xv)=  I//,;  X  d(y-v;)=  I//.  (15) 

Then  the  effective  inertia  becomes 

R^ph  +  {p^A,l!,}  +  {py\Jlj  ( 16) 

and  the  coefficients  of  the  3  x  3  frequency 
determinant  are  as  listed  in  Appendix  2. 

RE.SI  LT.S  AND  DISCUSSION 

Before  proceeding  to  the  composite-material  and 
stiffened  shells,  some  results  arc  presented  for 
unreinforced  isotropic-material  (steel)  shells  using 
properties  listed  in  Table  2  (second  column).  In 
Table  3.  the  effects  of  l./K  and  h/K  on  the  lowest 
natural  frequency  are  shown  according  to  the  pre¬ 
dictions  of  the  five  different  shell  theories  con¬ 
sidered.  It  can  be  seen  that  there  is  reasonably 
good  agreement  among  all  of  the  theories  except 


that  at  higher  hjR  and  IJR.  the  Donnell  theor> 
predicts  somewhat  higher  lowest  natural  fre¬ 
quencies  than  the  other  four  theories. 

The  next  case  considered  is  an  unreinforced 
composite-material  shell  made  of  hoop-wound, 
high-strength  graphite-epoxy.  The  material  pro¬ 
perties  are  listed  in  the  third  column  of  Table  2. 
Th*”  frequpn<'y  curve';  are  shown  in  Fig.  1 . 

The  next  three  figures  (Figs  2-4)  are  for  the 
cases  of  10  ring  stiffeners  only.  15  stringers  only, 
and  the  combination  of  1 0  rings  and  1 5  stringers. 
The  shell  geometry  in  all  three  figures  is  thin  {It/ 
R  =  002}  with  a  moderate  length  {L/R-4j.  The 
stiffeners  are  assumed  to  be  unidirectional  gra¬ 
phite-epoxy  with  the  same  properties  as  listed  for 
the  shell.  The  stiffeners  arc  considered  to  be 
smeared  and  stiffener  parameter  are  z^^/h  =  3  and 
/,^//l^/?' =  4-43  X  10  '.  where  q  denotes  rings  'r/ 
or  stringers  (s). 

The  results  of  parametric  studies  for  the  base¬ 
line  case  of  graphite-epoxy  shells  with  10  rings 
and  15  stringers  are  presented.  In  Table  4  is  a 
study  of  the  effect  of  omitting  various  in-surface 
inertias.  In  Fig.  5.  all  of  the  parameters  mentioned 
in  the  preceding  paragraph  arc  held  constant, 
except  that  the  composite  is  assumed  to  be  a 
many-layer  regular  angle-ply  layup  ( ±  0  i.  In  Fig. 
6.  all  of  the  parameters  are  constant  as  before, 
except  that  the  L/R  ratio  is  varied. 


1  able  2.  Material  properties  used 


Property 

Material 

Steel  High-strength 

graphite -epoxy 

Major  clastic  nioiiulus.  (  iPa: 

I.Sl-0 

Minor  elastic  modulus.  //,  (iPa 

20,v-4  HISS 

Major  Riisson  ratio,  i’, , 

()-2U  O-Sl 

Shear  modulus,  fV, ,  (iPa 

7,S'84  (rfi2 

Specific  gravity 

7-80  i-s: 

't  able  (  onipariMin  of  the  lowest  natural  frequencies  (kHz)  predicted  by  five  different  thin  shell  theories  for  various  H  R  and 

UR  values.  I  nreinforced  steel  shell;  R~  1-27  cm;  m  =  I 


I  heorv 

h  K 

O-O.SO 

0-010 

UK 

1 

4 

10 

1 

4 

10 

n 

4 

V 

~r 

/ 

4 

Sanders 

41 -.47 

KM. 4 

4-7 1  4 

4-8 1 2 

0-02.S  1 

0-4007 

1  ove 

41  SI 

1017 

4  7.40 

4-810 

0-020 1 

0  4071 

Poo 

4 1  7d 

104,S 

4- 1  74 

4-841 

0-0440 

0  4740 

Murky 

421)0 

10. 40 

4- 1  0 1 

4-8.4S 

0-0440 

0-474') 

Donnell 

42'20 

10  02 

4-714 

,4-851 

0-0044 

0-4848 
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1  3  S  7  9  11 

CIRCUMFERENTIAL  WAVE  NOji 


Fig.  1.  The  first  five  natural  frequencies  versus  circum¬ 
ferential  wave  no,  for  an  unreinforced  shell  constructed  of 
circumferentially  oriented,  unidirectional  gr?  phite-epoxy 
(the  axial  mode  numbers  are  1  for  the  bottom  curve,  2  for  the 
next  one,  elc.U/i//?  =  0-02.  /.//?  =  4,  /?=  1-27  cm). 


1  3  5  7  9  11 

C3RCUMFERENTIAL  WAVE  NO..  □ 


Fig.  3.  The  first  five  natural  frequencies  versus  circum¬ 
ferential  wave  no.  for  the  same  shell  shown  in  Fig.  1 .  but  with 
the  addition  of  1  ^  ring  stiffeners. 


CIRCUMFERENTtAL  WAVE  NO.,  D 


ORaiMFEREimAL  WAVE  NO.,  n 


Fig.  2.  The  first  five  natural  frequencies  versus  circum-  Fig.  4.  The  first  five  natural  frequencies  versus  circum¬ 
ferential  wave  no.  for  the  same  shell  shown  in  Fig.  1 ,  but  with  Icrential  wave  no.  for  the  same  shell  shown  in  Fig  1 ,  hut  w ith 

the  addition  of  1(1  ring  stiffeners.  iThc  axial  mtKie  numbers  the  addition  of  1(1  rings  anil  I  .s  ring  stiffeners, 

range  from  !  to  ,s.  starting  with  the  bottom  at  the  left  side  of 
the  figure.! 


Table  4.  Comparison  of  the  lowest  natural  frequencies  (kFl/)  predicted  by  five  different  shell  theories  and  inclusion  or  omission 
of  various  in-surface  inertias  (/i/R  =  002,  /,//{  =  4,  R-  1-27  cm).  All  occur  at  m  =  I.  n  =  2 


Theory 

Including  all 
translational 
inertias 

Omitting  axial 
inertia  only 

Omitting 
circumferentitil 
inertia  only 

Omitting  both  axial 
and  circumferential 
inertias 

Sanders 

0-2969 

0-2994 

0-34t)8 

0-.3445 

Fovc 

0-2970 

0  2995 

0-3410 

0  3446 

1.00 

0-26 10 

0-26.3,3 

0-3013 

0-3047 

Moricy 

0-26 1  1 

0-2634 

0.3015 

0-3049 

Donnell 

0-.3214 

03244 

0-3724 

0-3769 
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LAYUP  ANGLE  (  DEGREES  ) 


Fig.  5.  The  effect  of  layup  angle  on  the  natural  frequencies 
of  certain  nurdes  of  an  angle-ply  composite-material  shell; 
otherwise,  the  same  as  the  one  considered  in  Fig.  4. 


L/R 


n  =  10 
n-9 
aw8 
n-7 
n  —  6 

n  •«  5 

0—4 

0—3 


Fig.  6.  The  effect  of  cylinder  aspect  ratio,  l./R.  on  the  first 
nine  natural  frequencies  corresponding  to  an  axial  mode 
number  of  unity.  I'he  shell  is  otherwise  the  same  as  the  one 
considered  in  Fig.  4. 


CONCLUSION 

rhe  analysis  presented  includes  five  different  thin 
shell  theories.  For  a  reasonably  wide  range  of 


geometric  parameters,  all  five  theories  are  in 
rea.sonably  close  agreement.  The  analysis  pre¬ 
sented  may  be  used  to  determine  the  lower  natu¬ 
ral  frequencies  of  thin  composite-material  shells 
with  ring  and/or  stringer  stiffeners.  As  such,  it 
may  be  useful  for  the  preliminary  design  of 
dynamically  loaded,  stiffened,  composite-material 
shells. 
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APPENDIX  1:  LISTING  OF  LINEAR  DIFFERENTIAL  OPERATORS 

The  linear  differential  operators.  appearing  in  eqn  ( 1 2)  arc  as  follows; 

/I,,  A(y -yJLA  +  2C\{B,JR)  +  (i{l),JR-)\d:  -  Pd] 

V 
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+  +  C\iBjR)+iCs  -  Q)(BJR}  -  C\C,{DjR-^}\  cl  A 

^  .2  +  ^66  +  C,(B.JR )  +{C,  -  C.mjfi)  -  <^'3C4(  d.d, 

+2CMR)  +  CmjR-)]cf;+jA:2  +(C,  +  (\)(B::/R)  +  (]  CJ d<x-x,^ 


[E,A,[\  +(C,  +  C2){zJR)\+{E,ijr-)  <:’,(::!j  ci:-Pd~ 
j\,  S  -  (/?,,  +  2/?,,  +  C\[DJR)  +  2C\U\JR)]  d\d, 

-  +CfD22jR)  +  y.  d(x-x,)[E,A,z,  +  C\{E,f„IR)\^  d, 

+  A22+Ci{B2z/R)-^'L  dix-x,)E,A,{i  +  C\Z,R  ')  R  'd, 

r 

-  j/?,:;  +  CziOzz/R)  +X  d{x  -xMl--,A,Z,  +C:{E,l„JR)^  d' 

1 

+  A:2  +  C':[B2:/R)+yd{x-xdE,A,{l-^C:ZrR  ')  R  ' d, 


J\y  = 


dt  +  2{Dr.  +  2[Ud:d:+  + 1  d(.v-.v, )£,/.„  f/" 

L  '  j 


-  2( «,:/«)  </■  -2  +I  "-t,)  E,A,{^,lf<)  d'  +(yA :;//?')  + 1  (3(.v  -aV<  £r/A,  /«- 1  +  ft/: 


If  all  reinforcements  are  disregarded,  the  operators  reduce  to  those  given  for  an  unstiffened  shell  by 
Bert  and  Kumar.' ’  The  operators  are  symmetric  for  the  Sanders,  Love,  and  Donnell  theories,  but  not  the 
Loo  and  Morley  theories. 


APPENDIX  2:  LISTING  OF  COEFFICIENTS  OF  THE  FREQUENCY  DETERMINANT 

For  a  circular  cylindrical  shell  having  clo.sely  spaced  rings  and/or  stringers  (spacings  f  and  /J.  the  coeffi¬ 
cients  of  the  3  X  3  frequency  determinant  are; 

r,,  =  -if  4 ..  +iEA  II)]  n^  +  \AM-2C\{BjR)  +  Cl(DjR')]  -  Fw') 

C,  J  =  ~  [  4 , 2  +  /1 66  Q(  F  u/  ^ ^  3 "  ^  4)  ( ^66  /F )  -  c  3  L  4(  Dftf,  /F  ‘)1  afi 
Cj3=  -  =  {B  ^^  +  (E^A  ^zj  IJ\  +  [Ba  +  2Bfyf,~2C  i(Df,(JR)\  a^-  +  (/f  ,,/F)  a 

Q,  =  -M, 2  +  ^66  +  Q(Fi2/F)  +{C,-C,){BJR)  -  C,Cf{DjR^)] 


484 


f .  W.  Bert,  C .-I).  Kim,  K  Birman 


Q:=  +2C^{Bf,,JR)  +  CI(D^JR~)]  a’  +  M^.  +fC,  +  C,) («;,//<)  + C, (%(/>,;/«-) 

+  £-^  J I  +  ( C,  +  C)  (2,//? )]  +  C, C\(E,IJR-)\  (/J-7/,)  -  Pw-’f 

=  +  2Z?„^  +  r|(Z)|7P)  +2C\{D,JR)\  a-jS  +[P„  +  C\iIh.lR)+{  III,}  iE,A,z,  +  C,  /•:,/, ,,7? ' '  i| 

+  [/I +  C,  ( Z?,7P )  +  ( E,A  Jl,)  {l  +  C^ZrR'')\(P  /R ) 

^3;  =  -  [^^12  +  +  Q(/:),,/P)  +  2r,(DftJP)|  a-^  -[P,,  +  C,(777P  I  +( 1  ///)  (£>7-^  +  C\EJ„R  -  '  'i  /r 

-M::+C\(S,,/P)+(£^yl74)(l+Oj,P^‘)](y3/P) 

C';, ,  =  [/-),,+(  EJJl^ )\a^  +  2{D,,  +  2DJa  -/?-  +  [ /),,  +( p;/,.,//,  i]  /?^  +  2(  P,  ./P )  a  - 
+  2[(  B:: /R  )+{E,A  ,zJI,R )]  /?-  +  [A  .JR-)+i E,A  Jl,RA  -  Poj- 
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The  buckling  of  composite  stiffened  plates  with 
some  emphasis  on  the  effects  of  fibre  orientation 
and  on  loading  configuration 

J.  Loughlan  &  J.-M.  Delaunoy 

Department  of  Aerospace  Technoloi(y,  College  of  Aeronautics.  Cranfteld  Institute  of  lechnology.  I  ranfieltl,  liedfordshire,  UK. 

MKddOAL 


The  bucking  characteristics  of  some  composite  stiffened  plates  are  determined 
in  this  paper  using  a  finite  strip  approach.  The  finite  strip  formulation  is  able  to 
predict  the  comple.x  buckling  modes  associated  with  in-plane  shear  loading  and 
the  method  of  approach  can  allow  for  other  loading  configurations  whose  asso¬ 
ciated  pre-buckiing  stresses  are  not  so  obviously  realised. 

Two  loading  conditions  have  essentially  been  considered  in  the  paper,  that  of 
in-plane  shear  and  that  of  partial  edge  loads  being  reacted  by  shear.  The  strip 
displacement  fields  before  and  after  buckling  arc  represented  by  algebraic 
polynomials  across  the  strip  and  trigonometric  functions  along  the  strip  length. 
The  inclusion  of  sufficient  harmonics  in  the  appropriate  displacement  repre¬ 
sentations  thus  allows  the  distorted  nodal  lines  of  the  shear  buckling  mode  and 
the  complex  pre-buckled  stresses  as.sociated  with  partial  edge  loads  to  be  deter¬ 
mined  with  relative  ease. 


INTRODUCTION 

Many  different  analytical  and  solution  procedures 
have  been  employed  to  determine  the  buckling 
behaviour  of  thin-walled  metal  and  composite 
con.structions  and  these  include  Finite  Difference, 
Rayleigh-Ritz,  Galerkin,  Finite  Element  and 
Closed  Form  approaches  to  mention  some.  A 
method  of  analysis  which  has  gained  popularity 
over  the  years  and  is  now  being  used  quite  exten¬ 
sively  by  many  researchers,  particularly  for  the 
buckling  and  vibration  studies  of  prismatic  flat 
plate  structures,  is  that  of  the  Finite  Strip  method. 
Although  numerous  investigations  using  the  finite 
strip  approach  have  been  carried  out  during  the 
past  20  years,  mention  is  made  here  of  only  some, 
considered  by  the  authors  to  be  a  representative 
sample  of  the  type  of  research  covered  during  this 
period. 

The  finite  strip  method  has  been  used  in  the 
works  of  Plank  and  Wittrick'  and  Plank  and 
Williams^  on  the  buckling  of  longitudinally  stif¬ 
fened  panels  subjected  to  combined  in-plane 
loading.  The  strip  formulation  employed  can  deal 
with  isotropic  or  anisotropic  materials  but  is 
based  on  an  assumption  with  regard  to  the  com¬ 
monality  of  the  buckle  half-wavelength  A  to  all 


strip  longitudinal  lines  which  severely  restricts  the 
attainment  of  useful  .solutions  in  the  presence  of 
shear  loading.  The  results  presented  in  Refs  1  and 
2  associated  with  in-plane  shear  loading  are  thus 
for  infinitely  long  panels  restricted  to  the  local 
buckling  mode  only. 

The  vibrational  characteristics  of  flat  and  single 
curved  thin  isotropic  skin-stringer  structures  were 
determined  by  Petyt^  and  Pfetyt  and  Fleischer* 
using  the  finite  strip  method.  The  conventional 
simply  supported  rectangular  flat  strip  was 
employed  to  model  the  flat  skin  structures 
whereas  a  rectangular  planform  singly  curved 
finite  shell  strip  was  used  to  model  the  curved 
panel  structures.  Since  the  structures  were  not 
subjected  to  membrane  force  actions  then  coup¬ 
ling  is  eliminated  between  the  different  harmonics 
of  the  free  vibration  analysis  and  thus  solutions 
could  be  determined  corresponding  to  any  speci¬ 
fied  individual  harmonic. 

To  the  author’s  knowledge  the  finite  strip  for¬ 
mulation  developed  by  Graves  Smith  and  Srid- 
haran,'  some  14  years  ago,  was  the  first  of  its  kind 
to  be  able  to  examine  the  buckling  behaviour  of 
plate  structures  whose  pre-buckling  stress  state 
could  not  be  determined  by  simple  deduction. 
The  multi-term  formulation  developed  was 


485 

Composite  Structures  0263-822.3/93/$06.(K)  O  1 99.3  Elsevier  Science  Publishers  1  .td,  England.  Printed  in  Great  Britain 


J 


486 


J.  Loughlan  &  J.-M.  Delaunay 


applied  to  the  problem  of  in-plane  partial  edge 
loading  being  reacted  by  shear  in  thin  isotropic 
web  plates.  Using  this  formulation  Graves  Smith 
and  Gierlinski'’  examined  the  behaviour  of  longi¬ 
tudinally  stiffened  isotropic  web  plates  subjected 
to  in-plane  localised  edge  loads.  Twelve  signifi¬ 
cant  harmonics  were  used  in  this  work  for  the 
linear  analysis  to  determine  the  pre-buckling 
stress  variations  and  four  harmonics  were  utili.sed 
to  evaluate  the  buckling  mode. 

Several  multi-term  harmonic  composite  strip 
formulations  have  been  developed  by  Dawe  and 
Peshkam^  who  examined  the  effects  of  .shear 
deformation  and  considered  also  the  classical  thin 
plate  theory  approach.  The  features  of  sub-struc¬ 
turing  are  outlined  both  at  the  local  component 
flat  level  and  at  the  structural  assembly  level.  It  is 
shown  in  Ref.  8  that  highly  accurate  results  can  be 
determined  by  modelling  each  component  flat  of  a 
structure  by  a  single  strip  based  on  sub-structur¬ 
ing. 

The  compressive  behaviour  of  singly  curved 
composite  stiffened  panels  has  been  studied  by 
Snell  and  Greaves''  through  the  use  of  finite  strips 
with  regard  to  buckling  and  experimentally  with 
regard  to  strength.  It  is  shown  in  this  work  that 
despite  the  presence  of  impact  damage  in  some 
cases,  the  difference  in  test  failure  loads  between 
otherwise  identical  panels  was  small. 

The  shear  buckling  behaviour  of  finite  length 
stiffened  panels  has  been  examined  by  Lough¬ 
lan'*'  ' '  using  a  multi-term  finite  strip  with  the  same 
perturbation  displacement  fields  as  those  used  by 
Graves  Smith  ef  alr^'  for  the  edge  loading  prob¬ 
lem.  The  panels  studied  were  comprised  of  plain 
flat  outstands  and  consideration  was  given  to 
isotropic'"  and  composite' '  material  construction. 

In  this  paper  the  approach  detailed  in  Refs  1 0 
and  1 1 .  pertaining  essentially  to  the  simplified 
loading  case  of  in-plane  shear,  is  extended  to 
allow  for  the  effects  of  partial  edge  loading  on  thin 
composite  stiffened  plate  structures.  The  pre¬ 
buckling  stresses  associated  with  partial  edge 
loading  are  determined  in  the  paper  using  a  linear 
finite  strip  analysis  and  any  number  of  significant 
harmonics  can  be  utilised  to  represent  the  pre¬ 
buckling  displacement  field. 


THEORETICAL  DETAILS 

The  results  given  in  this  paper  are  those  for  thin 
laminated  plates  determined  through  the  use  of 
classical  laminated  plate  theory  and  thus  the  effect 


of  shear  deformation  through  the  thickness  of  the 
laminate  are  neglected.  To  determine  the  buckling 
behaviour  of  thin  stiffened  plates  manufactured 
from  layered  composite  material  the  specialised 
technique  known  as  the  finite  strip  method  is  used 
in  this  paper.  The  finite  strip  approach  has  been 
shown-  to  yield  considerable  computing  economy 
when  compared  with  finite  element  methods. 

The  approach  is  considered  favourable  when 
dealing  with  the  initial  buckling  or  natural  fre¬ 
quency  characteristics  of  thin-walled  prismatic 
structures.  It  assumes  that  the  prismatic  structure 
can  be  discretised  into  a  number  of  longitudinal 
.strips  and  that  the  displacement  fields  associated 
with  each  strip  vary  sinusoidally  along  the  strip 
length  and  algebraically  across  the  strip  width. 
The  geometry  of  a  typical  finite  strip  of  layered 
composite  material  is  shown  in  Fig.  1  indicating 
the  coordinate  axes  system  pertaining  to  the  strip 
displacements  u.  v  and  if. 

The  strain  energy  U  of  a  layered  composite 
strip  which  has  experienced  a  generalised  interac¬ 
tive  displacement  held  is  given  as  follows; 

-H  21  f ' I  /I  )i  1  -I-  2[  f  ;;i  [' !  ][  v  i + 1  f  i;,  1 ']  ^  1!  f  '’i  1 

d.irdy  (li 

In  this  expression  (fj'j  and  jf'n,)  are  the  linear  and 
nonlinear  components  respectively  of  the  middle 
surface  strains  [f'’]  of  the  laminate  and  [  v^'j  deter¬ 
mines  the  middle  surface  bending  and  twisting 
curvatures.  Tht  j/l  j,  [B]  and  [/)J  matrices  are  the 
usual  in-plane,  coupling  and  flexural  stiffnesses  of 
the  composite  material. 


bs 


composite 
,  finite  strip 


edge  1, 


..edge : 


y.v 


Fir,  1 ,  Strip  geometry  and  coordinate  axes  system. 
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For  a  laminate  with  a  symmetric  layup  configu¬ 
ration  the  [B]  matrix  is  identically  zero  and  since 
we  are  concerned  only  with  the  linearised  eigen¬ 
value  problem,  the  post-buckling  contribution  to 
the  strain  energy  is  thus  dispensed  with  at  this 
stage  to  give: 


d.vd>' 

(2) 


+ 


![f;’]''['4][f;;i]ldxdy 


The  strain  energy  component  which  accounts  for 
the  effect  on  strip  stiffness  of  initial  stresses  can  be 
written  in  terms  of  these  stresses  if  these  are 
known  a  priori.  This  is  indeed  the  case  for  the 
more  simplified  loading  cases  such  as  pure  com¬ 
pression  or  pure  shear  or  combinations  of  com¬ 
pression  and  shear  and  thus  for  such  cases  we  may 
write; 


i 


i)lft’!  +  !  dx  dy 


(3) 


d.rdy 


The  stress  matrix  [o]  thus  describes  the  nature  of 
the  stresses  acting  on  the  strip  prior  to  buckling 
and  these  can  be  considered  as  any  combination 
of  linearly  varying  a,  and  a,  stresses  coupled  with 
a  constant  shear  stress  r,,  as  detailed  in  Fig.  2. 

If  the  loading  is  of  a  more  complex  configura¬ 
tion  then  the  pre-buckling  stresses  are.  of  course, 
unable  to  be  deduced  by  simple  inspection  and 
thus  an  appropriate  analysis  procedure  is  required 
for  their  determination.  In  this  paper  the  pre¬ 
buckling  stresses  pertaining  to  partial  edge  load¬ 
ing  are  determined  by  means  of  linear  finite  strip 
analysis  in  which  the  membrane  displacements  of 
the  strips  are  considered  to  be  of  the  form; 


Fig.  2.  Possible  destabilising  stress  system  acting  on  strip. 


harmonic  of  the  membrane  displacement  series 
in  the  pre-buckling  analy.sis.  M  is  the  number  of 
harmonics  necessary  to  model  the  applied  loading 
and  to  determine  the  corresponding  internal 
membrane  stress  state  with  sufficient  accuracy. 
The  choice  of  displacements  described  by  eqns 
(4)  impo.ses  some  obvious  restrictions  on  the 
application  of  such  a  strip  formulation  for  linear 
membrane  analysis.  It  has  been  found  however 
that  these  displacements  are  particularly  suitable 
for  the  partial  edge  loading  problem. 

Linear  analysis  solves  for  the  nodal  line  dis¬ 
placements  of  the  assembled  structure  in  the  usual 
manner  associated  with  matrix  displacement 
methods  and  thus  the  strains  and  stresses  corre¬ 
sponding  to  these  displacements  are  readily  deter¬ 
mined.  The  stress  matrix  ia]  associated  with 
partial  edge  loading  is  thus  available  for  use  in  the 
energy  expression  of  eqns  (3)  and  the  subsequent 
buckling  analysis. 

The  middle  surface  strains  e"  are  described  in 
terms  of  the  strip  displacements  »,  r  and  w  by  the 
expressions 
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where  t)~ yl^-.  ^nd  the  v,,„.  are  the 

nodal  line  connection  quantities  along  the  edges  1 
and  2  of  the  strips  and  corresponding  to  the  mth 
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The  linear  bending  and  twisting  curvatures  of  the 
middle  surface  of  the  strip  which  cause  additional 
linear  strains  at  positions  away  from  the  middle 
surface  through  the  strip  thickness  are  given  in 
terms  of  w  as  follows; 


d~w  d^w  d'w 

oj:  oy  djrdy 


(6) 


The  displacements  of  the  strip,  over  and  above 
those  associated  with  any  pre-stress,  i.e.  the  per¬ 
turbation  or  buckling  displacements,  are 
described  by  the  following  functions; 


it=  ^[(1  -??)Hi„-t-??n:,Jcos 
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where  rj  =  y/b,  and  n,„.  w,,,.  u,„, 

are  the  perturbation  displacement  connection 
quantities  along  the  edges  1  and  2  of  the  strip  and 
corresponding  to  the  nth  harmonic  of  the  buck¬ 
ling  displacement  series  along  the  strip  length. 

Substituting  for  the  appropriate  derivatives  of 
the  displacements  of  eqns  (  7)  into  eqns  (5)  and  (6) 
and  then  subsituting  ihe  resultant  linear  and  non¬ 
linear  components  fj’  and  f”,  respectively  of  the 
middle  surface  strains  along  with  the  resultant 
curvatures  y,’  into  eqns  (3)  and  carrying  out  the 
integrations  then  gives  the  strain  energy  in  terms 
of  the  displacement  connection  quantities  or  edge 
degrees  of  freedom  of  the  strip.  The  strain  energy 
for  the  strip  is  thus  written; 

L^d)^  UJd)+  U„{d}  (8) 

where  the  first  strain  energy  component  is,  of 
course,  that  which  is  associated  with  the  conven¬ 
tional  stiffness  matrix  of  the  strip  and  the  second 
component  is  that  which  allows  for  the  effect  on 
stiffness  of  pre-stress.  The  displacement  connec¬ 
tion  quanities  at  the  strip  edges  and  their  asso¬ 
ciated  force  amplitudes  corresponding  to  the  nth 
harmonic  of  the  postulated  deflection  series  are 
shown  in  Fig.  3.  The  force  and  displacement 
amplitudes  at  the  strip  edges  arc  thus  described  by 


cotnposi  te 
finite  strip 


FiR.  3.  Edge  force  and  displacement  amplitudes  relating  to 
Mh  harmonic  of  perturbation  deflection  series. 


the  vectors  [T]  and  [<5  ]  as  follows; 

[  f  )T  =  f  T3:, , .  A', , .  ft , , .  /V/y  I , .  Px: , .  Py, , .  Pc, , . 

My.  I . . .  P-V I  V.  Py  I  ^ .  Pz ,  ,s>  My,  ^ .  Px. , .  Py- , . 
Pr,v.My:.v] 

! d] '  =  [tt|| .f  II ,  H') 0ii , it:i .r’2i, 

f  I  V'  \>  ^I  V'  V'  ^:,\  ]  '  1  ■ 

where  /V  is  the  number  of  harmonics  considered 
in  the  deflection  series  to  be  capable  of  the  solu¬ 
tion  of  the  given  problem.  These  force  and  dis¬ 
placement  vectors  are,  of  course,  related  through 
the  stiffness  of  the  strip  and  this  is  determined  by 
invoking  the  Principle  of  Virtual  Displacements  in 
the  form  Fr-{dil{ d  )  'ddr)  to  give 

[Pj  =  [^+ A-crKd]  tilt 

The  matrix  j  /cj  is  the  conventional  elastic  stiffness 
of  the  strip  pertaining  to  its  in-plane  and  out-of¬ 
plane  properties  while  the  matrix  jAa)  is  the  initial 
stress  stiffness  matrix,  or  as  it  is  often  referred  to, 
the  geometric  stiffness  matrix  of  the  strip. 

So  far  we  have  determined  the  local  stiffnesses 
[/c|  and  \ko\  for  an  individual  finite  strip.  The  size 
of  these  local  matrices  is  8  .V  x  8  ,V  and  it  has  been 
found  that  l^)r  shear  or  partial  edge  loading  prob¬ 
lems  three  longitudinal  harmonics  are  sufficiently 
adequate  to  provide  good  accuracy. 

It  remains  now  to  assemble  or  add  together  the 
stiffnesses  of  all  strips  that  model  the  given  struc¬ 
ture  in  order  to  form  the  global  clastic  and  geo- 
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metric  stiftnesses  [X|  anti  [K„]  for  the  structure. 
This  is  undertaken  in  the  usual  manner  associated 
with  stiffness  methods  of  analysis  and  after  con¬ 
sideration  of  the  constraint  boundary  conditions 
of  the  structure  the  final  equations  which  relate  to 
the  active  degrees  of  freedom  of  the  structure  are 
written; 

[^][A]  =  {[K]  +  A[/CJ)[A]  =  [F]  (12) 

The  size  of  the  structural  matrices  [Af]  and  [A',,]  in 
this  system  of  equations  depends,  of  course,  on 
the  number  of  strips  engaged  to  model  the  given 
structure  and  on  the  number  of  longitudinal  har¬ 
monics  chosen  to  represent  the  displacement  field 
of  the  strips  as  well  as  on  the  displacement  con¬ 
straints  imposed. 

The  parameter  A  in  eqns  (12)  is  an  arbitrary 
scaler  multiplier  which  describes  the  intensity  of 
the  existing  membrane  stresses  acting  on  the 
structure.  The  geometric  matrix  [  A'„|  takes  the  sign 
of  these  stresses  and  if  they  are  of  a  destablising 
nature  then  an  increase  in  A  would  result  in  a 
reduction  of  the  total  stiffness  [A'j  of  the  structure. 
The  vector  [P]  is  the  global  applied  nodal  line 
perturbation  force  amplitude  and  the  [A]  vector  is 
the  corresponding  global  di.:placement  amplitude. 
It  is  possible  to  increase  A  to  such  an  extent  that 
the  total  structural  stiffness  [A]  reduces  to  zero. 
This  value  of  A  is  that  which  describes  the  critical 
intensity  of  the  membrane  stresses  required  to 
cause  buckling  of  the  structure  and  if  A  corre¬ 
sponds  to  this  critical  buckling  value  then  it  is 
possible  to  let  the  structure  acquire  the  displace¬ 
ments  I  A]  without  application  of  the  perturbation 
forces  and  eqns  (12)  thus  become; 

!!Al  +  A,.«iA„])lA]-()  (13) 

Although,  in  general,  there  is  more  than  one  value 
of  Aj  K  which  satisfies  eqns  ( 1 3 )  and  each  has  asso¬ 
ciated  with  it  values  of  |A|  defining  the  corre¬ 
sponding  critical  mode  shape,  the  intensity  of  the 
membrane  stress  state  to  cause  buckling  is  that 
which  corresponds  to  the  smallest  value  of  A,  ,< 
which  satisfies  these  equations. 

■SOME  ILLUSTRATIVE  RESULTS 

Results  are  given  in  the  paper  for  both  isotropic 
and  composite  material  construction.  The  compo¬ 
site  stiffened  plates  con.sidercd  are  a.s,sumed  to  be 
manufactured  from  high  strength  carbon-epoxy 
pre-impregnated  ply  sheets  with  a  ply  thickness  of 


Fig.  4.  Typical  structural  models  used  for  solutions,  a 
single  transverse  stiffener;  i  b  ‘  single  longitudinal  stiffener. 


()-125  mm  and  with  the  following  ply  material 
properties; 

E,  =  140  kN/mm-.  E,  =  10  kN/mm- 

G|2  =  5  kN/mm-.  v,,  =  0'3 

The  finite  strip  models  used  to  obtain  the  compo¬ 
site  stiffened  plate  buckling  solutions  given  in  the 
paper  arc  shown  in  Fig.  4.  The  two  cases  consi¬ 
dered  are.  Fig.  4ia).  a  single  centrally  located 
transverse  stiffener  for  the  case  of  shear  loading 
and  Fig.  4(b)  a  single  longitudinal  stiffener  located 
at )  the  depth  of  the  plate  from  the  loaded  edge  for 
the  case  of  partial  edge  loading  as  indicated,  ()bvi- 
ously  a  meaningful  solution  will  depend  to  a  large 
extent  on  the  structural  model  utilised.  It  will 
depend  on  both  the  number  of  strips  employed 
and  on  the  number  of  longitudinal  harmonics 
chosen  to  represent  the  perturbation  i>r  buckling 
displacements  of  the  strip  and  for  the  case  of 
partial  edge  loading,  on  the  number  of  harmonics 
chosen  to  model  the  pre-bucklina  displacement 
field. 

F'igures  5  and  6  show  the  contour  plots  of  the 
general  and  local  shear  buckling  modes  respect¬ 
ively  of  a  thin  plate  skin  reinforced  by  a  centrally 
located  transverse  plain  flat  outstand.  Fhe  aspect 
ratio  of  the  plate  is  (ijh=2  and  thus  the  centrally 
located  stiffener  divides  the  skin  into  two  square 
plate  regions  as  indicated.  The  buckling  modes 
shown  have  been  determined  for  isotropic  con¬ 
struction  and  on  the  basis  of  using  a  finite  strip 
model  with  fourteen  strips  representing  the  skin 
and  two  strips  modelling  the  stiffener. 

In  Fig.  .3  it  is  clearly  indicated  that  the  stiffener 
is  substantially  involved  in  the  general  shear 
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huckimu  hkhIc.  i  Ik'  plo!  shown  ts  im  a  stilloiicr  lo 
plate  lieptli  lalio  d  anil  lor  a  siil'lenei  to 

skill  tiiickncss  ratio  /  I  D.  Such  a  sliltciici  is 
particularly  weak  vstth  rcuanl  to  its  m-planc  lic:nl 
mu  stillness  aiul  the  plate  ts  ihtis  iioleil  lo  hiiekie 
m  a  ueneral  lashion  across  the  stiUcner  line.  I  he 
(hstorletl  nodal  lines  of  the  hiieklinu  iruule 
niarkedi  OD  ate  eleaiK  esulent.  A  close  e\;imina- 
tioii  III  the  mode  sh<i[re  indicates  substanli.il  in- 
[dalle  benditiu  ol  the  siitlcnei  associated  with  a 
Mtiule  hall  ssase  alonu  Us  lenuth  arul  also  ihe  pre- 
si'iu  e  ol  I  rails’.,  ersi'  I'l  iulinp  and  twistiiii’  ol  the 
stillenet  asso(,'iaterl  .sut)  |\i,o  hall  wases  alonu  its 
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In  1  ly.  It  IS  clear  that  the  sttHener  is  ot  such 
proportions  as  oi  hi'ld  its  attachment  point  to  the 
skin  as  a  nodal  line,  I  he  disioiteil  nodal  lines  ol 
the  IsuekliiiL  mode  are  .iNo  i  Icarb  eMik  ni  The 
plot  shown  IS  lor  the  e.ilue  o!  d  f'  0  ]  ^  and  loi 
the  ratio  ol  t  /  bit  1  lie  proportions  ol  the  stil- 
lenci  arc  seen  to  subdue  in  plane  bendmu  <4  the 
stillenei,  howevei  a  close  ex.imm.iiion  ol  the 
mode  sh;ipe  indicates  the  presence  of  iransscisc 
bciKlini!  and  twistmu  delormtitions  id  the  stiUcne? 
and  that  these  .ire  associated  with  two  hall  wases 
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predict  the  distoned  nodal  lines  of  these  modes 
using  the  finite  strip  method,  several  harmonics 
must  be  utilised  in  the  postulated  perturbation 
displacement  series.  Three  harmonies  were  found 
to  predict  the  modes  of  Figs  3  and  6  with  gtK>d 
accuracy. 

Figure  7  shows  the  partial  edge  loading  of  a 
square  plate  being  reaeted  externally  by  shear 
along  the  two  vertical  edges  of  the  plate.  The 
partial  edge  loading  is  centrally  located  along  the 
top  edge  of  the  plate  and  the  width  of  the  loading 
is  of  the  plate  depth.  All  edges  of  the  plate  are 
simply  supported.  The  intensity  of  the  applied 
loading  is  one  unit  as  shown  and  the  constant 
stress  contour  lines  indicated  are  those  which 
represent  the  internal  a,  pre-buckling  stress  pat¬ 
tern  corresponding  to  this  loading.  As  expected 
the  stress  pattern  is  noted  to  be  .symmetric  about 
the  plate  vertical  centreline  and  tn  have  a  high 
local  intensity  in  the  vicinity  of  the  applied  loading 
which  then  diminishes  fairly  rapidly  to  zero  at  the 
bottom  edge  of  the  plate.  The  stresses  shown  in 
Fig.  7  have  been  determined  by  utilising  eleven 
strips  to  model  the  plate  and  six  significant  har¬ 
monics  in  eqns  '’41  to  represent  the  pre-buckling 
displacement  field. 

The  general  buckling  mode  of  the  square  plate 
subjected  to  partial  edge  loading  is  shown  in  Fig. 
8.  This  has  been  determined  on  the  basis  of  the 
pre-buckling  stresses  illustrated  in  Fig.  7  and  by 
utilising  two  harmonics  in  the  perturbation  deflec¬ 
tion  series  of  eqns  7)  to  represent  the  buckling 
mode.  The  symmetry  of  the  mode  is  obvious  and 
it  is  also  clear  that  the  plate  is  more  heavily 
buckled  towards  the  loaded  edge.  The  maximum 


amplitude  of  the  buckle  is  seen  to  occur  at  about  '> 
the  depth  of  the  plate  from  the  loaded  edge, 

To  enhance  the  buckling  capability  ol  the  plate 
a  longitudinal  stiffener  is  normally  introduced  in 
the  region  of  high  stresses  and  the  optimum  posi¬ 
tion  of  such  a  stiffener  is  considered  to  be  at  about 
1  fvf  the  plate  depth  from  the  loaded  edge  as  indi¬ 
cated  in  Fig.  S. 

It  is  clear  that  stiffeners  in  this  location  would 
be  heavily  involved  in  the  buckling  mode  particu¬ 
larly  if  the  stiffener  depth  were  insufficient  to 
enforce  a  nodal  line.  The  deformed  state  of  the 
stiffener  in  the  buckling  mode  would  thus  be 
general  or  interactive  in  nature  and  the  presence 
of  both  local  and  overall  deflections  would  thus  be 
evident. 

Figure  9  shows  the  local  buckling  mode  for  the 
square  plate  subjected  to  partial  edge  loading.  The 
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plate  is  now  seen  to  buckle  into  two  separate 
regions  with  the  stiffener  line  being  held  as  a 
nodal  line.  This  mode  was  determined  by  utilising 
a  stiffener  in  the  form  of  a  plain  flat  outstand 
symmetrically  disposed  about  the  plate  mid¬ 
surface  and  with  a  stiffener  depth  to  skin  thickness 
ratio  of  cilf=  1 8  and  a  stiffener  to  skin  thickness 
ratio  of  t^/t=  2.  Two  additional  strips  were  used  in 
the  structural  model  to  represent  the  stiffener. 
This  stiffener  arrangement  is  just  sufficient  to  hold 
the  stiffener  line  as  a  nodal  line  and  thus  greater 
stiffener  depths  offer  virtually  no  improvement  in 
buckling  capacity.  A  close  examination  of  the 
buckling  mode,  taking  note  of  symmetry',  indicates 
that  the  local  deflections  of  the  stiffener  are  asso¬ 
ciated  with  a  single  half-wave  along  the  stiffener 
length.  The  results  discussed  in  Figs  7-9  have 
been  determined  for  ist)tropic  material  construc¬ 
tion. 

With  reference  to  composite  material  con¬ 
struction.  Fig.  10  shows  the  single  buckling  cap¬ 
ability  of  a  plate  stiffened  by  a  single  centrally 
located  transverse  stiffener.  The  skin  is  a  4.‘>° 
symmetric  angle-ply  configuration  with  16  plies 
and  the  fibre  orientation  in  the  stiffener  is  sym¬ 
metric  cross-ply  with  consideration  being  given  to 
8.  1 6  tmd  24  plies  in  the  stiffener  respectively.  The 
results  shown  in  Fig.  10  have  been  determined  on 


the  basis  of  the  structural  model  detailed  in  Fig. 
4(a)  and  through  the  use  of  three  harmonics  to 
represent  the  buckling  mode. 

For  the  plate  geometry  considered  the  centrally 
located  stiffener  divides  the  skin  into  two  square 
panel  regions.  For  comparative  purposes  the 
shear  buckling  capacity  of  a  simply  supported 
square  panel  is  indicated  in  Fig.  10  by  the  straight 
line  whose  value  of  =  1 3-57.  Also  for  compara¬ 
tive  purposes  the  straight  line  whose  value  of 
X,  =  1 4-86  indicates  the  shear  buckling  capacity 
of  a  square  panel  with  three  sides  simply  sup¬ 
ported  and  one  side  clamped.  These  two  levels 
arc.  of  course,  the  lower  and  upper  bound  limits 
to  the  shear  buckling  capacity  of  the  stiffened 
panel  when  the  mode  of  buckling  is  k)cal  in  nature 
and  thus  all  curves  are  seen  to  lie  between  these 
limits  at  the  higher  stiffener  depths. 

It  is  shown  in  Fig.  10.  as  expected,  that  increas¬ 
ing  the  number  of  plies  in  the  stiffener  steadily 
improves  the  shear  buckling  performance  of  the 
panel  at  all  stiffener  depths  and  at  the  higher  stif¬ 
fener  depths  the  curves  are  shown  to  move  gradu¬ 
ally  towards  the  upper  bound  As.',  value  of  14-86 
which,  of  course,  is  that  relating  to  the  case  of  a 
torsionally  rigid  connection  at  the  skin -stiffener 
interface.  It  is  of  note  that  the  levelling  out  of  the 
curves  is  fairly  well  defined  for  the  single  stiffener 
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configuration  and  thus  it  would  appear  from  Fig, 
10  that  it  would  be  pointless  to  increase  the  stif¬ 
fener  depth  above,  approximately,  the  value  of 
since,  clearly,  there  is  little  or  no  gain  to 
be  made  in  the  shear  buckling  resistance  of  the 
panel  in  doing  so. 

Figure  1 1  shows  the  buckling  capacity  of  a 
square  composite  plate  subjected  to  a  central 
point  load  on  its  upper  edge  which  is  reacted 
externally  by  shear  on  the  two  vertical  edges  as 
shown.  The  plate  is  stiffened  longitudinally  by  a 
plain  flat  outstand  attached  on  one  side  and  posi¬ 
tioned  at  ?  of  the  depth  of  the  plate  from  the 
loaded  edge  as  indicated.  The  results  shown  in 
Fig.  1  1  are  based  on  the  structural  model  of  Fig. 
4(b  )  and  on  the  use  of  six  significant  harmonics  for 
the  pre-buckling  stresses  and  two  harmonics  for 
the  buckling  mode.  The  skin  is  a  45°  symmetric 
angle-ply  configuration  with  four  plies  and  the 
stiffener  assumes  the  three  different  configura¬ 
tions  of  unidirectional,  symmetric  cross-ply  and 
45°  symmetric  angle-ply  respectively  such  that  the 
ratio  /,//=  TO  in  all  cases. 

For  a  given  structural  weight,  i.e.  any  given 
stiffener  depth,  it  is  clear  that  fibre  orientation  in 
the  stiffeners  can  have  a  significant  effect  on 
buckling  capacity.  ,4t  the  lower  stiffener  depths 
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the  buckling  mode  is  general  in  nature  and  thus 
the  stiffener  is  involved  interactively  with  overall 
in-plane  and  local  out-of-plane  bending,  this  being 
associated  with  a  single  half-wave  along  the  stiff¬ 
ener  length.  The  stiffener  lay-up  configuration 
which  provides  the  best  combination  of  in-plane 
flexural  stiffness  and  local  through  the  thickness 
longitudinal  and  transverse  bending  stiffenesses 
should  therefore  be  expected  to  provide  the  best 
response  to  buckling  at  the  lower  stiffener  depths. 
The  order  of  stiffener  preference  is  thus  show  n  in 
Fig.  1 1  to  be  unidirectional,  cross-ply  and  45" 
angle-ply  respectively.  This  order  of  preference  is 
seen  to  be  unchanged  at  the  higher  stiffener 
depths  where  the  mode  of  buckling  is  no  .\  local  in 
nature  and  the  local  deflections  of  the  stiffener  are 
again  associated  with  a  single  half-wave  along  the 
stiffener  length. 

CONCLLSION.S 

A  multi-term  finite  strip  approach  has  been  pre¬ 
sented  in  this  paper  which  is  able  to  predict  the 
complex  buckling  behaviour  of  stiffened  plate 
structures  manufactured  from  layered  composite 
material.  It  is  indeed  necessary  to  utilise  the  multi- 
term  approach  in  order  to  allow  for  the  distorted 
nodal  lines  of  the  shear  buckling  mode  and  to 
determine  the  complex  pre-buckled  stresses  asso¬ 
ciated  with  partial  edge  loads. 

The  results  given  in  the  paper  for  composite 
stiffened  plates  are  those  pertaining  to  the  phiin 
Hat  outstand  attached  to  one  side  of  the  thin  com- 
pK)site  skin.  Two  loading  ci>nditions  have  been 
considered  in  the  paper,  that  of  in-plane  shear  and 
that  of  partial  edge  loading.  For  both  loading  cases 
considered  it  is  showm  that  an  optimum  stiffener 
depth  is  realised  as  the  buckling  mode  changes 
from  being  general  to  local  in  nature  with  increas¬ 
ing  stiffener  depth.  Stiffener  depths  larger  than  the 
optimum  are  seen  to  provide  a  negligible  variation 
in  buckling  capacity  and  thus  such  stiffeners  serve 
only  to  increase  structural  weight  for  almost  no 
gain. 

It  is  shown  that  for  any  given  structural  weight 
the  buckling  performance  of  a  composite  stiffened 
plate  can  be  considerably  influenced  by  the  orien¬ 
tation  of  the  fibres  in  the  stiffener.  For  the  case  of 
partial  edge  loading  it  is  shown  that  the  unidirec¬ 
tional  stiffener  provides  the  best  respon.se  to 
buckling  over  the  complete  design  range  covering 
both  general  and  local  buckling  whereas  the  45° 
angle-ply  stiffener  performs  poorly.  It  is  consi- 
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dered  that  the  use  of  unidirectional  stiffeners 
would  be  impractical  however  since  these  would 
have  the  tendency  to  be  associated  with  fibre 
splitting  under  the  load  and  indeed  from  the 
results  determined  in  the  paper  it  is  suggested  that 
the  symmetric  cross-ply  stiffener  would  be  both 
efficient  and  practical  over  the  complete  design 
range  for  the  partial  edge  loading  case. 
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An  analytical  study  was  conducted  to  determine  the  edge  effects  upon  a  higher- 
order  laminated  plate  theory  due  to  Touratier  {Int.  J.  Engng  Sci..  29  ( 1991  i 
911-16).  The  problem  considered  is  a  sandwich  plate  simply  supported  along 
two  opposite  edges  and  clamped  along  its  two  others.  The  plate  is  loaded  in 
statics  by  a  pressure  upon  its  top  surface  and  the  load  is  ‘sinusoidal-uniform’. 

Results  are  presented  for  the  transverse  displacement  and  the  stresses,  using 
the  theories  of  Kirchhoff-Love,  Touratier  and  three-dimensional  finite  element 
computations  The  results  indicate  clearly  the  importance  of  including 
transverse  shear  effects.  Analytical  calculations  from  the  higher-order  plate 
theory  are  in  gotxl  agreement  with  three-dimensional  finite  element  computa¬ 
tions.  Near  to  the  clamped  edges  of  the  sandwich  plate,  a  particular  effect  is 
shown  upon  the  in-plane  stresses,  i.e.  the  Kirehhoff-Love  theory. 


INTRODUCTION 

One  of  the  major  challenges  in  computational 
structural  mechanics  is  the  development  of  ad¬ 
vanced  models  and  numerical  techniques  in  order 
to  provide  efficient  tools  exhibiting  good  interior 
and  eoge  .solutions,  notably  for  composite  plates. 
Then,  the.se  models  may  be  used  f-'r  the  analysis 
and  the  design  in  composite  structures. 

The  present  work  is  in  the  composite  plate  field 
with  interest  focu.sed  on  a  refined  shear  deform¬ 
ation  (called  also  higher-order)  theory  which  has 
been  published  Touratier.'  and  a  three-dimen¬ 
sional  solid  finite  element  analysis.  This  theory  is 
described  by  the  classical  generalised  displace¬ 
ments  (as  the  first-order  shear  deformation  theory 
or  the  Reissner-Mindlin  theory)  but  uses  a  cosine 
variation  of  the  transverse  shear  strains  following 
the  thickness  direction  of  the  plate.  This  choice 
for  the  transverse  shear  strains  is  new  and  has  a 
three-dimensional  justification.'  One  can  prove 
that  this  type  of  theory  may  be  seen  as  a  generali¬ 
sation  of  higher-order  theories  deduced  from  a 
polynomial  expansion  in  respect  to  the  thickness 
coordinate  of  the  in-plane  displacements.  One  of 
the  interests  of  this  type  of  theory  is  the  lack  of 
need  of  anv  shear  correction  factors  as  in  the 


Reissner-Mindlin  theory.  Then,  the  modelling  of 
composite  structures  is  facilitated. 

In  the  present  work,  we  emphasise  the  assess¬ 
ment  of  the  edge  solution  from  the  theory  pre¬ 
sented  in  Ref.  1  and  in  comparison  both  with  a  20- 
node  three-dimensional  solid  finite  element  solu¬ 
tion  and  the  Kirchhoff-Love  theory.  Only  one 
problem  is  presented.  It  is  a  sandwich  plate  which 
is  simply  supported  along  two  opposite  edges  and 
clamped  along  the  other  two.  The  static  load  is 
uniform  following  the  direction  of  the  supported 
edges  and  sinusoidal  along  the  direction  of  the 
clamped  edges.  Analytical  computations  accord¬ 
ing  to  this  problem  have  been  achieved  using  the 
MATHEM.ATICA-  program  while  finite  element 
calculations  have  been  made  with  the  ABACUS’ 
computer  code.  The  numerical  results  indicate 
that  the  higher-order  shear  deformation  theory  is 
in  good  agreement  with  the  three-dimensional 
solid  finite  element  computations.  The  sandwich 
plate  considered  being  thick,  large  deviations  may 
be  observed  between  the  Kirchhoff-Love  theory 
and  the  higher-order  shear  deformation  theory. 
As  is  well  knr^wn,  the  analysis  in  a  normal  plane  to 
the  midplanc  of  the  plate  and  the  supported  edges 
docs  not  exhibit  any  special  behaviour  near  to  the 
simply  supported  boundaries.  On  the  other  hand. 
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in  a  normal  plane  both  to  the  clamped  boundaries 
and  the  midplane  of  the  plate,  end  effects  are 
shown  by  the  higher-order  theory  near  to  the 
clamped  edges. 

THE  HIGHER-ORDER  PLATE  THEORY  IN 
BRIEF 

Consider  a  plate  Q,  of  arbitrary  shape,  which  is 
homogeneous  and  linearly  elastic,  in  statics.  All 
quantities  refer  to  a  fixed  system  of  rectangular, 
Cartesian  coordinates.  A  general  point  in  this 
system  is  denoted  by  (x,,  .r,,  =z).  Throughout, 

Latin  and  Greek  indices  take  on  the  values  1 , 2,  3 
and  1.2,  respectively. 

The  main  assumptions  of  the  plate  theory 
which  have  to  be  analysed  are  as  follows. 

'  i)  The  domain  Q  is  of  the  form: 

Q  =  |(.V,  ,  .t;,  X,  -z)^ 

=  .-e[-///2,  +/j/2),U„x,) 
e  AC/e-,4)^>Max(jr,)}  (1) 

where  <1>  is  the  diameter  of  the  plate.  /?  its 
thickness  and  A  its  midplane. 

! ii  .1  The  transverse  normal  stress  a,,  =  0.  (2 ) 

Miij  The  kinematics  is  of  the  form  suitable  for 
shear-bending; 

L'Jx,.X:.  z)  =  +flZ}y'-Jx,.X:} 

111 

C,(.V|.  .r,,  .-|  =  w!.V|.  .r,) 
where  w,,  =  0vv/0.r„. 

(ivl  The  perturbations  are  small  (.small  dis¬ 
placements)  and  the  material  clastic.  In 
kinematics  (eqn  (3)),  the  function  l'{z)  may 
be  seen  as  a  shear  function',  since  y"  are 
the  transverse  shear  strains  at  the  mid¬ 
plane  of  the  plate,  defined  by 

y‘'(,r|.  x.}=  w„(.V|.  A-.)  -t- w;„(.v,,  .V;)  (4) 

where  are  the  rotations  of  the  midplane 
normal  about  the  x„  axes. 

expressions  con.sidered  in  the  literature  u»i  fiz'i 
arc  those  of 

•  Kirchhoff-Love.  for  which /’(r)  -  (1  i  .3  i 

•  Reissner,'  BolL.^  Hcncky.'’  Uflyang. 

Mifdlin''  for  which  fiz)  =  z  (6) 

•  Levinson.'  Reddv."’  for  which  fiz)  = 

rt  1-4-73/!-!  '  !7j 

•  Touratier,'  for  which  fiz.)  ■^ih/zDsinizrz./h) 

(Hi 


Only  these  two  last  expressions  (eqns  (7)  and  Hii 
are  associated  with  a  refined  shear  deformation 
theory.  Note  that  from  Jemielita,"  assumption 
and  some  other  analogue  forms  recalled  in  Jemie¬ 
lita  'was  a  starting  point  in  the  Viassov's  theory 
dated  1957'. 

In  this  paper,  we  retain  only  expression  (Hi.  The 
boundary  value  problem  associated  in  eqn  i3  ) 
with  eqn  (H)  is  stated  using  a  classic  displace¬ 
ment  variational  principle,  see  Touratier.'  Then, 
the  shear-bending  equilibrium  equations  from  the 
present  theory  are  in  absence  of  body  forces  and 
in  term  of  displacements;  we  note:  /„  =  0//0.v„ 

0  =  ~  L)  n  w  1 1 1 1  —  2(  /)  I -t  2  )  w  j  |  . 

-t-  ((/,.+  2  )( y 4-  y'J  -H  c/ ,,  y -k/ 

9: 

0  =  —  r/,|  M'  III  —  (i'/iT  +  2r/,,,,ivv  i;.  —  D|  |  y  |  1 1 

+  (D,,  +  D„|,!yV,,  +  D,.,.y';.,:-A„y';  JO. 

0=  -7,(,TL;ii  -D,;y'(  .. 

+  !D|  ,  -t-  D|,„)y'7i  -t- D„„y';  ,  |  -  .44.iy'.’  (11) 

where  q  is  the  normal  surface  force  density  to  the 
midplane  of  the  plate. 

Equation  (9)  is  that  of  cla.ssical  plate  theory 
when  y"  =  0  (no  shear).  At  the  edge  of  the  mid¬ 
plane  A  of  the  plate  boundary  conditions  may  he 
prescribed.  These  are 

■prescribe  w  or  Q„;  w,,  or  .V/„  j;  w  „  or  M,,,/  '  1 2 ) 

In  these  boundary'  conditions,  generalised 
stresses  in  terms  of  displacements  are  for  the 


orthotropic  case;' 

•  classic 

resultant 

moments: 

.V/|,  = 

+<<’iiyi. 

i  +  ‘7:}'-: 

■'7:  = 

~  II 

-/T  ov  :, 

.1  +  ^7:  >'!;,: 

A/,-  = 

-2/)„„w 

i:+fUy?.:+y'^., 

')  1  1 3 

•  refined  resultant  moments: 

Mil- 

^7:  l^ii  )''i,  i 

+  D,,y^ 

M.,  = 

■“'7  II 

+D|,y'; 

i+D::y-; 

-2<4„vv  1 

'  (14 

•  shear  forces; 


Q-A,.y'( 


Evaluation  of  a  higher-order  plate  theory 


Constitutive  coefficients  in  eqns  (9H11)  and 
( 1 3 )-( 1 5 )  are  defined  by 


D,,;.  - 


^rc;,dz; 
C'„,{ /(;))’  d: 
C\,,zf[z)dz-, 
C\.AfS  d^ 


where  uv=  11. 22,  1 2,  66  and  xpff  =  44,  55.  Coef¬ 
ficients  C'/jv  are  elastic  coefficients  involved  by 
hypothesis  (2).  To  obtain  the  classical  thin  plate 
theory',  it  is  sufficient  to  take  /(z)  =  0  in  expres¬ 
sions  !  16).  Note  that  the  first-order  shear  defor¬ 
mation  theory  is  obtained  by  setting  f{z)=z  and 
shear  correction  factors  in  A^.^.  The  present 
theory',  because  the  choice  of/(z)  by  eqn  (8)  does 
not  require  shear  correction  factors. 


THE  PROBLEM  CONSIDERED  AND  ITS 
ANALYTICAL  SOLUTION 

The  problem  considered  to  analyse  the  end 
effects  is  a  sandw'ich  orthotropic  square  plate 
from  .Srinivas  and  Rao.'-  The  plate  is  simply  sup¬ 
ported  along  two  opposite  edges  and  clamped 
along  its  two  other  opposite  edges.  The  plate  is 
loaded  by  a  pressure  which  is  uniform  following 
the  direction  of  the  simply  supported  edges  and 
sinusoidal  following  the  direction  of  the  clamped 
edges.  See  Fig,  I  for  all  properties  of  the  plate 
i geometry  and  material). 

The  partial  differential  equations  describing  the 
plate  equilibrium  must  now  be  solved.  The  tech¬ 
nique  employed  to  .solve  eqns  (dl-lll)  with 
boundary  conditions  (12)  is  the  Levy  technique,'' 
since  two  opposite  edges  are  simply  supported, 
the  two  others  being  clamped.  So,  the  plate  dis- 
pk^ements  may  have  the  forms  (a  is  the  length  of 
the  side  of  the  square  plate); 


w\Xi,Xi)-  sin 


y'l'lar,.  x,}  ~  I'da',)  cos 


1  =  Fdx:)  sin 

q{x,.X:) 

,  /-T.V, 

=  z/„  sm 

From  eqns  (3).  (4i  and  (12).  these  forms  for  the 
displacement  satisfy  the  requirements  for  edges 
which  arc  simply  supported  at  .v,  =0  and  .v,  =« 
given  by  (easv  to  verifv  with  eqns  ;  I  3  f.  14  and 
n7)-(iy)); 

u'(0.  xd  =  win.  -vei  =  y'-d),  ,v.  i  =  y'fa,  .v.  >  =(! 


.'V/|,(().  .v,i  =  ,V/||i  i7.  .V.)  =M||iO.  .V,  - 

=  M,,!n.  .V;)  =0  22 

Equations  !l7)-!2{)'  are  used  to  simplil'v  the 
equilibrium  equations.  So.  substituting  solutions 
(  17)-(2())  into  equilibrium  eqns  <9-  1  1  provides 
the  following  differential  equation  system; 

-  a'/7|,  K  -t-  2a-(/>|--  -f-2/U(0'c  -  /T  -  't 

T,  -id,,  +2d„„i(ftF|  +  oTT 

+  ^1’”^':.:::= -</„  23 

a 'V/||  w-aid/,;,  -l-2d„f,nv  ,-  -fi-Dur, 

-s  al Dp  D,,„ iF;  ^  +  D„„r|  -  .Ac^Fi  =  (t 


-  a(D|;  +  D„„ir|  ;  -  fzTU„T,  -  .Ai  jF-  =  0 

'25 

w  here  a  ~  Tt/a.  This  differential  equation  system 
is  linear  and  its  coefficients  and  derivatives  are 
constant.  Then  a  general  solution  for  the  homiw 
geneous  system  (without  the  second  member 
represented  by  the  load  (/„)  is  given  by 


fV'(.v.) 

~A  expip.vd> 

(26 

=  /7cxp(/zr,) 

.27 

Fd.x-:) 

=  Cexpip.vO 

(28 

where  /\,  li.  C  are  constants  to  be  determined  and 
p  an  unknown  scalar.  Reporting  this  solution  in 
eqns  (23)-(25)  without  their  second  member  (i.e. 
z/(i  =  0),  we  obtain  a  linear  algebraic  system  of 
which  a  non-trivial  solution  for  p  is  given  by 

t/et((i„\  =  0  (29) 
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Geometrical  properties  of  the  square  plate  . 
a  =  1  m  ;  h  =  0,05  m  and  h  =  0,10  m 
hi=0,lh  ;  h2  =  0,8  h  and  h  =  2hi  +  h2 


Three-dimensional  elastic  material  properties  of  the  square  orthotropic  sandwich  plate 
(  from  [12] ) 


C22/C11  =0,5431 
C12/C11  =0,2331 
C23  /  Cn  =  0,0882 
C55/Cn  =0,1399 
material  properties  of  skins 
material  properties  of  the  core 


C33/C11  =0.5301 
C13/C11  =0,0107 
C66  /  Cl  1  =  0.2629 
C44/C11  =0,2668 


=  15 


Fig.  1.  Cicomctriciil  and  material  properties  of  the  sandwich  plate. 


In  eqn  ■  29  ,',  a,,  are  the  coefficients  of  the  algebraic 
system  in  A.  B.  C  : 

rtii  =  -a''D„  +2a-Vi/l|- 

d I  ■•  =  a  'r/||  -  a  '[)-( r/, >  +  2r/,,„ )  = 

d,,  =  -«  +2(l„„)  +/7’rA:  =  -d;i 

■rs 

d:-= -o-D|,  +  /7'D„„-A„ 
d,;  D,,  =  -d,, 

d,, 

Classically,  eqn  i29;  is  a  polynomial  in  p.  Due  to 
the  higher-order  theory,  this  polynomial  has  a 
degree  eight,  and  has  been  factored  using  the 
.VIATHHMATICA-  program.  This  can  be  reduced 
to  an  algebraic  polynomial  (bi-square  polynomial) 
of  order  four.  Its  roots  are  computed  from  the 
.MATHEMATICA  program.  For  the  geometrical 
and  material  properties  of  the  problem  con¬ 
sidered.  roots  have  been  found  real  and  positive. 
Finally,  the  general  solution  (26M2Kj  is  of  the 
form 


IV'.v,!  =  .I,  expi/>|.v.,'  -t-.-l,  exp! 

+  ,1 5  exp ipj.v . )  + ,  1  j  exp i  -P:X: 

/C-V:  +  .  l„i  exp!/), .VO 
+  ( .-C.V’  -t-.  C;  c.xp'  31) 

r|i.vOi  =  /l,  expi/7|.vO  + /C  exp: 

+  /I,  exp ( p,.v ,  i  -f  B-  exp :  -  /> ..v .  ■ 

+  (  /C.v :  +  B„  exp  i  p  ,.v  -  ■ 

-h  (  B-x  -  +■  /C !  exp  I  -•  p  -,.v '  f  32' 

r y;  .V, !  =  C|  exp  i  , .v ,  i  +  C.  exp  i  -  p ,  v .  i 

+  ( exp ' /» -  v- !  +  C.1  exp  t  “p-.v- ' 

-*-(  C\x^  -X  Cjj  expipv'O 

+•!  (  '-.V.  (M  expi  --  p,.V,!  :  33 ) 

This  .solution  indicates  that  roots  of  the  bi-square 
eharacteristie  equation  for  bi-square  character¬ 
istic  polynomial'  of  the  differential  equation 
.system  are  real  and  positive,  but  roots  p\  and  pi 
are  identical,  while  rotUs  pi  and  pi  are  different. 


Evaluaiion  of  a  hi^her-order  plale  iheor\' 


4‘>‘/ 


Expressions  (31  )-(33)  for  generalised  displace¬ 
ments  require  the  evaluation  of  24  separate  con¬ 
stants  for  each  set  of  boundaries  in  X2.  The 
algebraic  system  in  /I,  C  supplies  obviously 
only  two  relations  homogeneous  for  each  value  of 
the  root  in  p.  to  be  satisfied  for  all  A;.  These  give 
16  relations  and  finally  we  have  only  eight 

unknown  constants,  for  example,  /I, .  ,4.^. 

The  complete  solution  of  the  differential  equation 
system  is  obtained  by  adding  a  particular  solution 
due  to  the  second  member  depending  on  the  load 
r/„,  Since  this  is  constant,  it  is  sufficient  to  try  to 
satisfy  the  differential  equation  system  with  a 
constant  as  a  particular  solution.  So,  we  have  the 
complete  solution  of  the  differential  equation 
system  and  now  we  have  only  to  determine 
unknown  constants,  here  /f, , For  this,  we 
introduce  boundary  conditions  following  .v,. 
These  are,  since  edges  .r,  =  0  and  .v^  =  a  are 
clamped: 

U’(0)  =  Uu/>  =  VV',i())  =  W'du)  =0  (341 

r,(0)=r,frt)=r;!())  =  r4/T=o  (35) 

This  achieves  the  determination  of  the  complete 
solution  of  the  problem  considered. 

AN  EVALUATION  OF  THE  INTERIOR  AND 
EDGE  SOLUTION 

In  this  section  we  investigate  numerical  calcula¬ 
tions  from  our  higher-order  theory,  the  classical 
thin  plate  theory  of  Kirchhoff-Love.  and  three- 
dimensional  solid  finite  elements.  The  properties 
of  the  plate  problem  considered  are  presented  in 
Fig.  1.  The  three-dimensional  finite  element 
model  is  de.scribed  briefly  now.  The  domain  of  the 
plate  has  been  meshed  using  2()-nodc  three- 
dimensional  solid  finite  elements,  see  Fig.  2  for  a 


fig.  2.  The  three-dimensional  solid  finite  element  mesh  for 
a  quarter  of  the  plate. 


quarter  of  the  plate  due  tt)  symmetries  ot  the 
problem.  A  convergence  study  has  show  n  that  this 
mesh  is  consistent  with  600  elements  in  a  quarter 
of  the  plate  (six  elements  following  its  thickness  . 
Finite  element  computations  have  been  realised 
by  using  the  ABAOUS'  computer  code.  .All 
results  of  the  computations  arc  presented  in  Figs 
3-14.  The  following  remarks  arc  made,  both  for 
«//?=  10  and  u//z  =  20. 


W  I  mm} 


Fig.  3.  Variation  of  the  deflection  of  the  plate  following  the 
line  .t  ;  =in2.  i  A  Touratier:  Kirchhoff-l.ovc;  E  .-Xhaqiis. 


\V  Imm) 


Fig.  4.  Variation  of  the  deflection  of  the  plate  following  the 
line  .r,  =  (i/Z.  t  A  i  'Touratier;  ^  +  Kirchhoff-Love:  E  .Abaqus. 


all  nvtPsl 


Fig.  5.  Di.stribution  of  the  normal  stress  a, ,  along  the  line 
-v,  “  a/2  and  .r,  =  ;  =  /i/2.  ( A '  Touratier;  (  + )  Kirchhoff-Love; 
(0)  Abaqus. 
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Fig.  6.  I^isliibution  oi  ihc  in-planc  shear  stress  along 
the  lino  a  ,  -.'i/  4  and  Vi  =  r  =/;;2.  'A  Touratier; '  +  ■  Kireh- 
hot('-l.o\e;  E  Ahaqus. 


or  iMfHi 


').h  i:  0,'*  ii.i»  !.i> 


Fig,  7.  Distrilnition  ol  th<.  normal  stress  <;  lollovving  the 
line  V  =  ii  2  and  \.-  r^  h.2.  A  I'ouratier;  -  Kireh- 
holt-I.o\e;  '■  Ai'aqiis. 


or  (MtSii 


fij  0.}«  0.9  1.0 


Fig.  8.  Distribution  ol  the  normal  stress  r/,,  follimiiig  the 
m-eore  line  r,  --nil  and  v ,  ^ .4/;.  l  A'  'Fouralicr;  ;  t- i 
Kirchholl  I  ove;  iB)  Abaqus. 

ii  Transverse  displaeement  wt  see  Tigs 
anti  4. 

A  large  deviation  is  ohserved  between 
Kirchhoff-Love  and  Touratier  theories 
due  to  significant  transverse  shear  effects 
f  the  plate  is  sandwich  and  thick),  especially 


Fig.  9.  I  )isirilHilioM  ol  the  in-plane  shear  stress  r;  .  alon 
the  line  .1  ,=.'()  4  ami  t ,  “  2.  /.  louraiier.  Kiiel 

hod  - Lose;  "  Alviqtis. 


oi:  iMt'»i 


li.o  0.2  0,4  O.it  '.t  1,1 


012  1MP«I 


r.soo  0,92.s  0,950  0.97,5  I.OOll 

Fig.  10.  Distribution  ol  the  in-plano  shear  sties'  < 
following  the  in-core  line  .v,  =.t(//4  and  »,=:='  ’/<.  iZ 
louratier;  i  ♦  )  Kirchhoff  Love;  e  Ahaqus. 


hvatuaiion  of  a  hii>her-or(h’r  pUite  theory 
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al3  IMP»I  a23  [MHal 


Fig.  II.  Dislriliution  of  the  transverse  shear  stress  a..  Fig.  14.  Dislrihution  of  the  iransserse  shear  -.tress  i> 

along  the  interface  line  v  =  a/2  and -V;  =c  =0. ,  A  Fouratier;  following  the  interface  line  a,=i/2  and  .i,=.---o 

+  Kirchhoff-l-ove;  El  Abaqus.  T'ouratier;  +  Kirchhoff-Lo\e;  E  .Vbamis. 


ols  IMPal 


li.O  ‘>.1  0.2  0..1  0.4  0..S 

Fig.  12.  Distribution  of  the  transverse  shear  stress  o.  . 
along  the  interface  line  .V|=.'<(.'4  and  .V;  =  :=0.  a 
I'ouriitier;  r  Kirchhoff-l.ove;  s  ,\ bavins. 


o."-  |MI>h| 


0,1  0,2  0.0  0,4  0..S 


Fig.  1.1.  Distribution  ol  the  transverse  shear  stress  o,, 
lollowing  the  interface  line  x.-^al2  and  -V,  =  r=0. 
louraticr.  I  t-  ;  Kirehhoff  Love;  'B  i  Abaqus 


;it  the  centre  of  the  plate  where  the  trans¬ 
verse  displacement  is  maximum.  This  devi¬ 
ation  is  available  for  the  distributions  of 
the  transverse  displacement  following  the 
X,  and  A-  coordinates. 


lii  i  ln-p!ane  stresses  along  the  ,  direction,  see 
F'igs  5  and  b. 

A  good  iigreement  is  observed  betueen 
Kirchhoff-Love  and  Touratier  theories  tor 
the  distribution  of  the  mtixiinum  stress  o, . 
and  f7|  -. 

iii  )  In-plane  stresses  aUme  the  ,v,  direction,  see 
Figs  7-10. 

Figure  7  shows  that  good  agreement 
between  both  theories  considered  is 
obtained  except  at  the  clamped  edges 
where  a  seriinis  dev  iation  appears  for  the 
distribution  of  the  maximum  stress  n-. 

1  hen.  Figs  S-10  show  that  a  gootl 
agreement  still  exists  between  the  two 
theories  compared  together  except  near  to 
an  edge  zone  in  which  a  large  deviation 
appears  and  the  Kirchhoff-l.ove  themy 
docs  not  represent  an  edge  effect'  due  to 
the  combination  of  the  clamped  edges  and 
the  sandwich  material  of  the  plate.  An 
analysis  not  shovvn  here  upvm  an  homo¬ 
geneous  and  isotropic  plate  has  not  given 
any  edge  effect  as  in  Figs  S- 1  (1. 

Note  that  the  in-plane  shear  stress  o, - 
iFigs  y  and  lU)  furnishes  the  following 
result;  the  deviation  between  the  Kirch¬ 
hoff-l.ove  theory  and  the  Touratier  theory 
near  to  the  clamped  edge  is  within  a  zone 
which  is  the  boundary  layer. 

(ivl  Transverse  shear  stresses  along  .v,  and  .xy 
directions,  sec  Figs  I  1-14. 

Along  the  coordinate  .x,  (Figs  II  and 
13)  transverse  shear  stresses  measured 
upon  the  midplanc  of  the  plate  do  not 
exhibit  any  of  the  well  ktuwvn  edge  effects. 
But  along  the  coordinate  xy  (Figs  12  and 
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14)  a  clamped  edge  effect  is  observed, 
both  for  transverse  shear  stresses  rr,  ,  and 
y.,.  Note  that  the  transverse  shear  stress 
a,  5  (P'ig.  1  1)  gives  in  the  in-plane  shear 
stress  a  layer  effect  of  which  the  thickness 
is  of  the  order  of  the  plate  thickness 
(boundary  layer i.  In  the  cases  where  an 
end  effect  has  been  observed,  the  zone 
thickness  is  always  smaller  than  or  equal  to 
the  thickness  of  the  plate. 

Finally,  comparisons  between  three- 
dimensional  solid  finite  element  compu¬ 
tations  and  the  Touratier's  theory  show  a 
good  agreement  on  the  problem  con¬ 
sidered. 


CONCLl  DING  REMARKS 

This  study  has  showm  the  effects  of  significant 
boundary  conditions  upon  the  response  of  a  sand¬ 
wich  plate  for  linearly  elastic  materials  and  in 
Statics  with  small  perturbations.  For  a  thick  plate 
made  with  orthotropic  materials  and  clamped 
edges,  results  obtained  from  the  Touratier  plate 
theory  indicate  that  edge  effects  appear  near  to 
the  clamped  edges  in  a  layer  of  w'hich  the  thick¬ 
ness  is  of  the  order  of  the  plate  thickness.  The 
classical  thin  plate  theory  (Kirchhoff-l.ove)  is  not 
sensitive  to  these  effects.  Three-dimen.sional  solid 
finite  element  computations  have  confirmed  the 
good  behaviour  of  the  higher-order  shear  defor¬ 
mation  theory’  evaluated  on  significant  boundary- 
conditions.  Future  works  are  turned  toward  the 
analysis  of  other  problems  with  significant  bound¬ 


ary  conditions  such  that  free  edge  conditions  and 
the  introduction  of  the  transverse  normal  strain 
and  stress. 
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Reliability  analysis  of  nonlinear  laminated 
composite  plate  structures 

T.  Y.  Kam,  S.  C.  Lin  &  K.  M.  Hsiao 

nepurtment  of  Mechanical  Lniiineennii.  Saiional  C'hiao  Tuiitt  ISiiversin-,  llsin  Chit  MHtSK  lancan 

A  procedure  lor  the  reliability  analysis  of  laminated  composite  plate  structures 
subieeted  to  large  deflections  under  random  static  loads  is  presented.  The  non¬ 
linear  analysis  of  laminated  compo.site  plate  structures  is  achieved  via  a  corota- 
tionai  total  Lagrangian  finite  element  formulation  which  is  based  on  the  von 
Karman  assumption  and  first  order  shear  deformation  theory.  This  formulation 
is  applicable  for  the  nonlinear  analysis  of  plate  structures  with  large  rotations 
hut  moderate  deformation  and  thus  accurate  enough  to  predict  the  behavior  of 
the  structures  at  the  point  of  failure.  The  reliability  assessment  of  laminated 
composite  plate  structures  with  random  strength  subjected  to  random  loads  is 
approached  by  the  determination  of  limit  state  surfaces  in  load  space.  The  limit 
space  surfaces  are  obtained  by  performing  a  ser^c^  of  first  ply  failure  analyses 
follovving  different  load  paths  in  load  space  using  the  proposed  nonlinear  struc¬ 
tural  analysis  technique  and  an  appropriate  failure  critcr’  n.  A  numerical  tech¬ 
nique  IS  then  proposed  to  evaluate  the  reliability  ol  tne  plate  structures. 

I  nples  of  the  reliability  analyses  of  laminated  plates  with  different  layer 
orientations  subject  to  random  loads  are  given  for  illustration. 

INTRODLCnON 

The  use  of  laminated  composite  materials  in 
designing  aircraft,  space  and  marine  structures 
has  greatly  enhanced  the  performance  of  such 
structures.  In  general,  these  structures  are  used  in 
very  severe  environments,  and  for  safety  reasons 
they  require  very  high  reliability.  Therefore,  reli¬ 
ability  analysis  of  laminated  composite  structures 
has  gradually  become  an  important  subject  of 
research  m  recent  years.  The  relitibilly  of  lami¬ 
nated  composite  plates  subjected  to  in-plane 
loads  has  been  studied  by  a  number  of  resear¬ 
chers.'  '  Kam  and  l.in^  have  recently  developed  a 
stochastic  finite  clement  method  for  the  reliability 
analysis  of  linear  laminated  composite  plates  sub¬ 
jected  to  transverse  loads.  As  for  the  reliabiliiy 
analysis  of  nonlinear  laminated  composite  plate 
structures,  no  work  has  been  done  in  this  area  yet. 

NONLINEAR  LAMINATED  COMPOSITE  PLATE  ANALYSIS 

1  he  plate  under  consideration  is  composed  of  a  finite  number  of  orthotropic  layers  of  uniform  rhicknc.vs. 
with  principal  axes  of  elasticity  oriented  arbitrarily  w  ith  respect  to  the  plate  a.xes.  I'hc  v  and  y  coordinates 
of  the  plate  are  taken  in  the  midplane  of  the  plate.  The  displacement  field  is  assumerl  to  be  of  the  form 

rV-v.y.  *.f  1=  i'jx.\\n  +  zipJ.x.yj) 

l.'J  x.y.z.n^  Vj  x.yj )+  zytpx.v.f)  .h 

X,  V,  ZJ)-  W‘.x,y.n 

(  ianfHi\ite  Si nu  lures  ()2ti.3-S223/93;Snb.n()  '£i  1 99 .V  |-3scvkt  Stivncc  I’ublistuTv  I  tfl,  b  nglainl.  Print vd  in  f  irval  Brilaiii 


In  this  paper,  a  procedure  for  the  reliability 
analysis  of  laminated  composite  plate  structures 
subjected  to  large  (.icOection  under  rttndom  static 
Itrads  is  presented.  The  nonlinear  structural  analy¬ 
sis  is  developed  based  on  a  corotational  total 
l.agrangian  finite  clemcm  formulation  using  the 
von  Karman  assumption  and  first  order  shear 
deformation  theory,  fhe  assessment  of  the  reli¬ 
ability  of  laminated  composite  plalc  vtructurcs 
with  random  strength  subjected  to  ranuom  loads 
is  approached  by  the  determination  ot  limit  st;itc 
surfaces  in  Utad  space.  Numerical  techniques  tiro 
proposed  to  evalu:  ’c  the  failure  probabilities  of 
the  layers  and  the  plate  as  well.  F-Aiimples  of  the 
reliability  analyses  of  simply  supported  and  ctinti- 
Icvcr  laminated  composite  plates  subject  to  rttn- 
dom  loads  arc  given  for  illustration. 
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where  /  is  the  time,  (  L\.  T',  the  dispUiccments  in  the  4,  r  direclinns.  tespeetisely.  T  ,  i  .  U  the 

associated  midplane  displacements.  ;md  y\  ;md  it\  the  shear  rotations.  1  he  strains  m  the  von  Karman 
plate  theory  can  he  e.xpressed  in  the  form 
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where  t  .'  i  -  .v.  y.  s  arc  in-planc  strains  and  k  bending  strains.  I'he  associated  Piola-  Kirchhoil  stress 
\  ector  <;  is 


a~  o,.  o,  ,  o,.  <7.,1 

rite  constitutive  equations  for  the  plate  can  be  written  as 
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Here  .V.  ,1/,.  (4,  ;md  Q~  are  the  stress  resultants  defined  by 

Ch  : 


a:,.v/j  = 


(a^.Oi)  (Iz 


h  : 


I  he  A,,.  H,,.  1),,  and  i/.7=4..s;  are  the  in-plane,  bending  in-plane  coupling,  bending  or  twisting,  and 
thickness-shear  stiffness  coefficients,  respectively: 
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C^rn.c.rid; 


A, A, (4 


tn 
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where  z,„  denotes  the  distance  from  the  midplanc  to  the  lower  surface  of  the  /nth  layer.  .V/.  is  the  total 
number  of  layers.  are  matenal  errnstants,  and  A,  are  the  shear  correction  coefficents. 

The  basis  of  the  formulation  is  the  virtual  work  equation  for  a  continuum  written  in  a  total  I  .agrangian 
coordinate  system  under  the  assumption  of  small  strains  and  conservative  loading  as  in  Ref.  5 
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where  r  is  the  undeformed  volume,  p  is  the  mass  density,  ii  the  acceleration  vector  and  p  surface  tractions 
acting  ove*'  t'.i.  Moq^forwi-d  area  .S',. 
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rhc  virtual  wrirk  equation  ot  the  plate  dis^reli/ed  into  NI .  elements  ean  be  urmen  a 
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'.\here  are  the  volume  and  surl'aee  ot  an  element.  respeetoeK.  I  he  nmlplane  displaceniems  u  .  I  , 

U.  i/\.  !  within  an  element  arc  uiven  as  I'uneiions  of  .s  x  discrete  nodal  displacements  and  m  mains 
torm  they  are  expressed  as 
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<l)  I IV  =<1>V 


where  q  is  the  number  id'  nodes  tor  the  element;  ‘5>  are  shape  luneiions;  I  is  a  5  x  5  unit  matrix;  and  ihi. 
nodal  displacements  V  .  are 

v,=  I'..  I’.  V'/'  ■/=! . </■  I" 

In  view  of  eqns  ^  2  .  4 '  and  9 ).  the  virtual  wairk  equtuioti.  eqn  S  .  ean  be  rew  ritieii  as 
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where  .1,  is  the  mitlplane  atca  »>f  an  elenieut  and  dthc  stress  resuHant.  i  hrouutt  the  assembling  pniets" 
the  nonlinear  equilbrium  equation  of  the  plate  max  be  expressed  by 


X  =  t\-F,-P  =  (l 


I  _ 


where  X  is  the  unbakmced  force  vector.  1  he  inlerntil  nodal  loree  h\.  and  applied  iiothil  force  P  ate 
defined,  respectixely.  as 


V\ 

F, 

and 


B  <rd.\ 


a'«l>'«l>aodr  V  =  MV 


a'o'p  dS 


where  a  is  the  eonitruent  transformation  matrix  and  V  global  nodal  acceleration  veeior.  In  case  of 
dynamic  analysis,  the  above  nonlinear  equilibrium  equtuion  ean  be  replaeexi  by  the  foiloxvinc  inerementaf 
equilibrium  equation." 

AFs4)  + AF|in- APfti  =  (l  14 

rite  force  increments  in  this  equation  can  be  expressed  as 
AF I  =  F  |(  /  +  A /  ‘  -  F  |i  / )  =  M  AV 1 1 1 

AF>,  =  F,,(t+ An~F.,!/)  =  K(nAV(/)  15- 

AP  =  P(t  + A/.l-Pft) 
where  the  tangent  stiffness  matrix 
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The  solution  of  the  incrcnicnta!  cquilihrium  ci|iialion  can  be  accottiplished  by  ulili/ine 

Ab\-AP  =  U  r 

I  he  load-displacement  relation  ol  the  plate  is  otnained  Iry  iisiim  an  incremental  iterative  method  basctl 
on  the  New ton-Raphson  methovl  combined  with  constant  arc  lenuth  ol  incremental  displacement  veetoi 
In  the  abvwe  nonlinear  analyses,  a  corotalioiuil  procedure  is  avloptevi  to  accommodate  laiee  riyivl  bodv 
rotations  between  two  successive  load  increments  and  thus  the  iteration  process  can  be  evpeitiievt 
Detailed  deseriptum  of  the  eorotatumal  prvicedure  is  reported  in  Ref.  7,  1  he  element  emploved  in  the 
follow  ing  numerical  vlemvinstration  is  the  nine-node  I  agrangian  clement  proposed  In  Pica  c/  u/ 


LIMIT  STATK  LQl  ATION 


.\  laminated  composite  plate  is  assumed  to  fail  when  any  layer  reaches  a  limit  state,  l  ailure  of  the  plate  is 
therefore,  determined  from  the  first  ply  failure  analysis,  m  which  in-plane  stresses  and  an  appiopnaie 
failure  criterion  are  adopted,  bor  the  purpose  of  comptirison.  three  diffeient  lailure  criteria,  nanielv 
masimurn  work,  maximum  strain  and  maximum  stress,  will  be  used  to  construct  the  limit  state  ev|uation  in 
the  plate  reliahilitv  anaivsis.  d  he  limit  state  et|uations  btisevi  on  different  failure  criteria  are  expressed  .is; 

a  .Maximum  work  criteria 


fT  (j  ir.  o  I  (1-  <>  <} 

.\^  '  .V.  '1  .v;  *  .V,  r'  "  ^  L  *  .s 

w  ith 
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b  Maximum  strain  criterion 

I  ('i  +  .V, (  /  -  ,  i  ■  ^  y ,  ’  -  .V  r„  ‘  .S,  -  (I 

e  .Mti.ximum  stress  criterion 
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Here  .V,.  >  ,  .  A,  .  >,  .  and  S  are.  resnectixely.  the  tensile,  comptessixe.  and  shetir  strengths  of  the 
unidirectional  composite  I  he  stress  or  strain  components,  o,.  o..  o„  ami  f y.  (  ■.  i,.  .  are  reterrevl  to  the 
material  coordintite  system.  Lailure  occurs  when  g>  0. 


RKLI  ABILITY  AN  ALVSI.S 


1  he  relitibility  assessment  of  a  laminated  composite  plate  with  random  strength  subject  to  random  lotids 
can  he  achieved  by  performing  the  following  integration  based  on  the  weakest  link  hypothesis: 
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where  f\  is  reliability,  the  joint  probability  density  function  of  stresses  and  strength  parameters  hvr  the 
(th  layer.  :ind  integration  is  performed  over  the  region  where  ,g,50.  In  the  tibove  equation  the  ttssumption 
that  a  layer  fails  when  the  critical  point  in  the  layer  reaches  the  limit  state  has  been  adopted. 

In  general,  the  stresses  are  statistically  correlated  and  the  above  joint  probability  density  functions  are 
not  available,  rherefore.  the  reliability  expressed  in  eqn  (21  i  cannot  be  evaluated  diieeuv.  Herein,  the 
reliability  is  approtiehed  by  t^’e  i,!.(^..r!ir!atiun  v)f  limit  state  surface  in  load  space.  In  the  adopted  load 
s|»aee  iormulaiion.  the  limit  state  for  any  layer  of  a  plate  subject  to  q  random  load  variables.  .V, . V.  v 


luiaihilin  inuilwis  <il  liiinnink-ii  <  <  'nit’i  “•Ui  /.'/.//r  --nu,  in’’" 


may  he  expressed  as 

. V; 

1  he  reliabilitv  ot  this  limit  state  ean  he  written  as 


p  = 


t\  \  Ai . y.  d.v,.,.  dy. 


in  whieh  .  is  the  joint  prohalsility  density  lunetion  ut  the  load  vanahles.  As  aii  esainple.  eoiiMdei  a  la\e! 
suhjeet  to  two  random  loail  vanahles,  aiul  A  ■.  1  he  limit  siaie  limetion  lor  dm  ease  i-  a  eui'  e  in  die 
A'.- A  ■  [dane  as  shown  in  hijr.  1.  vvhere  tlte  prolvahilitv  aseoeiated  with  the  iieizatne  values  o!  A  and  A  o 
negleeted.  Ihe  integration  ol  the  piohahiliiy  ilistrilmtion  over  the  sate  region  ( <■  o  eivee  die  rehahilm 

ol  the  layer.  11  the  strengths  .V,.  . S  ol  the  layer  are  ramUmi  rather  than  deiei  nniiisiie.  the  hmii  si.ite 

lunetion  in  lotui  space  will  no  longer  he  lieterministic.  Anv  limit  state  curve  in  load  space  lepicscniv  .i 
retili/ation  ol  the  limit  state  lunetion.  l-or  any  loading  p;ith.  corresponding  to 

tan  '1'^  I 

hV;i 


in  the  .Vc  A,  plane,  the  conditional  reliahility  and  the  ctmditional  prolxihilitv  distrihution  of  loadnie  in 
that  viirection  are  /  ,,  „  ^  .S. d  ami  /  „  S.O  .  respectivelv.  Using  the  thcoiv  o|  conditional  prohahilitv.  the 
conditional  reliahility  tor  that  load  ptith  can  he  ohttiineil  ;is 


/■k  .c-S.d  „  ,S  d.V 
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where  J\  is  the  conditional  reliahility  tor  the  loavl  path  with  angle  d  tiwav  horn  the  .\  -axis  1  Iv  evalua¬ 
tion  of  cam  he  easilv  obtained  using  the  Hasoler-l.ind  methori'  when  the  mavimum  w.ak 

criterion  of  evin  I  S  is  adopted  in  the  first  ply  failure  analysis.  If  the  maximum  stress  or  strtiin  criteria  are 
ariopted.  the  conditional  reliahility.  tissuming  Weihull  distributions  lor  strengths,  is  obtaineii  as,  respect- 
ivelv. 
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Fie- 1.  2-0  load  space  for  dcterniinislie  struclure. 


/.  V.  Ka/fi.  S.  <  .  l.in,  K  M.  Hsiun 


SOS 


where  i',..  t'  ,  are  Poisson's  ratios,  and  a.  are  parameters  of  VVeibull  distributions.  Here  the  polar  eo 
ordinate  svstem.  S-f).  is  used  for  computing  the  total  reliability  of  each  ply  m  load  space.  In  1  ig,  2.  the 
load  space  is  first  divided  into  ,V  mutually  exclusive  and  collectively  exhaustive  sectors  with  their  veitiees 
merging  at  the  origin,  fcach  sector  is  then  divided  into  M  quadrilaterals  which  are  bounded  in  the  radial 

direction  from  .S'*  to  .Vi .  ,  A:  =  1 . V/  \.  Assuming  that  a  load  path  bisects  the  sector  containing  it  and  the 

conditional  reliability  in  each  quadrilateral  is  uniformly  distributed,  it  can  be  shown  that  the  iota!  rein 
abilitv  is  the  sum  of  the  conditional  reliabilities  in  all  quadrilaterals.  In  view  of  eqn  24  .  the  total  reliabilny 
in  load  space,  I\  ,  can  be  wi  intri  in  the  follow  ing  summatimi  form 
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where  .4^  denotes  the  area  of  the yth  quadrilateral  in  the  /th  sector.  The  reliabilities  of  the  other  layers  can 
be  evaluated  lollow  ing  the  above  procedure. 


M  MERICAL  EXAMPLE 

Before  performing  the  reliability  analysis  of  lami¬ 
nated  composite  plates,  it  is  worth  validating  the 
proposed  finite  element  method  in  analyzing  non¬ 
linear  isotropic  or  laminated  composite  plate 
Structures.  First  consider  a  simply  supported 
square  isotropic  plate  with  length  n=24.4<S  cm. 
thickness  h  =  cm.  Young's  modulus 

/•.  =  71)4  I  X  1  O'  N  'cm  c  and  Poisson's  ratio 
v=b-25  subicct  to  uniform  load  </=4'SS2x  10  ‘ 
N  cm-,  In  the  finite  element  analysis,  the  plate  was 
discretized  into  4x4  elements  and  the  center 
displacement-load  relation  was  constructed. 
Figure  ,4  shows  the  present  load-displacement 
curve  in  comparison  with  the  results  obtained  by 
■Akay'"  and  close  agreement  between  the  two  sets 
of  results  has  been  observed.  Next  consider  the 
transient  analysis  of  a  simply  supported  square 
laminated  composite  plate  with  different  lamina¬ 
tion  schemes  subjected  to  suddenly  applied 
uniform  load  (/=VxlO  ‘  N/cm'.  Fhc  dimen- 
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sions  and  material  properties  are  ttssumed. 
respectively,  ttr  be:  cijh-  I,  «//;=  10.  25. 

(/i  ’  ~  ~  d'5/',,.  C/b;  =  ()-2/-. ..  f|;  =  0-25.  and 

,o  =  2-547  X  10  "  Ns-/cm5  In  the  finite  element 
diseretization.  a  model  of  4x4  mesh  <rf  nine-tu'de 
elements  was  used.  Figure  4  shows  the  plot  of  the 
center  deflection  versus  time  for  two-layer.  \(f! 
yo°|.  cross-ply  and  two-layer.  [45°/-45°i.  angle- 
ply  plates  in  comparison  with  the  results  obtained 
by  Reddy."  It  is  shown  that  the  present  method 
c;m  yield  very  good  results. 

The  forementioned  reliability  analysis  was  then 
applied  to  the  reliability  study  of  two  laminated 
composite  plates.  I  he  geometry  of  the  plates  is 
shown  in  Fig.  5.  The  dimensions,  material  pro¬ 
perties,  and  strength  statistics  of  the  plates  are 
given  in  Table  I.  J  he  simply  supported  angle-ply 
'f)i-ftlB!-0]  square  plate  was  subjected  to  a 
random  uniform  load  with  mean  and  standard 
deviation.  f/=25  N/cm'  and  n,^=5  N/cm'. 
respectively.  The  reliability  of  the  plate  was  evalu¬ 
ated  tor  q  having  been  treated  as  a  lognormal 
variate  or  normal  variate.  The  resuiis  for  the 
adoption  of  different  failure  criteria  in  Ihe  ana¬ 
lyses  are  given  in  Fig.  6  for  various  fiber  orienta- 
fions.  It  is  shown  that  the  cases  where  q  is  log- 
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normal  always  yield  higher  failure  probability.  It  is 
also  noted  that  the  maximum  work  criterion  and 
the  stress  criterion  give  almost  identical  results. 
The  optimum  fiber  orientation  is  45°  for  the  cases 
considered.  Next,  the  reliability  of  the  symmetri- 
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cally  laminated  6.  -6]^  cantilever  plate  in  Fig. 

h  subjected  to  two  random  loads  at  the  ends 
was  considered.  The  twat  loads  were  assumed  to 
Ix'  hi-\  arialed  logmirmal  w  ith  mean  /’,  =  /’."!  .'s(l 
N.  standard  (.leviation  o,,  =0,.  =.'0N.  and  co- 
elTicieiit  ot  correlation  o,.  ,.  =(l-2.  I'hc  lailure 
probtibilities  of  the  plate  mtidc  up  with  dilTcrent 
ply  orientiitions  were  obtained  for  various  lailure 
criteria  ;tnd  the  results  are  shown  in  f  ig.  7.  The 
optimal  lamination  is  2.^'  -  for  all  the  cases 
considered. 

C  ()\(  LI  .SIONS 

,\  method  for  the  nonlinetu  analysis  of  laminated 
composite  phite  structures  h;is  been  presented. 
Numerical  c.Natnples  were  given  to  validtite  the 
accuracy  of  the  proposed  methoil.  A  procedure 
for  reliability  assessment  of  laminated  composite 
jrlalcs  with  random  strength  subject  to  large  de- 
lleclions  h;is  also  been  proposetl.  1  he  itpplication 


ol  the  proposetl  j'l'oectluic  on  the  reliability  ana¬ 
lysis  of  laminaleil  coni|>osite  plates  wa^  demon 
strateil  by  means  ol  a  number  of  e\am|'les.  I  lie 
effects  of  layer  oriemtitions  on  the  relitibility  ol 
Inminatetl  i-oniposiie  plates  were  iinesiigaletl. 
f 'ptimal  pl\  orientations  lor  the  [dates  were  tleter- 
mineti. 
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Analysis  of  local  bending  effects  in  sandwich 
plates  with  orthotropic  face  layers  subjected  to 

localised  loads 


Ole  1  hvbo  Thomsen 

i>t  \!v^hiiiui  ill  l.n^iiH'i'nni;.  Xnlhni'^  [  niii-miv.  .  \iilh<iix.  Ih  nuunk 


I  hi-,  paper  presentN  a  nicrhiHl  U>r  iIk-  approMiiiale  alUll\'.I^  nt  lueal  beiuiine 
clteet*'  in  saiulwieh  plate-'  ruth  speeiallv  nrlhoiropic  laee  iayer^  siihjeeled  U' 
loeali'-ed  external  loads  The  loeal  Ivinliiip  aiial\sis  is  t’.isi.d  on  the  .issuntpUi'n 
dial  the  relalise  delleelion  of  the  loaded  laee  apainsi  the  defleetion  o|  the  laee 
not  loaeled  e;in  he  inoiielled  bv  appliealnat  ol  an  elastie  iountitilion  inoilel.  I  liis 
is  aelnexed  b\  introdneinp  a  iwo-par.tmeter  elastie  fotini.la!ion  nti'del  wlneh 
takes  into  account  the  shs-aritii;  intcraetioii  efiects  hetsseen  the  loaded  laee  and 
the  core  material.  An  approximate  solution  to  the  complete  problem  is 
aehic'ed  hr  supcr(iosition  ol  the  loeal  solution  and  an  oeeiall  solulion  tlerixed 
b\  appheatiott  ol  classical  saiHlwieh  plate  the’orv.  The  rc'iills  obiained  aie 
compared  ssith  finite  elenieiit  analxsis  results,  and  a  pood  mtileh  beiuecii  the 


solutions  IS  observed,  tinally  a  brief 
bendmp  ctfeeis  ;itc  stronplv  infUicncci.1 
ol  the  lotidevi  face. 

1  iMRonrcnoN 

Siindvvie'h  structures  have  becunie  increasingly 
pnpuiar  tor  struclural  design  purposes  over  the 
last  .sO-  4(1  years  due  to  the  possibility  of  obtaining 
xei\  high  stifTness  to  weight  and  strength  ratios. 
However,  although  the  sandwich  concept  has 
been  accepted  as  an  excellent  way  to  tlesign 
strong,  durable  ;ind  lightweight  strueiures.  which 
are  espeeialK  etlieient  for  translerring  bending 
and  buckling  lotids,  ;i  number  ol  problems  h;i\e 
been  lett  more  or  less  unattended,  even  by  clas¬ 
sical  textbooks  such  as  those  by  Allen'  and 
Plantema. 

An  areti  oi  significant  practical  importance,  and 
Isclonging  to  this  class  of  more  or  less  unattended 
problems,  is  the  so  called  indentation  problem 
associated  with  local  bending  effects  which  ;ire 
often  experienced  in  connection  with  introduction 
or  take-out  i  of  external  loads  into  saiulwich 
panels. 

It  is  a  well  known  fact  that  sandwicli  panels  arc 
notoriously  sensitive  to  failure  by  the  application 
of  localised  loails  such  as  point  loads,  line  loads  or 
distributed  loads  of  high  intensity.  1  his 
pronounced  sensitivity  towards  the  applictition  of 
localised  loads  is  due  to  the  tissociated  induce¬ 
ment  of  significtint  local  deflections  of  the  loaderl 


p;ii;imi.'lri(.-  sliuK  show',  lliat  ills  loeal 
bv  the  nuHluiar  raiio  aiul  ihc  ihickiiess 


face  into  the  core  material  ol  the  sandwich  plate, 
thus  causing  high  local  stress  concentrations. 

Relatively  lew  iclcivnccs  ha\e  been  treating  the 
problem  of  local  bending  effects  in  sandwich 
pttnels.  .Among  these.  V\  iessnitin-Bcrman  ft  uI.' 
aiul  Mcyer-l’icning'  suggcstcvi  the  use  of  .in 
elastie  loumiatii'n  moviel  lor  the  l('aiicd  face  aiul 
the  supporting  core  material,  i.e.  to  eoiisitler  the 
relative  deflection  of  the  loaded  face  against  the 
face  not  loaxievi  to  be  governed  b\  an  elastic  foun¬ 
dation  moilel.  Both  analyses'  '  were  based  on  the 
classical  Winkler  fouiuiation  model,  which  cor¬ 
responds  to  the  modelling  of  the  core  material  as 
continuously  distributed  linear  tension  compres¬ 
sion  springs. 

Other  investigations  analysis  of  low  vehuity 
impact  on  sandwich  panels i  such  as  f  rostig  ft  a!.' 
and  liriesson  and  .Sankar"  used  a  formulation  in 
which  the  core  materitil  was  modelled  as  a  special 
type  oi  solid,  where  only  the  stiffness  in  the  trans¬ 
verse  ilirection  is  accounted  for. 

f  wii  recent  ptipers,  ''  by  the  author  of  the  pre¬ 
sent  paper,  also  considered  the  local  bending 
problem,  atul  the  approach  suggested  was  also 
btised  on  the  application  of  an  elastic  fivundation 
lornniliition.  I  he  method  suggested,  however,  was 
different  from  the  analyses  introduced  in  the 
references  cited*  '  as  the  suggested  elastic  founda- 
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tiun  model  accounts  (or  the  existence  (d  shearinj: 
interaction  between  the  loaded  face  and  the  c<irc 
material  r)f  the  sandwich  panel,  This  additional 
feature  allows  for  the  calculation  of  the  interface 
between  loatled  lace  and  core  material;  shear 
stresses,  which  nui\  build  up  adjacent  to  the  area 
of  loud  application.  For  certain  eases,  these  inter¬ 
face  shear  stresses  are  tittributed  significant 
importance  together  with  the  interface  transverse 
normal  stresses  in  the  onset  and  development  of 
failure. 

The  elastic  foundation  model  suggested  '  is  a 
two-parameter  elastic  foundation  motlel.  and  it 
lias  beeii  cmplovcd  for  sandwich  beam  analysA. 
whereas  it  has  not  been  used  for  general  saiulwich 
plate  analysis.  The  results  obtained  f»>r  sandwich 
beams,  howewr.  have  been  verified  by  com¬ 
parison  with  linite  element  results'  as  well  as 
exiicnmcntal  investigations."  i'hus.  it  has  been 
tlenionstrated  that  the  elastic  foundation 
apiuoach  is  capable  of  giv  ing  a  ver\  good  estimate 
of  the  Stress  concentrations  induced  by  local 
bending  in  sandwich  beams  with  very  little  s’om- 
putational  effort  involved. 

None  of  the  references  citetl  tibove  gives  tin 
explicit  description  of  the  onset  and  development 
ol  failure.  Instead,  they  all  restrict  themselves  to 
the  development  of  different  methods  for  struc¬ 
tural  tmaiysis  based  on  the  somewhat  unrealistic 
tissiimption  of  linear  clastic  behav  iour  of  the  con- 
siituent  matcntils.  I  hus.  the  results  obtained  do 
not  reflect  the  actual  sequence  of  events  leading  to 
failure  of  the  eonsidetvvl  sandw  ich  panel,  but  they 
do  have  the  potential  of  giv  ing  valuable  informa- 
iion  about  the  fundamental  mechanics  of  the  local 
bending  problem,  as  well  as  the  parameters  con- 
liidling  the  onset  of  failure. 

I  he  purpose  of  the  present  paper  is  to  extend 
the  two-parameter  elastic  foundation  approach, 
presented  anil  tested  for  sandwich  beams,  '  to 
the  analysis  of  rectangular  sandwich  plates  with 
s[K'ciallv  orlhotropic  symmetric  and  balanced,  if 
laminated  faces  are  used ;  line.u  elastic  face  layers. 

1  he  core  material  is  assumed  to  be  isotropic, 
homogeneous  and  linear  elastic. 

2  K1  ASIK  FOl  NDATION  ANALOfiY 

2.1  Formulalion  of  governing  equations  using  a 
three-parameter  elastic  foundation  model 

The  present  formulation  is  based  on  lire  assump¬ 
tion  of  an  clastic  foundation  model,  which  does 


take  into  account  the  existence  of  shearing  inter 
action  between  the  loaded  lace  and  the  supporting 
core  mtiterial.  Figure  I  illustrates  the  considered 
problem:  the  loaded  face  with  thickness  t  nl  a 
sandwich  plate  with  length  a  and  width  />.  and  the 
supporting  core  material.  I  he  loaded  lace  ot  the 
saniivvich  plate  coiisidei'-ii  can  f’c  subiected  i<i 
airbitrarily  specified  surface  loads  (/,</.  </  along 
its  upper  surface. 

It  is  Miggesteii  that  the  elastic  response  oi  the 
supporting  core  material  is  expressed  bv  the  ti'i- 
lowing  equations,  w  Inch  relate  the  iletleetioiis  u.  i . 
ic  of  the  loaded  face  to  the  interlace  stress  eoin 
poneiils  <r.  r,.  r  : 

n  x.  v  =  K  ir  a.  \  . 

r,  =  A  .  nj  .1.  r,  ^  |  1 

j  f  1 

r,  =  K.h  .v.  V, . I 

where  K  .  K.  K,  are  the  loundation  moduli, 
ir  .V.  \  I  is  the  lateral  displaeement  of  the  loaded 
face.  /'  V.  \  .  -12  is  tlie  displacement  it  the  iowei 
fibre  of  the  loaded  lace  in  the  v  direction  and 
II  \.y.  -I  2  is  the  displacement  of  the  lower 
fibre  of  the  loaded  face  in  the  x  direetioii. 

Fhe  core  materitil  is  assumed  to  be  isotropic, 
homogeneous  and  linear  ekisiie.  and  the  loaded 
lace  is  assumed  to  be  specially  ortltotropic  i.e.  the 
principal  material  directions  coincide  wiih  the 
edges  of  the  face  plate  and  linear  clastic  It  is  sug¬ 
gested  that  the  loundation  inoiliili  arc  cxpiewseil 
in  accordtmcc  with  X’lasov  ami  I  conl'cv  ‘  in 
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slightly  iiUHiilied  form  : 


w  here 


siiih  0  cosh  0  ’  0 
siiih  0 

•\ 

■s 

sinh  o  cosh  0  -o 

^  sinh'  0 

o  ” 

h 

111  cijns  2  imti  .  h  is  the  width  of  the  plate.  ;• 
is  a  factor  dependent  on  the  properties  of  the 
elastic  foundation"'''  y=- 1-5  for  the  present 
c^ise'  '  '  .  (  is  the  thickness  of  the  core  nKtterial 
i.e.  the  foundation  tlcpth  .  and  subscript  v' 
deni'tes  'core'. 

i  he  loarled  face  is  niotlclled  by  application  of 
the  classical  Kirchhoff  theory  of  bentline  of  plates. 
Fhiis.  it  is  assumed  that  normals  to  the  un¬ 
deformed  middle  plane  of  the  loadeii  face  remain 
straight,  normal  and  ine.xtensional  during  ‘fefor- 
mation.  so  that  tratis\erse  normal  and  shearing 
strains  ma\  be  neglected  in  tleriving  the  plate 
kinematic  relations. 

Referring  to  Fig.  2  for  notation  and  sign  con¬ 
vention.  the  lace  plate  equilibrium  equations  can 
be  vvritten  in  the  form  differentiation  with  respect 
to  the  spatial  eoortlinates  is  denoted  by  a  comma  ; 
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rhe  plate  kinematic  relations  may  he  written  as 
subscript  ‘o’  denotes  mitldlc  surface  displace¬ 
ments,: 

II  -  n, ,  +  zli,,  I'  =  t',.  +  ;./F,  w'  =  vv 

{.S) 

- -H-  , 

I  he  middle  surface  normal  and  shear  strains, 
and  curvature  and  twist  components  can  be 
written  as: 
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I  he  plate  coiisiitulivc  relations  are  lormulated 
assuming  linear  elasiic  and  specially  oithotropie 
bchasioiii  if  laminated  faces  are  used,  they  are 
assumed  to  be  ssmmelric  ami  balancerl  : 


The  -d„'s  i/./=  l.2.bi  in  7  are  the  extcnsional 
stiffnesses  of  the  loaded  face,  and  the  /f  s 
(/,/'=  1.2.bi  are  the  bending  stiffnesses  Mhe  .1,. 
/>,,  components  can  be  derived  from  classic.il 
laminate  theory'  ’). 

Fquations  [  I )-(?  i  represent  the  complete  set  of 
equations  governing  the  mechanical  behaviour  of 
the  elastically  supported  face  plate.  From  these 
equations  it  is  possible,  by  proper  manipulation, 
to  formulate  a  system  of  three  coupled  partial  dif- 
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torcmial  ci.juatu)ii>  in  tiic  ilircc  unknown  itiicriatv 
'.trc^s  components  n  .  t  .  r.  or  ;iticrnaii\cl\  in  ii. 
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I  his  completes  the  lormuiation  ol  the  set  ot'eeiua- 
tnms  Ltoserniiii!  the  prohleni  ol  the  eltisiieally  siip- 
poried.  specitilK  oithotropic  'ac'’  plate  subjected 
!i'  arbitrar_\  surface  Itnitls. 

2.2  f)e‘rivation  of  local  bendinsj  solution 

\s  mentioneri.  the  set  ot  equations  S  represents 
three  coupled  ptirtial  dillerential  equations  in  the 
unknowns  r;  ,  t  t,.  ;ind  lor  aibitrarr  surtiee  loarl 
and  bounikiry  eomlitions  it  is  possihle  to  obttiin  ;i 
numeiie;il  solution  (sv  tipplietition  ot.  (oi  instance, 
a  finite  difference  solution  scheme,  (  loved  form 
solutions,  however,  are  oniv  obttuiKible  for  pro¬ 
blems  eharaelerisetl  by  very  simple'  types  of 
boundary  conditions  simple  support  conviitions  . 

f  or  the  ekiss  of  problems  eonsitlered  in  the 
present  ptipei  loctii  bendinu  effects  in  sandwich 
plates  subiccteil  to  localisetl  loiids  it  turns  out 
that  the  actual  ty  pe  ot  boundary  conditions  ol  the 
considered  prol)iv.m  is  of  no  importtince.  provivlcd 
!liat  the  area  of  external  load  applictition  is  f-u 
awav  liom  the  edpes  ol  the  saiulwich  plate.  This  is 
due  to  the  fact  that  the  local  bending  el'feels. 
mdiiccvl  try  highly  eoneentraievi  lotvds.  really  are 
local  by  their  very  nature  as  will  be  demonstrated 
later  .  i  hiis.  the  local  disturbances  of  the  overall 
iifitding  and  shearing  state  in  the  saiulwich  plate 


under  consideration  will  typicailv  show  a  vcr\ 
steep  decay  so  that  the  local  beiuling  cllccts  wiil 
not  interfere  with  the  edge  cflects, 

l-roni  the  aliovc  mentioned  considerations  n  o 
concluded  ih;it  a  closed  torn’  sokition.  tiascd  on 
the  assiimfition  ot  simply  suppoited  edecs  ot  the 
loaded  face  plate,  will  be  able  ti'  mode!  tile  local 
bending  problem  satistaetoriK  tor  most  p''actic;i! 
problems,  riuis.  u  is  assumed  that  the  cdecs  ot  the 
cimsidered  face  plate  are  simply  supported,  and 
that  the  so  called  S2  boundary  conditiotis'  are 
present  see  Fig.  i  t 

u  ~  It.  r  =  It.  ,f /,  ■=  (I,  ,\  -It 
v  =  (i.  h:  .1=0.  n  =  0.  .\/  =0.  \'  =0 

If  the  external  surf.iee  loads  are  expanded  m 
double  l  o'iner  senes  as  toliows: 

(/  .V  V  =  It ,,  sin  n\  sin  jh 


ij  ,v.  V  =•  ,  cos  (I  V  sin  /)' V 

to 

</  V.  V  =  .’y  ,  .  (  ,,  ,  silWM  cos 

m.T  n.-f 


it  is  seen  that  septuable  solutions  to  the  set  of 
ec|uations  S  .  which  also  satisfies  tlie  S2  comii- 
tions  speeilied  In  0  ,  can  l^e  expressed  in  the 
torm: 

o  .V.  V  =  .  _  ' .  .  1 ,, ,  sin  n  \  sin  /)v 


T  \.  V  -  ■_  cos  a ,r  sm /fv  II 


r,  .V.  V'-;--  (  „ ,  sin  a.\  cos //v 

Insertion  vif  10  and  IF  into  S  yields  three 
linear  algcbniie  eqiuitions  from  which  the 

unknown  Fourier  series  eoeffieients  .1 .  /?,,,, 

(  c;ui  be  determined. 

The  expressions  derived  for  ,  F,  .,-  /F,.„  (  ,,  ,,  can 
be  w  ritlen  in  the  torm; 


I  (’I  tli  I 'I' >  util":  I  Ui'i  h  !!!  '•tl'uiu  U  h  piiUf'. 
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liisplaccmcp.t  ciinipiHK'MtA  r.  •••■  .  ilk' -aic's  a 
ninnu-ti!  ik'suitaias  \  \  \  .  U  .  W  • 

tiK-  iii-plaik'  siik'^s  (.'iinipuik-nN  o!  the  !.k-  pi  i 
ij[.  u  .  t\  .  can  casii\  be  licincti  b\  ikt  >■!  .i; 

1  .  5  .  (>  and  7  ,  However,  iheve  dcIaiK  vviH  ■ 
let!  oul  in  the  |iiescnl  jiapcr. 

2.3  f)eri\ali(m  of  complete  solution  l>\ 
superposition 
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\  conipictc  aiiproximate  sotution  to  ilir  pioiilern 
of  o\e‘i'al!  licndinc  and  shearing  ao  well  as  local 
beiiiiina  oi  a  s['»ccilic  stindwich  [vlaie  sislnscled  'o 
localised  loads,  is  obtainerl  b\  srip.erposiiuin  o! 
the  local  solution  derived  alcove  and  an  overall 
closet)  torni  solution  oblamctl  i'v  use  ea  classical 
santiwieh  plate  thcorv '  or  a  linitc  eleitk  n’  solu 
tion  basctl  ott  samlwich  [date  oi  shell  elenKii!'  . 
The  cpproMina'c  solution  thus  ('hiaincti,  oi 
course,  will  onK  tiesenbe  the  cStccts  ol  local 
hcndinc  in  the  loatletl  lace  aiitl  the  interUkC 
between  the  loaded  liiee  and  the  core  inatenai.  re. 
no  explicit  niormation  is  olitainetl  about  the 
tleciiy  of  the  locttl  bendine  eUcc’s  tlown  through 
the  core  material,  anil  no  inlormatK'n  is  available 
about  whether  the  stress  state  ol  the  lower  lace  is 
alf'eeted  ol  the  loetil  bentline. 

I  rom  a  practical  point  ol  view,  however,  this  is 
no  serious  tlriiwback  proviiled  the  results  tor  the 
loatletl  lace  are  gootl  .  since  the  most  critical  part 
ol  a  santiw  ieh  phite  subjeetetl  to  stronglv  localiscti 
loadinu  is  the  loatletl  lace  in  the  ne;ir  vieinitv  ol 
the  areti  ol  external  load  application  and  the 
interlace  between  the  lace  and  the  core 

rile  approximate  complete  solution  to  a 
speeitic  problem  can  be  rcpresentetl  in  the  lorm 
displacements,  in-plane  lace  stresses,  and  inter¬ 
lace  stresses  ■; 


I  hus.  the  solution  to  the  problem  of  local  bending 
ol  the  loaded  specially  orthotropic  face  >>l  a  rcc- 
tiingular  sitnt'wich  plate  has  beer  derived  in  terms 
ol  the  interface  stress  components  o.,  r,,  t,.  1-rom 
these,  the  other  cpiantities  of  interest,  such  as  the 


f-dr  the  purpioses  of  the  present  paper,  the  overall 
solution  part  (denoted  by  subscript  'ovcraH"  in 


l!  i 


I  ;  Is  iibl.tincil  liiini  cl.isMc.il  s.iiuK'. K'fi 
iikiiuhiij  ilic  siHilnliuiinn  !('  iIk  sir, mi  i,'nciL’\ 
Kiiir  bciulini;  nl  ihc  iacc  pltu-s.  is-  .1  ihs-niv 
(.'!  lliii'k  lacc  s.miJwkli  plati's  as  ikii\c<l  b\ 
Ks  i  I.  Ill  Ilk'll  ilk'  rcaik'i  is  1  l  Il'I  K'>.l  im  liii  ihi.'i 

lis'Kiils, 


3  R1  SI  1  I  S  VM)  l)IS(  I  SSION 

In  oiak'T  III  ilhistiatr  the  applicabiliiN  ol  the  sue 
essii.'i,i  appi'i 'Mliialc  snhilioii  jiii >cei.luto.  aiul  in 
kicniiiusn.itc  ills'  inllucik'o  ot  ecriuin  ehaiaek'i istie 
iMi'amek'is  nil  the  Incal  beiklme  elleels^  a  lek 
s'niiipaiaii\ e  rcsulis  atui  a  \ci\  bncl  paiameiiic 
sUiilv  kill  be  presenteil  in  the  InllnwiiiL'. 

3.1  (  (imparisun  «i{li  fiiiiio  eli'iiK'iil  snlutimi 

1  Ik'  exainpk  ehnsuii  im  the  ei'iiip.iialiVi.'  sUkI\  is 
'be  ease  nl  a  siinpK  sU|ijiniied  specialK  nillin 
itnpie  saiiiluieh  plate  siibieeteil  m  a  eeiiiial  Inail  /' 
slisinbuied  untinvniiv  n\et  a  small  aiea  1  lie 
eennieli'.  material  d.ita  aiul  eMeiiial  In.ul  are  .is 
ii  ilink  s: 

(leniiietn  </  /’  siiiii'niin  /  aHiiim. 

,  -  311(1  nil)) 

i  .u  es;  /  :  ■  .'.nt'  (  li’a,  /  '  s  ,J  (  ,Pa. 

r  -  1 1  3  1  (.Pa 

enirespoiulme  In  niie-bivei  umdiiee- 
liniial  l'-;:lass  epnw  l.immale. 

/  ,  /  .  '  J  (I 

(  I  lie"  /  -  II  I  (  iPa.  t  -  ll'.'.'s 

enriespniklmLi  tn  l’\  (  -Inam, 

I)  -  |(ln  n  ke  m 

1  n,..,|  /’  iudn  n  N  disinlniied  n\ei  a  small 

qiiailratie  area; .  \  -  4-1 1  mm  . 

I  he  limte  element  nuHlel  IIM.  wliieh  is 
eeik'i  .iteJ  iisine  the  iteiiera!  pm|'nse  Imiie  element 
p.iekae'e  NS3 S  versinil  4.4,\  .  is  nuKle  be  use  nl 
isnp;u;mielrie  eieht-iiiuie  snini  elements  with 
thiee  translatumal  deurees  ol  treedom  m  eaeli 
node,  and  due  In  the  svmnietr\  ol  the  (iroblem 
oiiK  one  ijuarler  ol  the  saiitlwieh  plate  is  con¬ 
sidered.  I  Wo  lavei's  ol  elements  are  used  lor 
modellint!  the  laees,  and  loui'  Livers  (>1  elements 
are  used  lor  niodcllinj!  the  core  material  ol  the 
sandwich  plate.  .'Ml  loaelhei  the  mimher  ok  nodes 
III  the  1  I  M  model  is  23(14.  ;ind  the  nunther  ol  ele 
ments  is  ISOO  I  he  f-l  M  model  is  illustrated  in 
l  ie.  3.  which  shows  one  i|u;irler  ol  the  sandwieh 


plate'  m  delnimed  ennliem.illoll  I  he  hedi  lii  1)1, 

1  i  M  mode  l  Is  .ipplied  .is  a  ponii  In.ul  .a  'me  ,1'  ih., 
eemie  Unde  ot  tile  plate  i  .’'0  i  b'^o 

I  he  siiluli.in  I'.ised  on  ill*,  el.isik  liuuki.iiii  ii. 
.ipproaeh.  lekried  in. is  the  I  I  solulmii.  (i.o  been 
nbt, lined  b\  'upei  pnsiiii  >11  ni  the'  Inc'.il  I'eiidim: 
snlulinll  .nul  .1  classiciii  s.mdwkll  ihenic  solminl: 
leteiied  In  .is  the  (  SI  snlulinn  .  In  ni,ki  n> 
,i\nid  suiL'iikii  Iv'iidme  ninnknts  ,md  bisi.b', 
sineulai  Iviidme  stiesse-s  m  ilk  t.in.  s  ,  die  eM.  in.i! 
Inad  /’  has  been  disliibuled  umlnrini's  n\ef 
small  c|uadr.itk  aic-a  with  suk'  ieneths  2  mm  .ii.  .i 
i  mm  I  he  nnmbe  i  nS  h.u  im  mies  melmk  d  m  be, 

ilntible  senes  e\p.msiniis.  eqiis  10  and  i  i 
needed  In  nin.im  emn  ei  Csiu  a  ;is  well  .0 
■sinmilh  snlulinll  was  2''0 
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Figure  4  sliows  the  Literal  iletleelions  not  the 
upper  atul  imver  laees  along  the  section  delineii 
h\  ()<  a  <  a.  2  =  25t>;  i  />  2  25tt.  Fiom  Fig,  4  it 

IS  observed  that  the  1  I  M  and  F  I-  solutions  coin 
pare  \  er\  well  tor  the  upper  iaee  ol  the  sand■.^!si( 
plate,  even  though  the  KF  solution  predicts  the 
ma.vinuim  detleetion  to  he  somevahai  larger  than 
the  FFiM  solution.  The  reason  lor  this  nta\  he  the 
fact  that  the  FFiM  model  is  made  with  eight-node 
solid  elements,  which  actuallv  arc  not  good 
enough  lor  describing  the  local  heni.iing  state  near 
the  centre  ot  the  plate  with  only  two  layers  ol  ele¬ 
ments  through  the  lace  thickness.  Ik-lter  I  FM 
results  would  have  been  obtained  il  20-node  solid 
elements  were  used  instead.  However,  this  was 
not  possible  with  the  .ANS'lS  4.4,\  version  at 
hand  tlue  to  severe  restrictions  with  legaril  to  the 
problem  si/e  allowed  maximum  in  core  wave 
Iront  allowevl;  .-sOO  .  Nevertheless,  the  Fl-M 
results  are  expected  to  be  quite  good  except  very 
near  the  centre  ot  the  plate.  Figure  4  also  shows 
the  u  distribution  of  the  lower  face  ;is  obtained 
from  the  FFiM  solution,  and  it  is  seen  that  the 
results  agrees  very  well  with  CS  F  results,  i.e.  the 
decay  of  the  local  bending  effects  liovvn  through 
the  core  mtiteritil  is  complete,  which  tigain  means 
that  the  stress  state  of  the  lower  face  is  unaffected 
by  the  local  bending  of  the  upper  face. 

Figure  ."i  shows  the  distribution  of  the  trans¬ 
verse  normal  anil  shear  stresses  at  the  interface 
Isetween  the  loaded  face  and  the  core  materi;il 
along  the  section  ()<  .v<  a,  2  -  2.s(t.  y  =  />.  2  2.'s|). 

From  f  ig.  .s  it  is  observed  that  the  mtitch  between 
the  predicted  o'"'  distributions  is  very  close,  even 
though  It  should  be  remembered  that  the  I  1:M 
solution  is  obtained  for  a  point  load'  situation 
whereas  the  FiF  solution  is  obtained  for  the  case 
of  a  distributed  lotid  ot  very  high  intensi’y  I  he 
overall  tendency  observed  from  the  two  solutions 
is  very  clear;  the  peak  value  of  o"”  is  situated  at 
the  centre  of  the  plate,  and  a  verv  steep  decay  is 
seen  as  the  distance  from  the  plate  centre  is 
increased.  About  l  -s  saniivvich  plate  thicknesses 
thickness  of  sandwich  plate:  (■  +  2t  =  .4f)  mmi 
away  from  the  plate  centre  the  decay  is  complete, 
and  no  disturbances  induced  by  local  bending  of 
the  upper  faee  are  seen  to  be  present.  Fhc  inter¬ 
face  distribution  of  shear  stres.scs  r'."'  is  also 
shown  in  Fig,  ,s,  and  again  it  is  observed  that  the 
two  solutions  match  each  other  rea.sonably  vvell. 
At  the  centre  of  the  phite  no  interface  shear 
stresses  are  present  (due  to  the  symmetry  ),  and  the 
peak  value  of  r',",'  is  situated  some  distance  tiway 
from  the  centre  of  the  plate  (about  10-1,S  mm). 
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After  the  peak  value  has  been  encounieied  \ 
verv  steep  decay  ol  r'  takes  place,  and  V(.‘iv 
rapidly  the  interlace  shear  stress  eoninbuiion 
induced  by  local  bending  fades  out  eompleielv 
From  both  the  and  the  t"  disiribution 
curves  it  is  seen  that  the  elastic  lesivoiise  ot  the 
core  material  possesses  a  vvavy  harmonic  nalure 
along  with  a  verv  steep  decay  ,  which  means  that 
the  defleclional  mode  yvaltern  can  be  atlribuled 
some  characteristic  wave-length. 

I  he  last  comparative  results  to  be  includeil  are 
eiven  bv  Fig.  b,  wliich  shows  the  distribution  ot 
bending  stresses  o',  in  the  uppei  anti  lower  fibies 
of  'he  loaded  face  along  I)'-;  v '=  i/  2  =  2.^b.  v  -•  /’ 

2  ^  2.'s().  .Also  with  respect  to  the  o  distributions 
a  good  match  between  the  FFM  and  FI  solutions 
is  observetl.  C  onsitlering  the  results  obtained  lor 
the  u|ipei  fibre,  it  is  seen  that  severe  stress  con- 
ccntrtitions  arc  present  at  the  centre  of  the  plate. 
Fhc  results  obtaitietl  from  the  I  F  solution  pre¬ 
dicts  the  peak  value  of  or;  to  be  about 

170  MPa,  whereas  the  C'Sl  solution  predicts 
the  pea'  value  to  be  -.A''  ,MPa.  I’hus  the  local 
bending  of  the  loaded  face  increases  the  peak 
value  of  i  rr'g„p,.,.,  by  a  factor  of  nearly  .x.  The 
FFIM  results  tire  very  close  to  the  FF  results,  but 
tigtiin  attention  should  be  foeused  on  the  load  case 
modelled  in  the  FIfM  model,  vvhich  is  a  point 
lotid"  case.  This  load  ctisc  should  actually  provide 
singular  stresses  in  the  loaded  face  at  the  point  of 
load  application,  but  due  to  the  relatively  crude 
mesh  and  the  application  of  eight-node  solid  ele¬ 
ments,  the  results  obttiined  lie  very  close  to  the  F> 


(>.  I.  Ihonist’ii 


solution  obtained  for  a  load  distrihutcri  uniformly 
over  a  small  area. 

C'imsidering  the  distribution  sig  the  lower 
fibre  of  the  loaded  laee.  a  \e!  elose  mtitch 
between  the  solutions  is  observed  again,  and  a 
eharacteristie  feature  of  the  results  obtained  is 
thtit  a  tensile  stttte  of  stress  has  been  induced  near 
the  centre  of  the  plate. 

Frtrm  the  results  included  in  Figs  4-6  it  is  seen 
that  the  match  between  the  FFM  and  FF  sttlu- 
tions  is  very  convincing,  and  it  is  concluded  that 
the  elastic  foundation  approach  is  capable  ol  sup¬ 
plying  quite  reasonable  results,  i.e.  to  give  a  gt)od 
estimiite  of  the  severity  of  the  stress  concentra¬ 
tions  induced  by  local  bending  effects.  It  should 
be  noticed  that  the  local  bending  effects  con¬ 
tribute  significantly  to  the  stress  state  near  the 
area  of  externa.'  load  application,  thus  implying 
that  C'ST-solutions  rtili  seriously  underestimate 
the  severity  of  the  stress  concentrations. 

.4.2  Parametric  effects 

In  order  tt>  illustrate  the  inlluence  of  certain 
characteristic  parameters  on  the  local  bending 
effects,  the  results  of  a  brief  parametric  study  will 
be  presented.  The  problem  considered  is  the 
loaded  face  of  a  sandwich  plate  subjectetl  t(>  a  unit 
load  /'=  I  ■()  N )  distributed  uniformly  over  a  small 
area  ,1  =  4-0  mma  The  loaded  face  is  assumed  to 
be  composed  of  one  layer  of  specially  orthotropic 
material.  In  order  to  illustrate  the  effects  ot  alter¬ 
ing  the  degree  of  orthotropy.  results  will  be  pre¬ 


Fig.  6.  Disirihulion  of  (/',  in  the  upper  and  lower  fibres  of 
the  loaded  face:  (15  .v  <  tf/2  =  2. SO.  y~h/2  =  250. 


sented  for  the  case  of  isotropic  lace  materials 
■ /•.  ii//-.;.  =  FO  and  for  the  case  of  face  materials 
with  F I  i/F;-.  =  4-0. 

Figure  7  shows  the  peak  values  of  the  interlaee 
transverse  normal  stresses  a""  ,  and  the  inter- 

face  shear  stresses  against  the  modular 

ratio  /■.||//h  ‘*bd  the  face  thickness  /  r=  I  D.  2(). 
4  ()  mnii  for  the  isotropic  face  material  / 

=  l  O  case.  I  he  overall  tendency  is  that  the  higher 
the  value  of  the  modular  ratio  /-h  /-  the  lower 
the  value  of  the  peak  interface  stress  components, 
i.e.  the  more  flexible  the  core  material,  compared 
to  the  face  material,  the  lower  the  peak  value  of 
the  interface  stresses.  Furthermore,  it  is  observed 
that  the  peak  values  of  the  interface  stresses 
decreases  significantly  as  the  thickness  nl  the 
Uvaded  lace  i  increases,  i.e.  as  the  flexurai  rigidity 
of  the  loaded  face  increases. 

Commenting  on  the  results  shown  in  Fig. 
attention  should  be  focused  upon  the  fact  that  the 
elastic  foundation  approach  becomes  inadequate 
for  handling  the  local  bending  problem  lor  defor¬ 
mations  of  very  short  wave-length,  which  cor¬ 
responds  to  the  combination  of  very  low  v  alues  of 
the  modular  ratio  F  n  /v^.  and  low  values  of  the 
face  thickness  /.  The  retison  for  this  inadequacy  is 
the  fact  that  shearing  interaction  effects  become 
increasingly  important  for  deformations  with 
short  wave-lengths,  and  even  though  the  two- 
parameter  elastic  foundation  model  does  include 
shearing  interaction  effects,  the  mode!  is  sophisti¬ 
cated  enough  for  describing  deformations  with 


F'ig.  7.  o/"'  )p,.,k.  ir’TUk  versus  modular  ratio  tn  F,  and 

face  thicknc.ss  r  for  isotropic  face  materials;  F||'F"=  t  (l; 
with  unit  Itntd  distributed  uniformly  over  an  area  4  (1  mm- . 
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ver\'  short  wave-lengths.  However,  the  overall 
parametric  effects  illustrated  by  Fig.  7  generally 
hold  to  be  true. 

Figure  8  shows  the  results  of  a  parametric 
study  similar  to  the  study  shown  in  Fig.  7  except 
that  the  ratio  of  orthotropy  is  set  to  /: ,  i//:;;  =  40. 
The  overall  tendencies  shown  by  the  curves  of 
Fig.  8  are  equivalent  to  the  results  shown  in  Fig.  8 
as  well.  The  only  difference  between  the  results 
shown  in  Figs  8  and  7  is  that  the  peak  stresses 
tend  to  increase  about  30%  as  the  ratio  of  ortho¬ 
tropy  is  increased  from  T, ,/£-,=  10  to  E^^| 
E::  =  40. 

To  conclude  this  section,  it  has  been  demon¬ 
strated  that  the  local  bending  effects  are  strongly 
influenced  by  the  modular  ratio  /-n/ZT  and  the 
face  thickness  t.  Other  parameters,  such  as  the 
core  thickness  <  and  the  sandwich  plate  span 
widths  a  and  b.  of  course  also  influence  the  stress 
state  in  the  sandwich  plate,  but  as  they  primarily 
exert  influence  on  the  overall  bending  and  shear¬ 
ing  of  the  sandwich  plates  under  consideration  sin 
principle  their  influence  is  covered  by  cla.ssical 
sandv.  ich  theory.  CST  i  they  have  not  been 
included  in  the  parametric  study  presented  in  this 
paper. 


4  CONCLl  SIGNS  AND  FINAL  COIVIMENTS 

An  approximate  method  of  analysing  the  local 
stress  and  displacement  fields  in  the  near  vicinity 
of  localised  external  loads  applied  to  the  surface 
of  specially  orthotropic  sandwich  plates  has  been 
presented.  1  he  suggested  solution  procedure  is 
based  on  the  assumption  that  the  relative  dellec- 
tion  of  the  loaded  face  against  the  face  not  ioarlcd 
can  be  modelled  by  use  of  a  two-partimeter  elastic- 
foundation  model,  which  takes  into  account  the 
existence  of  shearing  interaction  effects  between 
the  loaded  face  and  the  core  material  of  the  con¬ 
sidered  sandwich  plate.  Furthermore,  it  is 
assumed  that  the  face  behaves  specially  ortho¬ 
tropic  and  linear  elastic,  and  that  the  core  material 
can  be  considered  as  an  isotropic  linear  elastic 
material. 

The  local  stress  and  displacement  fields 
derived  by  application  of  the  two-parameter 
elastic  foundation  model  can  be  superimposed  on 
the  stress  and  displacement  fields  derived  by  use 
of  classical  sandwich  plate  theory'  -  (or  alter¬ 
natively  a  FFiM  solution  based  on  the  use  of  sand¬ 
wich  plate  or  shell  elements). 


5  ; 


Fit!.  8.  "  r  ,  M-rMi'  modular  ratio  /  /  and 

iaco  thickness  /  lor  specially  oriholropie  lace  malerials;  / 

/. =  4  with  linn  load  distrihuted  unitorniK  oser  an  ,ire;i 
4(1  mm 


The  applicability  of  the  suggested  solution 
procedure  hits  been  riemonstrated  b\  analysing 
the  simple  case  of  a  quadratic  sandwich  plate  with 
specially  orthotropic  face  layers  subjected  to  a 
central  lateral  load  distributed  uniformly  over  ;i 
small  area  nearly  a  point  load  .  The  results 
obtained  have  been  compared  to  a  finite  element 
solution  point  load  easci.  and  a  very  good  match 
between  the  two  solutions  hits  been  observed. 
Thus,  it  has  been  demonstrated  that  it  is  possible 
to  estimate,  with  a  high  degree  of  accuracy,  the 
severity  of  the  stress  concentrations  indueed  by 
local  bending  by  application  of  a  suitable  elastic 
foundation  formulation. 

A  brief  parametric  study  has  shown  that  the 
local  bending  effects  are  strongly  inllueneed  by 
the  modular  ratio  i  /-  ,  |/7.j  for  fixed  value  of  , 
/.\,l  as  well  as  by  the  thickness  t  of  the  loaded  face 
plate.  The  petik  values  of  the  interface  stress  com¬ 
ponents  become  very  large  for  small  vtilues  of  the 
modular  ratio  and  the  face  thickness,  and  it  is 
further  observed  that  the  peak  interface  stresses 
decrease  rapidly  with  increasing  values  of  the 
modular  ratio  and  the  face  thickness. 

To  conclude  the  paper  a  final  comment  about 
the  limitations  of  the  elastic  foundation  approach 
is  appropriate.  Obviously,  the  applictition  of  the 
elastic  foundation  approach  for  describing  the 
local  bending  of  the  loaded  face  is  not  generally 
justified,  as  it  is  not  possible  to  specify  constant 
values  of  the  foundation  moduli  (  A  .  A\.  A,  ) 
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which  arc  appropriate  for  (.ieformations  any 
wave-lengths.  The  reason  for  this  is  that  the  shear¬ 
ing  deformations  of  the  core  material  (foundation) 
become  very  influential  for  deformations  with 
short  wave-lengths.  For  practical  structural  sand¬ 
wich  panels,  however,  the  bounds  imposed  by  the 
somewhat  vaguely  formulated  concept  of 
deformations  with  short  wave-lengths'  are  not 
likely  to  be  active,  since  the  typical  face  thick¬ 
nesses  !()</<  10  mm  I,  and  the  typical  modular 
ratios  i25<  <  L>0() !,  will  usually  ascertain 

sufficiently  large  deflection  wave-lengths  to 
ensure  that  application  of  the  elastic  fountlation 
approach  w  ill  supply  rea.sonable  results. 

If,  on  the  other  hand,  the  deflection  wave¬ 
length  for  a  specific  problem  is  very  long  (exceed¬ 
ing  the  sandwich  plate  thickness  seriously),  it  must 
he  expected  that  the  local  bending  effects  may 
affect  the  bending  state  of  the  lower  face  seriously, 
i.e.  the  decay  of  the  local  disturbances  through  the 
thickness  of  the  core  material  will  not  be  com¬ 
plete.  Thus,  for  sandwich  plates  characterised  by 
ver\  large  values  of  the  modular  ratio  and  the  face 
thickness,  or  by  very  small  values  of  the  core 
thickness  'thick  face'  sandwich  plates  i.  it  may  be 
expected  that  the  quality  of  the  elastic  foundation 
approach  will  suffer  a  serious  drawback. 
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Composite',  plates  of  various  orientation  aiul  thiekness  with  fiber-reinforced 
plasties  FRP  lind  increasing  applications  in  aerospace  and  automotive  struc¬ 
tures  due  to  their  high  strength,  stiffness  to  weight  ratios,  and  high  damping 
characteristics;.  Determination  of  the  dynamic  characteristics  and  the  mvesiiga- 
tion  of  such  structures  are  essential  not  only  in  the  design  hut  also  in  manulac- 
ture  development. 

In  the  present  paper,  the  eigen  analysis  of  laminated  square  plates  with 
various  fiber  orientations,  various  boundary  fixations,  and  different  slacking 
sequences  has  been  presented  and  discussed.  The  experimental  analysis  and 
finite  element  techniques  are  utilized  to  study  the  effect  of  fiber  orientation  and 
boundary  conditions  on  the  dynamic  characteristics  of  frequency  and  mode 
shapes.  The  vibrational  .system  technique  is  utilized  for  experiment. il 
measurements.  I'he  results  show  agreement  between  experimental  and  theore¬ 
tical  investigations.  ,‘\lso.  these  results  show  a  close  connection  between  damp¬ 
ing  and  stiffness  characteristics  in  glass-fiber  eonposites, 


INTRODICTION 

C’ttmpo.sitc  plates  of  various  orientations  with 
fiber-reinforced  plastics  iFRPi  find  increasing 
applications  in  aerospace  and  automotive  struc¬ 
tures  due  to  their  high  strength,  stiffness  to  weight 
ratios,  and  high  damping  characteristics.  Determi¬ 
nation  of  the  vibration  behavitir  of  such  compo¬ 
nents  is  nece.ssarv  for  either  their  design  or 
engineering  applications. 

Studies  in  the  area  of  the  dynamic  behavior  of 
fiber- reinforced  composites  have  been  carried  out 
by  many  investigators,  and  these  have  been 
reviewed  extensively  in  review  papers  by  Gibson 
and  Plunket.'  Gibson  and  Wilson,’  Bert  '  '■  and 
very  recently  by  Plunket.’  C'helladurai  et  al.^  have 
carried  out  limited  studies  using  a  finite  element 
method  for  square  and  rectangular  orthotropic 
plates  of  constant  thickness  for  two  boundary 
conditions,  for  obtaining  the  fundamental  fre¬ 
quency. 

During  the  las!  two  decades,  the  research  and 
development  of  laminated  composite  structures 
has  grown  at  an  extremely  rapid  pace  and  it 
becomes  an  obvious  trend  that  more  and  more 
composite  materials  will  be  used  in  the  design  of 
structures  when  the  weight  and  strength  are  of 


primary  consideration.  The  fundamental  develop¬ 
ment  in  the  mechanics  of  composite  materials  has 
been  documented  by  Tsai  and  Hahn  '  and  Jones.'  * 
The  basic  theory  of  the  mechanics  iif  composite 
materials,  parficulariy  for  laminated  plates,  has 
been  widely  used  in  finite  element  formulations. 
Thus,  it  is  common  that  existing  isotropic  and 
homogeneous  finite  elements  also  have  the  cap¬ 
ability  of  treating  laminate  composite  materials.  A 
survey  of  recent  research  in  the  analysis  of  com¬ 
posite  plates  including  finite  clement  methods  can 
be  found  in  Reddy." 

Choice'-  has  done  limited  studies  on  the 
dynamic  response  of  planar  frame  composite 
structures  using  analytical  and  finite  element  solu¬ 
tions  of  simply  supported  beams.  He  shows  that 
the  finite  element  results  are  in  very  good  agree¬ 
ment  with  analytical  solutions.  Also  Sun  <7  <//.'' 
present  the  development  of  an  efficient  finite 
element  mtidel  for  the  analysis  of  laminated 
composite  beams  treated  by  a  constraineil  visco¬ 
elastic  layer.  They  show  that  the  dynamic 
response  is  substantially  improved  by  the  use  of 
damping  treatments. 

I'he  activity  and  the  effort  in  this  field  are  on 
the  increase  for  laminated  construction,  and  on 
the  form  in  which  most  of  the  fiber-reinforced 
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com[H)sitc  materials  arc  employed.  In  addition 
they  provide  enough  He.xibilitv  to  the  designer  to 
vary  the  material  properties  signilicantly  by 
chtinging  the  liber  (,)rientation  as  well  as  the  stack¬ 
ing  sequence  of  the  different  layers  of  the  ctinipo- 
-'ite  laminate  structures. 

In  the  present  work,  five  specimens  iFRPi  of 
sqiuire  laniintited  plates  with  different  types  of 
orientation  and  boundary  camditions.  are  studied 
ami  the  correlation  between  c.xpcrin  ental  and 
numerical  results  is  inv  estigated. 

The  measurement  of  eigen  paranieters  and 
damping  properties,  on  laminated  s<,uare  plates 
with  various  lamina  orientations,  are  carried  out 
at  different  boundary  conditions.  The  frequency 
response  function  iFRP  of  the  specimens  used 
are  recorded,  hence  frequency  and  amplitude  are 
measured  directh.  and  hence  the  damping  factor 
is  calculated  using  a  half  power  band  width 
method. 


1.5'' 


Hk.  I.  t-inilc  element  griU  tiiul  measuring  pusiiiun' 

element  geometrv  and  7T  is  an  elasticity  m;itri\  of 
kiminated  plate  w  hich  ctm  be  computed  according 
hr  Ref.  for  different  lamina  orientation  and 
layer  thickness.  The  tlexural  coefficient  /)  is 
expressed  in  terms  of  layers  of  stiffness  as 


FINITE  ELEMENT  F()R.Ml  LATION 

The  present  formulation  is  based  on  four  noded 
quadrilateral  plate  bending  elements  with  three 
degrees  of  freedom,  at  each  node.  Numerical 
results  have  been  computed  for  various  orienta¬ 
tions  and  boundary  conditions.  The  data  pre¬ 
sented  here  include  both  the  frequencies  and 
mode  shapes. 

.A  typical  square  plate  of  dimensions  1.^0 
mm  X  15(1  mm.  with  different  fixations.  ('F'FF, 
SSFF,  eSFF.  CC'FF.  S.SSS  along  the  edges  of 
plate,  is  shown  in  fog.  1 .  The  figure  shows  the 
finite  element  grid  with  nine  quadratic  plate  de¬ 
ments  used.  The  element  has  twelve  degrees  of 
freedom  with  three  degrees  of  freedom  for  each 
node,  namely  w.  6*,  and  0,.  where  iv  denotes  the 
vertical  dellcction  and  fit,  and  denote  the  slopes 
div'dy  and  -dtc/d.v  along  y-  and  .v-directions, 
respectively.  Fhe  stiffness  matrix  of  the  element 
can  be  formulated  as:'  * 

=  7fr!/^ll«|d.vdy  (1) 

where  /  is  thickness  of  plate,  \H]  a  strain  matrix 
given  by 

■-cV/d.r 

:/f|=  -cT’aV 

_  -  Id'ldxdy^ 

;,Vj  =  !C  1  |/f!  '  where  \N\  is  the  matrix  of  the 
shape  function,  |  (  j  the  intcrptrlation  function,  |d  | 


/>,,=  i  ;  o  1  0  .  ih-h;  !  : 

where 

/;  is  the  number  of  layers. 

Q  is  the  transformed  reduced  stiffness, 

A  is  the  thickness  of  the  Ath  layer. 

/,/  are  the  indices  varxing  from  1  to 

Consequently  the  m;iss  matrix  of  the  element  can 
be  formukited  as: 

Tnl'  =o  i’  I  j,V|'I.V!  d.vdy  .T 

where  o  is  density  of  fiber,  polyester  laminated 
plate. 

A  computer  program  has  been  developed  to 
formulate  the  present  composite  plate  element.  4S 
degrees  of  freedom  in  the  case  of  FFFF  of  lour 
edges  of  plate.  M'l  degrees  of  freedom  in  the  case 
of  CFFF.  24  degrees  of  freedom  in  the  case  of 
CCFF.  2K  degrees  of  freedom  in  the  case  of 
CSFF.  ^2  degrees  of  freedom  in  the  case  of  FFSS 
and  20  degrees  of  freedom  in  the  case  of  SSSS. 
The  elimination  of  w  transformation,  and  the 
partitioned  form  of  the  stiffness  and  mass 
matrices  are  given  respectively  as 


By  the  use  of  the  condensation  technique,  the  final 
results  for  the  condensed  stiffness  matrix  \  k]  are 
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given  hy 

/v'H /v„  -  a. 

The  same  procedure  is  carried  out  tor  the  mass 
matrix 

The  program  has  been  coded  into  IBM  computer 
in  quick  Fortran  language.  The  program  computes 
the  stiffness  and  mass  matrices  of  any  orientation 
and  fixation  of  composite  plates.  The  program 
computes  the  eigenvalues  and  eigenvectors.  It 
finds  the  eigenvalues  by  computing  the  nrots  o( 
the  characteristic  polynomial  of  any  real  square 
matrix  in  an  iterative  manner  with  an  accuracy  of 
10  ■'  for  five  fi.xations  namely:  C'FFF.  CSFF'. 
SSFF.  C'C  FT'  and  SSSS.  The  elements  of  the 
computed  element  stiffness  and  mass  matrices  are 
listed  in  the  Appendix. 

EXPERIMENTAL  PROCEDL  RE 

The  experimental  apparatus  is  shown  in  Fig.  1. 
The  specimen  is  mounted  in  a  test  rig  and  excited 
by  a  B  A  K  4(S  I N  exciter,  located  at  the  centra! 
position  of  the  test  plate  uhere  all  modes  would 
be  excited.  The  excitation  signal  feeds  the  ana- 
ly/er  through  the  amplifier  27(IS and  the  excita¬ 
tion  force  can  be  measured  by  a  force  transducer 
S200  .  The  resulting  vibration  response  is  regis¬ 
tered  by  a  pieitoelectric  accelerometer  type 
4.s74  .  mounted  on  the  specimen;  the  acclero- 
meter  signals  are  conditioned  in  the  charge  ampli¬ 
fier  and  feed  to  the  tiual  channel  signal  analyzer 
2032 1.  The  analyzer  in  conjunction  with  a  fast 
fourier  transform  'FFT  gives  the  mathematical 
connection  between  time  and  frequency,  success¬ 
ively  displays  the  frequency  response  spectrum 
FRSi  and  the  coherence  functions  are  registered 
in  the  desired  frequency  range. 


Dual  Cnarmet  Signal  Anaiy/er 


VWicallon  Excfttr  Powvr  AmpMi«r 

Fi)j.  2.  I  .iiyoiit  of  vibration  apparatus. 


The  test  specimen  is  a  stniarc  laminated  plaic 
ol  side  length  1  .'^0  mm  and  ol  thickness  5  mm. 
T  he  fiber  volume  fraction  is  sfT',..  Five  specimens 
were  constructed  and  manufactured  using  a  hand 
layout  technique  and  the  raw  material  was 
rrbtained  from  the  .Arab  (  ornpanv  For  Developed 
Materials.  Maadi.  Cairo.  The  mechanical  proper¬ 
ties  of  the  composite  unidirectional  lamina  calcu¬ 
lated  using  the  mixture  rule,  and  the  experimental 
test  method  are  shown  in  Table  1 . 


MEA.SI  RE.MENT.S  OF  EIGENVAI  I  ES  AM) 
ElGFNVECrORS 

To  study  the  effect  of  fiber  orientation  sequence 
on  the  dynamic  behav  ior  of  a  laminate,  viiftereni 
boundary  conditions  are  imposed  on  the  speci¬ 
men  under  the  v  ibrational  system  mounted  on  the 
test  rig.  The  specimen  location  in  the  test  rig  is 
ensured  using  tightened  clamped  and  roller  edges 
Five  laminated  composite  specimens  with  liivi 
orientation  sequences  4.^  -4.s  (),,  03111)  . 

Oj.s.  .MOj.-s  and  0  30  (I  3o  (),  are  lalnicatevi  to 
study  the  effect  of  fiber  orientation  sequence  on 
the  dvnamic  behavior  of  square  laminated  plate 
for  ilifferent  boundary  conditions  from  an  experi- 
mental  ami  computational  point  ot  view.  We 
execute  our  experimental  stiulv  on  liv  e  specimens 
which  have  different  lamina  orientation  ami 
boundary  conditions.  The  accelerometer  is  at¬ 
tached  at  the  desircil  measuring  points  using  bees¬ 
wax.  according  to  Fig.  I.  The  amplitudes  are 
measured  in  the  normalized  form  at  various 
points,  the  mode  shapes  are  drawn  for  the  first 
seven  natural  frequencies  for  different  cases  of 
boumlary  conditions  imposed  on  the  specimens. 

The  frequency  respon.se  spectrum  FRS  is  dis¬ 
played  by  the  analvzer.  the  average  damping  fac¬ 
tor  c  is  utilized  to  estimate  seven  frequency  bands 
assuming  damping  linearly  using  half  piwver  band¬ 
width.  T  he  damping  factor  ot  a  particular  reson¬ 
ance  can  be  calculated  from  the  width  of  the 


lable  1.  Elastic  moduli  of  E-glass  polyester  unidirectional 
composite  lamina  with  I  ,  =  0  56 

Elastic  Experimental  Results  using 

modulus  results  mixture  rule 

EitCiPai  40  aoos.r 

/■-.tCiPa)  8  8.r7,t 

DiOCiPai  .4  8  34 

o-:.5  o;() 
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resonance  peak  in  the  magnitude  of  the  FRFJ'’ 
where 

:=!/2(2.  (>=hVm;, 

The  resonant  frequency  (vv,)  and  the  width  (wi 
can  be  found  from  the  magnitude  diagrams  using 
the  reference  cursor.  The  value  of  the  damping 
factor  ^  is  plotted  against  frequency  and  the  effect 
of  lamina  orientation  and  boundary  conditions 
arc  studied  and  discussed. 


RESl  LTS  A.\D  DISCUSSION 

The  resonant  frequencies,  merde  shapes  and 
damping  factors  of  square  laminated  composite 
plates  GRP  '  have  been  measured  and  analyzed 
for  different  lamina  orientations  and  boundary 
camditions.  The  measured  and  caimputed  values 
of  the  frequencies  are  given  in  Table  2.  Compar¬ 
ison  between  the  experimental  and  numerical 
results  of  the  frequencies  indicates  good  agree¬ 
ment. 


Table  3  shows  the  variation  of  fundamental 
frequency,  amplitude  and  damping  factor  for 
different  lamina  orientation  at  the  same  five  lay¬ 
ers;  it  can  be  .seen  that  the  amplitude  of  the  speci¬ 
men  [4.5/- 4.5 /()]^  is  relatively  low  compared  with 
the  others.  This  is  due  to  the  maximum  stiffness  at 
this  orientation. 

It  can  be  noticed  that  the  amplitude  of  the  spec¬ 
imen  j()/3ll/()/-  .3(1/01  relatively  high  compared 
with  the  others,  this  is  due  to  small  stiffness  value 
for  this  case  of  unsymmetry.  For  cases  ()|.5  and 
j90|.5  the  frequency  must  he  equal  in  value  theo¬ 
retically.  Ttible  2  shows  a  difference  between  the 
values  of  2'’<,  in  the  case  of  I.SSSSj. 

Figures  3  and  4  show  mode  shapes  for  a  few 
selected  cases  of  specimens.  Figure  3  shows  the 
first  mode  shapes  for  specimen  ;45/  -45/()/  for 
different  boundary  conditions.  Figure  4  gives  the 
first  seven  mode  shapes  for  specimen  :45/  -  45/(j| 
simply  supported  along  the  four  edges  ;SSSS|. 

As  expected  the  measured  natural  frequencies 
are  inversely  proportional  to  the  damping  factor 
as  shown  in  Fig.  5.  In  general,  the  damping  factor 


lahie  2.  Values  of  fundamental  frequeney  in  H/.  for  laminates  'or  different  boundary  rondiiions  (experimental  and  finite 

element  results) 
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table  .V.  Values  of  fundamental  frequency,  amplitude  and  damping  factor  for  different  boundary  conditions  (experimental 

results) 


Boundary 

conditions 

(  "  3i- 

i 

1 — 

1- 

Is 

y 

s;  A 
.s" 

4s  /  -  45,-0:. 

Frequenev 

32  ftz 

64  Hz 

06  Hz 

144  Hz 

248  Hz 

Amplitude 

48  dB 

36  dB 

32  dB 

24  dB 

20  dB 

Damp,  factor 

0  1 56 

0-06 

0-02 

0-013 

0-(M)4 

■0/30/L 

Frequenev 

2«  1  Iz 

44  Hz 

84  Hz 

1  24  Hz 

240  Hz 

Amplitude 

52  dB 

4ldB 

35  dB 

27  dB 

22  dB 

I7amp.  factor 

0-106 

0-07 

0-04 

(H)24 

0-006 

'0;5 

Frequeney 

24  Hz 

36  tfz 

66  Hz 

1  14  Hz 

2  18  Hz 

Amplitude 

50  dB 

44  dB 

38  dB 

20  dB 

24  dB 

Damp,  factor 

0-22 

0  12 

0-06 

0-035 

0-000 

100 15 

Frequency 

20  Hz 

32  Hz 

50  Hz 

06  Hz 

216  Hz 

Amplitude 

68  dB 

64  dB 

52  dB 

38  dB 

27  dB 

Damp,  factor 

0-25 

0-18 

0-084 

0-046 

0-015 

;o,/30/0/  -  30/01 

Frequency 

18  Hz 

24  Hz 

36  Hz 

71  Hz 

l64Hz 

Amplitude 

70  dB 

65  dB 

57  dB 

40  dB 

32  dB 

Damp,  factor 

0-33 

02 

0- 1 66 

0-06 

0-024 
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in  composite  materials  is  relatively  high  relative  to 
bulk  materials.  It  is  difficult  to  control  the  value  bv 
\ariatii)n  of  the  mass  and  stiffness.  From  Fig.  5  it 
can  be  noticed  that  minimum  values  of  the  damp¬ 
ing  (actor  occur  in  the  case  of  simplv  supported 
SSSSj  plates  with  different  types  of  laminti  orien¬ 
tation. 

In  all  boundary  conditions,  it  is  observed  that 
the  damping  factor  is  small  for  orientation  -151 
-45  ()|,  compared  with  other  orientations.  This 
is  explained  by  the  tact  that  fiber  orientations  in 
these  directions  are  expected  to  increase  the  plate 
stillness,  anil  result  in  less  energy  dissipation.  For 
orientation  0  50/0/  -  .50/0!  the  damping  lactor  is 
high  compared  with  other  orientations.  Fhe 
unsymmetry  decreases  the  plate  stiffness,  where 
the  maximum  energy  dissiptition  results  in  a  lars’e 
Nistcni  damping  factor. 

In  addition,  damping  as  a  kind  of  cnergv  dissi¬ 
pation  may  lie  primarilv  due  to  Coulomb  friction 
line  to  slip  in  the  unbonded  regions  of  the 
liber-matnx  interlace  and  one  or  a  combination 
of  the  follow  ing:  i  the  fiber,  ii '  the  matrix.  ■  iii .  the 
fiber-matrix  interlace.  The  fibers  do  not  contri- 
Initc  to  the  damping  of  a  composite  because  of 
their  low  damping  capacities  but  a  large  propor¬ 
tion  of  the  stored  energy  must  be  in  the  matrix. 

1  nergy  dissipation  can  occur  at  the  fiber-matrix 


interface  cither  from  relative  slipping  or  from 
local  stress  concentration.  The  finite  element 
results  are  typically  higher  than  the  experimental 
ones,  as  given  in  Table  2.  and  this  is  because  of  the 
effects  of  clamping  pressure,  air  damping  and 
transducers,  and  dissipation  of  cnergv  ai  the 
matrix-fiber  interlace  due  to  Iriction  or  impact 
which  are  not  taken  into  consideration  in  the  finite 
element  model. 

(ONCLISION 

In  the  present  study,  the  dynamic  anaivsis  oi 
various  lamina  orientations  ol  glass  polvcstcr 
laminates  is  investigated  cxpermientallv  and  ven 
lied  analytically  using  the  finite  element  methoii. 
Various  specimens  of  different  lamina  orienta¬ 
tions  are  labricatcil  ulili/ing  a  hand  lav  out  tech¬ 
nique. 

1  he  results  obtaineil  from  the  present  suulv 
indicate  that: 

1  rile  lamina  orientation  |ilavs  a  dominant 
role  lor  estimating  the  stiffness  ol  lami¬ 
nated  composite  plates  and  a  higher  plate 
stiffness  gives  a  higher  frequenev. 

2  A  finite  element  formulation  \s  prcsentcvl 
as  a  model  lor  the  anaivsis  of  laminated 
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f  ig.  5.  I  he  variation  ot  damping  faemr  with  fundamental  fraiucney  for  iliffcrcnt  lamina  orientations. 


t.iiicn  iiiiiihsis  III  rilHT-iriiiii>rt  at  compi  phiit  s 


composite  plates,  lageinalues  and  oigen- 
vcctnrs  arc  directly  obtained  Irmi  the  ana¬ 
lysis.  '['hese  results  sh(iv\  gc-  'd  tirreemeni 
with  the  experimental  methiul. 

;  3  Damping  in  laminated  composite  plates  is  a 
kind  of  energy  dissipation  due  lo  the 
matrix,  fiber  and  matrix-fiber  interface, 
either  from  relative  slipping  or  from  local 
stress  concentration. 

4;  The  specimens  of  orientation  sequence 
4.S /  -  4.^/t)'j^  have  a  relatively  high  fre¬ 
quency  compared  with  the  specimens  of 
other  orientation  sequence  with  the  same 
number  of  layers  and  boundary  conditions. 
This  is  explained  by  the  fact  that  such  an 
orientatitm  sequence  is  expected  to  make 
the  plate  nu>re  stiff. 

.■s  With  the  proper  choice  of  fiber  orientation, 
fiber  and  matrix  materials  for  the  compo¬ 
site.  high  values  of  the  system  damping 
liietor  for  the  various  modes  of  ssmmetrie 
\ibration  of  the  composite  plate  may  be 
obtained. 
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APPENDIX:  ELE.MENT  STIEENES.S 


I  he  coefficient  of  the  stiffness  matrix  A„  according  to  cqn  ■■  1  >  is  given  by: 


Ai;=  l  i  1  1  \.2 . n> 

.1-1 


and  according  to  cqn  2  '  the  computed  results  of  the  coefficient  /),,  of  the  llexibility  matrix  /),  |  for  each 
case  of  the  five  specimens  are  as  follows; 

'  h:43/- 45/01. 
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[-Icmcnt  mass  mati  ix  lor  rectangular  plate  oi  unit  thickness  with  sides  a  and  h: 
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Large  deflection  initial  failure  analysis  of 
angle-ply  laminated  plates 


G.  J.Tur>ey 

Engineering  Deparimeiti.  lAineiister  University,  liailrij^.  l.uneusier.  i  K.  '  -4)1^ 


& 

M.  Y.  Osman 

Meehtinieul  l.nyineeriny  Department.  (  olletie  of  Eitf^ineeriny.  I’O  liox  2t).  Athani.  Sialan 


A  laruc  dcncciion  initial  failure  analysis  of  square  angle-ply  laminated  plates 
subiected  to  uniform  pressure  loading  is  described.  Approximate  numerical 
solutions  of  the  Mindlin  laminated  plate  equations  are  derived  using  finite 
difference  in  conjunction  with  the  Dynamic  Rela.xalion  DR  technique.  The 
solutions  are  scaled  to  satisfy  the  Tsai-Hill  lamina  failure  criterion.  The  effects 
of  plate  slenderness,  in-plane  edge  restraint  and  lay-up  on  the  initial  failure 
pressure  and  tissociated  plate  centre  deflection  arc  quantified  for  :t4.s 
l.miiiKited  pltites  with  simnly  supported  and  clamped  edges.  It  is  shown,  [larticu- 
iarlv  for  thin  plates,  that  in-plane  edge  restraint  increases  the  initial  failure  pres¬ 
sure  substantially,  though  changing  the  plate  edge  conditions  from  simply 


supported  to  clantped  does  not  always  increase  the  initial  failur* 

;  pressure. 
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I  IMRODKTION 

!  he  elastic  I'leNural  anaKsis  o|  plates  laminated 
triim  liiny-lihre  remloreed  plasties  sneh  as  (  I  R|’ 
and  (d  KP  earhon  and  elass  lihre  remloreed 
plasties  respecti\elv  is  an  aetne  reseat  eh  topic 
because  ot  its  im|roriance  to  the  development  and 
design  o!  lightweight  structures  used  in  a  wide 
varietv  ol  engineering  applications.  Reseatch 
investigations  ol  the  I'lexural  failure  ol  laminated 
plates  that  have  been  reported  during  the  past  I  5 
veai's  are.  bv  ci’iitiast.  rathci  limited.  It  is.  there¬ 
fore.  hardiv  surj'Tising  to  realise  that  our  under¬ 
standing  of  laminated  plate  flexural  lailure 
mecli  lines  h.is  not  advanced  sigmfieantiv.  ( )ne 
aspect  oi  flexural  lailure.  vi/.  the  onset  or  initia¬ 
tion  of  lailure  has.  however,  been  the  subieet  of  a 
number  of  theoretical  numerical  invesiigations. 
rite  appioach  adopted,  whicit  is  akin  to  first  vield 
anaivsis  of  ductile  nietailic  structures,  is  to  scale 
the  elastic  solution  of  the  plate  flexure  (vroblem 
unti!  It  uisi  satisfies  an  appropriate  lamina  lailure 
criterion.  In  these  studies,  exact,  approximate 
closed  lornt  and  numeric;il  solutions  of  the  classi¬ 
cal  thin,  first-  aiirl  higher  i>rdcr  shear  dehirmation 
laminated  plate  bending  e(|uations  have  been 
scaled.  Using  simple  linear  and  non  linear  iterative 
proeedurcs.  to  satish  a  range  ot  stress  and  str.iin 
based  lamina  failure  eritcria  and  so  [vrovide  initial 
lailure  pressures  and  associated  deflections.  In 
luSii  lurvev'  presented  several  small  dellection 
initial  failure  anaivses  ol  unifornilv  loaded  thin 
plates  and  snips  v\ith  cross  and  ,mule-piv  lav -ups. 
1  hese  anaivses  demonstrated,  lor  unsymmetric 
lav-ups.  that  the  magnitude  ol  the  initial  lailure 
pressure  is  direction  dependent.  1  urther  sniiill 
delormation  initial  tlexural  and  buckling  lailure 
anaivses  of  thin  laminalcil  plates  were  presented 
by  Allah  and  Nissen‘  and  Adali  and  Makins.' 

I  hcse  two  studies  were  concerned  with  thermai..' 
moisture  and  matrix  crack  distributions  respec¬ 
tively  on  the  initial  failure  response. 

An  iipproximate  small  ilellection  initial  failure 
analysis,  based  on  a  finite  element  anaivsis  of  the 
.Mindlin  lamintited  plate  equations,  has  been 
presented  reeently  by  Retldy  and  Pandev."  1  hev 
exuntineil  a  number  of  lamina  failure  criteria  in 


their  investigatton  aiul  eoneiuded  tliat  the 
isai  Hill  enienoii  was  unsuitable  lor  fkxiu.il 
l.iilure  anaivsis.  In  Ref,  ^  lutvey  piesenled  .i  siriali 
deflection  inilial  lailure  aiitilysis  foi  cioss  ph, 
simply  supported  modeiatelv  thick  lanimaiid 
plates  based  on  the  Isai  Hill  failuie  eriieiioii  and 
use'll  It  to  explore  lire  efleets  ot  plate  slelideiitess 
oil  the  inilial  lailure  response 

Reeenliy.  lurvey  and  Osman'  developed  ,i 
linite-ilifferenee  Dvnamie  Rclaxaiion  1>R  large 
deneelion  anaivsis  tor  oilholtopie  and  laminated 
.Mindlin  plates.  !  hev  used  it  m  Ref.  o  to  e.irtv  oui 
both  small  and  large  dellection  initial  lailuie 
analyses  of  the  laminates  ileseribed  m  Rel.  and 
showed  that  small  deflection  analysis,  when  com- 
p.ircd  with  large  dellection  analysis,  under¬ 
estimates  the  initial  failure  pressure,  especially 
when  the  plates  ate  thin.  .Moreover,  they  fuind 
that  the  Isai  Mill  lamina  failure  criterion  gave 
similar  jvrediclions  to  ;ill  ol  ihe  oihei  lailure 
criteria  used  in  the  study.  In  ihcii  latest  work. 
Reddy  and  Reddy'"  present  linilc  ciement  based 
sm;il)  and  large  deneelion  initial  lailure  analyses 
lor  moderately  thick  laminated  [slates  which  con¬ 
firm  the  tindings  presented  in  Rel,  't,  including  the 
assertion  that  the  Isai  Mill  lamina  lailuie 
erilcnon  is  suitable  tor  tlexural  latkire  analysis. 

lurvey  and  Osman"  quanlilicd  the  effects  of 
slenderness  and  support  conditions  on  the  large 
ilcncclion  initial  failure  pressures  ol  eross-ply 
laminatcil  plates  in  an  invcsiigalion  compicicd 
about  4  years  ago.  I  hc  prcscm  paper  eomple- 
mciits  the  latter  one  by  [siesenting  similar  data  for 
anglc-[ily  laminates.  .A  brief  miroduelion  to  the 
governing  .Mindlin  plate  ei|uations  and  the 
Isai  Mill  failure  criterion  are  presented  first. 

1  herealier,  outlines  ol  the  numerical  solution  ol 
the  governing  plate  ei|uation.s  and  the  procedure 
useil  to  scale  the  solution  to  salisfv  the  failure 
emenon  are  given.  1  he  elastic  properties  and 
strengths  ol  the  (  f  RI’  lamina  are  then  introduced 
and  the  scope  of  the  initial  failure  anaivses.  i.e. 
slenderness  r;mge.  plate  layups,  etc,,  is  outlined, 
f  inally,  the  detailed  numerical  results  failure 
pressures,  associated  plate  centre  defleetions  and 
hulure  locations  are  presented  and  liiscussed. 

2  LAMINATED  MINDLIN  PLATE 
LQl  AHONS 

In  tfte  DR  tinalysis  the  .Mindlin  large  deneelion 
plate  ev}uatir.ns,  i.e  the  cquihbrmni.  strain 
displacement,  enrvatuie  displaeemeiit  and  eon- 
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stitutive  equations,  retain  their  separate  identities. 
It  is,  therefore,  convenient  in  what  follows  to 
introduce  these  equations  individually. 

2.1  Equilibrium  equations 

The  five  equilibrium  equations  (two  in-planc  and 
three  out-of-plane )  are  as  follows: 

3,V, 

- . '-H  . !^  =  () 

d.x  dy 

d\\,  d\\ 


Likewise,  the  mid-plane  curvatures  and  twist  are 
expressed  in  terms  of  derivatives  of  the  rotation 
comprtnents  as  follows; 

o.v 


dp,  dp, 
d.r  ^  d  v 


d(J,  do,  d'w’  d'lv 

V  — -  +  2  A'  - 

21  ..  21..  '21  H  ..21. 


d.v  d\ 


d“iv 


d.\/,  a\/,, 

d.v  dv 


d.\/„  d,V/, 

+  . = 

d.v  dy 

Note,  in  the  third  of  eqns  ( 1 1  above  the  linear 
forms  of  the  equilibrium  equations  are  obtained 
by  deleting  the  three  terms 

d'u  d'u  d'w 

■N’.  2 . :  ■  ^  u  and  ;V, 

d.v  d.vdv  dv 


2.2  Strain  and  curvature  relations 

I  he  direct,  in-plane  shear  and  transverse  shear 
strains  of  the  plate  mid-plane  are  expressed  in 
terms  of  derivatives  (T  the  displacement  and  rota¬ 
tion  components  as  follows; 


,,  du  1  id  tv 
^’~d,v^2  \d.v 

,,_dr’  1  [dvv 

'  '  ~dv^2  Idv, 


,,  _dn  dr'  dwdvv 
dv  dx  d.v  dv 


2.,^  Constitutive  relations  for  angle-ply  lay-ups 

The  constitutive  relations  for  shear  deformable 
angle-ply  laminated  plates  may  be  expressed  :is 
follows; 

\M\^\H\\(:"\+\I)],k"‘  4 

in  which  the  stress  resultant,  shear  stress  resultant 
and  stress  cttuple  vectors  are: 

iA!'=i.V,  a;  A'„i.  !.\/i'=i.U,  .1/, 

10  '  O.  OJ 

and  the  in-plane  strain,  curvature  and  twist  and 
the  transverse  shear  strain  vectors  are: 

ir-":'=!c;  rr  ;  rr"! '  =  1  rv”  re?  rc^. 

and  the  material  stiffness  matrices  are; 


-b:  0 

1.1 1  =  .4,.  .4::  0 

_0  0 
'o  0 

\B\=  0  0 

Jiu,  (' 

■/)„  /),:  0 
]/)|=  /),;  [)::  0 
0  0  IK 


.4.4  0 

0  .4« 


The  individual  stiffnesses,  .d,, . 4,,,.  /L„, 

/)ii .  1),,,,  and  .444,  At^  are  evaluated  in  the 
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usual  way  as  described  in  Rel.  12.  Nme  too.  that 
for  orthotropie  plates  ;  (f. 

2.4  Boundary  conditions 

Equations  1  i- 4)  are  sohed  for  specific  sets  of 
plate  edge  conditii^ns.  which  are  specified  in  terms 
of  prescribed  \alues  of  the  displacement,  stress 
resultant,  etc.,  components.  For  laminated 
Mindlin  plates  five  conditions  have  to  be  defined 
along  each  edge.  In  consequence,  it  is  possible  to 
define  several  types  of  simpiv  supported  and 
clamped  edge  conditions,  depentling  upon  which 
particular  displacement,  etc.,  components  are 
specified  along  the  plate  edge.  As  far  as  the 
present  study  is  concerned  the  plates  arc  con- 
siiiered  to  be  either  simply  supported  or  clamped 
along  all  edges.  Four  tvpes  of  simph  supported  and 
two  types  of  clamped  edge  are  considered.  How¬ 
ever,  two  of  the  simpiv  supported  edge  conditions 
SS.'  and  SS4  are  only  used  in  the  computations 
undertaken  to  verify  the  DR  plate  analysis.  The 
support  conditions  used  in  the  large  clenection 
failure  studv  are  designated  respectively  as:  S.Sl. 
SS2.  C'C  1  and  CC'2.  Figure  I  shows  the  si,\  sets  of 
edge  conditions,  Fhe  principal  difference  between 
the  type  1  and  type  2  edge  conditions  is  th:it  in 
the  former  case  in-plane  displacements  ;ire 
suppressed,  whereas  in  the  latter  they  are  not. 

.1  TSAI-HILL  LAMINA  FAILI  RL 
CRITLRION 

■As  shown  previously  by  Furvey  and  Osman'  ' 
there  are  a  number  of  lamina  failure  criteria  which 
may  be  used  for  initial  flexural  failure  analyses. 
For  the  present  study  the  following  criteria  were 
used:  .Maximum  .Stress.  Maximum  Strain.  Floff- 
man.  r.s;ii-Hill  and  Fsai-Wu.  However,  as  similar 
failure  pressures  and  denections  were  obtained 


with  each,  it  is  convenient  to  restrict  attention  to 
just  one.  Thus,  all  of  the  results  presented  in  the 
paper  have  been  derived  from  the  Tsai-Hill 
lamina  failure  criterion.  This  criterion  may  be 
expressed  in  terms  of  lamina  stresses  as  follows: 

+  (5) 


in  which  the  strength  coefficients.  /  .  are  detmed 
as: 

/•n  =  .V,/.  F,,=  -  .V,,',/.,-  V,  2 

/.,  =  ,V  ' 

and  the  subscripts,  t  and  c.  denote  tensile  and 
compressive  strength  values  respectively. 


4  DR  .SOLI  TION  OF  THF  MINDLIN 
LAMIN  ATED  PL  VI  E  EQl  ATIONS 

Fhe  governing  equations  1-4  arc  solved 
appro.ximtitely  using  the  DR  algorithm.  In  order  to 
be  able  to  apply  this  algorithm,  the  equilibrium 
ec|uations  have  first  to  be  rendered  cjuasi-dv namic 
through  the  tiddition  ot  inertia  and  dtimping  terms 
to  their  right  hand  sides.  Thus,  for  example,  the 
first  of  eejns  1  becomes: 


l.HS  ol  I  ;i  :  •=  n 


u 
(V 


du 

dt 


in  which  p^,  aiul  k..  are  mass  and  dtimpmg  terms 
respectively. 

I'hc  acceleration  and  velocity  terms  in  the 
above  etjutition  may  now  be  replaced  bv  the 
follow  ing  approximations: 

d  _  1 

dr  A/  \  dr  /  \ di j 

ldii\ 

[dij 

and  after  re-;irrangement  the  following  velocity 
equation  is  obtained: 


dn  _  1 

d/  ^  2 


(M\ 

+  LHSof 
\PJ 


in  which  the  superscripts,  a  and  h.  denote  the 
values  after  and  before  the  time  increment.  At  and 

The  remaining  four  equilibrium  equations  may 
be  similarly  transformed  into  initial  value  format. 
In  order  to  integrate  the  velocities  and  obtain 
displacements,  an  appropriate  integration  formula 
is  required.  The  following  simple  formula  is  used: 


I.aiye  Jetlcaion  iniiial  failure  amilvsis  of  lautiuaicJ  plaics 


Thus,  the  velocity  equations,  i.c.  the  trans¬ 
formed  equilibrium  equations,  the  displacement 
integration  equations,  together  with  eqns  i2H4! 
and  the  boundary  conditions  constitute  the  com¬ 
plete  set  of  equations  for  the  application  of  the 
DR  algorithm.  A  somewhat  more  detailed 
account  of  the  DR  algorithm  in  the  context  of 
Mindlin  plate  analysis  is  gi\  en  in  Ref.  K. 

To  obtain  numerical  solutions,  the  equations 
have  to  he  discretised.  A  conventional  central 
finite-difference  scheme  was  chosen.  The  finite- 
difference  ITR  algorithm  operates  on  the  system 
of  equations  sequentially  until  the  velocities 
become  negligibly  small  and  the  static  displaced 
configuration  is  achicwed.  Rapid  decay  of  the 
tclocities  is  ensured  by  appropriate  choices  of  the 
damping  factors  and  the  use  of  fictitious  densities. 
Further  details  of  the  latter  mav  he  found  in  Ref. 
l.T 


IMTI.AL  FLEXl  RAL  FAILURE  .VNALYSES 

Fhe  appro.ximatc  solution  of  the  Mindlin 
laminated  plate  equations  constitutes  only  a  part 
of  the  initial  tlexural  failure  analysis.  In  order  to 
determine  the  initial  failure  pressure  and  asso¬ 
ciated  plate  deflections,  it  is  necessary  to  deter¬ 
mine  the  particular  approximate  solution  of  the 
plate  equations  which  just  satisfies  the  Tsai-Hill 
failure  criterion,  i.c.  eqn  at  one  (or  in  the  case 
of  symmetry  at  several  >  points.  This  is  achieved  by- 
scaling  the  approximate  solution.  In  the  case  of  a 
small  deflection  solution,  simple  linear  scaling 
may  be  used  as  explained  in  Ref.  9.  On  the  other 
hand,  it  is  necessary  to  use  an  iterative  procedure 
non-linear  scaling)  with  a  large  dellectitrn  analy¬ 
sis.  Details  of  a  convenient  iterative  procedure  arc 
also  given  in  Ref.  9. 


6  VALIDATION  OF  INITIAL  FAILURE 
ANALYSIS 

A  number  of  check  analyses  were  undertaken  to 
establish  the  accuracy  of  the  initial  failure  results 
derived  from  the  DR  finite-difference  solution  of 
the  Mindlin  laminated  plate  equations.  These  con¬ 
sisted  of  comparisons  of  DR  ela.stic  small  and 
large  deflection  solutions  with  alternative  exact 
and  approximate  solutions,  ft  was  found  that  the 


DR  analysis  solutions  vsere  in  close  agreement 
with  these  solutions  less  than  T’..  difference  pro¬ 
vided  a  s  X  5  mesh  over  one  quarter  of  the  plate 
was  used.  Where  symmetry  could  not  be  exploited 
a  10  X  10  mesh  over  the  whole  plate  gave  results 
of  similar  accuracy.  By  applying  only  a  small 
transverse  pressure,  it  was  possible  to  obtain  small 
dellection  initial  failure  results  with  the  DR  tinalv- 
sis.  Thus,  a  series  of  small  deflection  initial  failure 
analyses  for  single-layer  orthotropic  SS.f  edge 
conditions'  and  two  and  four  laver  x  45  anti¬ 
symmetric  angle-ply  square  plates  with  SS.i  edge 
conditions  see  Tig.  1  ■  were  carried  out.  The 
plates  were  assumed  to  be  l;imin;ited  trom  uni¬ 
directional  UFRP  materia!  with  elastic  piodular 
and  strength  ratios  ;is  listed  in  Fables  1  and  2. 
Exact  solutions,  based  on  Fourier  series  analysis, 
were  also  comnuUsi  for  the  same  ttinge  of  plate 
lay-ups.  1  he  DR  approximate  ;ind  Fourier  exact 
ip’iiai  tailure  pressures  and  associated  phiie  centre 
delleetions  are  listed  in  Table  5,  ('learly.  the  DR 
initial  tailure  results  agree  reasonably  well  with 
the*  e.xtict  results.  It  was.  therefore,  concluded  that 
the  DR  analysis  could  be  usetl  with  retisonable 
confidence  to  compute  the  main  large  detlection 
initial  failure  results  of  this  studv. 


7  INITIAL  FLEXl  RAL  FAILl  RE  RESl  LTS 
FOR  ±45=  ANGLE-PL>  PL.\TES 

As  mentioned  in  the  Introduction  attention  is 
focused  on  the  effects  of  plate  slenderness,  edge 
support  conditions  and  lay-up  antisymmetry  on 
the  initial  failure  response  of  square  CFRP  plates. 
Thus,  computiitions  have  been  made  for;  plate 
span  to  thicknc.ss  ratios  in  the  range  10-50  i.e. 
the  practical  range  of  thick  to  thin  plates  .  two 
types  of  simply  supported  and  clamped  edge  con¬ 
dition  and  symmetric  and  antisymmetric  ±  45= 
lay-ups.  The  large  deflection  initial  failure  results 
for  the  above  range  of  parameters  are  presented 
in  Tables  4  and  ,5  for  the  simply  supported  and 
clamped  plates  respectively.  Also  included  in 
these  tables  are  the  failure  initiation  locations  as 
well  as  the  values  of  the  square  of  the  dimension¬ 
less  plate  slenderness. 


In  order  to  appreciate  more  clearly  the  effects  of 
lay-up,  .slenderne.ss.  etc.,  on  the  initial  failure 
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I  able  1.  Elastic  properties  of  a  uni-directional  ('ERF 
lamina 
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response  it  is  helpful  to  plot  initial  failure  pres¬ 
sures  and  associated  plate  centre  deflections 
against  This  information  is  presented  in  Figs 
2a  and  2b  for  simply  supported  plates  and  in  Fig. 


3  (initial  failure  pressures  only)  for  clamped 
plates.  Focusing  attention  on  the  initial  failure 
pressure  results  first,  i.c.  Figs  2a  and  3.  it  is  clear 
that  the  dimensionless  failure  pressure  increases 
with  /?".  However,  for  both  the  SS2  and  CC2  edge 
conditions,  i.e.  the  in-plane  free  conditions,  the 
failure  pressure  appears  to  show  an  almost  linear 
increase  with  ft-,  irrespective  of  whether  the  lay¬ 
up  is  symmetric  or  antisymmetric.  The  non- 
dimensional  initial  failure  pressure  versus  ft' 
relationship  for  plates  with  SSI  and  CCl  edge 
conditions,  i.e.  in-plane  fixed  edges,  is  quite  differ¬ 
ent,  being  markedly  non-linear. 


iiiiliu/ I'liiliin’  uftulysis  o)  Uumniacd  plates 


l.ooking  at  the  results  tor  simply  supprrrted 
edge  conditions  in  more  detail,  it  is  evident  from 
Fig.  2a  that  when  the  lay-up  is  antisymmetric  the 
difference  between  the  initial  failure  pressure  hir 
in-piane  fixed  and  free  edge  conditions  may  be 
very  large.  For  example,  in  the  ease  of  a  thin  two- 
layer  plate,  i.e.  /?'  -  101 7,S.  the  initial  failure  pres¬ 
sures  differ  by  a  factor  approaching  three.  f.;ven 
when  coupling  is  diminished,  as  in  the  case  of  a 
four-layer  antisymmetric  plate,  this  factor  still 
cxcc-'Js  iwc.  Ho'.'.cver.  in  the  absence  of 
bending-shearing  coupling  (cf.  the  four-layer 
symmetric  angle-ply  plate),  changing  the  in-plane 
edge  restraint  from  fixed  to  free  in  a  thin  simply 
supported  plate  ^  101  75  )  increases  the  initial 
failure  pressure  only  by  about  50‘’o  and  this  effect 
diminishes  rapidl\  as  the  plate  becomes  thicker. 

I'ahle  2,  Strength  ratios  of  a  uni-directional  Cl-  RP  tarnina 
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Note:  ^;=  245  r. 


Turning  now  to  the  associated  plate  centre 
dellections  for  simply  supported  .r45'  angle-pl> 
plates  shown  in  Fig.  2a.  it  is  clear  that  although  in- 
planc  fixed  and  free  edge  conditions  result  in  large 
differences  in  initial  failure  pressures  for  thin 
plates,  this  is  not  retlected  in  correspondingK 
large  differences  in  plate  centre  deflections.  For 
the  four-layer  symmetric  angle-pl>  plate,  it  is 
evident  that  the  degree  of  in-plane  edge  restraint 
does  not  affect  the  deflection  at  which  failure 
initiates.  Similarly,  for  slender  tw<»-  and  tour-laver 
antisymmetric  angle-ply  plates  in-plane  fixity  only 
increases/decreases  the  associated  centre  deflec¬ 
tion  b\  a  few  percent. 

C  onsidering  now  the  initial  failure  pressures  for 
clamped  angle-ply  plates,  i.e.  Fig.  .A.  it  is  clear  that 
the  same  general  trends  as  hrr  simply  '•upported 
plates  are  evident,  viz.  increasing  the  degree  of  in- 
plane  edge  restraint  raises  the  initial  failure  pres¬ 
sure  significantly  lor  thin  plates.  However,  for 
clampetl  plates,  there  is  no  significant  dilference 
between  the  associated  plate  centre  tleflections 
regardless  of  the  degree  of  in-plane  edge  restraint 
and  whether  the  plate  is  moderately  thick  or  thin 
'  see  Table  .x  ). 

It  is  of  interest  to  compare  the  effects  of  flexural 
edge  restraint  on  the  initial  failure  results  for  these 
angle-ply  plates.  Thus,  referring  to  Figs  2a  and 


I  abli'  (  (tmparison  of  DR  and  exact  xmall  denection  initial  failure  analysis  results  for  uniformly  loaded  s()iiaic  plates  with 

simply  supported  edge  conditions  (shear  correction  factors  = 


'  I  xact  analysis  'series  solution)  results. 

'DR  results  compulcil  with  a  1 0  x  K)  uniform  mesh  over  the  whole  plate. 
DR  results  computed  with  ;i  1 0  x  1 1)  uniform  mesh  over  the  whole  plate. 
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DR  approximate  analysis  results. 

'DR  results  computed  with  a  .“i  x  S  uniform  mesh  over  a  quarter  of  the  plate. 

536 


(i.J.  Turvev.  M.  >'.  Osmun 


Table  4.  DR  large  deflection  initial  failure  results  for  unifurniK  loaded,  square,  simply  supported  (SSI  and  SSI  edge 

conditions!  angic-piy  laminated  plates  (shear  correction  factors  - 
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SS  i  results. 

SS2  results, 

\alues  eomputeil  with  a  1 D  x  It)  unilorm  mesh  over  the  whole  plate. 
Aalcies  computed  w  ith  a  5  5  unitorm  mesh  over  a  quarter  plate. 

Values  computed  with  ;i  1 0  x  III  uniform  mesh  over  the  whole  plate. 


it  is  nttticcahlc  that  in  the  case  ivt'  the  symmetric 
tour-layer  plate,  changing  the  edge  condition  fntm 
simply  supported  to  clamped  produces  a  very 
large  increase  in  the  initial  failure  pressure 
irrespective  of  in-plane  edge  restraint  and 
slenderness).  The  situation  for  two-  and  four-ltiyer 
tintisymmetric  angle-ply  plates  is  markedly  differ¬ 
ent,  i.c.  changing  from  simply  supported  to 
clamped  edge  conditions  produces  a  reduction  in 
the  initial  failure  pressure  when  there  is  full  in¬ 
plane  fixity  find  an  increase  when  there  is  no  in¬ 
plane  restraint. 


In  the  last  figure  of  the  paper.  i,e.  Fig.  4.  the 
effect  of  changing  the  llexural  edge  restraint  in 
the  presence  of  full  in-planc  fixity)  on  the  asso¬ 
ciated  plate  centre  dellcction  is  shown.  In  all 
cases,  the  deflectirms  at  the  initiation  of  failure  arc 
larger  for  simply  supported  than  for  clamped 
plates.  For  example,  the  centre  deflection  of  a 
simply  supported  four-layer  antisymmetric  angle- 
ply  plate  is  nearly  twice  that  of  the  corresponding 
clamped  plate.  The  differences  in  deflection, 
though  substantial,  are  not  as  large  for  the  other 
two  lay-ups  considered. 


l.tirgc  (k'jlcainn  initial  luiliirr  cimilyiis  of  luminaicd  plah's 


Table  5.  DR  large  defleelion  initial  failure  results  for  uniforniK  loaded,  square,  clamped  (('(T  and  <  (  2  edge  conditions)  angle- 

ply  laminated  plates  (shear  correction  factors  - 
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CCl  results, 

< '( '2  results. 

\alucs  Cdmputoii  'aiih  a  Id  x  Id  uniform  mesh  o\er  the  whole  plate 
N'alues  eonipuled  with  a  5  x  5  unitorm  mesh  <'ver  a  quarter  plate. 
Values  eomputeil  with  a  Id  x  10  uniform  mesh  iner  the  whole  plate. 


8  CONCLl  OINC;  REMARKS 

!  hc  authors  have  presented  an  approximate  large 
deflection  initial  failure  analysis,  based  on  Mindlin 
laminated  plate  theory,  of  uniformly  loaded 
squiire  angle-ply  plates.  The  results  of  a  param¬ 
eter  study  for  thick  ;ind  thin  ±  45°  laminates  show 
that  the  initial  failure  pressures  are  increased 
significantly  by  suppressing  in-plane  displace¬ 
ments  at  the  plate  edges,  especially  when  the 
plates  are  thin.  It  is  further  shown,  in  the  case  of 
simply  supported  plates,  that  the  associated  centre 
deflection  at  the  initiation  of  failure  is  either 
urioffeeled  or  is  nuirginally  increased  tis  a  result  of 


suppressing  in-plane  edge  displacements.  Lor 
clamped  plates  the  associated  plate  centre  deflec- 
ti(ms  are  not  intlueneed  by  the  degree  of  iii-pl;uie 
restraint  at  the  edge  of  the  plate.  Perhaps  the  most 
significant  finding  to  emerge  from  the  stud>  is  that 
when  the  plate  lay-up  is  antisymmetric,  changing 
the  flexural  support  conditions  from  simph 
supported  to  clamped  does  not  necessanlv  result 
in  an  increase  in  the  initial  failure  pressure.  Only 
when  the  Ilexural  support  conditions  are  changed 
in  the  pre.sence  of  full  m-plane  edge  restraint  does 
this  arise,  otherwise  a  decrease  in  failure  pressure 
occurs. 
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Static  stress  analysis  of  composite  spur  gears 
using  3D-f!nite  element  and  cyclic  symmetric 

approach 
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\huluiie  lhtiun}ics  Lohoniiorw  Department  of  Applied  Mnluinics.  Indian  Institute  of  feeltnoloi’x.  Madras  ftOd  ftM^.  India 


It  is  more  realistic  to  include  the  effect  of  adjacent  teeth  stiffness  while  evalu¬ 
ating  the  root  stresses  of  a  gear  which  is  a  rotationally  periodic  structure.  This 
requires  very  large  core  and  computational  time.  In  the  present  analysis  an 
attempt  has  been  made  to  compare  the  root  stresses  with  and  without  consider¬ 
ing  the  effects  of  adjacent  gear  teeth  stiffnesses  using  the  concept  of  cyclic 
symmetry.  Further,  an  attempt  has  been  made  to  study  the  performance  of  a 
ciimpositc  spur  gear  using  the  above  approach.  It  is  found  that  the  root  struc¬ 
ture  predicted  by  the  method  of  cyclic  symmetry  is  loss  for  both  isotrtipic  and 
orthotropic  spur  gears. 


1  INTRODICTION 

Fibre  reinturced  compo.site  materials  are  being 
used  ftir  different  structural  components  in  space 
vehicles,  aircraft  and  automobiles.  Transmission 
gears  made  of  composite  materials  have  been 
used  in  some  types  of  washing  machines,  gear 
pumps,  etc.  It  has  been  reported  in  the  literature 
thiit  the  life  of  it  heavy  duty  gear  pump  in  a  chemi¬ 
cal  industry  showed  an  increase  of  1000  h  when  the 
conventional  material  is  replaced  by  reinforced 
composite  material.'  Because  of  this  and  other 
advantages  such  as  lower  weight/stiffness  ratio, 
composite  gears  may  replace  conventional 
material  gears  in  power  transmission  systems.  In 
the  literature  it  is  found  that  the  boundary  condi¬ 
tion  used  for  the  study  of  gear  tooth  stres.ses  is 
that  either  the  base  of  the  gear  tooth  is  fi.xed  or  the 
sides  are  fi.xed.  or  both,  none  of  which  is  correct. 
In  reality  the  base  of  a  gear  tooth  is  fixed  and  the 
sides  are  subjected  to  the  internal  reactions  of 
both  teeth  on  either  side  of  the  teeth  under  study. 
Analysis  of  gears  with  such  a  boundary  condition 
is  possible  only  by  making  use  of  the  concept  of 
cyclic  symmetry. 

A  cyclic  symmetric  structure  is  a  rotationally 
periodic  structure.  Such  a  structure  may  operate 
with  or  without  cyclic  symmetric  loading.  Wild- 
heim  derived  this  principle  and  applied  it  to  the 
vibrations  of  a  rotating  regular  polygon.  Thomas’ 
has  used  this  approach  for  the  dynamics  <»f  tur¬ 


bine  blades  and  alternator  end  windings.  The 
above  authors  have  used  conventional  solution 
procedures,  whereas  the  entire  stiffness  and  mass 
matrices  are  assembled  and  used  in  the  solution 
procedure.  This  type  of  analysis  requires  larger 
core  (memory  )  for  storage.  Finite  element  analysis 
using  a  two  dimensional  element  and  the  cyclic 
symmetric  approach  for  an  isotropic  spur  gear 
was  carried  out  by  Ramamurti  and  Ananda  Rao." 
Single  tooth  finite  element  analysis  of  composite 
gear  was  done  by  Vijayarangan  and  Ganesan,' 

In  the  present  work  an  attempt  has  been  made 
to  analyse  the  variation  of  tensile  stresses  on  the 
load  surface,  which  are  responsible  for  the  cata¬ 
strophic  failure  of  a  gear  tooth.  Isotropic  and 
composite  materials  are  considered  in  the 
analysis.  In  the  finite  element  model  three  dimen¬ 
sional  eight  noded  brick  elements  with  three 
degrees  of  freedom  per  node  have  been  used. 
Usually  the  structural  stiffness  matrix  of  any  svs- 
tem  is  in  banded  form.  In  the  present  case,  the 
analysis  uses  one  gear  tooth  with  the  coupling 
stiffnesses  of  the  adjacent  gear  teeth.  This  inclu¬ 
sion  makes  the  stiffness  matrix  fully  populated. 
But  the  use  of  a  conventional  full  matrix  assembly 
prtKedure  is  inefficient  and  the  core  needed  for 
such  analysis  is  very  high.  Hc.icc  to  solve  this 
problem  the  out-of-core  technique,  namely. 
Potter’s  scheme  has  been  used  in  the  solution 
procedure,  which  uses  the  partition-wise  assembly 
technique. 
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2  STIFFNESS  AND  FORCE  EVOLl  TION 
2.1  Stiffness  description 

A  gear  v\hccl  is  a  rotationally  [.criodic  striicuirc 
having  a  number  of  identical  substructures  equal 
to  the  number  of  teeth  in  the  gear.  I'his  pericrdicity 
of  the  gear  teeth  is  explained  in  Fig.  I .  Flere,  .\  is 
the  number  of  teeth  in  the  gear  and  /i  is  number  of 
stations  considered  in  a  single  tooth.  In  the  pres¬ 
ent  model  a  gear  tooth  is  divided  into  six  t/a 
radial  disisions.  1  he  number  of  nodes  in  each 
division  will  be  different  as  explained  in  the  figure. 
As  described  earlier,  in  the  present  case  the  stiff¬ 
ness  matrix  is  a  fully  populated  matrix  and  it  is  a 
hermitian  matrix  also.  The  static  equilibrium  for 
the  gear  wheel  analysis  can  be  represented  as  fol¬ 
lows; 
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where  /},  is  a  symmetric  submatrix  of  a  single 
stati<'>n  considered  in  a  substructure  and  A,,  is  a 
coupling  stiffness  submatrix  between  two  adjacent 
stations,  g,  and  are  displacement  tmd  force  vec¬ 
tors  of  a  single  station. 

^  I  =  e  ;  A: ,  =  1  /A  I  and  /  =  1.2..^ . // 

it  is  the  tmgic  subtended  at  the  centre  by  the  sides 
of  the  gear  tooth  under  consideration  which  can 
be  obtained  as  2.t/.V. 

2.2  Force  and  displacement  evaluation 

In  the  present  c;ise,  a  gear  w  heel  with  unit  contact 
ratio  has  been  assumed.  The  loading  on  one  gear 


1 


tooth  and  zero  loatK  on  all  other  teeth  leads  to 
asymmetric  loading.  A  methiHl  o!  anal\si^  ol 
asymmetric  loading  h;is  been  presented  in  Kef  <> 
and  is  explained  here.  1  he  load  acting  on  that 
tooth  is  expressed  ;is  several  hnincr  harmonics. 
For  each  harmonic  the  analysis  of  the  repeating 
sector  •one  tooth  is  carried  out.  fhe  tutal 
response  is  obtained  as  sum  ol  the  indi\  idual  hai- 
monic  responses. 

Since  the  stiffness  of  a  cyclic  symmetric  sirue- 
ture  is  in  polar  coordinates,  the  forces  are  also 
expressed  in  the  same  coortiinate  sysiem. 

where  f,  r.z  -  are  coefficients  corresponding  t<i 
the  /th  harnirmic  and  /,,  is  the  axisymmetne  com¬ 
ponent. 

If  A,.  Ik . />,  are  the  loads  in  the  re[iea!eri 

structures  1.2 . V  then  the  corresponding 

Fourier  components  are  given  by 
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The  Fourier  coefficients  are  to  evaluated  lor  each 
structural  degree  of  freedom  to  determine  the 
load  vector  ccrrrespmiding  to  cttch  individual  har¬ 
monic.  The  k>ad  on  each  degree  of  freedom  can 
be  represented  as 


r  I 

where  /,,*  is  the  component  of  the  Fourier  har¬ 
monic  and  c'  '  '  is  the  faetor  that  links  the  force 
of  the  system  of  one  structure  to  another. 

In  a  spur  gear  the  load  acts  on  only  one  tooth 
(in  this  citse.  as  contact  ratio  unity!  and  is 
unilbrmly  distributed  along  the  line  of  contact. 

= 

and 

./u  ~llk  ~  ink  ~  1^1^' 

Using  the  procedure  as  prescribed  in  the  next 
section,  the  displacements  of  the  gear  teeth  under 
consideration  are  obtained.  These  displacements 
are  extrapolated  to  the  adjacent  teeth  based  on 
wave  propagation  theory  in  the  following  way. 


(h) 
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The  total  displacement  ot  each  tooth  is  arrived  at 
by  summation  of  all  the  displacements  obtained 
for  different  harmonic  loads.  The  real  tind  imagi¬ 
nary  parts  of  the  displacements  obtained  will  be 
equal  anti  opptrsite.  All  stress  calculations  arc 
done  in  real  mode  only. 

3  SOLI  TION  PROCKDl  RE 

f  he  static  etjuilibrium  of  each  station  can  be 
represented  as  follows.'’  For  the  first  station 

(  p/.  +  •  Ip/;  ~,"i  ■  ^  ’ 

w  here  li,  and  .1,  are  stiffness  submatriccs  of  the 
stations,  (  ^  is  the  coupling  stiffness  matrix 
betweer  successise  stations,  t/  is  the  nodal  dis- 
placcmeni.  g  is  the  force  vector.  Liquation  7‘  can 
be  w  ritten  in  general  form 

(  ,/  ,  +.1  -g. 

t=:..T4 . /I  S' 

lujuatiotiv  ^  and  S  cat' be  modified  !o 

//  =  -  /',(/■  r  (/,  ^  (Jjt/, 

and 

(I  -  -  /’(/,.  i  -  <1  +  (J  d, 
where 

I’^-n  M 

i/i  'y'l 

(J,  -  /F  T  , 

/’  -  H  (  r  ,  M 

</  =  //(/’,  ^  C,  Ta/^  , 

<j  -  li  ■  (  r  ,  '  f  io  I  I  - 

I  he  et|uilibrium  at  the  nth  station  is 


</„  -  /’,p/„  . ,  ^  (J„  +  (J„(l„  I  1 

Because  of  cyclic  symmetry 

Hence 

-  1  (J..:  I  a,!/’,,  T/|  !  I3i 

1  ,t|uations  i  7 !  and  '  S  i  after  simplification  give 
d ,  l\d,  ( 1 4 ) 


where 
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T  1  ~  <J„  Mi 

‘/|  "  T 

r  1  '/Vi  ' 

- 

/  Ti  -  Q,  Vi^„i 

1' 

similarly 

d,  -  -  f\d  . 

1  ~d 

1  -/’  ,  '74, 

16 

q,  -\H  -C 

\  -  P  ,  'if/:  -  (  </  , 

The  above  e(.|uation  can  be  written  for  the  /nh 
station 

-  -/\r/„.  ,  -q,,  P 

liqiuition  13'  can  be  substituted  in  1  7 

IS 

Comparing  ecpis  ■  1  and  1 "  vve  can  obtain 

d,  =i/\  1  -  (I,  -  '/'  ix  </,  -  I  (J,  q  lo 

Substituting  eqn  Id  inccjii  IS  w  ;  can  arrive  at 
the  value  of  d,  and  vvith  back  substitutions  into 
eipi  16  we  can  arrive  at  other  unknown  ilisplacc- 
mciits. 


The  above  solution  proccduie  is  usevi  to  solve  a 
static  cc|uilibrium  cqiiatio.i  for  a  carbon-steel 
material  anil  a  iilass-epoxy  material  spur  gear. 
I  heir  material  properties  are  given  in  Table  1. 
i  he  gear  tooth  parameters  used  in  this  work  are 
given  in  Table  2.  ,\  unilorm  load  of  24.^  2, s  N  mm 
length  of  the  face  width  of  the  gear  tooth  was 
assumed  to  act  at  the  tip  as  shown  m  Fig.  2.  This 
uniformly  distributed  load  was  lumped  at  the 
nodes  The  load  and  node  details  are  explained  in 
the  same  figure.  The  cotisidercu  spur  gear  sector 
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fable  2.  (iear  tooth  parameters 

No. 

Parameter 

Value 

1 

Pressure  ancle 

211 

.Module !  mm 

HI 

3 

Addendum 

1  m 

4 

IX'dendum 

1-25  m 

■N 

Root-fillet  radius 

n-.fm 

Rim  thickness 

1  25  m 

7 

Number  of  teeth 

2(1 

s 

Pace  width 

1 1  m 

V 

Kiy.  2.  ( )\i.T,ill  liiiitc  L'lcniciit  inodcl  ol  sicar  lootli  scclor. 


in  the  cyclic  cvrnmctnc  appnnicli  has  an  incliKlcil 
angle  1)1'  1 S  n  .  The  stillness  matrix  i)f  the  system 
IS  ohtiiined  h_v  using  eight  nocletl  brick  elements 
with  biree  degrees  ol  Ireedom  per  node.  I  hey  are 
u.  r  tind  H  disphtcements  along  (he  three  nuiiually 
perpendicuiiir  directions,  hirst  the  analysis  ol  a 
steel  spur  gear  has  been  carried  out.  I  he  calcu¬ 
lated  stresses  are  compared  with  the  existing 
.AC/.VIA  antilylical  methoil  and  with  eonven- 
tional  single  tooth  I'inite  element  analysis  '  A  com¬ 
parison  ol  obtained  maximum  o,  ol  three 
methods  ;ire  show  n  below. 

1  Analytic;il  method  Agma  equtnioni:  I4(t 
N’/mm  ’ 

ii  Single  tooth  linite  element  analysis:  122 
N/rnm 

lii  >  (  yclie  symmetric  approach:  d7-2  N/mm  . 

A  comparison  ol  displacements  in  the  ?-  r  tind  re 
aiul  stresses  in  the  perpendicular  directions  are 
given  in  Fable  .h  The  inclusion  ol  the  slinness  ol 


an  adjacent  gear  tooth  has  resulted  in  a  reduction 
ot  gear  tooth  stress  a,. 

A  spur  gear  made  of  composite  material  glass- 
epoxy)  w'ith  radial  fibre  orientation  has  also  been 
analy.sed.  The  displacements  obtained  ;r.  r.  n 
have  been  plotted  in  Figs  3-5.  The  maximum  dis¬ 
placements  from  tip  to  root  along  load  surface 
have  been  compared  in  Table  3  for  both  the  c  yclic 
symmetric  and  the  single  tooth  approach.  The 
stresses  along  the  fibre  direction  H.k  the  other 
tw'o  perpendicular  directions  7i  Zi  and  the  shear 
stre.s.ses  in  the  LI.  IZ.  ZL  planes  are  trtinsforrned 
from  the  calculated  stresses  along  the  gei'metrical 
axes.  The  stresses  are  plotted  in  Figs  6-1  I .  It  max 
be  seen  from  these  figures  that  the  xariation  of 
displacement  and  stresses  of  both  steel  and  coni- 

Tahli-  3.  C  omparison  of  results  oilic  sonmetric  approach 
and  sini’lc  loolh  finite  element  analysis 

(  vclic  C  I’n'cniii'iial 
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posite  izcars  arc  similar.  Here  the  norm:il  stress 
tilong  the  fibre  direction  r;,  ■  is  lower  compared  to 
that  for  single  tooth  analysis,  Ilut  the  shear  stress 
or,  I  predieteti  by  using  the  eyelie  syminelric 
;tppro;ieh  is  higher.  Usually,  in  it  composite 


material  a  combination  of  different  stresses  is  a 
critical  factor  lor  the  designer.  Hence  the  Isai-Hill 
theory'  has  been  used  to  calculate  the  lacti'f  id 
safety  of  the  gear  1  he  element  at  which  the  nor- 
mtil  stress  in  the  /-dircetion  is  maximum  hits  ix'en 
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Kig.  to.  Varialion  of  o,/  with  distance  from  lip  to 
along  load  surface 

r  e  :.\s  i 

\  SteeJ  i 

90000  Composite  i 

1 

'■'  ^ _ -  1 

®  ff  ^ 

r-  1 

♦ — ' —  f  i 

i 

1 

c.  •  •  t 

Hg.  n.  ViinuiKm  (’t  0/1  with  ilisiancc  from  lip  lo  root 
along  load  surface. 


identified.  T  he  factor  of  safety  at  that  element  has 
been  calculated  for  both  approaches,  '['he  lowest 
factor  of  safety  occurs  at  tip  of  the  gear  teeth.  1  he 
calculated  lowest  factor  of  safety  for  the  two 


approaches  arc: 

ii  (  onventional  approach:  l  -46f)() 

Mi  l  C  yclic  symmetric  approach:  I  551.4. 

5  CONCLl  SION 

t  he  effect  of  adjacent  teeth  stiffness  on  the  still¬ 
ness  of  the  gear  tooth  under  consideration  has 
been  studied.  It  is  found  that  the  inclusion  of  the 
above  stiffness  results  in  a  reduction  of  mrrmal 
stress  in  the  fibre  direction.  'Fhe  normal  stresses  in 
the  other  tw-o  directions  are  found  to  increase 
slightly.  But  the  factor  of  safety  calculations  pre¬ 
dict  higher  values  for  the  cyclic  symmetric  ap¬ 
proach  than  the  single  tooth  finite  element 
analysis. 
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A  damage  mechanics  tool  for  laminate 

deiamination 


L.  Daudeville  &  P.  Ladeveze 
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C  (u  luiu  (  I  rillin' 


\  simplilicii  nicthoil  ha'Cil  upon  damage  mechanics  ior  the  delaminainm 
anal\\sis  of  carhon-rcsin  composites  k  presented  In  the  neighbourhood  of  a 
laminate  structure  ciuasi-straii>ht  edge,  damage  is  taken  concentrated  on  the 
interface  between  layers  I'he  finite  element  code  Id)A.  acting  as  a  post¬ 
processor  of  an  elastic  laminate  shell  computation,  allows  the  onset  and 
propagation  forecast  of  delamination.  First  numerical  simulations  ol  deiamina¬ 
tion  are  goen  and  ctimpared  with  e.sperimental  results  from  literature. 


1  INTRODIC  TION 

I  hc  clcgrtidiitinn  modes  ol  carbon-rcsin  lami- 
riiitcs  c.g.  1300-9 1 4  can  be  split  into  two  classes. 
On  the  (Uie  hand,  intnilaminar  damat'cs;  trans¬ 
verse  matrix  cracking,  librc-malrix  debonding, 
tibre  ruptures.  On  the  other  hand,  delamination, 
i.e.  degradtition  t)t'  the  link  between  layers.  Lami¬ 
nate  Structures  being  thin  'plates  or  shells s  the 
stress  state  lar  away  from  the  edge  zones  tree 
edges,  zones  of  force  application  is  a  plane  stress 
stiile.  whereas  the  stress  state  can  be  three-dimen¬ 
sional  in  the  edge  zones.  Thus,  delamination, 
a  phenomenon  of  layer  debonding  due  to  possible 
stresses  that  are  normal  to  the  shell  surface, 
occurs  principally  in  the  edge  zones  of  laminate 
structures. 

Numerical  rupture  simulation  of  a  laminate 
structure,  taking  into  account  all  the  progressive 
degrtidation  phenomena,  leads  to  a  time  depen¬ 
dent  three-dimensional  non-linear  pniblem. 
Novvtidays.  finite  elemenl  calcualtions  under  a 
classictil  laminate  theory  and  combined  with 
stress  criteria.'  are  generally  used  for  the  rupture 
forecast  far  away  from  the  edge  zones.  Such  an 
approtich  ctin  be  discussed  because  such  criteria 
ctmnot  well  tlcscribe  the  different  damage  pheno¬ 
mena. 

Lor  the  deiamination  analysis,  more  especially 
for  the  onset  forecast  of  a  free  edge  crack,  compu- 
tiition  methods  of  elastic  edge  effects-  *  arc 
generally  usetl  as  post  processors  of  an  clastic 


laminate  shell  computation.  Lhcy  are  associated 
to  criteria  based  upon  the  average  of  normal 
stresses  along  a  characteristic  distance  from  the 
free  edge.'  Progressive  degradations  are  not  yet 
taken  iniotiecount.  In  addition,  deiamination  docs 
not  always  occur  where  stresses  are  maxima  and 
the  intrinsic  fctiture  of  the  distance  from  the  free 
edge  can  be  discussed  when  geometry  and  stack¬ 
ing  seejuence  vary.  Linear  fracture  mechanics,  i.e. 
computation  of  ;in  energy  release  rate  (I  and  its 
comparison  with  a  critical  value  (i,.  is  generally 
used  for  crack  propagation  study  ."  '  Nevertheless, 
fracture  mechtinics  cannot  be  used  for  crack  onset 
study. 

Progressive  degradation  modelling  allows  one 
U>  predict  accurately  the  structure  behaviour  until 
rupture:  that  is  damage  mechanics  of  compo¬ 
sites.'  "  Numerical  methods  based  upon  damage 
mechanics  proposed  by  l.adcveze."  acting  as 
post-processors  of  an  elastic  laminate  shell  com¬ 
putation  have  been  developed  for  the  forecast  of 
li!  rupture  far  away  from  the  edge,  ii  rupture  in 
the  vicinity  of  a  circular  hole,  and  dii  deiamina¬ 
tion  near  a  quasi-straight  edge. 

Method  (iiii  is  presented.  The  general  ideas  of 
that  computational  tool  were  first  presented  in 
Ref.  I  2.  We  present  now  the  development  and  the 
first  results  of  this  simplified  method  that  allows 
the  forecast  of  deiamination  onset  and  its  propa¬ 
gation  on  a  short  distance.  Damage  phenomena 
tire  taken  concentrated  on  the  interfaces  between 
the  layers.  The  edge  is  quasi-straight,  thus  the 
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initi:il  tlircc-dimciisionai  protilom  becomes  a  luo^ 
dimensiotial  one  set  inio  a  hand  perpendieiilar  (o 
the  edee. 

riie  laminate  is  modelled  ;is  ;i  siaekitiij  ol' 
homogeneous  ehistie  layers  connected  by  elastic 
with  dtirnage  interlaces.  1  he  interlace  is  a 
two-dimensional  entity  which  ensures  stress  anil 
displacement  translcrs  between  layers.  1  he 
degradation  clTcct  is  taken  into  account  through 
the  relative  variations  of  the  interlace  elastic 
moduli.  An  interlace  vvith  damage  has  also  been 
Used  recently  by  .Schellekens'  for  dekunination 
simulation  of  a  laminate  under  tension.  I'lic  inter¬ 
face  modelling  of  this  author  is  principally 
based  upon  numerical  considerations.  1  he  inter¬ 
face  modeiling  we  propose  has  alreitdy  been  pre¬ 
sented.  In  the  previous  presentation.'^  for  the 
particular  e.vample  of  a  double  cantilever  beam 
iX'B  .  a  link  has  been  established  between 
damage  mechanics  of  the  interface  and  fracture 
mechanics  giving  a  mechanical  interpretation  to 
that  modelling.  Note  that  the  crack  length  was 
considered  large  compared  with  the  beam  thick¬ 
ness.  In  the  present  paper,  the  numerical  simula¬ 
tion  of  the  IX'B  test  is  performed  vvith  no  initial 
crack.  I'he  finite  element  method  is  used.  Due  to 
damage,  the  structure  may  present  a  critical  slate. 
A  method'"  in  which  crack  opening  displace¬ 
ment  is  controlled,  alhnvs  such  a  limit  point  to  he 
passed. 

Numerical  simulations  of  delamination,  com¬ 
puted  with  the  post- processor  edge  damage  analy¬ 
sis  f'iDAi.  arc  given  in  the  framework  of  li.i  a 
IX'B  beam;  study  of  on.set  and  propagation  of 
dclamination.  and  iii)  a  specimen  under  tension; 
study  of  dclamination  onset  near  the  free  edge. 
The  proposed  numerical  simulations  allow  a  com¬ 
parison  with  experimental  results  from  literature 
for  the  identification  and  the  checking  of  the 
modelling. 


2  DELAMINATION  ANALYSIS  BY  DAMAGE 
MECHANICS 

2 . 1  Laminate  modelling 

The  laminate  is  modelled  as  a  stacking  (i)  of 
homogeneous  layers,  and  (ii)  of  interfaces  con¬ 
necting  layers  (see  Fig.  1 ). 

All  damage  phenomena  are  taken  concentrated 
on  the  interface.  The  principal  features  of  the 
interface  are  as  listed  below. 


•  //s  hi'lttniimr  i\  iiwiinu’u'  ./rr/Ki//-,;/-,.  ihc 
influence  of  the  adjacent  layers  on  the  inter¬ 
face  damage  behaviour  is  taken  into  aeeoiiiu 
through  the  fibre  liirection  bisectors  that  <ue 
supposed  to  be  the  directions  of  orthoiropy. 
I  he  constitutive  law  links  the  normal 
stresses  to  the  jump  of  displacement 
between  lavers.  its  expressiiin  in  elastieitv  is 


j...] 

/ 

Ii 

1 

vvith 

j  I'hL  -L  =  ti/S  lolN  -  neN 

(  jump  of  displacement  betw  een  the  •>  aiul 
-  layers 

Note  the  particular  cases. 

'k';  =  k';=k';=(i 

complete  debonding  between  lavers 
k'!  =  k':  =  k'>  - 
perfect  bonding 


•  is  ii/iilau  nil  in  ihc  .'  diivi  iuni  -  for 
the  normal  to  the  shell  direction  tmode  / 
there  is  no  damage  under  compression. 

•  Reltiliw  varimions  of  stiffness  are  the  (Innin^e 
imlivators  —  three  internal  variables  d  are 
associated  to  the  three  stiffness  moduli  kf 

•  The  interface  hehavionr  is  assumed  to  he 
elastic  with  damage  —  that  is  at  first,  ;m 
inelastic  behavour  can  also  be  introduced.' 

1  he  thermodynamical  potential  is  the  strain 
energy; 

^  (50): 

A'l’d-rf,)  k‘f\-d:)j 

( •  >+  denotes  the  positive  part. 


P(iiH(ii;e  nu'vluiiiiC'i  loot  tor  lumnuitc  th'hoiiinaiioit 


The  variables  V  ...  that  are  similar  tii  (he  energy 
release  rate  introdiiceti  in  fnieture  mechanies.  :ire 
eonjugated  tn  r/,;  >„  =dl-.,,!dcl. 

^  _  I  (7,,  .  _  1  O;' 

k'i-  l  -  </r'  '  '*  '  2  1  -^/.r  ' 

mode  I  mode  2 


1  <}  I  \ 

k'k 

mode  a  =  moile  / 

Note  (hat  nn)des  1 . 2  and  3  are  here  relative  to  the 
axes  ot  orthotropy.  contrary  to  the  tr;ietiire 
mechanics  citissical  appellation  that  refers  to 
crack  opening  tiirections. 


2.1./  .1  first  choice  for  the  (lanite^c  evohifio/i  hov 

I'he  evolution  of  the  three  damage  variables  is  linked  because  the  same  micro-cracks  participate  to 
damage.  Damage  evolution  is  assumed  to  be  governetl  by 

V  =  sup  ,,  .  +  }'|  Pi.  p,  coupling  factors 

Damage  evolution  law  is 

f  (/  ..  <  1 

f  </;.  <  1  and  tl,  <  1 
f  d.  <  i  and  d,  <  1 


where  is  threshold  energy.  \[  is  critical  energy,  ii  is  characteristic  parameters  of  the  damage  e\i)lution 
law  of  the  interface. 

2.2  Link  with  fracture  mechanics 


f/.  =ir  V 
(if  =  p;  ir  V 

(/.-p-icV 


w  ith 


ic  V  .= 


V- ):, : 


(/;  =  1  Otherwise 
</,  =  I  otherwise 
d-  =  I  otherwise 


Classical  tests  of  fracture  mechanics''  allow  us  to  obtain  the  three  inter-laminar  fracture  toughnesses  ff,  . 
.  relative  to  the  modes  1.  II  and  III.  (f,...  f/,,,.  are  different.'" 

I'nder  the  assumption  that  (/,  is  .i  constant  parameter  (there  is  no  R-cvitsq  effect).  C\  is  a  characteristic 
interface  parameter.  (/\.  can  be  interpreted  as  the  necessary  work  per  unit  surface  for  the  interface 
debonding.  Then,  it  can  be  dependent  (for  instance  under  pure  mode  I  =  mode  .3)  on  the  characteristic 
parameters  of  the  interface  modelling. 


o,;d| 


with  I  n  , ,.1  =  1(0. 11.,;  the  interface  is  locally  cracked 


(if,  is.  therefore,  the  area  under  the  curve  r/.,  -  boj  (see  Fig.  2).  In  pure  mode  I  one  finds 


D'u  ==■  ^1+  "  :  f  K  -  Td 

n  + 1 


For  the  identification  under  pure  modes  2  ttr  .3.  one  a.ssumes  that  the  crack  opening  direction  coincides 
with  a  bisector  of  adjacent  fibre  directions.  In  that  case  one  finds  (mode  11  =  mode  !  and  mode 
in  =  mode  2); 


l2  \ 

1  1  / 

-II 

\y,  1 

'  y.  \ 

Y, 


with 


a  =  11.  Ill 
/=  I.  2 


T  he  above  relations  allow  a  first  identification  of  damage  evolution  law  parameters. 
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Note  that  delamination  modelling  through  an  interface  with  damage  includes  the  notion  of  process 
zone  given  by  some  authors,  because  damage  varies  continually  in  the  vicinity  of  the  crack  tip,  I  he 
process  zone  length  depends  on  the  structure  ithe  damaged  zone  at  the  crack  tip  is  dilfereni  for  fK  B 
beams  with  layers  at  0°  and  00°). 


3  NUMERICAL  STRATEGIES 
3. 1  The  boundary  layer  problem 

.r  /.  /  Problem  fannuliuion  in  elasiieiiy 

The  laminate  shell,  of  thickness  2/;.  occupies  the  domain  Q  =  Q,  U  Q;  i  see  Fig.  3  s 

When  the  thickness  2b  is  v\eak  compared  with  the  transverse  dimensions,  the  three-dimensional 
displacement-stress  .solution  (U.  a)  of  the  elastic  problem  set  on  Q  can  be  written  as  follows;-" 

|u=Up  +  Ur 

}  a  =  ffp  +  Of 

Notably  because  of  the  layer  constitutive  law  di.scontinuity.  the  following  boundary  condition  is  not 
respected  on  the  edge  0Q  c 

T.-e  -/r/jj  ap!C)n  =  F'c! 

where  F  and  n  denote  the  force  density  and  the  normal.  Hence  !l\ .  Oy  i  is  added  to  the  valid  solution  far 
away  from  the  edge  dQyUp.  <7,.  i  such  that  (U,  o)  satisfies  the  equations  and  bounrlary  carnditirms  of  the 
three-dimensional  problem.  (Up.  Oy  i  is  localised  near  OQ;.  thus  the  edge  effect  solution  i  U, .  Oy  can  Ik 
computed  in  post-proce.ssor  of  a  shell  computation  set  on  Q..  If.  in  addition,  the  radius  of  cur\  ature  of  the 
edge  is  large  compared  with  the  thickness,  the  variations  of  (Up.  Oy  >  along  the  tangent  direction  y 
arc  negligible,  the  problem  becomes  set  into  a  band.z^  of  which  the  length  is  in  order  of  the  thickness  2b. 
f  he  problem  (•>’  i  to  solve  becomes;  find  (l\  .  Qy) 

i  i !  Up  e  ^/  =  { V/ V  =  0  on  dQ  I  n  .z? ! 


,  .  lUp.  ffpi;  .solution  ol  a  .shell  problem 
with  j  ^  f 

((Up.  OyK  solution  localised  near  the  edge  dQ- 


)ii) 


Oy£i\  )  d.V  = 


RV  d  s 


■iiit  ay  =  .'?~ielVy}} 

Fhe  force  R  applied  on  the  edge  OQ  .  0  .>?  of  the  structure  is  the  residue  of  e.xternal  forces  and  of  the  shell 
solution; 

R  =  F  -  OpH 

i  I  means  that  (Up.  Cp)  is  localised  and  (iii)is  the  constitutive  law. 


Hk- 2.  Intcrliici.'  clastic  with  tlamagc  behaviour  (moiic  1 
traction!. 


Damage  mechanics  too!  for  laminate  delaminaiian 
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3. 1.2  Solving  the  boundary  layer  problem  in  the  non-linear  case 

In  the  proposed  modelling  of  the  laminate,  only  the  interfaces  can  be  damaged  due  to  edge  effect  normal 
stresses.  The  interfaces  taking  no  part  in  the  computation  of  (Up,  ctp  I,  it  is  possible  to  apply  the  principle 
of  superimposed  stress  for  the  computation  of  (Up,  a^  ). 

The  problem  )  to  solve  becomes  a  non-linear  time  dependent  problem  set  into  the  band  .;*?. 

We  compared  the  damage  states  near  the  free  edge  obtained  by  two  non-linear  computations  of  a 
specimen  submitted  to  tension  along  the  x  direction  (see  Fig.  4). 

The  first  computation  C',  has  been  carried  out  by  resolution  of  problem  (.j^  i.  The  second  one  C  ,  has 
been  a  reference  computation  because  it  allows  us  to  have  the  exact  three-dimensional  solution  by  searching 
the  displacement  under  the  form  proposed  by  Pipes  and  Pagano.” 

Ui  \\  Z)+£X 

r{y.  :) 

»V(  _V,  Z  ) 


Vix.y.  z):  I 


(  I  and  C':  results  are  rigorously  equal.  That  confirms  it  is  possible  to  apply  the  principle  of  superimposed 
stress  in  that  particular  case  where  non-linearities  are  taken  concentrated  on  interlaces. 

.^.2  A  Riks-iike  method 


Due  tt)  damage  on  interfaces,  an  instability  point  may  appear.  That  critical  point  cannot  be  passed  with  a 
New  ton  method  that  pilots  the  computation  in  terms  of  'force'  (see  Fig.  5).  A  Riks-like  method''  allows 
to  control  the  computation  and  pass  such  a  limit  point. 


(  urrent  step: 


,/■  ! 


>.<>,  =  A,., F-fiU,) 

A , ..  I  =  A ,  +  f3A , 
constraint:  ,i'(bA,)  =  0 


By  the  Newton  method:  AA,  =  0 

By  the  Riks  method  the  load  factor  is  released,  it  is  then 
necessary  to  impose  a  constraint:  g\  bA  .i  =0 


Riks''  and  Crisfield"'  propose  a  constraint  gl(^A,)  =  ()  that  concerns  the  norm  of  the  global  vector  b,.  Such 
a  global  ct)nstraint  may  lead  to  a  non-convergence  when  damage  localises.  To  ensure  a  good  convergence 
we  propijse  to  use  a  local  constraint  that  considers  only  the  mtire  significant  degrees  t)f  freedom  in  the 
increase  of  damage. 

Note  a  is  the  closer  node  of  the  Gauss  point  where  the  increase  of  damage  has  been  the  more  important 
at  the  initial  step  (/j  is  the  node  located  on  the  same  interlace  but  on  the  adjacent  layer),  n  (1.2  or  3 )  is  the 
mode  t)f  principal  damage  (see  Fig.  6). 

The  local  constraint  consists  in  imposing  a  constant  value  for  the  jump  of  displacement  between  a  and 
/f  along  the  n  direction. 

!  =  0  for  i  >  1 


Fig.  .5.  Riks-like  mcthiHl. 
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3.3  A  method  for  a  large  number  of  layers 

The  operator.A^',  isee  (.'/’  ))  can  be  the  tangent  structural  stiiCness  matrix  T,  or  the  secant  one  ^  ,  i.e. 
computed  thrt)ugh  an  elastic  with  damage  behaviour;.  Solving  \:/'  i  c;in  be  carried  out  vsith  the  direct 
C'rout  method.  In  the  ease  of  a  large  number  of  layers,  that  method  may  be  expensive  because  oi  J5 
matrix  size.  We  propose  then  to  use  the  conjugate  gradient  method  with  use  of  a  conditioner. 

In  the  iterative  Riks  algorithm,  the  linear  systems  to  solve  can  be  vvritten  under  the  form 

.r,x  =  R  with.r, 

and.>St',‘,„  are  respectively  the  contributions  of  layers  is  a  constant  matrix!  and  of  interfaces  ./5„, 
is  a  non-constant  matrix  because  the  interfaces  can  damage;.  The  conjugate  gradient  method  consists  in  a 
series  t)f  iterating  resolutions  of 

The  matrix,-Jf'',,,|  i conditioner!  being  diagonal  by  units,  the  resolution  is  parallel  on  each  layei'. 


4  M  .MERIC AL  SIMl  LATIONS  OF 
DELA.MIN.ATION 

4.1  Identilication  of  model  parameters 

The  characteristic  partimetcrs  of  the  interface 
modelling  are  Aj'.  A".  A','.  Vji,  V'.  n,  y^.  >o. 

The  interface  can  be  considered  as  a  rich  resin 
zone  of  weak  thickness  c,  compared  with  the  layer 
thickness  l\  .  By  this  analogy  and  by  considering 
that  <  1 ,  the  interface  constitutive  law  can  be 
expressed  as 
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the  mode  111  ispecimen  SCIT.  The  use  if  tough¬ 
ness  values  issued  from  literature'"  is  difficult 
because  those  values  can  present,  for  the  same 
material  (for  instance.  T  3()()-.s2()b  >.  an  important 
divergence.  For  the  following  simulations.  \se 
identified  the  parameters  by  comparison  with 
experimental  results. 

4.2  ThcDCB 

We  have  simulated  the  DC'B  lest  with  the  l.l)A 
program  for  a  comparison  with  the  experimental 
results-''  (the  simulation  i)f  the  DCB  test  is  not  a 
boundary  layer  problem  ;. 

The  studied  structure  is  constituted  of  48  layers 
of  thickness  c,  =()  l37.s  mm  and  of  T.lOO  fibres 
with  an  MIO  resin.  The  numerical  simulation  has 
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where  f/'i,.  CT,.  Ey.  elastic  moduli  of  the  rich  resin 
zone,  they  can  be  chosen  equal  to  the  homo¬ 
genised  layer  moduli. 

The  identification  of  the  other  parameters  can 
be  carried  out  by  the  use  of  classical  fracture 
mechanics  tests^'  results  for  the  mode  I  (specimen 
DCB  see  Fig.  7),  the  mode  II  (specimen  ENF )  and 


Fig.  7.  DCB  test. 
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been  carried  out  with  no  initial  crack,  whereas  the 
experimental  specimen  had  an  initial  crack  of 
28-5  mm.  The  authors’’’  found  =  4.S0  J/m'  and 
the  following  elastic  moduli  (the  elastic  moduli 
relative  to  the  normal  direction  3  are  suppo.sed  to 
be  equal  to  those  in  the  transverse  direction  2i. 

/:  I  ,=  123  680  MPa 

/:::  =  T,,  =  80y0  MPa 

(;,;  =  (:,p  =  fT,  =3770  MPa 

i',,=  Vi-,=  m,  =  0-22 

We  have  chosen  k".  by  eqn.  ?  1  ■: 

=  A"  =  3-27x  10'  MPa/m 
S 

>( .  /;  v  alues  satisfy  the  following  relationship: 

H  +  1 

In  view  of  numerical  results,  one  finds 

•  the  numerical  simulation  predicts  quite 
well  the  experimental  results  since  the  crack 
length  simulation  !  reaches  the  experimental 
initial  crack  length: 

•  >(,.  >' .  n  values  have  an  innuence  on  the 
/'.  V'  curve  isee  Fig.  8).  at  the  condition 

these  values  satisfy  eqn  i  2 1; 

•  by  the  knowledge  of  the  load  I  associated  to 
the  crack  length  a.  it  is  possible  to  compute 
the  critical  energy  release  rate  f/’i.  diy  the 
area  method''  v 

(7ne  finds  the  experimental  value  of  and 
one  verifies  that  the  critical  energy  release  rate  is 
independent  of  the  crack  length  isee  Fig.  0).  This 
result  has  been  verified  experimentally  ’’  and 
theoreticallv  established'*  for  an  initial  crack 
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which  is  large  compared  with  the  thickness  2/?.  The 
important  point  is  the  numerical  simulation  pre¬ 
dicts  this  result  even  if  the  crack  length  is  short. 

4.3  Delamination  near  the  free  edge  of  a 
specimen  under  tension  or  compression 

We  compared  our  simulations  of  delamination 
near  the  free  edge  of  a  specimen  under  tension  or 
compression  isee  Fig.  4i  with  first  experimental 
results'  for  mode  1  delamination  Um  the  mid¬ 
plane  interface)  of  a  T3(K)-52()8  material  see 
Table  I ).  Then,  we  also  compared  our  results  w  ith 
experimental  ones-'  for  mi.xed  mode  of  delaminu- 
tion  of  a  T300- 1  ().34C  see  Table  2  .  Fhe 
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fable  1 

.  Mode  1  delami nation 

Laminate 

t  V,. 

±  45.  (1,  no  , 

1 1-5.1! 

4  45.  ji,.nn.  , 

0-45 

O-.'S 

t  II,.  nil, . 

O-.’Vi 

(t.  ±45.  VI) 

O-Oti 

lift] 

45.  n.  -45.  nil  . 

0-54 

(1 

1  .'<1.  Vit  , 

O-.W 

-t.Vlt  .VO 

0  .Vo 

0  4 1,1 

Data  taken  from  Refv 

5;md  :.v. 

fable  2. 

•Mixed  mode  delamination 

Laminate 

Intcitaee 

F  \.v 

±45.  VO.  0 

VO.  0 

0-71 

0-77 

VO,.  ±  .50, 

.50.  ,50 

-0-2~ 

-  0-7  S 

VO,.  ±15,^ 

15.  -  15 

-  0-.54 

-  0-.50 

0..  t.fO.i 

.50.  -  .50 

-  0-54 

-0-65 

0,.  ±  .50,' 

.50,  -  ,50 

-  0-35 

-  0-4 

0,.  -±30o- 

.50,  -  ,50 

0-S5 

0-7,5 

0..  ±15.' 

1 5.  -  1 5 

-0-51 

-  0  6 

0..  ±  15, i 

1 5.  -  1 5 

--0,55 

-  0  45 

±  LS,'. 

15.  -  15 

0-57 

0-5 

"Datii  taken  from  Ref  75 
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authors'  propose  the  same  elastic  moduli  lor 
both  materials  T300-520S  and  T3()()- 1  ()34C'. 

/■:, ,  =  1 3N  ()()()  MPa 

=  ‘■^700  MPa 

O'l:  =  =  64;  =5500  MF’a 

)',  ,  ==  I'l  ;  ="  0-3,  to,  =  0-6 

We  have  chosen  the  interface  stiffnesses  by  eqn 
I !  and  c,  =  i\  /5. 

First,  wo  liave  identified  under  mode  I  iT30U- 
520S^  the  parameters  and  n  with  the 

±45.0.90),  laminate.  Secondly,  we  have  iden¬ 
tified  the  parameters  y,  and  y,  under  mixed  mode 
T300-I034C'  such  that  the  results  are  quite 
good.  So.  ue  assumed  that  both  T300-520<S  and 
T3b0- 1 034C  damage  behaviours  were  close. 

fhe  calculated  strain  u,,,!  in  the  tables  corre¬ 
sponds  to  the  maximum  of  strain  of  the  strain- 
crack  length  curve  isee  Fig.  lOs 


5  CONCIA  SION 

The  analysis  of  delamination  near  an  edge  of  a 
laminate  structure  by  damage  mechanics  has  been 
presented.  The  basic  a.ssumptions  of  this  method 
—  the  edge  is  quasi-straight,  damage  is  taken 
concentrated  on  interlaces  between  layers  —  lead 
to  a  simplified  method  for  the  delamination  onset 
and  propagation  forecast.  The  identification  of 
characteristic  parameters  of  the  interface  model¬ 
ling  can  be  carried  out  by  use  of  classical  fracture 
mechanics  tests.  The  finite  element  program  FDA 
is  independent  of  finite  element  codes,  it  acts  as  a 
post-processor  of  an  clastic  laminate  shell  com- 
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putation.  Note  there  is  no  mesh  dependency 
because  the  treated  problem  is  plane  tmd  damage 
is  concentrated  on  interfaces,  f  he  first  compari- 
s<ms  of  numerical  simulations  with  cxperinient;il 
results  are  quite  good. 


REFERENCES 

1.  Isai.  S.  VV.  iV  \Vu.  1:..  .\  ecncral  lhcor\  ot  xtivriclh  loi 
anisotropic  materials. (  imip.  .t/u/er..  5  lu'l  s,s- su. 

2.  l-)n;irand.  1),.  .S  hoiinilarv  lavet  approach  to  the  calciila- 
lion  of  transverse  stresses  alone  the  free  eiltic'-  oi  a 
symmetric  laminated  phite  ot  arhiirarv  wnlih  under  in 
plane  loadin.e.  C<inip.  Siriuiu/ry.  l‘)SI  24^-61. 

-s.  ifumontet.  H..  Studv  of  a  houndarv  laser  )srolileni  in 
eliisiic  composite  materials.  l/,l\.20  lo.sti  2(i.s  sti. 

4.  Itar-Yoseph.  P..  On  the  aceiirtics  of  inicrlammai  stress 
calculation  in  laminated  plates.  Co/iip.  l/c;/;,  App/. 
Mirh.  /'./H'..  I  UN.t  .tliu-2u 

5.  Kim.  R.  Y.  tY  Sony.  S.  R..  l-sperimenial  and  analytical 
studies  on  the  onset  of  delamination  in  laminated 
composites. ./.  (  Vw;p.  .l/un't..  18  l‘AS4  "O-P. 

f>.  Wane.  A.  S.  D..  Fracture  ;mal\  sis  of  interlaminar  crtick- 
ing.  Inwrhimintir  Rtsponsf  of  (ompiisiic  t/a/erm/' 

(  omposiic  Material  Series.  Vol.  s  .  ed.  N.  .1.  Paeano, 
FIsesier  Science  I’uhlishers.  1  USs).  pp.  M  ■  Itm. 

7.  Wang.  A.  S.  IX.  Sloniiinia.  .\1,  W  Itucinell.  K.  b  . 
Delaminatioii  crack  grossth  in  Ccinpiniw  l.tiiiunah',. 
Ih'/iiniinaiitm  <iiu/  Dchdiidiiii;  of  \ltiU'ri<ih.  cd.  VV.  S, 
.lohnssin.  .-XSl'M  S  I  P S7h.  Washington.  IX'.  I'SA.  l')S5. 
pp.  l.’5-P7. 

S.  O'Brien.  I'.  K..  ('htiiiicterisation  of  itckimination  I'ltsei 
and  grosvth  in  a  composite  latninale.  Danuipv  in 
(  oinpostif  \hiii’rnil\.  eii.  K.  1  .  Keifsnidcr,  .VSIM- 
S'rP7T5.  Washington.  IX'.  TSA.  lUS2.pp.  14U-()". 

U.  Itilreja.  R..  Damage  ilesclopment  in  composiies: 
mechanisms  and  modcllins’.  ./.  Siniiii  Anal..  24  lUSiJ 
215-22. 

10.  Allen.  D.  H..  (iroves.  S,  f  ..  A  Hams.  C.  I...  ,\  ciimulatise 
damage  model  for  continuous  fibre  composite  kimintites 
with  matri.v  cracking  and  interply  ilelaminations.  I  oni- 
posiit'  flatfrials:  /e\/hi,g  and  Pcsipn.  eil.  .1.  I).  VV  ithcomb 
.AS  r.Vl-S  I  Pd72.  Washington.  IX  .  I  S.\.  lOS.'s,  pp. 
57-KO. 

1 1.  l.adcvc/.c.  P..  .Allix.  O.  A  Daudcville.  1  ..  Mesomodelhng 
of  damage  for  laminate  composites:  tippheation  to 
dclaminalion.  In  Il  'T.A.M.Symposiinn  on  Inclasm  Ihior- 
nuidon  of  C  ornposim  .Mulfriak.  'Iroy.  e\l.  O.  I.  Dvorak 
SpringcrAY'rlag,  I  UdO.  pp.  ft07-22. 

12.  .Allix,  O..  Daudevillc.  1..  A  l.adc\e/e.  P..  IVelaminalion 
and  damage  mechanics.  Mcdianivs  and  \h’(hanis)n  of 
Panuipc  in  (.  omposdes  and  Muhi-Maierkds.  ed.  D. 
Baptiste.  F.SIS  Publication  1  I.  l.omton.  l;K.  Iddi.  pp. 
.f2-41. 

1.7.  Schellckens.  .1.  C.  .1.  A  Dc  Borst.  R..  Numerical  simula¬ 
tion  of  free  edge  delaminafion  in  grtiphite  epsixy  speci¬ 
men  under  uniaxial  e.xlcnsion.  In  Si.xth  Inieniutioiud 
C  onf  on  (  omposiic  Sinn  inrcs  K  (  S6.  cd.  I.  H.  Marshall. 
Flsevier  Seienee  Publishers,  I  spt  l ,  pp.  047-57, 

14,  Allix,  O.  A  1  adeveze,  P..  Interhiminar  interface  model¬ 
ling  for  the  pretliclion  of  lielammafion  (  omp.  .Sinu  - 
wres.  22i  ldd2)  2.75-42. 

15.  Riks.  I'..  An  incremental  tipproaeh  to  the  solution  of 
snapping  and  buckling  problems.  Inf.  .1.  .So/id.s  and  Stria - 
tuirs.  15i  ld7d!524-51. 


I)ani(i;^c  merftanii  '-  tool  for  liiminuU’  diianunaiion 


16.  Crisficld.  M.  A..  An  arc-Icngth  method  including  line 
searches  and  ticceleraiioiis.  hn.  J.  Sum.  MciIkxI'-  l.ni;.. 
19  1^83  126r;-,sy. 

17.  C'origliano,  .A.,  t-orniulaiion.  identification  and  use  of 
interface  models  in  the  numerical  analvsis  of  composite 
delamination.  Submitted  to  /in.  ./.  Solii/s  mu/  Sinit  iiiivs. 
luu;. 

18.  Whitney,  j.  M.  1  Experimental  characterisation  til 
deliimintttion  fracture.  In  Imciinmnuii  /iesponsr  of 
(dmpositc  .Mnicriiils  C  omposite  Material  Series.  Vol. 
s  .  ed.  \.  J.  Pagano.  Klsevier  Science  Publishers,  1 989. 
pp.  1  6  I  -2,sl). 

19  Sela.  N.  A  Ishai,  CX.  Interlaminar  fracture  toughness  and 
tiHighcning  of  laminatetl  composite  materials:  a  review. 
i  'oinpo.'-iics.  20  1989  42.V.i,s. 

29.  Nesa,  .A..  Abisror.  .A.  Bunsell,  A.  R..  On  cracking  m  ;i 
unidirectional  glass-epoxv  composite:  toughness  anil 
damacc  mechanisms. 


21.  I  reilrichs.  K.  O.  A  Dressier.  K.  I  .  A  boundary  layer 
theorv  lor  elastic  plates.  (  omm.  I'lnv  niul  Appl.  Mtiili . 
14  1961  1  -,vv 

22.  Pipes.  K  li.  A  Ptigano,  N.  J,.  Intcrlannnai  stresses  m 
composite  laminates  under  axial  extension.  /,  (  mup 
Mater.,  4  :  1970  .s.'8  -48. 

2.S.  l.aksimi.  .A..  Hen/cggagh.  M.  I...  Jing.  (i .  Ilccini.  .\1  A 
Roclandt.  J.  M..  .Mode  1  interlaminar  fracture  ol 
svmmetrical  cross-pK  composites,  i  tnup.  Sr  /  Ivdinoi. 
41  1991  147-64, 

24.  Rodini.  if.  T.  A  lasenman.  .1.  R..  An  aiialvtical  and 
experimental  investigation  of  edge  delamination  in  com¬ 
posite  laminates.  In  /Vor.  4///  f  rm/.  iihrous  l  ump.  San 
!)ifi;o.  ed.  l.enoe  A  Oplineer  A  Burke.  lu'.S,  pp, 
441 -.87. 

25,  Kim.  R.  Y.  A  Sony,  S.  R..  Dc/aniinnnon  of  (  ompoaii- 
l.aininaiis  Stimnliitfd  h\  Inwrhiininar  Shear.  AS  IM- 
S4'P89.s.  Washington.  DC  .  L'SA.  I  986,  pp.  28ri  5o“. 


Com/yosiit'  Sinaiiire'i  25(1  y'-)? i  557-565 


Carbon  composite  repairs  of  helicopter  metallic 

primary  structures 


Michael  L.  Overd 

Wesilunit  Helicopters  Ltd.  Westland  Works,  Yeovil,  UK  liA2()2YH 


The  main  load  path  of  the  EH  I  (II  helieopter  fuselage  consists  of  1-  and  C- 
seciion  frames  and  beams,  machined  from  light  alloy  forgings  and  plate.  a\  full- 
scale  fatigue  test  of  the  airframe  is  Ix'ing  carried  out  as  part  of  the  structural 
substantiation  programme.  In  order  to  minimise  the  fatigue  test  do«n-time. 
Westland  opted  to  use  composite  materials  htr  the  repairs  of  fatigue  failures. 

Repairs  use  a  wet  lay-up  of  ±45°  carbon  fabric  for  shear  webs  and  pre- 
cured.  honded-on  unidirectional  carbon-epoxy  strips,  for  the  llangcs.  Where  it 
was  necessary  to  use  fasteners  in  the  flanges,  ±45°  carbttn  fabric  svas  intro¬ 
duced.  In  this  way.  complc.x  frame  shapes  have  been  accommodated.  .Such 
repairs  can  he  generated  rapidly  and  applied  in  situ,  in  the  test  ng. 

fatigue  testing  of  the  repaired  airframe  continues.  The  oldest  repair  has 
experieficed  the  equivalent  of  16  400  flying  hours  of  low  frequency 
■  manoeuvre  ’  loading  plus  0-86  x  1 0"  cycles  of  high  frequency  i  rotor  generated  \ 
loading.  To-date,  none  of  the  repairs  has  failed. 

Four  case  studies  illustrating  the  simple  methods  used  to  design  and  instal 
the  repairs  are  presented,  together  with  their  fatigue  performance  to  date.  The 
case  study  experience  is  then  translated  into  general  design  rules  which  could 
be  used  in  service.  The  applicability  and  limitations  of  the  techniques  are  also 
presented. 


1  INTRODL’CTION 

The  main  load  path  structure  of  the  EH  101  heli¬ 
copter  fuselage  consist.s  of  1-  and  C-section  frames 
and  beams,  machined  frtim  light  alloy  forgings 
and  plate.  A  full-scale  fatigue  test  of  the  airframe 
is  being  carried  out  as  part  of  the  structural  .sub¬ 
stantiation  programme. 

To  minimise  the  test  down-time,  carbon  com¬ 
posite  materials  have  been  used  to  repair  fatigue- 
failures.  This  paper  gives  e.xamples  of  the  various 
failures  and  the  way  in  which  they  have  been 
repaired.  The  repair  design  methodology  is 
described  together  with  the  fatigue  performance 
of  the  repairs  to-date.  The  case  study  experience 
is  then  used  to  generate  general  repair  design 
rules. 

2  AIRFRAME  TEST  CONFIGURATION 

Figures  1-3  are  photographs  of  the  test  showing 
details  of  the  airframe  and  rig  structure.  There  arc 
three  levels  of  load  applied  to  the  test; 
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(i)  Low  Level  Manoeuvre  l.oads.  following 
an  assumed  flight  profile. 

(ii)  Medium  Level  Manoeuvre  L.oads.  which 
are  1  3  times  higher  than  low  level. 

(iii)  High  Fretjuenev  l.oads.  which  are  applied 
to  induce  fretting  of  joints  and  .simulate 
blade  passing  vibration.  In  this  case  the  text 
excitation  is  limited  to  the  vertical  axis  but 
the  vibratory  amplitude  is  adjusted  t(^  give 
representative  strains  in  the  two  main  lift 
frames. 


3  REPAIR  CASE  STUDIES 
3.1  Lightening  hole  failure  No.  I 

3.  /.  /  l  ailurc  deutils 

Figures  4  and  .“i  show  general  views  of  a  shear  web 
failure  with  two  cracks  propagating  at  4.S°  from  a 
lightening  hole.  Several  examples  of  this  failure 
mode  have  occurred  on  the  test  due  to  the  inter¬ 
action  of  shear  bending  and  direct  stresses. 
)7 
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Fig.  1 .  Side  view  nf  the  HH  1 0 1  Airframe  Fatigue  Test. 


Fig.  2.  Internal  view  ol  the  F.H  1 0 1  .Airframe  Fatigue  Test. 


Detailed  finite  element  modelling  of  thc.se  failures 
has  demonstrated  that  the  large  lightening  hole 
size  relative  to  the  shear  web  causes  higher  than 
expected  stress  concentrations.  Figure  6  shows 
that  the  upper  crack  propagated  along  the  juiw 
turn  between  the  outer  flange  and  the  web. 
Similarly,  I  ig  7  shows  the  lower  crack  propa¬ 
gated  along  the  junction  between  the  inner  flange 
and  the  web.  A  small  central  U-shaped  section  has 
then  torn  through  the  inner  flange  as  shown  in  Fig. 
5.  This  crack  propagation  behaviour  is  due  to  the 
presence  of  Brazier  loading  associated  with  the 
flange  curvature. 

.il.2  Repair  desim 

T  he  requirement  was  for  a  repair  which  crnild  be 
easily  installed  in  situ,  restore  the  load  carrying 
capability  of  the  web.  prevent  the  adjacent  holes 
from  failing  and  also  stop  the  cracks  from  pro¬ 
pagating.  Wet  lay-up  83.T  style  woven  carbon  at 


Fig.  3.  Top  Mructure  (it  the  FH  I  (1 1  .Airframe  Fiiiiguc  I  cvt, 


Fig.  4.  View  of  lightening  hole  failure  No,  1  showing 
damage  to  shear  web  and  inner  flange. 
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Us.  5.  V'ic«  of  lightening  hole  failure  No.  I  shiming  crack  7,  yieu  of  lightening  hole  failure  No,  I  shou  ing  crack 

trajectories  in  uen.  propagalion  along  inner  llange. 


Fig.  6.  Vie»  of  lightening  hole  failure  No.  I  showing  crtK-k 
propagation  along  outer  flange. 


±45°  was  used  for  the  weh  repair.  The  initial 
repair  design  philosophy  was  to  reduce  the  local 
strains  hy  a  factor  of  approximately  twti.  I  here- 
fore.  the  total  thickness  of  repair  patch  required 
was  4  mm  compared  w  ith  an  original  weh  thick¬ 
ness  of  2-5  mm  since  the  woven  carbon  has  a 
slightly  higher  shear  modulus. 

The  .s-.V  curves  in  Fig.  S  compare  the  fatigue 
performance  of  the  wet  lay-up  repair  with  the 
frame  material.  This  figures  shows  the  frame 
failure  point.  It  can  be  seen  that  a  factor  of  four 
reduction  of  liKal  stress  is  required  for  the  repair 
to  be  accepittbie,  Fhis  is  achieved  by  completely 
covering  the  lightening  hole  and  thus  eliminating 
the  stress  concentration  together  with  the  increase 
in  thickness  of  carbon  against  aluminium.  This 
confirms  the  carbon  repair  thickness. 

The  5-5  mm  thick  inner  llauge  was  repaired 
using  prc-cured  unidirectional  I  u/d )  carbon  strips, 
totalling  4  mm  thick,  cold  bonded  to  the  flange 
using  paste  adhesive.  This  thickness  was  chosen  to 
give  a  wnking  strain  of  100(1+1(100  //strain 
a,s.suming  the  carbon  to  take  till  of  the  flange  lotid. 
The  endurance  level  of  u/d  carbon  is  approxi¬ 
mately  ±  .5400  //strain  at  W  =  0  in  moulded  com¬ 
ponents.  The  chosen  repair  working  strain  level 
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llicteloix'.  allows  .1  coiiMilcrablc  margin  to 
acsiuml  lot'  an\  licIsTioralioii  m  latiiiiiL'  pcrloini' 
anc’c  dill.'  to  the  repair  proeess.  I  he  repair  is 
shown  in  I  ip. 

’  licjniii' piDn’w 
1  he  leiiair  proeess  was  as  toHows; 

a  (  raels  lips  were  stop  dnlleil 

10  Kixels  through  eraekeil  tianpes  were 
reiiioxetl. 

e  I'aint  was  stripped  Ironi  the  repair  xieinilx 
and  the  tinodic  kiver  wtis  leactivaleil  xxilhin 
'  h  ol  subserjuenl  bondntg  operations. 

11  hot  tite  repair  ot  tlie  broken  llanpe.  n  il 
strips.  O  s  nini  lltiek,  were  mamiraetnreel 
Ironi  lour  plies  ol  pie-iinpiepnaled 
(iR/\f  li  ,X,\S  lOK/l  ipoxv  f  ibrerlu.x  Ml  .x 
nuiteriai  eureil  at  12s  (  .  f  hese  were  then 


eold  bonded  to  the  llanpes  usinp  p.iste 
adhesive  whiKi  airpKinp  eonsolidaiioii 
pressure  usinpa  xaemini  bap. 
bor  the  repair  ol  the  shear  web.  the  *  0' 
Broehier  K.Vs  earlsoii  tabvie  was  aisplied  Iw 
wet  lax-tip  with  room  iemi>eraiure  paste 
ailhesixe.  I  he  liphiemnp  holes  were  tilled 
with  Kohaeell  loam  ainl  eoiisolixltiiioii 
pressure  was  appheil  usinea  xaeuum  bap. 
Rixets  were  then  re-installetl  xxnh  n\et 
burr  s  on  the  etirbon  siile. 


1.4  I’crfi inihiiur 

lo  xltite  this  repair  has  surxixeil  the  lollinxinp 
talipue  test  excles; 

Hiph  lrex|uene\  ■  O  .siri.s:  lll'  eveles 
Low  I  ex  el  Mamreuxre  4  1  OOOexeies 
Medium  1  exel  Manoeuvre  -  2207  eyeles 

I  his  is  more  lh;m  the  onpinal  stiuclure  aehiexexi 
;tnd  IS  equivalent  to  approximately  I  0  400  h  mean 
lile.  .'Mthoutrh  the  lest  is  eonxiuetexi  at  taelorexi 
loaxis.  this  lile  ;issessment  makes  noneot  the  usual 
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allowance  lor; 

(a!  material  scatter, 

(b)  moisture  degradatirm. 

!  ci  temperature  degradation. 

3,2  Lightening  hole  failure  No.  2 

a.  2  /  /'ailure  (tciaHs 

Figure  10  shows  another  shear  web  failure  with 
one  crack  propagating  from  the  lightening  hole. 
Unlike  the  previous  example,  this  crack  did  not 
propagate  along  the  web  trr  the  llange  junction 
due  to  the  absence  of  significant  Brazier  loads. 
Instead,  the  crack  prirpagated  info  the  flange  caus¬ 
ing  its  complete  lailurc.  This  failure  section  is  sub¬ 
ject  to  higher  direct  stresses  than  the  previous 
example  and  so  a  slightly  different  repair  tech¬ 
nique  was  required. 

.1. 2  2  Repair  design 

The  failed  llange  ssas  7  5  mm  thick  and  was 
repaired  using  5  mm  of  pre-cured  u/d  carbon 
Strips.  Figure  1  1  compares  the  fatigue  perform¬ 
ance  of  u  d  carbon  with  that  of  plain/lightly 
notched  UTD  .‘'l.Kl  plate  and  illustrates  that 


Fii;.  10.  View  <>t  l'•;hle^ing  hole  tiiilure  Nev  2. 


mm  of  u/d  carbon  is  more  than  adequate  pro¬ 
viding  that  there  is  sufficient  bond  area  to  transfer 
the  load.  1  he  mean  fatigue  strength  of  cold  bomi 
ailhesives  is  about  .s  ±  5  MPa  and  this  figure  is 
used  to  size  the  bond  area.  With  all  repairs,  the 
plies  are  stepped  off  at  the  shallovsest  angle  that 
space  allows,  with  .>  mm  steps  taken  as  a  mini¬ 
mum. 

Ihc  shear  web  was  repaireii  in  a  similar 
manner  n>  that  described  above.  However,  eight 
plies  per  side  of  wet  lay-up  D/MO  woven  carbon 
were  also  applietl  to  the  web  close  to  the  flange  to 
restore  its  end  load  carrying  capability.  I  he  wet 
lay-up  ±4.^'  shear  plies  were  then  applied  over 
the D'MO  plies.  Figure  1 2  shows  the  repair. 

.’.2.1  Repair  process 

i'he  repair  process  was  ;is  in  .Section  except 
that  the  O/MO  woven  plies  were  bonded  lirst.  The 
±  4.'''’  jvlies  were  then  applieil  over  the  0  DO  (vlies. 
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END  VIEW  SIDE  VIEW 


Ki”.  12.  Ropairof  lightening  hole  tailurc  No  2. 


.'.2.4  Repair  petfortnaiu  e 

fo  date  this  repair  has  survised  the  I'ollowiriii 
fatigue  test  cycles: 

High  F-'requency  —  ()-.52  x  10'’  cycles 
l.ovv  Level  Manoeuvre  —  24  450  cycles 
Medium  Level  Manoeuvre  —  2207  cycles 

I  his  is  equivalent  to  approximately  OSOO  h  mean 
life  without  applying  composite  factors. 

3.3  C  urved  flange  failure 

1  I  ailiire  details 

I  igurc  13  shows  a  failure  from  the  edge  of  a 
curved  inner  ilangc  where  it  joins  with  a  vertical 
^tlffencr.  A  three  dimensional  finite  element 
model  demonstrated  that  the  failure  was  caused 
hy  a  curvevi  hetirn  effect.  Lhe  natural  tendency  of 
curved  bc;tm  ILinges  is  to  warp  out  of  plane.  Lhe 
vertictil  stiffener  was  preventing  this  from  occur¬ 
ring  leading  to  a  local  stress  concentration  as 
shown  in  Fig.  1 4. 

'..72  Repair desii^n 

Lhe  repair  of  this  failure  was  very  similar  to  that 
described  in  Section  3.1.2  above.  Lhe  Ilangc 
thickness  was  2  mm  ;tnd  2  mm  thickness  of  pre- 
cured  u/d  pticks  were  used.  Wet  lay-up  woven 


Kijj.  14.  :tl)  f  i:M  rcMills  showing  stress  eoncentr.ition  al 
curved  Ilangc  lailurc  point. 
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carbon  at  0/90°  was  nested  into  the  web/flange 
function  to  react  Brazier  loads  and  then  eight  plies 
of  wet  lay-up  woven  carbon  at  ±  45°  was  overlaid 
into  the  web.  Figure  15  shows  the  repair.  The 
repair  process  was  as  in  Section  3.2.3. 

3.3.3  Repair  performance 

To  date  this  repair  has  survived  the  following 
fatigue  test  cycles: 

High  Frequency  —  0-86  x  1  O'’  cycles 
Low  Level  Manoeuvre  —  37  038  cycles 
Medium  Level  Manoeuvre  —  2207  cycles 

This  is  more  than  the  original  structure  achieved 
and  is  equivalent  to  approximately  1 4  800  h  mean 
life  without  applying  full  composite  factors. 

3.4  Tapered  flange  failure 

3.4.1  Failure  details 

Figures  1 6  and  1 7  show  views  of  a  failure  at  the 
thinnest  point  of  a  tapered  flange.  Only  one  side 
of  the  flange  was  failed.  Strain  gauge  results  have 
shown  that  this  area  is  subject  to  higher-than- 
expected  out-of-plane  loads. 

.■?.  4. 2  Repair  design 

The  repair  was  similar  to  those  described  above. 
The  failed  flange  was  3-5  mm  thick  and  so  3  mm 
of  pre-cured  u/d  carbon  strips  were  cold  bonded 


SECTION  AA 
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Fig.  1 5.  Repair  of  curved  flange  failure. 


to  the  outside  face.  This  was  to  achieve  a  factor  of 
20  reduction  in  strain  in  the  aluminium.  Eight 
plies  of  wet  lay-up  0/90  woven  carbon  were  again 
nested  into  the  web/flange  angle.  Since  most  of 
the  shear  web  was  still  intact  only  four  plies  of 
±  45°  woven  carbon  were  overlaid  into  the  web. 
The  repair  process  was  as  in  Section  3.2.3.  Figure 
1 8  shows  the  repair. 


Fig.  16.  View  of  tapered  flange  failure. 


Fig.  17.  Close  up  view  of  tapered  flange  failure. 
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Fig.  18,  Repair  (if  tapered  tlaiige  failure. 


4. 4  Repair  pertornuince 

To  date  the  rcpuii  ha.s  survived  the  lollowing 
fatigue  test  cycles: 

High  Frequency  —  ()'64  x  1  ()'■  cycles 
Low  Level  Manoeuvre  —  24  45t)  cycles 
Medium  Level  Manoeuvre  —  2207  cycles 

This  is  equivalent  to  approximately  9800  h  mean 
life  without  applying  full  composite  factors. 

4  REPAIR  DESIGN  RULES 

4.1  General 

It  is  desirable  for  the  design  experience  gained 
from  the  case  studies  (and  other  repairs)  to  be 
translated  into  general  repair  design  rules.  These 
could  then  be  applied  to  similar  failures  without 
the  need  for  further  analysis.  The  folk)wing  sec¬ 
tions,  therefore,  propose  conservative  design 
rules.  Clearly,  however,  failures  may  vary  widely 
and  so  sound  engineering  judgement  is  required 
when  applying  these  rules. 

4.2  Shear  webs 

Shear  webs  may  be  repaired  using  the  original 
web  thickness  of  wet  lay-up  woven  carbon  at 
±  45°  applied  to  each  side  of  the  web,  i.e.  a  total  of 
twice  the  original  web  thickness.  If  the  crack  is 
contained  well  within  the  web  this  repair  is  suf¬ 


ficient.  If.  however,  the  crack  has  reached  the  edge 
of  the  shear  web  or  propagated  into  or  along  the 
llange.  then  ()/9{f  woven  carbon  is  also  required. 
This  should  be  applied  to  form  a  nested  angle 
between  the  web  and  flange.  1  he  thickness 
requirement  of  (),'9()°  is  the  same  as  that  of  t  45  . 
Plies  running  into  the  web  should  be  stepped  oft 
at  a  minimum  of  5  mm. 

4.3  Flanges 

Flanges  may  be  repaired  using  pre-cured  u  oi 
strips  cold  bonded  in  place.  Fhe  thic.kncss 
required  is  of  the  original  flange  thickness. 
The  bond  length  either  side  of  the  failure  must  he 
at  least  16  times  the  flange  thickness  before  the 
plies  start  stepping  off.  Plies  should  be  stepped  off 
at  5  mm  per  ply.  If  the  failure  location  does  not 
permit  such  a  large  bond  area  then  fasteners  must 
be  used  to  transfer  the  load  into  the  repair 
material.  In  this  case  ±45-  woven  carbon  plies 
would  need  to  be  interleascrl  with  the  u/d  strips  to 
give  significant  lug  strength.  T  he  same  thickness 
again  of  ±45°  would  be  required,  doubling  the 
total  repair  thickness. 

5  IN-SERVICE  APPLIC  ATION  POTENTIAL 

The  case  studies  illustrate  the  types  of  failures 
w  hich  can  be  repaired  by  this  method.  Most  of  the 
geometries  have  been  complicated  three  dimen¬ 
sional  shapes  which  would  have  been  difficult  to 
repair  using  metal.  All  have  been  installed  in  siiit 
at  rrrom  temperature.  This  makes  them  ideal  for 
in  .service  application. 

In  addition,  the  repairs  are  lightweight:  the 
heaviest  repair  weighs  ()'82  kg  to  reinforce  a  shear 
web  600  mm  x  1 25  mm.  However,  the  repairs 
described  above  have  all  been  conducted  on 
primary  structural  items  in  which  c.xist  a  high 
degree  of  damage  tolerance.  WHL  do  not  con¬ 
sider  that  these  techniques  are  currently  applic¬ 
able  to  grade;  a  vital  parts  such  as  dynamic 
components. 

6  LIMITATIONS 
6.1  Bond  strength 

The  limiting  factor  of  the  repair  technique  is  the 
strength  of  the  adhesive.  Where  insufficient  bond 
area  is  available,  or  the  bond  is  subject  to  peel 
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loads,  fasteners  are  needed  in  addition  to  the 
bond.  These  may  introduce  stress  concentrations 
into  previously  unnotched  sections  and  so  careful 
design  is  tequired. 

6.2  Process  control 

As  with  all  composite  material  applications,  pro¬ 
cess  control  is  very  important:  trr  ensure  grrod 
bond  strength  and  conscriidation;  and  to  reduce 
material  strength  ariability. 

6.3  Inspection 

Repairs  should  be  readily  inspectable  to  ensure 
that  they  have  been  satisfactorily  installed  and  to 
monitor  their  continued  integrity.  The  fatigue  test 
repairs  have  generally  been  inspected  by  'coin  tap' 
but  ultrasonic  inspection  has  also  been  used. 

6.4  Quaiincatioii 

Prt)\iding  a  general  repair  'formula'  presents  a 
problem  for  the  airworthiness  qualification  of 
individual  repairs.  To-date  none  of  the  repairs 


have  failed  and  con.sequently  no  data  are  available 
regarding  possible  failure  modes.  The  failure 
modes  may  be  slow  and  progressive  or  instantane¬ 
ous.  Consequently  an  approach  based  on  either 
damage  tolerance  or  safe  life  may  be  appropriate 
depending  on  the  results  of  further  testing. 

7  CONCLI  SIONS 

Composite  repairs  nave  been  successfullv 
installed  on  the  E^HIOl  main  load  path  fatigue 
test.  Repair  designs  were  quickly  generated  and 
were  applied  in  situ.  The  design  e.xperience  has 
been  translated  into  general  design  rules,  The  per¬ 
formance  of  the  repairs  to  date  indicate  that  the 
techniques  are  viable  for  in-service  use. 
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On  design  methods  for  bolted  joints  in  composite 
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The  problems  related  to  the  determination  of  the  load  distribution  in  a  multi¬ 
row  fastener  joint  using  the  finite  element  method  arc  discussed.  Both  simple 
and  more  advanced  design  methods  used  at  Saab  Military  Aircraft  are  pre¬ 
sented.  The  stress  di.stributions  obtained  with  an  analytically  based  method  and 
an  FE-based  method  are  compared.  Results  from  failure  predictions  with  a 
simple  analytically  based  method  and  the  more  advanced  FE-based  method  of 
multi-fastener  tension  and  shear  loaded  test  specimens  are  compared  with 
experiments.  Finally,  complicating  factors  such  as  three-dimensional  effects 
caused  by  secondary  bending  and  fastener  bending  arc  discussed  and  sugges¬ 
tions  for  future  research  are  given. 


1  INTRODUCTION 

Mechanically  fastened  joints  are  one  of  the  most 
important  elements  in  aircraft  structures.  Regard¬ 
less  of  material  combination  in  the  parts  joined, 
the  joint  is  a  critical  element  whose  design  is  vital 
for  the  overall  structural  performance.  Improper 
design  may  lead  to  overweight  or  structural  prob¬ 
lems  and  high  life  cycle  costs  of  the  aircraft.  For 
joints  in  composite  structures  this  is  even  more 
pronounced  because  of  their  inability  to  yield,  the 
low  transverse  strength,  the  ani.sotropy  and  their 
sensitivity  to  temperature  and  moisture. 

Typical  applications  of  mechanically  fastened 
joints  in  composite  aircraft  structures  are  the  skin 
to  spar/rib  connections  in,  for  example,  a  wing 
structure,  the  wing  to  fuselage  connection  and  the 
attachment  of  fittings,  etc.  Examples  of  such  joints 
from  the  fighter  aircraft  JAS  39  Gripen  are  shown 
in  Fig.  1. 

Mechanically  fastened  joints  are  difficult  to 
design  due  to  the  many  parameters  and  complex 
phenomena  such  as  contact  and  friction  involved 
in  the  behaviour  of  the  joints.  To  include  all  para¬ 
meters  in  an  analysis  of  a  general  joint  is  almost 
impossible  even  with  the  most  powerful  compu¬ 
ters  of  today.  It  is  therefore  necessary  to  reduce 
the  problem  to  manageable  size  by  conservative 
assumptiems  and  proper  design  rules. 

In  the  design  of  bolted  joints  in  composite  struc¬ 
tures,  as  in  the  design  of  any  structural 
element,  there  is  a  need  for  both  simple  and  ad¬ 


vanced  methods  for  analysis  and  failure  prediction. 
The  simple  methods  are  used  in  preliminary  design, 
optimization  and  to  sort  out  critical  jerints. 

In  Fig.  2  the  overall  design  procedure  for  the 
case  when  FEM  is  used  in  each  step  is  presented. 
First,  the  internal  load  distribution  in  the  joint  is 
determined.  The  more  important  the  joint  is  con¬ 
sidered  to  be  the  more  detailed  modelling  is  per¬ 
formed.  Then,  the  local  stress  distribution  around 
the  fastener  is  determined  by  a  detailed  FE  analy¬ 
sis  or  by  analytically  ba.sed  methods  and  the 


Fig.  I.  I^xamples  of  bolted  composite  joints  in  .IAS  39 
Ciripen. 
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Strength  is  predicted  using  appropriate  failure 
criteria. 

In  a  secondary  joint  or  in  a  preliminary  de.sign 
the  load  distribution  is  often  determined  using 
hand  calculation  methods  and  the  strength  predic¬ 
tion  is  performed  using  design  diagrams. 


2  LOAD  DISTRIBUTION  ANALYSIS 

The  purpose  of  load  distribution  analysis  is  to 
calculate  the  load  distribution  between  the  faste¬ 
ners  in  a  multi-fastener  joint  and  the  load  distribu¬ 
tion  around  a  cut-out  part  of  the  laminate  around 
the  fastener.  There  are  many  problems  associated 
vs  ith  this  type  of  calculation  and  the  purpose  of  this 
section  is  to  point  out  some  of  them.  The  discus¬ 
sion  below  is  concentrated  on  load  distribution 
analysis  with  FEM  because  in  a  joint  with  compli¬ 
cated  geometry  and  loading  this  is  considered  to 
be  the  best  way  to  determine  the  load  distribution. 
However,  in  the  design  of  .secondary  joints,  preli¬ 
minary  design  and  design  of  primary  joints  with 
simple  geometry  and  loading,  hand  calculations 
based  on  equilibrium  considerations  and  simple 
computer  programs  may  be  sufficient. 

Load  distribution  analyses  are  often  performed 
on  large  structures  which  result  in  rather  coarse 
meshes  and  simplified  modelling  of  the  joints.  The 
contact  between  the  members  in  the  joint  is 
usually  ignored  in  the  model.  The  hole  is  reduced 
to  a  point  and  the  fastener,  or  a  group  of  fasteners, 
is  represented  by  a  spring  or  beam  clement.  If  a 
group  of  fasteners  is  represented  by  a  single 
sprinu  or  beam  element  it  is  necessary  to  ni-rform 
the  load  distribution  analysis  in  two  steps. 

In  order  to  make  a  correct  prediction  of  the 
load  distribution,  the  finite  clement  representing 
the  fastener  must  be  given  the  correct  flexibility 
'  I  /stiffness).  When  determining  and  using  flexibil¬ 
ity  data  some  difficulties  occur  due  to  the  approxi¬ 
mations  presented  above.  To  be  able  to  predict 
the  correct  fastener  displacement,  it  is  not  suffi¬ 
cient  just  to  assign  an  e.vperimentally  known  fast¬ 
ener  Ilexibility  (bolt  constant)  to  the  finite  element 
representing  the  fastener.  The  fastener  displace¬ 
ment  consists  partly  of  the  fastener  deformation, 
partly  of  the  deformation  at  the  hole  edges  of  the 
parts.  In  the  same  way  the  'fastener  displacement" 
in  the  FE  model  depends  on  the  deformation  in 
both  the  element  representing  the  fa.stener  and  the 
elements  representing  the  parts.  The  latter  docs 
not  represent  the  situation  in  the  experiment 
because  of  the  simplification  made  in  the  FF: 


model  that  the  hole  is  omitted.  This  makes  the 
contribution  to  the  fastener  displacement  from 
the  parts  very  mesh  dependent.  If  the  mesh  in  the 
parts  is  refined  the  net  becomes  more  flexible  and 
a  stiffer  "fastener  element"  is  required  to  obtain  the 
correct  fastener  displacement  and.  in  the  case  of  a 
multi-fastener  joint,  the  correct  load  distribution 
between  the  fasteners. 

Considerable  improvements  in  the  prediction  of 
the  fastener  displacement  and  .secondary  bending 
can  be  made  by  modelling  the  hole  as  shown  by 
Edlund.'  The  price  of  the  improvements  is  of 
course  higher  modelling  and  computing  costs. 

The  other  part  of  the  load  distribution  analysis 
is  the  determination  of  the  loading  on  a  cut-out 
part  of  the  laminate  around  the  fastener.  If  this  is 
done  by  hand  it  can  be  difficult  to  obtain  a  load  case¬ 
in  equilibrium  with  the  limited  information  from  a 
coarse  mesh. 


3  DETAILED  STRESS  ANALYSIS  USING 
ANALYTICALLY  BASED  METHODS 

The  method  of  complex  functions  developed  by 
Muskhelishvili-  extended  to  anisotropic  materials 
by  Lekhnitskii’  and  Savin'*  has  been  used  by 


Fig.  2.  Overall  design  procodiirL- 
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several  authors  to  obtain  the  stress  distributions  in 
plates  with  loaded  and  unloaded  holes.  In  the  case 
of  a  rigid  pin  in  an  infinite  plate,  a  major  work  was 
performed  by  de  Jong''  who  also  included  friction 
between  pin  and  plate.  The  additional  complexity 
w  ith  an  elastic  pin  has  been  considered  by  Hyer  et 
alf  Finite  geometry  effects  have  been  considered 
by  using  the  collocation  method^  and  the  boun¬ 
dary  integration  method.’'  The  basic  equations  of 
the  anisotropic  theory  of  elasticity  for  an  infinite 
plate  with  a  circular  opening  are  reviewed  below 
and  the  solution  of  the  frictionless  contact  prob¬ 
lem  of  an  infinite  plate  loaded  by  a  rigid  pin  is 
presented. 

3.1  Basic  equations 


r  =  2Re(r/i^i(Ci  )-•-  ’  V  ; 

where  the  primes  denote  differentiation  with 
respect  to  and 

P I  ~  T  I :  ~  I I 

= - 

P\ 

= -  lO; 

Pz 

The  general  form  of  tffZD  for  the  solution  of  the 
stress  problem  is 


The  two-dimensional  stress  field  in  an  elastic 
plate  can  be  found  by  determining  Air\''s  stress 
function.  F{x.y)  that  satisfies  the  biharmonic 
equation  for  anisotropic  materials 


d'F  ^  ^  d"F  ^  ,  d^F 

A::  "  -  +12/1,2  + 

O.V  O.V  OV  OA'  ov 


,  aV‘  d^F 


Ill 


where  ,-l„  are  the  laminate  compliances.  Airy's 
stress  function  can  be  written  as 

F‘  A. y )  =  2 Re ( F| ( c ,  i  +  F, (*-.'))  ( 2 ) 

where  Ff.z^  I  and  ^tre  analytic  functions  of 

the  complex  characteristic  coordinates  r,  and  r; 
defined  its 

Zi,  =  x+uD'-  A' =1.2  (3i 


'I  I 

where  A^.  and  hf  are  constants  determined  by 
the  boundary  conditions.  The  last  part  of  cqn  1  1  > 
can  be  identified  as  the  holomorphic  part  which 
is  single  valued  and  tends  to  zero  at  infinity.  In  the 
case  of  an  open  hole  in  an  infinite  plate  the  con¬ 
stants  /IjN  are  zero  while  in  the  case  of  a  loaded 
opening  in  an  infinite  plate  the  constants  are 
zero.  In  the  first  case  the  constants  are  deter¬ 
mined  by  introducing  the  remaining  part  of  eqn 
;  1 1)  into  eqns  (5)-(7)  with  the  condition  that  the 
stresses  at  infinity  should  be  recovered. 

3.2  Boundary  conditions 

In  order  to  simplify  the  treatment  of  the  boundary 
conditions  new  complex  variables  c*  are  intro¬ 
duced  as 


w  here  w,  and  arc  the  roots  to  the  characteristic 
equation  associated  with  eqn  i  1 1. 

By  introducing  the  complex  functions 


the  following  expressions  for  the  stresses  and 
displacements  can  be  derived  from  the  definition 
of  Airy's  stress  function  and  the  kinematic  rela¬ 
tions 


/<(l-i/<Vi 

where  B  is  the  radius  of  the  circular  opening.  The 
transformations  in  eqn  ( 121  have  the  feature  that 
they  map  the  contour  of  the  opening  to  a  unit 
circle  in  the  q,  and  C-  planes,  i.c.  C|  =  s:  =  o'"=  a 
on  the  contour  of  the  opening. 

For  the  case  of  a  loaded  opening  in  an  infinite 
plate,  eqn  ( 1  I  j  can  be  w  ritten  as 


r; ,  =  2  Re !  /z  1  1  z , )  +  ^  ^ C , )  1 

*5) 

Oj  =  2Re(^’,(Z( )  +  tf'fzp] 

(b) 

r„  =  --  2Ref//,^il,’,  i + 

(7) 

fi  I 

w  here  the  last  part  is  the  holomorphic  part  denoted 
in  the  sequel. 
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The  boundary  conditions  for  the  externa! 
forces  can  be  expressed  as 


2Rc'  0|i  r: I '  +  p:? st  = 


V\  d  .v  +  k  I 


114) 


2ReiU|b|T,|  + 


A\  d.v+ /c,  1 15'| 


w  here  \\  and  y\  are  the  external  forces  per  unit 
area  at  the  edge,  v  is  an  arbitrary  arc  length  on  the 
contour  of  the  opening  and  A',  and  Ay>  are  integra¬ 
tion  constants  depending  on  the  start  point  for  the 
integration. 

In  the  case  of  a  pin-loaded  infinite  plate  the 
multi-valued  part  f  'Jnc^  will  yield  the  resultant 
forces  l\  and  /’  for  a  complete  cycle  round  the 
h(de  boundary.  Together  with  the  condition  that 
the  displacements  must  be  single-valued  when 
completing  a  whole  cycle,  this  gives  the  necessary 
equations  for  determining  the  constants  C  \ 


J\ 

2~r\i 


//i ( 'i  -t-  n, f - ,d| (  ,  -  ,/i T2  = 


2.Ti/ 


</i(  I  +  (/;(  ,  -  r/iC  I  -  r/T  .  =  0  ■  l(o 

where  the  bars  denote  the  conjugates  of  the 
marked  quantities  and  l  is  the  laminate  thickness. 

By  using  the  first  two  parts  of  eqns  '  Uo  and 
expressing  the  holomorphic  part  as  a  power  scries 
in  r;  the  boundary  conditions  1 4i  and  <  1 .5 )  can  be 
w  ritten  as 


2 Re  0|' I  b-’  7  ■ 


)\  d.s  = 


P.P 

2.Tt 


o  „  o" 


(L„(} 


'17; 


2Rc  It  I  b,’  r,  i  + 


A\dv  = 


l\0 

2,t/ 


lk.,o"‘  t  iP„n 


IN; 


where  <t,„  and  are  cocificicnts  from  the  trac¬ 
tions  at  the  etlge.  A„  and  V',,.  H  is  the  angle  corre- 
spnnrling  to  s. 


Identification  between  eqns  1 1 3 ;.  i  1 7 i  and  IN 
gives  the  following  expressions  for  the  holo- 
morphic  parts  in  terms  of  the  coefficients  a„  and 

P,„- 


.“l  Pl-‘h 


I 


„ri 


20 


In  the  general  case  of  an  infinite  plate  w  ith  a  circu¬ 
lar  opening  with  radius  R2  loaded  by  a  pin  with 
radius  R^.  different  boundary  conditions  should 
be  .satisfied  in  different  regions  of  the  loaded  edge 
as  shown  in  Fig.  3. 

In  the  different  regions  the  following  boundarv 
conditions  apply: 

No-slip  region: 

„|'l.iu  _  ^ 

_  „p,.,  =  _^,y4.^/^,sin  ,,  21  , 

Slip-region: 

„pi.".  _  ,,piii  =  j  _  , 

r,„:  =  fOo,  i  22  ' 

No-contact  region: 
a,  =  0 

r,„  =  0  23 

where 

A  =  nj''-"M()i 24 

and 

^R^R.-R,  2.5 
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i.e.  d  is  evaluated  at  a  =  (I  and  A/'f  is  the  radial  elear- 
anee.  The  subseripts  r  and  8  refer  to  the  radial  and 
tangential  direetions  respectively  and  n  is  the  fric¬ 
tion  coefficient. 

3.3  Determination  of  the  contact  stress 
distribution 

As  in  the  work  by  de  Jong'  it  is  assumed  that  the 
pin  and  the  hole  can  be  in  contact  for  angles  in  the 
interval  ()<^<,t  only.  To  be  able  to  express 
unsymmetric  contact  pressures  a  sine-series  is 
used  in  the  interval  (0..t  )  together  with  the  condi¬ 
tion  that  the  radial  stress  should  be  zero  else¬ 
where. 

A  \  =p,i  f/,,  sin /ifl  {)<8<i:  (26) 


is  symmetric  and  l\  is  equal  to  the  bearing  load, 
otherwise  the  component  l\  of  the  bearing  load  is 
determined  as  part  of  the  solution. 

The  distribution  of  the  contact  area  and  the 
slip-region  if  friction  is  included  are  determined 
through  an  iteration  procedure.  An  initial  contact 
area  is  assumed  and  the  unknown  coefficients  n, 
in  eqn  (26)  are  determined  by  the  collocation 
method  in  which  the  contact  conditions  are  satis¬ 
fied  in  a  finite  number  of  collocation  points  corre¬ 
sponding  to  the  unknown  coefficients  a,..  When 
the  coefficients  a„  are  determined  the  contact 
stress  distribution  obtained  is  examined.  If.  for 
example,  tension  stresses  are  obtained  at  the 
edges  of  the  distribution,  the  contact  arc  is  too 
large  and  a  smaller  contact  arc  is  trietl. 


4  SIMPLE  ANALYTICALLY  BASED  DESIGN 

.Vv  =0  .T<ftl<2.T  !27i  .method 


E.;quation.s  26 1  and  '27)  can  be  expressed  by  a 
Fourier  series 

^  /!„  cos /L,  sin i2<X; 

7  he  F'ourier  coefficients  /I,,,.  H,„  arc  then  easily 
expressed  in  terms  of  the  coefficients,  a,,,  in  the 
sme-series.  By  introducing  eqn  2S  <.  into  the  boun¬ 
dary  conditions,  eqns  ( 17i  and  i  18).  it  is  possible 
to  relate  the  complex  coefficients  and  /J„,  to 
the  real  coefficients  A,„  and  lf„. 

R 

li.., 

dm 

~  ,  '  '  -A,,,  I  “  A,„ .  I  ’  ~ '  R,„  I  —  R,„ .  I  o  '  26) 

4  m 

r  hus  the  holomorphic  part  of  i  is  completely 
determined  through  cqns  '  I  and  (2(b.  If  friction 
is  included  a  similar  assumption  for  the  shear 
stress  distribution  can  be  made  ;ind  the  '>ame 
procedure  as  for  the  contact  stress  applied,  lb 
enforce  the  interface  conditions  between  pin  and 
plate,  the  displacements  and  stresses  o,.  r,„  must 
be  expressed  in  the  coefficients  of  the  sine-series. 
a„.  via  eqns  ‘■Ai-'f))  and  appropriate  transfor¬ 
mations. 

,\s  in  Kef.  .s  the  loading  is  performed  by  giving  the 
\-coniponent  of  the  resulting  bolt  force.  /',.  i.e. 
the  bolt  is  given  an  unknown  displacement  in  a 
known  direction.  In  the  case  when  the  direction  of 
the  bolt  load  and  one  of  the  principal  material 
directions  coincide,  the  contact  stress  di.stribution 


4.1  Simple  stress  analysis  using  a  fixed  contact 
stress  distribution 

In  order  to  simplify  the  stress  analysis,  a  fixed 
contact  stress  distribution  in  the  form  of  a  sine 
di.stribution  is  assumed.  Thus  eqn  28'  takes  the 
form 


.T 

with 

R 


where  I’  is  the  bolt  load.  <1  is  the  bolt  diameter 
and  /  is  the  laminate  thickness.  The  stress  func¬ 
tions  are  then  determined  by  solving  the  equa¬ 
tion  system  !I6)  to  obtain  the  non-holomorphic 
part  and  through  eqns  ( 26).  i  1 6  >  and  i  20 '  to  obtain 
the  holomorphic  part. 

Fhe  stress  distribution  for  a  more  general  case 
than  a  loaded  hole,  where  the  stresses  at  the  hole 
edge  are  reacted  at  infinity,  is  obtained  with  the 
technique  introduced  by  de  Jong.'  The  solutions 
for  tension /compression  and  shear  loaded  infinite 
plates  with  open  holes  are  superimposed  on  the 
loaded  hole  c:ise,  as  shown  in  F  ig.  4. 

4.2  Failure  prediction 

In  this  section  the  failure  criteria  used  in  the  simple 
analytically  btised  method  are  presented.  Those 
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t  f  f  t  f  f 


1 1  u  n 

f  f  M  M 


u  u  n 

Fig.  4.  Superposition  of  different  solutions. 

criteria  are  simple  and  require  a  smaller  amount 
of  testing  than  the  more  advanced  criteria  which 
will  be  presented  in  Section  5.3.  It  is  of  course 
possible  to  use  the  criteria  in  Section  5.3  together 
with  the  simplified  stress  analysis  presented  in  the 
previous  section. 

By  prescribing  minimum  edge  distances  and 
bolt  spticing  and  applying  some  layup  restrictions, 
the  only  failure  miides  which  have  to  .>c  consi¬ 
dered  are  the  bearing  and  net-section  failure 
modes. 

The  failure  load  for  the  two  different  failure 
modes  are  predicted  using  two  different  failure 
criteria,  one  for  net-section  failure  and  one  for 
bearing  lailure.  1  he  two  failure  criteria  are  both 
btiscd  on  the  same  allowable  far  field  strain  for 
bolted  joints,  r,,. 

Net-section  failure  is  predicted  using  a  stress 
criterion  in  which  the  tangential  stress  on  the  hole 
edge  is  compared  with  the  allowable  tangential 
stress,  (r'l'.  determined  as 

where  /,,,  is  the  tangential  /.-modulus  in  the  point 
considered  am!  K,  is  the  stress  concentratum 
factor  with  respect  to  the  direction  to  the  current 
evaluation  point.  I'he  failure  criterion  is  usually 
cvtiluated  in  the  eight  points  around  the  circum¬ 
ference  where  fibres  touch  in  a  laminate  contain¬ 
ing  (I  -.  and  ±45''-plies.  Bearing  failure  is 
predicted  with  a  stress  criterion  in  which  the 
maximum  radial  stress  on  the  edge  of  the  hole  is 
compared  with  an  allowable  radial  stress,  of. 
determined  as 


where  E,  is  the  radial  £-modulus  in  the  point  con¬ 
sidered  and  /  is  an  empirically  determined  layup 
correction  factor.  The  layup  correction  factor.  /  is 
determined  from  bearing  tests  with  different  lami¬ 
nates  and  is  expressed  as  a  function  of  the  square 
root  of  the  ratio  between  the  tangential  and  radial  E- 
moduli.  If  this  factor  is  assumed  to  be  material  inde¬ 
pendent.  which  seems  to  be  reasonable  at  least  for 
the  same  type  of  materials,  e.g.  carbon  composites, 
the  only  strength  parameter  required  is  the  allow  ¬ 
able  strain,  Therefore,  this  method  is  very  useful 
for  preliminary  design  and  design  of  joints  in  secon¬ 
dary  structures,  where  materials  with  insufficient 
design  data  for  a  more  rigorous  prediction  may  be 
u.sed. 

Through-thickness  effects  due  to.  for  example, 
secondary  bending  and  fastener  bending  in  single 
shear  joints  are  accounted  for  through  empirically 
determined  correction  factors. 


5  DESIGN  METHODS  INCLUDING 
SOLUTION  OF  THE  CONTACT  PROBLEM 

Two  methods,  in  which  the  solution  of  the  fric¬ 
tionless  contact  problem  is  included  arc  presented 
below.  The  two  methtuis  differ  only  in  the  stress 
analysis  part.  In  the  first  method  the  two-dimen¬ 
sional  anisotropic  elasticity  theory  presented  in 
Section  3  is  used  to  obtain  the  stress  distribution 
while  in  the  second  method  this  is  done  by  FE-'M. 

5. 1  Analytically  based  local  stress  analysis 

The  local  stress  tmaiysis  of  an  infinite  plate  loaded 
w  ith  a  rigid  pin  including  the  solution  of  the  contact 
problem  and  an  infinite  plate  with  an  open  ht>le 
loaded  at  infinity  is  presented  in  Section  3.  In  order 
to  oirtain  a  more  general  loading  case  with  both 
bearing  and  by-pass  loading,  the  expressions  for  the 
displacements  for  the  ca.se  with  the  open  hole  tire 
added  to  the  case  with  a  pin  loaded  hole  before  the 
contact  conditions  in  eqn  1 22  ■  are  imposed,  i.e.  the 
contact  problem  is  solved  for  the  case  when  both 
bearing  and  by-pass  loads  are  present. 

5.2  Local  stress  analysis  with  PT^M 

Two-dimensional  FF  analyses  have  been  used  in  a 
number  of  studies'"  ''  to  determine  the  stress  dis¬ 
tribution  in  the  vicinity  of  the  hole.  (Dnly  a  few 
authors’-  have  performed  three-dimensional 
analyses. 
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The  FE-based  design  method.  COBOJ’’  con¬ 
sists  of  three  parts:  a  model  generation  part  in  which 
the  FE  model  is  generated  automatically,  the  FE 
analysis  itself  and  a  failure  prediction  part. 

The  FE  analysis  is  performed  with  the  FE  system 
ASKA  and  includes  a  solution  of  the  frictionless 
contact  problem  between  the  bolt  and  the  hole.  The 
contact  algorithm  in  ASKA  is  developed  by  Torst- 
enfelt-'  and  is  based  on  a  nodal  point  iteration  tech¬ 
nique.  The  type  of  FE  model  used  is  shown  in  Fig. 
2i  c ).  The  model  consists  of  two  parts,  one  fixed  part 
close  to  the  hole  including  the  fastener  which  is 
common  in  all  models  and  one  flexible  part  which 
can  be  adjusted  to  the  part  cutout  from  the  load 
distribution  analysis  model. 

5.3  Failure  prediction 

\arious  types  of  failure  criteria  have  been  u.scd  to 
predict  the  strength  of  mechanically  fastened  joints. 
The  characteristic  distance  approach  introduced 
by  Whitney  and  Nuismer-'’  has  been  frequently 
used.’  n-'  ’  Another  approach  is  to  use  pro¬ 
gressive  failure  theories  either  by  removing  failed 
plies'"  or  by  elastoplastic  modelling. 

.As  in  the  simple  design  method  the  only  failure 
modes  considered  are  net-seetion  or  bearing  fail¬ 
ure.  f-'or  the  prediction  of  net-section  failure  a 
\ariant  of  the  'Point  .Stress  Criterion".  PSC.  intro¬ 
duced  by  Whitney  and  Nuismer-*'  is  used.  The  PSC 
assumes  failure  to  occur  when  the  tangential  stress 
at  a  fixed  distance.  </,.  from  the  hole  boundary 
reaches  the  unnotched  strength,  o,,.  of  the  laminate 
with  respect  to  the  tangential  direction.  The 
unnotched  strength.  Oj,.  for  the  laminate  is  predicted 
w  ith  the  maximum  strain  criterion  and  the  charac- 
tenstic  distance  as  a  function  of  layup  and  hole 
diameter  is  determined  from  experiments.  In  a 
general  loading  case  it  is  assumed  that  failure 
initiates  at  points  on  the  hole  boundary  having 
touching  fibres.  The  failure  criterion  is  evaluated  at 
the  radial  distance.  from  these  points.  I  he  bear¬ 
ing  failure  strength  prediction  follows  the  concept 
proposcrl  by  Chang  ct  al.'  w  ho  assume  that  failure 
occurs  w  hen  the  Yamada-.Sun"'  failure  criterion  is 
satisfied  in  any  point  on  a  characteristic  curve.  I  he 
Yamada-Sun  failure  criterion  states  that  failure 
occurs  w  hen 


where  a,  and  r,.  are  the  longitudinal  and  shear 
stresses  in  a  ptv.  A'  is  the  longitudinal  tension  or 
compression  strength  depending  on  t'.e  current 


loading  situation  and  .V  is  the  shear  strength.  In 
contrast  to  the  approach  proposed  by  Chang  etul.J- 
who  assumed  a  cosinusoidal  shape  of  the  charac¬ 
teristic  curve,  no  restrictions  are  put  on  the  shape  of 
the  curve.  Instead,  the  characteristic  curve  is  deter¬ 
mined  from  bearing  tests  with  different  layups  and 
FE  analyses.  The  FE  analyses  are  performed  with 
models  generated  with  the  same  mesh  generator  as 
in  the  design  procedure.  The  failure  load  for  each 
test  .specimen  is  applied  to  the  FE  model  and  the 
curve  along  which  the  Yamada-Sun  failure  crite¬ 
rion  is  satisfied  with  equality  is  determined.  The 
characteristic  curve  is  then  determined  as  the  curve 
along  which  the  failure  is  predicted  for  each  speci¬ 
men  as  good  as  possible  without  being  unconserva¬ 
tive.  The  bearing  test^  are  performed  v\ith  the 
fasteners  turque  tightened  finger  tight.  The  charac¬ 
teristic  curve  can  also  be  dependent  on  the  hole 
diameter  and  tests  with  diffcunt  hole  diameters 
must  therefore  be  included  in  the  test  program. 

In  a  general  loading  case  failure  is  predicted  by 
evaluating  the  Yamada-Sun  failure  criterion  in  a 
number  of  points  along  the  characteristic  cur\c 
which  are  symmetrically  located  w  ith  respect  to  the 
bolt  load  direction 


6  DE.SIGN  D1A(;R.4.M.S 

For  simple  loading  cases  the  easiest  design  method 
to  use  is  the  design  diagram.  Hart-Smith’"  pre¬ 
sents  a  number  of  different  diagrams  delermineil 
from  experiments. 

Instead  of  perlorming  experiments  to  obtain 
design  diagrams,  the  computer  based  design 
methods  presented  in  ihe  previous  sections  can  be 
used  to  generate  design  diagrams  of  different  types. 
The  two  types  of  design  diagrams  used  at  Saab  Mili¬ 
tary  .Aircraft  are  shown  in  1-igs  .'5  and  b. 

In  the  first  diagram  the  bearing  strength  for  dif¬ 
ferent  layups  within  the  t)°/dO  ,  ±  4.5"  family  can  be 
determined.  Tlie  diagrams  can  be  determined  for 
different  degrees  of  bypass  loading.  The  othci  di¬ 
agram  is  of  the  bearing-bypass  tvpe  introduced  by 
Hart-Smith"'  which  has  also  been  used  in  the  study 
bv  Crews  and  Naik.  '-  The  bearing-bypass  anagram 
is  only  valid  for  one  layup  but  can  be  used  for  design 
in  any  uniaxial  bearing-b\  pass  situation. 


7  MJMFRK  AI.  RFSIT.TS 

The  analytically  ba.sed  method  including  the  solu¬ 
tion  of  the  contact  problem  ami  the  FE-based 
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method  have  been  used  to  ealculate  the  stress  dis¬ 
tributions  in  three  different  bearing  loaded  lami¬ 
nates.  In  the  analytically  ba.sed  method.  40 
collocation  points  in  the  interval  -  yo°<^<90°, 
ha\  e  been  used  to  determine  the  contact  stress  dis¬ 
tribution.  The  laminate  properties  in  terms  of  engi¬ 
neering  elastic  material  constants  are  shown  in 
Table  1 .  The  elastic  properties  have  been  calculated 
with  classical  laminate  theory  using  the  properties 


bn 
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Hi:.  5.  IX-Mizn  Jiiwnim  tiir  allow al'lc  lx'arii)>;  siro'-s. 


of  the  Ciba-Ck'igy  T.400/y!4C  graphile/epo.xy 
material  system  with  657<>  fibre  \  (4ume. 

The  geometry  and  loading  of  the  analysed  lami¬ 
nates  are  shown  in  F’ig.  7.  In  all  cases  the  bolt  dia¬ 
meter,  (L  is  6-()  mm  and  the  radial  clearance.  A is 
0-02 1  mm  which  is  a  mean  value  for  the  clearance  in 
the  commonly  used  ISO  fitting  H 10/17.  In  the  cal¬ 
culations  with  the  FITbased  method,  the  bolt  was 
considered  elastic  with  /.  =  1 10  CiPa  and  r  =  0-2V 
while  the  analytically  based  method  is  limited  to  a 
rigid  bolt.  The  applied  bearing  stress.  defined  in 
eqn  (.71  i  is  .700  MPa. 

The  calculated  normalized  contact  stress  distri¬ 
butions  and  the  tangential  stress  distribution  for  the 
three  different  laminates  are  shown  in  Figs  8  and  0. 
ABM  and  FEM  indicate  results  obtained  with  the 
Analytically  Based  .Method  and  the  FH-based 
Method  respectiN'ch. 

The  radial  and  tangential  stress  distributions  in 
the  bearing  and  net-section  planes  respectively  are 
shown  in  Figs  10  and  1  1 . 

It  can  be  seen  from  Figs  )^-l  1  that  the  general 
agreement  between  the  stress  distributions 
obtained  with  the  analytically  and  FFTbased 
methods  is  good.  The  greatest  differences  are 
obtained  for  the  0°-dominated  himinate.  This 
laminate  is  probably  more  sensitiw  to  the  differ¬ 
ences  in  the  contact  solution  method(4ogy  used  in 
the  two  methods.  Another  reason  for  the  deviations 
between  the  tw n  methods  is  the  apprei.ximate  treat¬ 
ment  of  the  finite  width  in  the  analytically  based 
method.  I'he  somew  hat  physically  unrealistic  ten- 
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ami  Ihe  Id  dsaseel  method,  the  sirength  of  thiee 
rliHerent  test  speeimens  has  been  pietlieled  I  he 
test  speeimens  are  shown  m  lags  12  14  and  the 
Itimiiitile  properties  m  terms  ol  engmeermg  elasiie 
material  constants  are  shown  m  I  able  2,  I  he  test 
specimens  are  ehoseit  to  be  mote  rejnesenl.nne  ol 
joints  111  real  aircralt  striictnies  than  the  sun  pie  eou* 
polls  iiserl  to  (.leterinme  eharaeleiisiie  dtsi.mees. 
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Stacking  sequence; 


d=6  mm 
1=4  I  mm 


I  mm  I 


(0“/W/45‘71  t5"/0'745‘V135"/g(i'79O'V4,S'7ns-yO'‘/45'Vn5"/W7(r!<,- 


Kig.  1 2.  Specimen  A:  Shear  loatled  joint  ^iih  a  single  rovs  ol 
liisteners. 


Att'vns’Vfi'gas'/i  ts-7givwo'74S'7i  ts'vovayvi  .W7w7(ris,, 

Hg.  12.  Specimen  H  She.ir  loatleil  |oim  with  two  lows  ol 
iasieners. 


etc..  tttKl  in  the  numerical  examples  in  the  previous 
section.  In  the  strength  predictions  presented  below 
no  corrections  lor  through-thickness  eliccts  have 
been  mtide  because  the  test  specimens  arc  selected 
so  that  these  ellects  ;irc  sm.tll.  Hov.ever,  in  the 
design  ot  a  joint  in  a  real  structure  such  act>rrcctit>n 
would  have  been  made. 


Slacking  sequence 

|4VVI  tS'7i)()'',/()'V4S-71  tS'7‘r<l'\/ii'V4S'vi  O'/gtr/og:; 


A  A  A  ^ 


mm 


Hg.  1 4.  Specimen  ( leiwion  loaiiecl  joint  vsith  two  rows  ot 
Iasieners 


I'abti'  2.  I’riipcrticsoflaniinalesiisfdinlcsi  specimens 
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rile  load  distribution  in  the  jtiints  has  been  deter¬ 
mined  Irom  bit  analyses  following  the  description 
in  Section  2.  1  he  fastener  ne.xihility  used  has  been 
determined  from  measurements  in  the  tests. 

The  results  from  the  failure  predictions  v\ith  the 
two  methods  in  terms  of  the  ratio  between  the 
experimental  and  predicted  failure  loads  are  show  n 
in  I'ablc  }.  A  is  the  ratio  between  predicted  and 
expenmemally  obtained  failureload.  I  is  the  failure 
mode  indicated  with  B  for  Bearing  failure  and  N  for 
Net-section  failure  and  the  superscripts  SAM  and 
bFM  indicate  the  type  of  method.  Simple  Analy¬ 
tically  based  Method  and  bf.-based  Method 
respectively. 

From  Fable  }  it  can  be  seen  that  the  predictions 
with  both  methods  ;irc  conservative  compared  w  ith 
the  experiments  but  the  wrong  failure  mode  is  pre- 
dicled  for  specimen  A  tint!  th;il  the  simple  method 
seems  to  be  more  conservative  at  least  in  the  last  two 
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cases.  One  source  of  the  conservatism  is  that  the 
fasteners  in  the  test  specimens  were  torque  tight¬ 
ened  5-6  N  m  while  the  design  method  assumes 
finger  tight  torque  tightening  (  ~  ()-5  N  m).  The 
reason  for  the  prediction  of  the  wrong  failure  mode 
for  specimen  A  is  probably  ignorance  of  the 
through-thickness  effects,  i.e.  in  the  case  of  shear 
loading  and  the  non-uniform  stress  distribution 
through  the  thickness  caused  by  the  bending  and 
tilting  of  the  fastener. 

9  CONCLUDING  REMARKS 

Each  step  in  the  design  procedure  of  a  mechanically 
fastened  joint  or  in  any  design  procedure  is  equally 
important,  therefore  the  research  efforts  should  be 
directed  to  improve  the  weakest  links  in  the  design 
chain.  The  load  distribution  analysis  must  be  con¬ 
sidered  as  such  a  part  due  to  many  difficulties  asso¬ 
ciated  with  the  representation  of  the  joint  in  the  load 
distribution  FE  model.  Another  important  area  for 
improvements  which  is  strongly  related  to  the  load 
distribution  analysis  is  the  presence  of  through¬ 
thickness  effects.  In  addition  to  more  basic  re.search 
including  three-dimensional  FE  analyses  and  expe¬ 
rimental  studies  on  simple  cases,  more  advanced 
modelling  techniques  using  macro  elements  which 
are  capable  of  calculating  relevant  measures  of 
secondary  bending  and  fastener  bending,  art- 
needed  in  the  load  distribution  analysis. 

As  shown  by  the  comparison  of  stress  distribu¬ 
tions  between  the  analytically  based  method  in 
which  the  contact  problem  is  solved  and  the  FE- 
bascd  method  in  Section  7,  the  analytically  based 
method  proves  to  be  a  good  alternative  to  the  FE- 
based  method  for  simple  loading  cases.  It  should  be 
pointed  out  that  the  computing  time  for  the  analy¬ 
tically  based  method  is  only  a  fraction  of  the  com¬ 
puting  time  for  the  FE-based  method.  It  should  also 
be  noted  that  the  c(w.plexity  in  the  analytically 
based  stress  analysis  increases  rapidly  when  the 
assumptions  such  as  infinite  width  and  rigid  bolt  arc 
rcmtived  and  if  friction  is  included.  Therefore  it  is 
believed  that  there  will  always  be  a  need  for  the  FE- 
based  method  to  handle  complex  loading  cases  and 
geometries. 

With  the  failure  criteria  presented  in  this  paper  it 
is  possible  to  fairly  well  predict  the  strength  of 
mechanically  fastened  joints  with  moderate 
through-thickness  effects,  i.e.  non-uniform  stress 
distribution  through  the  thickness  of  the  laminate. 
The  failure  criteria  based  on  experimentally  deter¬ 
mined  characteristic  distances  give  somewhat 


better  predictions  than  the  simple  criteria  but 
require  a  considerable  number  of  experiments  to 
determine  the  necessary  parameters.  1  herelore. 
there  is  a  strong  need  for  failure  criteria  which 
require  fewer  experimentally  determined  para¬ 
meters  and  are  capable  of  predicting  the  strength  of 
a  joint  with  sufficient  accuracy.  Again  three-dimen¬ 
sional  modelling  in  w  hich  the  interlaminar  stresses 
can  be  considered  will  be  important. 

Even  in  the  future  three-dimensional  modelling 
will  probably  not  be  a  commonly  used  tool  in  the 
design  of  mechanically  fastened  joints  due  to  the 
complexity  and  the  need  for  computer  power. 
There  will  always  be  a  need  for  simple  and  last 
methods  such  as  design  diagrams  and  analyticallv 
based  computer  programs  for  the  large  volumes  of 
joints  in  an  aircraft.  Only  for  critical  primary  joints, 
advanced  three-dimensional  FE  models  can  be 
useful  in  the  design.  Another  interestingapplication 
of  more  advanced  modelling  and  failure  prediction 
is  to  generate  correction  factors  for.  for  example, 
through-thickness  effects,  which  can  be  used 
together  with  two-dimensional  analyses  in  the 
design. 
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A  study  i)f  the  design  and  mechanical  behaviour  ol  co-cured  T-beams  subjeeied 
to  very  high  loading  is  presented.  The  T-beams  were  made  by  press  moulding 
from  pre-pregs  of  uni-directional  glass  or  carbon  fibre  and  glass  fabric 
reinforced  high  performant  epoxy  matrix,  bach  type  of  beam  was  instrumented 
with  strain  gauges  in  the  web  and  flange  in  order  to  carrv  out  experimental  four 
point  bending  tests.  Analytical  and  numerical  studies  were  also  performed  lo 
compare  experimental  versus  numerical  and  analytical  results  and  to  establish 
the  suitability  of  a  simplified  bending  theory  for  stalicaih  determinate 
composite  beams  constructed  from  laminated  composite  ptinels.  I  he  maximum 
carrying  loads  in  the  beam  layers  were  evaluated  cxperirnentally  and  analyii- 
calK  using  the  Tsai-Wu  failure  criterion.  Results  showing  the  suitabilitv  of  the 
simplified  beam  theory  are  presented  ami  discussed. 


INTRODICTION 

The  use  of  composite  tnutcriuls  is  continuously 
increasing  for  a  variety  vtl'  purposes  because  i>l'  the 
pruential  benefits  rtf  decreased  weight  find 
increased  stiffness.  In  the  case  of  laminated  eoni- 
prwite  materials,  made  of  long  fibres  in  polymer 
matrix,  the  bending  behaviour  can  be  enhanced 
by  the  use  of  reinforcements,  a  procedure  also 
used  in  metallic  structures.  For  plates  and  shells, 
these  reinforcement  structures  are  in  general 
beams  that  are  riveted  or  bonded  to  the  structure. 
Recently,  the  use  of  eo-cured  beam.^  in  plates 
became  an  attractive  procedure,  as  it  helps  to 
minimize  manufacturing  time  and  eventually  to 
maximize  structural  performance. 

The  analytical  tools  available  to  predict  the 
mechanical  behaviour  of  beams  are  based  on  tlic 
Bernoulli-Eiuler  theory  of  bending'  or.  alterna¬ 
tively  on  Timoshenko  beam  theory,  while  for 
plates  Kirchhoff  '  or  Mindlin'  *  theories  are  a.sed 
associated  with  analytical  or  numerical  meiltods. 
The  lay-up  for  a  beam  made  up  of  composite 
plates  respectively  for  the  flange  and  web  are  not 
the  same,  since  in  the  co-cured  junction  non- 
symmctrica!  lay-up  occurs  whose  mechanical 
behaviour  is  affected  by  coupling  effects  of  bend¬ 
ing  and  tension. 

Some  work  related  to  the  experimental  investi¬ 
gation  of  coupled  deformations  in  thin-walled 


composite  beams  has  been  reported  by  Nixon.' 
Chandra  ci  til."  '  Also  Bank"  presented  modifica¬ 
tions  to  a  beam  theory  for  the  bending  and  twist¬ 
ing  of  composite  material  open-section  beams. 
The  theory  has  been  Ibrmulated  in  terms  of  effec¬ 
tive  laminate  properties  to  describe  the  overall 
beam  deformation  under  bending,  twisting  and 
axial  extension. 

More  recently  Bank  and  ('ofie  '  and  Smith  and 
Bank"'  carried  out  experimental  verification  of  a 
modified  theory  for  thin-walled  open-sections  for 
anisotropic  composite  beams,  applied  to  sym¬ 
metric  and  antisymmetric  glass/polyestcr  I-beams. 
These  beams  were  tested  under  transverse  load¬ 
ing  and  end-moments,  using  a  cantilever  model  to 
evaluate  induced  twist,  out-of-plane  ami  in-plane 
lateral  and  transverse  deflection  resjsectivcly.  A 
good  correlation  has  been  reported  between 
experimental,  analytical  and  numerical  analysis 
carried  out  using  a  finite  element  model 

In  the  sequence  of  the  work  presented  by  Bank 
and  Cofie'*  and  Smith  and  Bank.'"  the  present 
developments  are  an  extension  of  the  former  by 
predicting  analytically  the  failure  of  T'  composite 
beams  using  the  Tsai-Wu  failure  criterion- 
applied  to  glass  and  hybrid  (carbon  and  glass) 
fibre  composites.  1  he  experimental  results  are 
compared  with  the  simplified  composite  beam 
theory  and  alternatively  with  a  finite  element 
model  using  plate  elements.  Different  dimensions. 
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lay-up  and  materials  are  considered,  with  and 
without  hybrid  lay-ups  to  establish  the  range  of 
application  of  the  analytical  and  numerical  calcu¬ 
lations. 


-MATERIALS 

The  materials  used  in  the  beam  manufacture  are 
unidirectional  and  fabric  pre-pregs  of  glass  ()r 
carbon  fibres  on  an  epoxy  resin  matrix; 

•  unidirectional  pre-pregs  of  H-glass  on  a  high 
performant  epoxv  resin  R,f67  manufactured 
bySTRUCTIL  (France). 

•  unidirectional  pre-pregs  of  T.^OO  (Toray  i  on 
a  hish  performant  epoxv  resin  R3b7  manu¬ 
factured  by  STRUCTIL  TTancei, 

•  fabric  pre-pregs  of  Fi-glass  ttn  epoxy  resin 
manufactured  by  Hexcel-Gcnin  i  France  s 

Fhe  nominal  mechanical  properties  of  the  lami¬ 
nated  material  for  ii  50'’<,  i’  (fibre  volumei  aie 
listed  in  Table  1  w  here  is  the  Young's  modulus. 


V  the  Poisson's  ratio,  (i  the  shear  modulus,  and 
the  subscript  1,  denotes  the  direction  of  the  fibres 
and  the  sub.script  T  the  direction  perpendicular  to 
the  fibres.  In  Table  2  arc  listed  the  tensile  (sub¬ 
script  T),  compressive  (subscript  ('(  and  shear 
strength  S  of  the  laminate  material. 


fable  I .  Lfastie  properties 


Material 
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fable  2.  Mechanical  properties 
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FABRIC  ATION  OFT-BEAM.S 


F-beams  were  manufactured  from  the  pre-pregs  by  press  moulding,  simulating  the  fabrication  cd' co-cured 
plates  reinforced  with  beams.  This  manufacturing  procedure,  shown  schematiciilly  in  Fig.  I.  ensures  that 
the  web  and  the  upper  tlange  of  the  beam  are  designed  with  symmetrical  lay-up  but  the  llange  upper  and 
lower  Ifanges  is  ctrmpciscd  t^f  the  previous  symmetrical  lay-up  together  with  a  half  lay-up  Ittwer  llange  of 
the  web.  The  following  characteristics  uiimensions  and  stacking  set|uences  were  obtained  for  each  beam 
testeti  Fig.  2 


S4.i 


S4,2 


.S4..1 


6()i  web  (  X  4(1)  Hange  (  mm.  with  radius  of  curvtiture  .3  mm  betw  een  web  and  flange,  made 
of  unidirectional  i  ugi  and  fabric  fg^  glass  fibre,  w  ith  .8()'’o  I and  the  following  stacking 
sequences: 

Web-M5„.(),,,.45„.M>„,),.45,,.O.J, 

Flange  -  TO,,.  45„  0„ );.  0,.,.  45,,.  (()„,  a.  45„.  0,„.  45„  j , 

6()i  web '  X  40i  flange )  mm,  with  radius  of  curvature  ,3  mm  betw  een  w  eb  and  flange,  made 
of  unidirectional  mg!  and  fabric  dgi  glass  fibre,  with  50'’,)  f,  and  the  following  stacking 
sequences: 


Web  - 145„.  0,„.  45„.  i0,„  K,.  45„.  0„Js 

Flange  -  |m45„.  0,J.  45„  a.  ()„,.  45,,,  lO^J,. 


45„.()  .45,. 


I 


60(  web)  X  40(flangc)  mm.  with  radius  of  curvature  .3  mm  between  web  and  flange,  made 
of  unidirectional  carbon  fuc)  and  fabric  (fg)  glass  fibre,  with  50'’,)  F’,  and  the  following 
stacking  sequences; 


Wcb-[45„,0.,,.45„,(0.j,,45„,0.J, 

Flange  -  IhO,,.  45, J,.  0„j,.  0,,,,  45„,  (0,.,  b-  ‘F5,„.  0,,,.  45,,  1, 


Mcclumk’ul  hemtinfi  hchiniour  ofciimposiie  i-hcinns 
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S4.4  Identical  to  S4. 1 ,  but  with  43%  V^. 

S4. 1 .5  Identical  to  S4. 1  but  with  radius  of  curvature  5  mm  between  web  and  tlunge. 

S4. 1 .7  Identical  to  S4. 1  but  with  radius  of  curvature  7  mm  between  web  and  flange. 

S4. 1 !  40  X  401  Identical  to  S4. 1  but  with  40(w'eb)  x  40fflange)  mm. 

7'he  manufacturing  procedure  used  was  pre.ss  moulding  w  ith  steel  mt)ulds  where  the  laminate  thickness 
was  imposed,  giving  an  accurate  control  of  %  f',.  The  pressure,  temperature  and  time  of  curing  were  used 
according  to  the  pre-preg  manufacturer  s  instructions. 


FLEXURAL  TESTS 

.All  50  X  40  mm  T-beams  were  instrumented  with 
five  strain  gauges,  as  schematically  represented  in 
Fig.  3.  They  were  loaded  in  a  mechanical  testing 
machine,  in  four  point  bending  to  achieve  uniform 
bending  moment  in  the  middle  section,  where  the 
strain  gauges  were  placed.  All  the  specimens  had 
a  test  span  of  300  mm.  At  least  three  T-beams  of 
each  type  were  tested  to  final  fracture. 


t  it;.  I .  Schi-'niatic  aprs-sciualicn  ol  beam  erose-scclion. 


Kit;.  2.  lypicai  beam  section  and  e.xperiniental  setup. 


t 


b-15.6mm 

c 

d-'iOfnfn 

e-02mfn 


Hu*  3-  *  .iK'iJtion  strain  gauges  on  the  ^0  x  40  mm  beams. 


SI.MPLIEIED  COMPOSITE  BEAM  THEORY 

T  he  classical  beam  theory  is  used  in  the  design  of 
structures  built  up  of  beams  such  as  I,  T.  L.  W  or 
other  types  of  beams,  although  they  are  actutilK 
made  of  thin  panels.  In  the  case  of  the  T-beams. 
they  are  made  of  two  panels,  as  Fig.  4  shows.  l  atch 
panel  has  a  'ptinel  coordinate  system'  1.2.  other 
than  the  'global  coordinate  system'  .v.  r,  r  of  the 
beam.  For  a  general  panel,  there  is  a  constitutive 
relation '  in  the  form  t>f  eqn  I  s 


The  stresses  (j,.  a,  and  o,,  are  average  stresses 
across  the  panel  thickness,  and  r„  =  2<  |-.  The 
mechaniciil  constants  are  average  mechanical 
constants  across  the  thickness.-  The  Y'tiung's 
modulus  /:  ,  is  the  in-plane  kingitudinal  modulus, 
obtained  from  the  laminate  in-plane  stiffness  co¬ 
efficients  (the  'A  matri.x)  which  is  obtained  from 
the  layer  stiffness  coefficients  (the  O  matrix 
depending  on  the  mechanical  constants  of  each 
layer.'  The  mechanical  constants  and  are 
obtained  in  the  same  manner,  as  well  as  v,,,  and 
Vi,,,  the  in-plane  normtil  coupling  effects  and  r,,, 
and  the  in-plane  shear  coupling  effects. 

.Since  the  section  of  interest  in  the  l>tam  is  the 
middle  one  and  that  section  is  under  pure  bending 
only,  the  expressions  presented  will  serve  for  this 
particular  case. 

In  the  case  of  pure  bending,  an  assumption  is 
made  in  which  the  deformations  due  to  the  shear 
strains  do  not  affect  the  linear  axial  normal  stress 
distribution.  If  a  couple  is  applied  to  the  beam 
along  the  g-axis.  then  the  classical  form  for  the 
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Fig.  4.  Coordinate  systems  on  T-beams. 


stress  distribution  is' 


where  M.  is  the  bending  moment  and  /.  and  y  are, 
respectis  ely,  the  second  moment  of  area  about  the 
neutral  axis  and  the  distance  from  the  neutral  axis. 
Since  in  pure  bending  the  only  existing  stress  is 
the  stress  a,  then,  a,  =  and  use  of  eqn  ( I  i  yields 


One  has  to  notice  that,  in  a  composite  beam, 
there  is  only  one  component  of  stress,  but  there  is 
a  shear  strain  along  with  the  axial  strain,  although 
this  shear  strain  is  not  used  in  this  work. 


For  beams  with  different  mechanical  constants 
in  the  web  and  llange,  the  section  is  transformed 
as  indicated  by  Bank." 

The  average  stress  across  the  panel  o-,  is  thus 
given  by 

The  stresses  in  the  individual  layers  inside  the 
panel  will  be  given  by' 

M.  V 

a,  =r|/:|  =  -  -y  F,  O: 

w  here  the  subscript  /  denotes  the  /th  layer. 


FAILl  RE  C  RITERION 


There  are  a  considerable  number  of  failure  criteria  thrr>ughout  the  literature.  ' '  Some  involve  stress 
failure  criteria,  (ithers  involve  strain  failure  criteria,  and  others  yet  use  energy  failure  criteria.  In  the  first 
stage  of  this  work,  the  Tsai-Wu  criterion  was  preferred. 

rhe  Tsai-Wu  energy  criterion  states  that  failure  will  riccur  if  the  following  conditions  are  satisfied 

/  ,  a,  +  /-  „  c,  o,  =  1  /.  /  =  1 . 2 . 6 

1 6.' 

/./-I.  2 . 6 

where  for  the  special  ca.se  of  bi-dimensional  anisotropic  materitils  such  as  composite  material  layers,  eqn 
6  i  and  its  quantities  F,  and  /'„  are  given  by- 

+  /■■.(/,  +  /'||Of  +  /wjO-;  +  F,,„r/f,  +  a,  =  I  ;  7 1 


1 


/•,,= 


I 

/. 


/,  /< 


I 

2 //.,/.<  V,  F 


/■„„  = 


and  the  quantities  lyif  are  the  tensile  and  compressive  maximum  stre.sses  in  the  respective 

directions  in  the  !L,  T )  coordinate  system,  while  .S  is  the  maximum  shear  stress  in  the  layer. 

In  the  present  case,  there  is  only  one  component  of  stress  rr,  in  the  (.r,  y,  ")  global  coordinate  system. 
Noting  that,  for  the  web  of  the  beam,  a,  =o,,  each  layer  has  a  unique  stress  component  in  the  .v  direction 
given  by  eqn  f.'S).  Depending  on  the  fibre  orientation  in  the  fth  layer,  the  Young's  modulus  in  the  .v 
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direction  in  the  same  layer  will  be  given  by‘ 

1 


cas'd,  sin^61,  ,  ’  (  1  *'i 

',;7' r 


I./ 


where  6,  is  the  angle  between  the  (.v.  y)  and  (L.  T )  coordinate  systems. 

The  stress  must  then  be  transformed  to  the  (L,  T )  coordinate  system.'  yielding: 


cos"  6  cos"  6  2  eos  0  sin  8 

o, 

.  = 

cos"  0  cos"  8  -  2  cos  8  sin  8 

1 

-  cos  8  sin  8  cos  8  sin  8  cos"  8  -  sin'  8 

t 

Introducing  eqns  i5).  i8)  and  (9)  into  (7)  one  obtains  the  maximum  load  in  the  layer.  acc(»rding  to 
Tsai-Wu. 


FINITE  ELEMENT  MODEL 

A  finite  element  model  of  the  T-beam  (Fig.  5)  'vas 
built  up  using  the  commercial  program  COS¬ 
MOS''  for  personal  computer  use.  The  beam  was 
constructed  of  quadrilateral  and  triangular 
generic  plate-shell  elements  so  called  SHEl,L4L 
and  SHELUL  with  layered  input  and  six  degrees 
of  freedom  per  node.  The  elements  are  based  on 
Mindlin  theory  with  linear  C  "  fields  and  using  the 
concept  of  decomposing  the  deformation  into 
well-defined  bending  and  shear  modes.''’ 

The  loads  were  distributed  across  the  flange  of 
the  beam,  and  the  mesh  was  refined  around  the 
location  of  the  loads  using  a  total  of  329.^  degrees 
of  frccd(?m,  nodes  and  504  elements. 

Piirticular  attention  was  given  to  the  application 
of  boundary  conditions  to  simulate  the  experi¬ 
mental  test.  The  beam  was  left  free  to  dispkice 
axially  at  one  end  and  the  flange  was  constrained 
in  the  transverse  direction  in  the  nodes  where 
loads  are  applied.  The  web  was  left  completely 
free  to  deform  and  bend  in  all  directions. 


re.si;lts  and  disci  ssion 

Figure  6  shows  an  axial  strain  profile  obtained 
from  the  five  strain  gauges  attached  to  the  surface 
at  the  centre  position  of  the  F-bcam  S4.3.  a  beam 
composed  of  hybrid  layers,  tested  in  four  point 
bending.  No  significant  deviation  of  the  linearity 
of  the  experimental  data  obtained  is  observed  for 
the  two  hiads  presented  with  no  m(xlifications 
with  respect  to  the  location  of  the  neutral  axis. 


Similar  results  were  obtained  for  the  other 
T-beams  mentioned  previously. 

These  tensile  and  compressive  strains  were 
calculated  using  the  simplified  beam  theory  and 
the  finite  element  model.  Figures  7a-7e  and  Table 
3  show  the  comparison  between  the  strains 
obtained  for  a  load  of  10  kN.  experimentally  and 
calculated  (an;il\  tic;ili>  and  numerical)) )  for  all 


Fig.  5.  Finiti:  element  mesh  used  for  numerieal  euleulalions. 


micro  strain  (x  1000) 

Fig.  6.  F.'(periment;il  from  S4  3  beam  with  10  ami  20 
kN  applied  loads. 
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a  Micro  Strains  (xlOQO) 


<«■’)  Micro  Strains  (xtOOO) 

Fig.  7.  a  S4.1  huani  strain  versus  dislanee  from  bottom  of  web.  y,  for  1(1  kN  loarl;  ib>  .S4,2  beam  siniin  versus  distance  from 
bottom  of  web.  y.  for  1(1  kN  load;  !c)  S4..4  beam  strain  versus  distance  from  bottom  of  web,  v.  for  !0  kN  load;  Ul  '  .S4.4  beam 
strain  versus  distance  from  bottom  of  web.  v.  for  1(1  kN  load;  lei  S4.1  4(1  x40  mm  beam  strain  versus  distance  from  btntom  of 

web.  V  for  10  kN  load. 


types  of  beams  tested.  No  significant  scatter  is 
observed  between  the  results  for  each  T-beam, 
showing  that,  despite  the  existence  of  a  non-sym- 
metrical  lay-up  in  the  flange  of  the  beam  and  the 
different  theories  used  for  the  beam  calculation, 
the  analytical,  numerical  and  experimental  results 
are  in  good  agreement.  Omcerning  the  position  of 
the  neutral  axis,  a  maximum  difference  of  4‘y«  is 


obtained  for  the  hybrid  composite  T-bcam  and 
smaller  values  are  obtained  for  the  other  type  of 
beams.  The  finite  element  model  always  calculates 
the  lowest  value  location  of  the  neutral  axis  below 
the  flange  of  the  beam. 

As  expected,  all  the  T-beams  presented  failure 
in  tension  on  the  web,  with  loads  presented  in 
Table  4  (average  values  of  three  beams  tested). 


Mclininiail hcndirii’  hehavUmr  oj ComposiU’  l-hcaiiis 


Tabic  3.  Comparison  of  analytical,  numerical  and  experi¬ 
mental  results  for  a  10  kN  applied  load 


Beam 

Method 

Neutral 

axis 

location 

mm 

X  Id 

S4.I 

Thcorv 

29-83 

1  1-94 

-4-07 

Ft  M 

28-64 

1  T() 

-4-38 

Fxperiniental 

30-.S  1 

13-08 

-  4-(M) 

S4.2 

Theory 

29-59 

12-01 

-4-23 

FFM  ' 

28-64 

1  1-0 

-4-38 

[Aperimental 

29-78 

1 2-83 

-4-4 

.S4..7 

Theory 

27-47 

3-38 

-  1-54 

FFM 

25-34 

362 

-2-09 

Fxperimental 

26-77 

4-3 

-2  13 

S4.4 

Theory 

29-42 

1 2-66 

-  4-56 

FFM  ■ 

28-2 

1  1-78 

-  4-93 

Fxperimental 

28-91 

1  1-26 

-4-32 

S4.1- 

1  heory 

27-86 

12  60 

-  5  49 

4(1x40 

FI  M  ■ 

27-53 

1  1-41 

-5  17 

lixperimcntal 

28-31 

1  2-79 

-5-28 

Table  -I.  Txperimental  maximum  carrying  loads 


Maximum  experimen.'a!  loads  Ni 


S4.1 

22  622 

S4.2 

22  073 

S4,3 

31981 

S4.4 

23  054 

S4,1.5 

22  955 

S4.1.7 

21  876 

S4.1  •  40  -x  40 

21  160 

Figure  (S  shows  two  load-displacement  curves 
obtained  on  the  lailure  tests  of  the  T-beams  S4. 1 
and  S4.3.  manufactured  respectively  with  glass 
only  and  hybrid  composite  materials.  A  different 
failure  behaviour  is  ob.serv'cd.  For  the  S4. 1  beam 
and  all  the  T-beams  made  of  glass  composite 
materials,  the  failure  is  characterized  by  a  certain 
amount  of  plastic  behaviour  before  failure.  For  the 
hybrid  I  -beam  a  sudden  failure  occurs  during  the 
elastic  loading.  This  behaviour  can  be  explained, 
calculating  the  stresses  in  each  layer  by  the  simpli¬ 
fied  beam  theory  and  applying  the  Tsai-Wu  cri¬ 
terion  of  failure.  Table  5  shows  the  maximum  load 
predicted  for  each  layer  of  the  web  i>f  the  T-beams 
S4.1.  S4,.3  and  S4.4,  together  with  experimental 
results,  it  can  be  seen  that  for  the  hybrid  T-beam, 
the  unidirectional  carbon  layers  present  the  low¬ 
est  value  of  the  load,  while  f<ir  the  other  two 
beams  all  the  layers  present  similar  values  of  fail¬ 
ure  loads. 


Fig.  8.  lypiciil  loail-iiisplaccmcni  iliagram'.  ol  I  SP3 
beams  ami  2  S4.1  ix’ams  umil  tailurc. 


l  ahlc  .S.  rticoreiical  and  expcrimcnial  failure  loads  for 
S4.1  and  S4.4  beams 

beam  Maxinuim  loaii  N 

I'heory  I  xperimenial 


Laiitlircel.  Fahrie 


S4  I  26  17.V7  24  2(»71  22  622 

S4.%  .tl47V-2  S.S6(tl-4  .M*JSl 

S4,4  24.s!S7ii  22  7210  2.' 115.1 


No  significant  inlluencc  on  the  maximum  load 
obtained  at  failure  was  observed  for  the  beams 
tested  with  different  curvature  radius  between  the 
web  and  the  flange,  as  shown  in  Table  4.  Neither 
the  simplified  beam  theory  nor  the  finite  element 
calculations  can  simulate  this  behaviour  since  it  is 
not  possible  for  the  modelling  tif  the  cunature 
radius  on  the  beams.  Nevertheless,  it  must  be 
remarked  that  a  different  failure  behaviour  ean  be 
expectetl  for  i)ut  of  plane  bending. 


CONCLUSIONS 

The  study  of  the  mechanical  behaviour  in  four 
point  bending,  of  eo-cured  T-beams  made  of  com¬ 
posite  materials  allowed  the  following  conclu¬ 
sions: 
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—There  is  a  significantly  good  correlation  between 
analytical  (beam  theory),  numerical  (finite  ele¬ 
ment)  and  experimental  results. 

—The  beam  theory  is  applicable  to  this  type  of 
beam  and  loading  where  non-symmetrical  lay¬ 
up  exists. 

—The  Tsai-Wu  failure  criterion,  with  stresses  cal¬ 
culated  analytically,  can  predict  with  accuracy 
the  failure  of  the  beams. 

—For  in-plane  bending,  the  radius  of  curvature 
between  the  flange  and  the  web  has  no  influence 
on  the  final  maximum  load  of  the  beam. 
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Torsional  response  of  inhomogeneous  and 
multilayered  composite  beams 
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The  elastic  response  of  inhomogeneous  s^rthotropic  beams  with  general  cross- 
section  and  subject  to  uniform  torsion  is  investigated.  The  problem  is  formu¬ 
lated  both  in  terms  of  the  warping  and  of  the  Prandtl  stress  function.  .Moreover, 
the  e.'iact  solution  for  rectangular  orthotropic  beams  constituted  by  any  number 
of  ■avers  is  derived,  making  use  of  a  .series  form  which  is  unaffected  by  unstable 
behaviours  Several  e.vamples  are  presented,  showing  that  appro.ximate 
solutions  based  on  simplified  kinematical  models  can  yield  very  poor  estimates 
of  the  torsional  rigidity.  Finally,  it  is  shown  that  the  plating  of  homogeneous 
beams  by  means  of  thin  carbon  or  glass  fibre-reinforced  laminae  can  be  uscil  tr' 
make  the  torsional  ’ igidity  8- 1 0  times  as  much. 


1  I.NTRODLCTION 

Problems  ctmeerning  the  clastic  respon.se  of 
inhomogeneous  anisotropic  beams  often  arise  in 
many  engineering  fields,  for  instance  in  the  analy¬ 
sis  of  plated  wttod  beams'  and  composite  rotor 
blades.-  In  this  paper,  the  torsional  response  of 
composite  beams  of  arbitrary  cross-section  is 
antilysed.  The  beam  considered  consists  of  pris¬ 
matic  compiments  joined  along  their  side  sur¬ 
faces.  Making  use  of  the  Prandtl  stress  function, 
c.xpressions  are  derived  for  calculating  the  shear 
stress  distributions,  the  cross-sectional  warping 
and  the  tcrrsional  rigidity.  It  should  be  remem¬ 
bered  that  cros.x-sectirinal  warping  can  be  the 
starting  point  for  deriving  one-dirnensional  theo¬ 
ries  for  composite  beams  under  more  complex 
boundary  and  loading  conditions.'  ' 

The  exact  solution  for  the  uniform  torsion  of 
rectangular  multilayered  orthotropic  beams  is 
presented,  making  use  of  a  series  form  which  is 
unaffected  by  unstable  behaviours  even  for  low 
ratios  of  thickness  to  width.  At  pre.sent.  exact 
solutions  are  available  only  for  two-layered  iso¬ 
tropic.''  symmetric  sandwich  isotropic'  and 
homogeneous  anisotropic’'  cross-sections.  For 
(rrthotropic  laminates,  to  the  authors'  knowledge, 
only  approximate  solutions  based  on  the 
Rcissner-Mindlin  theory  (FSDT)  have  been 
proposed.'  It  is  shown  that  FSDT  results  arc  very 
poor  when  compared  with  the  exact  solution;  in 
particular  FSDT  underestimates  the  torsional 


rigidity  especially  for  thick  laminates  constituted 
by  a  low  number  of  plies  with  very  dissimilar 
elastic  properties  (as  is  the  case  of  plated  wood  or 
cross-ply  fibre-reinforced  cross-sections  '.  Finally, 
a  design  formula  for  the  evaluation  of  the 
torsional  rigidity  of  .sandwich  beams  is  presented, 
which  is  accurate  over  the  wh(rie  range  of  thick- 
ness-to-width  ratios. 


2  BASIC  STATEMENTS 

Consider  a  prismatic  beam  of  general  cross- 
section  and  composed  of  orthotropic  media.  The 
beam  is  referred  to  a  right-handed  orthogonal  co¬ 
ordinate  system  it);  .v,.  .v^.  .v.i.  where  the  .v,  and  ,v. 
axes  lie  in  the  root  cross-section  i.V;  =  0)  and  v-  is 
the  eentroidal  axis.  The  cross-section  of  the  beam 
consists  of  .S  regions  of  area  .1.,  cen  responding  to 
different  materials,  with  external  boundary  T^.' 
and  interfaces  Tp  (see  Fig.  1 1.  For  each  layer  the 
orthotropy  axes  are  assumed  to  coificide  with  the 
reference  axes.  Moreover,  K  holes  arc  present  in 
the  cross-section,  having  areas  A  /  and  bounda¬ 
ries  F/  .  Finally,  we  assume  that  the  boundary  T  ' 
of  the  vth  layer  is  a  piecewise  (  '  curve,  and  that 
no  points  of  the  interfaces  are  shared  by  more 
than  two  layers. 

Within  the  framework  of  the  St  Venant  prob¬ 
lem.  tangential  force  distributions  at  the  two  ends 
are  considered,  whose  resultants  reduce  to  two 
twi.sting  moments  ,T/,,  so  that  the  beam  is  subject 
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p  (k)  ^  (s) 

‘  c  ‘  e 


Hj>.  1.  Aecncnil  inhumogcncou'- cross-section. 


t(i  uniform  torsion,  i  he  problem  of  the  elastic 
equilibrium  of  such  a  beam  leads  to  the  following 
differential  problem; 

.'\  Equilibrium  equation.  tr;iction-free 
equations  ftw  the  lateral  and  the  hole  boundaries, 
stress  continuity  condition  at  the  layer  interfaces, 
stress  balance  at  the  ends  of  the  beam; 


fu.i 

in  .  L 

^  1 

T  ■:,  ii,  rCot  -  =  (l 

on  Fy  and  F ^ 

,  ■) 

r  /q  *  r-.yi;  =0 

on  Fy 

•> 

; 

0  ,  r,.  d.l  =  1):  il 

,  r,,d.l  -(); 

li  r,..v-|  -  ri|.v. 

d.l  =  .!/, 

4 

H  Strain- displacement  relations  and  consti- 
tuti\e  law.  displacement  compatibility  at  the  inter¬ 
laces: 

r  ; ,  ~  f  / 1 .  »  ,  s-  /t ;  i;  t  o  ~  ( i  '■  II  ■  II  •' ; 

in.l,  ^ 

II,  II-  -  H ,  "0  on  I V  t) 

where  the  symbol  ■  stands  for  jump  of  the 
argument  reported  inside,  bor  multiply-connected 
regions  eqns  1  -'b-  have  to  be  supplemented  by 
the  condition  of  single-valiiedncss  of  <*'  fslace- 
ment  compotienis.  i  his  condition  can  b».  lied 
by  irrij  osing  the  vanishing  of  the  following  line 
integral  taken  along  any  closed  circuit  T; 
surroiintling  a  hole  i  f  the  cross-section'*'"  isee 
l  ilt.  I  : 

dn.=  '  d/(!"U  for  A’ =  1 . K 


3  CJE.N'ERAL  SOLUTION  OF  TORSION 
PROBLEM  FOR  COMPOSITE 
ORTHOTROPIC  BEAMS 

The  solution  to  differential  problems  I  -  7  can 
be  obtained  either  in  terms  of  the  torsion  warping 
function  or  making  use  of  the  Prandtl  stress  lunc- 
tion.  As  usual  in  the  analysis  of  uniform  torsion 
problems,  the  assumption  is  made  that  all  trans¬ 
verse  sections  remain  undeformed  in  their  planes 
and  that  an  a.xial  warping  takes  place,  constant 
along  the  beam.  Hence,  the  displacement  field  is 
case  in  the  form; 

/q  = -0.VpV;;  iq=0.V|.V;:  n  0w,' .i ,.  .v, 

S 

where  0  is  the  angle  of  relative  twist  and  («.  is  the 
torsional  warping  of  the  .sth  layer.  Making  use  of 
the  constitutive  equations  (.5:  and  of  eqns  S'  the 
non-zero  stress  components  take  the  form; 

Ti'i  =  ('»|';0u/,\  I  “.vo;  rp  =  f;y,0u/q  - 

d. 

Hence,  substituting  eqn  9:  in  the  governing 
equations  ill  the  following  generalised  Laplace 
equation  for  the  sth  region  is  (Obtained; 

f'l';  I",  II eq =  n  in.'l,  HL 

fiquation  :  |0i  shows  that  the  warping  function 
(/q  reduces  to  a  harmonic  function  for  trans¬ 
versely  isotropic  materials,  where  f/'i  :  =  (/'  ■.. 
Analogousiv.  substituting  eqns  8t  and  d'  in  the 
bouiularv.  interface  and  monodromy  conditions 
i  2  s  !  2 '  b  •  ami  ( 7  i  yields: 

f  <  i’;  III,  I  n  I  -t  ( / (iq  ot ,  =  C  i';  .V  - I  V|n- 

on  r  '  and  L/ 

( / 1';  fiq  I  Ui  oi, 

■=  voq  “  (A';  x^n-  on  L/ 

(i»  ==()  on  r,' 

'  '■  dm  =  I",  I  (.i.V|  +  III,  ■  d-V.  =  il 

.1.  '  J'V 

for  A  =  1 . K  ill' 

where  Fj  =  U  Fj' . 

1  he  torsion  problem  can  be  stated  in  an  alter¬ 
native  way  by  defining  a  potential  function  'P, 
I  Prandtl  stress  function!  so  as  to  satisfy  identically 


8  FRKDK  I  IONS 


In  order  to  ilenionstialc  tlie  tailuiv  prediction 
c.ipahililv  ol  llic  '-itnpic  aiiaIvticalK  based  nielhoil 


malerial  eoilstaiils  are  sliou  n  rri  lahle  d  I  he  lest 
speeiMK'Tts  are  chosen  to  he  rnor  e  re  pr  eseni,in\e  ol 
)oints  in  real  airerall  sirueluies  iliari  ihe  Mni|ile  eoii 
pons  Used  to  deletmiite  charae ter islie'  riistaiiees. 


I rr’Y>orrsr'  o/  tnul  fh  itfn\ 


the  ct|uilihriuni  ceitiation  I  e 

r;.  =04^.;  r:.=  12 

B>  ceiiiatinr;  the  RUS  s  ol' erjiis  d  and  I  2  .  the 
relation  between  the  warping  and  the  stress  lune- 
lion  is  obtained; 

M' 

ei  ,  =  v-;  ID  ■  -  ~  -  A,  I 

0',.  (>\ 

and  making  use  ol  the  Schwarz  integr;thiht\ 
theorem  («,]■  =  I'r.-i  the  lollowing  generaliseel 
Pr'issoii  eeiualion  is  obtained,  delined  o\er  the  'th 
hi\er; 

'  '  'b  -  =  -  2  111.'  14 

0;. 

In  Ref.  I  1  the  St  \enant'  problem  for  tiniso- 
tropie  rectangular  niultikiyered  eross-seetroris. 
baseti  on  the  two  1  .ekhnitskii'  stress  lunetions.  h;is 
been  lormukileel  making,  use  of  a  riireei  integra¬ 
tion  technique,  bor  orthoticpie  kiyers  the  ''overn- 
Ing  equtitions  tire  uncoupled  and  one  of  the  fiekl 
equations  retiuees  to  eqn  14  .  unless  ;m  iniegni- 
tion  coeffieieiii  at  the  RHS  exists  which  depends 
on  the  layer  considered.  It  is  ease  to  \erif\  that,  to 
assure  the  conlinuitv  of  in-|rlane  displacements, 
this  eoeffieient  is  indeix'iiileiu  of  the  la\er  anil 
eoineides  with  the  unit  twisting  tingle  (-). 

l  .qutiiions  12  show  that,  for  each  Itiyer.  ihe 
leiel  lines  of  the  stress  function  are  also  the  lines 
ol  shetiring  stress  r  r,,.  r,  .  lienee,  eqn  2 
implies  that  the  stress  function,  lor  the  'ih  Itiyer. 
assumes  constant  vtilues  over  Ihe  externtil  bountl- 
ary  T  and  over  the  hole  ei'iitours.  By  imposing 
ihe  stress  tuid  displtiei'ment  eonlinuities  at  the 
interseciion  (loinis  between  interlaces  and  the 
exlernal  anil  the  hole  contours  it  e.in  be  shown 
tliai  the  stress  funetion  is  eonsttint  over  the  whole 
exlernal  bouiuiarv  1'  trnd  over  10  nioieover 
It  IS  eoiitinued  at  the  interlaces.  Onlv  one  constant 
value  can  be  tirbitrtirily  fixed  for  insttinee  *l’.-li 
at  the  externai  boundarv  .  whereas  all  the  rem.iin- 
ine  constants  over  the  holes  must  be  determined 
Ihe  stress-free  condition  2  and  the  eontimulv 
eoridiiions  of  ihe  inlerlariinar  shearing  stress  .' 
•uid  ol  the  axial  dis]>laeenienl  b  at  Ihe  interfaces 


L'iVc  . 

'1'  II 

o«l 

ip  ,  • 

Oli 

ip  .(r 

00  ■  t  I 

ni] 

where  the  i  '  are  constant  values  im  each  hole, 
irrespective  of  the  number  ol  lavers.  Moieoier. 
making  use  of  eijii  I  .f  .  the  rnonodroiiiy  eondilion 
ol  :ixi;il  displaeeiiienls  ^  around  the  Alh  hole 
eat)  be  written  in  lerms  of  the  siress  lunelion  .is 
follows: 


1 

■  •  1 

j 

'b 

II  » 

njde-  2  l| 

J,  ' 

lo¬ 

<;  . 

lor  A  ‘1 . K  1  o 

uhclc  Ai 

ts 

ihe  area 

stii  1 1  lUiided  bv  ihe  eh 'sed 

circuit  I  . 

1  ,  see 

1  le.  1  .  II  and  n  aie  ihc 

eosaies  of  the  inward  normal  and  2  is  .i  eurv  liine.ii 
lo-ordiiKite  Iv  ing  on  10 

l-intillv.  making  use  of  ei|n  12  it  can  I'e  \co 
fied  that  the  stress  bakinee  at  the  ends  ol  ihe  beam 
4.  left  and  eenirc  are  ideniieally  lullilled. 
whereas  from  eqn  4.  rigiit  tlte  lollowing  expies 
sion  for  the  unit  twisting  angle  is  obiained: 


where 

f,../-2  '  ii  'I'  d  1  -2  (  \  I' 

'll 

represents  the  torsio.  al  rieidity  lor  Ihe  eoniposiie 
orlhotropie  beam  and  (r  is  a  releieiiee  she.n 
modulus, 

la  Ihe  folli'wing  section  the  ease  ol  ,i  reelangu 
lar  imillilayered  eross-seetion  will  be  .iiiaivscd. 
w  here  the  exact  si'lution  lo  eqns  I  ■+  |ii  e.in  be 
obiained 

4  KIX  I AN(,l  I.AR  Mi  l  ill  A\KRi  1) 

(  RO.SS-SKHON 

f  onskler  a  reelangular  l.iminaled  eioss-seetion 
I  ig.  2  .  eonstiluted  of  .S  ortholropic  l.iveis  h.ivmg 
two  orthoti(i|iv  ilireetioils  parallel  to  the  edges  ol 
the  eii'ss  section  eross-plv  lamination  scheme 
I  he  height,  the  v  idth  and  the  aiea  ol  the  eross- 
seetion  are  ilenoled  bv  II  /i ,  li  .  H  -  Ih  and 
.1  -  HU.  where  /r,  and  h  are  the  eo-oidinates  ol 
the  bottom  and  the  lop  i  h  the  cross  seelion.  More 
over.  /;  .  h  ,  and  li  are  the  height  and  Ihe  eo 
onhnales  ol  bottom  anil  top  mterlaees  ol  the  vth 
laxer. 

Making  use  ol  ihe  I  ourier  nielhod.  the  difleren 
tial  pioblem  I  f  and  I  is  solved  in  lerms  ot 
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The  unknown  coclTicients  a,,,  and  are  deter¬ 
mined  by  making  use  of  the  boundary  conditions 
in  eqns  ( 15).  Due  to  the  linear  independence  of 
the  trigonometric  functions  appearing  in  eqn  IS-, 
eqns  ( 1 5)  give,  for  each  n: 

'■  2  ^ 

Finally,  the  torsional  rigidity  for  a  multilayered 
rectangular  cross-seciicm  can  be  obtained  by  sub¬ 
stituting  eqns  <  1  S  i  and  i  1  d  i  into  •  1  7  ^  so  obtaining: 


Fig.  2.  T  he  rcciangular  multilaycrotl  cross-sfction. 


^  B'H 


f  7  '  ;  '  d .  ”  .S, 
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eigenfunction  expansion  of  the  corresponding 
elliptic  boundary  value  problem.  For  a  rectangular 
laver  this  expansion  is  given  by  a  linear  combina¬ 
tion  of  trigonometric  functions  of  .v,  and  unknown 
functions  of  .v-.  Then,  taking  into  account  eqn  '  1 5. 
top  at  the  lateral  faces,  the  Prandtl  function  for 
the  vth  layer  can  be  cast  in  the  form: 

q»  I  -  ..v-iieos  o,.  IS- 

~  a li 

\shere  i/.  =S-  -  !  '  and  1  i.t.  By  substi¬ 

tuting  eqn  IS  into  the  field  equation  14?  a 
second  order  total  differcntitii  equation  for  the 
unknown  function  T' „  v  is  obtained,  whose 
solution  can  be  cast  in  the  form: 


V',.  -v.  cosh /1„  ^b,,.  sinhd,.  ' 

II  '  // 


for  s  =  1 . S  ami  n  =  1 . 14, 

vshere  the  following  positions  have  been  made: 


,  //  (I,: 

I'l  o,  //,:  ;/  =•--  n,  ;  //  =  2(» 

B  \  (l  : 

By  mtegrtitmg  eqns  1 }  ;ind  making  use  of  the 
condition  i<  { •  \,.x  ■  ~  ~  u  i  -.V|,.v  i.  the  axial 
xsarptng  lor  the  sth  layer  can  be  written  as: 

B  </„  V, 

<’>  i  ,  A  "VI  ;  tri  „  .V.  sin  a„ 

u  „  o,.  B 


21 


w  hcii 


(I ,  sinh  d  ,  v  b  ,  cosh  d 

//  '  '  // 


where  the  following  positions  have  been  made: 


d,= 


/;■ 

// 


ld2  v  I 

-V<,  = .  - 

b. 


a...  cosh/F, 


I 

b,,.  sinh/F,,, 


b,^  (V. 

//^'  2 


fi 

sinh/F,, 


For  aspect  ratios  1  it  is  convenient  to  write 
eqn  24  in  a  different  form,  where  the  minor 
dimension  of  the  cross-section  is  up  tv>  three: 

I  ,  F.  b  -.S,  ! 

Bii  '  a  .  --  Bii 

3  b  ,5 

y 

X  >;  (llx  K,  2b 


It  is  well  known  that  the  calcuhition  of  the  senes 
repoitevi  in  etjn  25.  bottom  ;ind.  consctiuenih,  ot 
the  layer  coeff  icients  K .  ~  d  ,S,  ,  7/  in  eqn  2b  , 
is  unstable  for  low  aspect  ratios  II  B.  so  that 
approximtile  models  have  been  proposed  when 
the  number  v'f  layers  increases. '  1  or  instance,  for 
a  homogeneous  cross-section  with  ;/  =  ()'Oi  the 
summation  in  eqn  2b  takes  the  form 
I  -O-dibio  (It) I  :  to  evaliKite  eqn  2b  up  t(>  n 
significant  figures,  the  summtition  25  musi  be 
computed  up  to  n  +  4  significant  figua's  But  the 
accuracy  of  the  senes  in  eqn  2b  can  be  definitcK 
improv  ed  by  setting: 


K  —  b  + 


''■V 

b 


V 


1  b  'F  !b  ,s, . 


lorsioiHil  resiuinse  of  inhomogeneous  and  midlilayered  beams 


In  this  way  the  non-dimensional  thickness  of 
the  .sth  layer  is  up  to  three.  Finally,  making  use  of 
the  following  hyperbolic  series: 


1  -  rr=  192 


n  r.  (I 


tanh 


a„r/ 


rj  tanh  — 
2rj 


(28! 


which  can  be  obtained  in  the  homogeneous  case 
!.V  =  1.  d|  =  P  by  expressing  the  indifference  con¬ 
dition  of  the  stress  function  with  respect  to  a  rota¬ 
tion  of  rr/2  about  the  x-  axis.  Then.  A.',  can  be 
written  as; 


=  192 


V 

n  ■  II  ‘s 


tj,d[  tanh 


-  ;  tanh/i,  -  .S; . 
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which  is  unaffected  bv  unstable  behaviours. 


5  EXAMPLES 

In  this  .section  some  examples  are  presented,  con¬ 
cerning  the  torsional  response  of  sandwich  i.so- 
tropic  and  orthotropic  cross-sections.  The  ratios 
between  the  shear  moduli  of  external  ■  1 1  and 
internal  i  2 1  layers  are  denoted  by: 


The  first  examples  refer  to  two  isotropic  sand¬ 
wich  cross-sections  with  a  non-dimensional  e.xtcr- 
nai  thickness  d,  =  //'///=  1 /4.  aspect  ratios 
//''/f=l/2  and  2,  and  ratio  between  the  shear 
moduli  of  the  layers  equal  to  A, ,-^10.  Figures 
2  m.  4iai  and  f  able  1  show  the  lines  of  shearing 
stress  and  some  distributions  of  shear  stress  com¬ 
ponents,  Moreover,  the  corresponding  warping 
tiinctions  e;  A,.  V.  1  are  reported  in  Figs  .fib)  and 
4  b,'.  I  he  torsional  rigidities  for  sections  having 
the  same  cross-sectional  area  and  ////f  =  (H)0l 
1(10  have  been  rejsorted  in  Figs  5'a)  and  5!b(  for 
A,  =  10  and  100.  It  is  worth  noting  that,  even 
though  the  two  sections  have  the  same  amount  of 
the  two  different  materials,  the  stress  distribu¬ 
tions,  the  axial  warping  and.  consequently,  the 
torsional  rigitlities  are  completely  different.  For 
instance,  (or  R,/-  10  the  cross-seelion  of  Fig.  .f 


has  a  torsional  rigidity  62"'o  higher  than  that  ot 
Fig.  4.  whereas  for  R(,=  100  it  has  a  rigidity  2  4 
times  lower.  Figure  5ib!  distinctly  shows  that,  for 
two  special  values  of  the  aspect  ratio,  the  torsional 
rigidity  presents  two  relative  mtiximum  values, 
corresponding  to  two  completely  diflerent  behav¬ 
iours.  In  fact,  for  11/ H  >  1  (Fig.  4!a ^  some  of  the 
lines  of  shearing  stress  close  up  in  the  two  stiffer 
external  layers,  whereas  for  smaller  values  Fig. 
3(a‘i)  the  lines  of  shearing  stress  close  over  the 
whole  section.  This  circumstance  suggested  us  to 
develop  a  simple  approximate  formula  for  the 
torsional  rigidity  of  sandwich  beams  as  the  sum  of 
two  simplified  scheme.  In  scheme  I  only  the  two 
stiff  external  layers  are  considered,  adopting  for 
them  the  formulas  giving  the  torsional  rigidity  of 
rectangular  homogeneous  layers.'  In  scheme  II 
the  laminate  section  is  idealised  as  a  hollow 
rectangular  section,  constituted  by  the  two  exter¬ 
nal  lasers  and  two  ideal  layers  in  the  correspond¬ 
ence  of  the  soft  layer.  .Assuming  for  the  solt  layer  a 
linear  variation  of  the  shear  stresses  and  making 
use  of  equivalence  considerations,  the  thickness  of 
these  ideal  layers  has  been  estimated  tis  equal  to 
0-21  1  B.  A  simple  evaluation  of  the  correspond¬ 
ing  torsioniil  rigidity  can  be  performed  by  consid¬ 
ering  it  as  a  thin  tubular  cross-sectiim.  Assuming  a 
linear  variation  of  the  stress  function  over  the 
thickness'"  and  making  use  of  eqns  16  and  17  . 
the  follow  ing  expressions  for  the  torsiimal  rigidity 
of  a  closed  thin-walled  section,  of  variable  thick¬ 
ness  h.  constituted  of  ,x  layers  made  of  trans¬ 
versely  isotropic  material  connected  in  series,  is 
derived. 


o 

where 

S 

P^(’.  .\ 

where  .4,,,  is  the  ;irea  surrounded  by  the  middle- 
line  r,„  =  u  r;, . 

The  dashed  lines  in  Figs  .sui  anti  .3  b  repre¬ 
sent  the  torsional  rigidities  corresponding  to  the 
two  simplified  schemes  as  well  as  to  the  sum  of 
them.  Note  that  the  error  with  respect  to  the  exact 
solutions  (24'  and  26'  is  less  than  20"..  over  the 
whole  range  of  ll/B  aspect  ratios;  this  error  is 
essentially  due  to  the  simple  scheme  adopted  for 
the  hollow  'section.  In  the  same  figures  the  solu¬ 
tion  proposed  in  Ref,  9  reported  T  his  solutic'n  is 
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a  b 

Hf>.  3.  :i  1  incs  ol  shearing  sircss  and  distrilmiions  nl  shear  stress  eoinponenis;  li  eross-secti<inal  carping,  lor  an  isoiropiL 
saiKlu leh  eross-seetion  with  a  non-dimensional  externa'  thiekness  d,  =  /i '  .  //  =  1  d,  aspect  ratio  H  H-  \  1.  and  ratio  between 

the  shear  moduli  ot  the  layers  R,,  -  1 0. 


I  i!i.  4.  a  lanes  oi  shearing  stress  and  ilistrilniiioiis  ol  shear  stress  eomponenis;  h  eioss-scelional  warping,  lor  an  ;stitro|sie 
saiidwieh  eross-seetion  with  a  iion-iliinensumal  external  thiekness  iV  •'  /i  ’  H  -  \  4.  aspect  ratio  II  H  =  2,  ainl  ratio  between  ihe 

shetir  inoilnli  ot  the  hirers  A’,  -  io. 


I  able  I .  .Siinif  eharaeU'ristie  values  of  the  shear  stress  eoniponents 
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r  r  ,  I  I  ,  where  /  // il  H  H-  I:  /  Ail  //  /{.'•  1. 

M. 


I'asctl  on  ihc  Reissner  Mindlin  theory,  and  the 
axiiil  vxarptng  is  ttssumed  to  be  proporlionttl  to 
t ,  V,.  Il  is  evident  th;it  these  results  are  eomplelelv 
unreliable  even  lor  suHieieiitly  thin  laminates 
11  H  Si  1  /It)  .  tiue  to  the  too  simple  disphieement 
representation  iiilopted.  Firisilly,  the  plating  ol 
homogeneous  beams  by  metins  ol  thm  fibre- 
reinlorsed  laminae  is  an;ilyseil.  I  his  teehniqiie  is 


also  used  to  inerease  the  torsional  rigidity  in  order 
to  prevent  the  l.iteral  instability  phenomena  of 
sleiuler  wood  beams,  espeeiaily  during  the  instal¬ 
lation  proeesses,  l  .iimintie  reintoreeii  by  means  of 
two  himilies  erf  earbon  fibres  at  ±  4.x '  with  respeet 
to  the  beam  a.\is  are  eonsidererl.  I  he  shear  moduli 
adopted  for  wood  ■2>  and  I'ibre-reinforeed 
laminae'  I  are  the  following: 


lonimuil  rnponsc  ofinhomo^encoiis  anil  iniilnlawml  hcanis 
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Fiji.  5.  IniMoiKii  t^r  iNotropit  santh^Kli 

sccIi'inN  tutvini:  iIk-  s:niic  attM  tor  A  h  II  i-l  .u)ii 

R,  in  i\  aiul  A'  .  inn  h 


(ir.^-  r;;..  -^{K)6  (iPa:  ('//;  (fPa. 

O' '.-6'6(ii’;i  '32: 

M>  that  /< ,  in,  /< '  '  I  and  i(  10.  W,,-  l(>.  I  Ik- 
lines  ol  shear  stress  lor  H;H~\  :2.  ! 00. 


Kiu- 6.  ,1  lines  ol  shennne  stress  .nui  ilisiril'iiiioiis 

ol  sheiM  stress  eoiiiponems  lor  1  KI‘-i\jiiioieea  lo.o.t  reel 
nn!’ul;ii  eioss-seetn'ii  witli  ~h'  //  i  lea  .niil 
II  />’ ■-  I  2;  a  inereineiil  olloi  sional  iigKlns  ol  .',j  >.  i,is^ 
seelion  due  lo  tlie  platine  In  means  ol  PRI’  L  le  'Mth 
a  h  U  I  liMl.iiul  I  si>. 


and  the  inerenient  ol  torsional  nuidity  due  to  the 
plating  are  reported  in  Figs  6  a  and  6  h  .  Figure 
6i:hi  reters  to  seetions  with  the  same  timount  ol 
lihre-reinloreetl  mtiterial  used  lor  the  phiting,  It  is 
worth  noting  that  plating  in  the  eorrespondenee  ol 
the  longer  I'aees  ol  the  beam  is  more  elleelixe.  For 
instanee,  lor  a  section  with  ratio  eiiual  It'  10 
between  height  .and  width  and  tidopting  0,  =  I  50. 
the  torsional  rigitlity  is  ineretiseil  up  to  10  times 
by  plating  the  long  laces  ol  the  section 
////^^O-l  whereas  it  is  incretiscd  16",.  only  b\ 
plating  the  two  short  hices  //  ll~~  10  . 


594 


M.  Savoiu,  /V.  I'ullini 


ACKNOWLEDGEMENTS 

The  authors  wish  to  acknowledge  the  support  and 
encouragement  by  Professor  Claudio  Ceccoli. 
The  financial  support  of  the  (Italian)  Ministry  of 
University  and  Scientific  and  Technological 
Research  (MURST)  and  of  the  National  Council 
of  Research  (CNR-contr.  92.03045.07)  is  grate¬ 
fully  acknowledged. 


REFERENCES 

1.  Plevris.  N.  &  Triantafillou.  T.  t'.,  FRP-reinforced  wood 
as  structural  material.  J.  Miller.  Civ.  lining.  .A.SCti.  4 

ivy:  .too- 1 7. 

2.  Oiavotto.  \'..  Borri.  M,  ei  iil..  Anisotropic  beam  theory 
and  applications.  (  ompiil.  Struei .  16  1 08.t !  403- 1 3. 

3  1  itudiero.  F.  Savoiti,  ,V1,.  .Shear  strain  effects  in  lle.xure 


and  torsion  of  thin-walleil  beams  with  open  or  closed 
cross-sections.  Ihin-W'aUeci Siruei..  10  FAX)  87-1  19. 

4.  le.  C.  A.  &  Kosmatka.  J.  B..  On  the  analysis  oi  prismatic- 
beams  using  first-order  warpini;  functions.  Int.  J.  SnHdv 
.Vrrncf.,  29i!992!K7y-9i. 

5.  Savoia.  M„  i.audiero.  F.  &  I'ralli,  A..  A  refined  theory 
for  laminated  beams  —  Part  1:  A  new  high  order 
approach.  .Men  unim.  27  1 993  . 

6.  ViUskhelishvili.  N.  J..  Some  liusie  I’rohlemv  iif  the  Iheory 
of  Llasiicuv.  4th  cdn.  .Noordhoff.  The  Netherlands. 
1 963. 

7.  Cheng.  S..  Wei.  X.  &  Jiang.  T..  Stress  distribution  and 
deformation  of  adhesive-bonded  laminated  composite 
beams.  J.  Engug  Mech.  ASC'E.  115  1 989  1  1  .sO-62. 

8.  l.ckhnitskii.  S.  T.,  /henry  of  Elasticity  of  an  .-Xiiisotropii 
Elastic  Body.  Holden-Day.  San  Francisco.  CA.  1903. 

9.  Tsai.  C.  1...  Daniel.  1.  M.  &  Yaniv.  {)..  Forsional  response 
of  rectangular  composite  iaminates.  J.  .Appl.  .Mech. 
A.S.ME.  57' 1990  :383-7. 

It).  Sokolnikoff.  I.  S.,  Malhe/nuticul  Theon  of  l.lusticuv. 
McGraw-Hill.  New  York.  19.‘s6. 

I  I .  Wang.  S.  S.  &  Choi.  L.  Boundary  layer  effect  in  com¬ 
posite  laminates:  Part  I:  Free  edee  simtuitiritics.  /  ,  \pi>! 
Mech.  A.S.ME.  49  :  1 982 . 54 1  - 8." 


Composite  Structures  25  (1993)  595 


AUTHOR  INDEX 


Abd-el-Raouf,  A.  M.,  521 
Aboudi,  J.,  24 1 
Abramovich,  H..  371 
Adaii,  S.,  305 
Araujo.  A.  L..  277 

Beit,  C.  W.,  477 
Birman,  V.,  477 
Blagojevic,  P.,  45 
Bonifazi,  G.,  121 
Bonora,  N.,  139 
Braga,  A.  M.  B.,  449 
Brandt,  A.  M  ,  51 

Candido,  G.  M.,  287 
Caneva,  C.,  121 
Chen.  G,  S.,  iOI 
Chen,  J.  R.,  101 
Chen,  L.  W,  345 
Chen.  R.  S„  101 
Chen,  V.  L,  267 
Chiu,  J.  W..  381 
Chiu.  W.  K..  201 
Oarke,  .Vt.  P..  113 
Cosianzi.  M.,  139 

Daudcville,  I,.,  547 
Dawc,  D.  1.  77,  353 
de  Freitas,  M.  M.,  579 
Delaunoy,  J.  M.,  485 

El-Soaly,  E,  E„  521 
Engblom,  1.  J.,  69 
Feldman,  E..  241 

Gamby,  D.,  325 
Ganesan,  N.,  541 
Ghoncam,  S.  M,.  521 


Hamada,  A.  A.,  521 
Hamada,  H..  61,95,  407 
Hart-Smith,  L.  J.,  3 
HeUbom,  K.,  567 
Hirano,  T,  95 
Hsiao,  K.  M„  503 
Hsu,  C.-S.,  439 

Idlbi,  A.,  495 
Ireman,  T.,  567 
lackson,  R.  11.,  227 
Jenq,  S.  T.  427 
Jeong.  K.  S.,  313 
Jones,  R.,  201 

Kam,  1’.  Y..  503 
Karama,  M.,  495 
Kim,  C.  D.,  477 
Kim,  K.  S.,  313 
Kiyosumi,  K.,  95 
Ko.  T.-C,  217 
Ko.  W.  L,  227 
Kwak,  Y.  K.,  313 
Kwon,  Y.  W.,  187 

Laanancn,  D.  H.,  469 

Ladevere,  P,  547 

Lan,  T.  345 

f.atas,  W.,  295 

Lee,  D.  G.,  313 

Urn,  E.  H.,  419 

Lima,  W.  J.  N.,  449 

Lin,  Chcn-Chung,  397 

Lin,  Chien-Chang,  157,  209,  217 

Lin,  C.-ll ,  20*7 

Lin.  S.-C.,  503 

Lin,  P  D..  345 

Liu,  S.,  257 


Livshits,  A.,  371 
Loughlan,  J..  485 

Maekawa,  Z.,  61,  95,  407 
Maekawa,  Y..  61 
Marchetii,  M.,  139 
Marks,  M  .  51 
Marzouk,  W.  W.,  193 
Metz,  V.  H..  37 
Mohd,  S.,  353 
Morii,  T.,  95 

Moreira  de  Freitas,  M.,  277 
Mori,  S,  61 

Mou  Soares.  C.  VL.  277.  579 
Motiram,  J.  T..  387 
Muc,  A.,  295 

Miitler  de  Almeida,  S.  F.,  287 

Nabi,  S.  M.,  541 
Nishiwaki,  T.,  61 
.Nyman,  L.  567 

Okumura,  T..  407 
Olivieri,  S.,  121 
Osman,  M.  Y,  529 
Ovetd,  M.  1...  557 

Pandey,  VI.  D.,  363 
Paul,  J..  201 
Pavicr.  .M.  J.,  113 
Pedersen,  P,  277 
Pidaparti,  R.  .VI.  V,,  89 
Purkiss.  J.  A.,  45 

Rammerstorfcr,  F.  G  ,  129 
Rao,  K.  P,  459 
Rcbierc,  J.  L.,  325 


Reddy,  J.  N.,  21 
Renzc,  S.  P,  469 
Rys.  J.,  295 

SantuUi,  C..  121 
Savoia,  .M.,  587 
Sherboumc,  A.  N..  363 
Sheu,  S.  L,  427 
Silva,  A.,  579 
Skma  Jakl,  L,  129 
Soldaios,  K.  P,  165 
Summers,  H,  B.,  305 
Swanson,  S.  R.,  249 

Tanimoto,  T.  95 
Tay,  T,  E„  419 
ihomsen,  O.  L,  511 
Thuis,  H.  G.  S.  J.,  37 
llmarci,  I'..  165 
I'ouraiicr,  .VL.  495 
Travassos,  J.,  579 
I  npathy,  B ,  459 
Tuliini,  N'.,  587 
lurvey,  G.  J.,  529 

Verijenko,  V.  F..,  173,  305 

Wang,  J.  T.-S'.,  157 
Wang,  S..  77 
Wu,  C,-P,  397,  439 
Wu,  C  .M.  L,  339 
Wu.  M.-Y.  T.  267 

Vang,  S  .\L,  381 
Yang,  Q.,  69 
Yeh.  H.-Y..  267 
Yokoyama,  A.,  61,  407 


595 

t'omposUr  Structures  (25)  fIW3)  --  ©  1W3  Elsevier  Science  Publishers  Ltd,  England.  Printed  in  OrtMt  Britain 


Composite  Structures  25  (1993)  596-600 


SUBJECT  INDEX 


ABAQUS  compuier  code,  495,  499 
Acoustic  emission 

compression  test  mcmiloring  by,  123-8 
residual  life  characterization  by,  125-8 
Adhesive  bonding 

adhesive  interface  clement  for  laminated 
plates,  217-25 

bonded  assembly  configuration,  388 
creep  properties,  392-4 
design  for  d;*mage-toleram,  201-7 
design  methodology,  202-5 
implications  for  co-cured  composite  joints, 
206-7 

loading  rale  dependent  analysis,  205-6 
long  term  tests,  390-1,  391—4 
maximum  load  carryang  capacity,  202-3 
problem  description,  217-18 
pulirudcd  beam  assemblies,  387-95 
short-term  tests,  389-91 
specunen  details,  388-9 
stress  analysis  of  joints,  217 
three -point  bend  test,  388 
ADS  (Automated  Design  Synthesis)  program. 
280 

Advanced  Composite  Construction  Svstem 
(ACCS).  387 

Airy  ’s  stress  lunciion  for  plates,  143^ 

.Angltt-pl>  laminated  plates,  529-39 
constitutive  relations,  531 
intual  flexural  favlurc  results.  533-6 
strain  and  curvature  relations,  531 
ANSYS  tifuie  element  package,  516 
Anthropomorphic  robot,  313-24 

comparisons  of  composite  forearm  and  steel 
foreamt,  321-2 
dclleciion  of  robot  arm 
by  static  loads,  315-18 
model,  317 

design  and  manufacture  of  composite  trans¬ 
mission  shafts,  319 

design  and  manufacture  of  joints,  319-21 
design  and  manufacture  of  rolx)l  arm,  318 
dimensions  and  angular  displacements  of  steel 
and  composite  hollow  drive  shafts,  319 
effects  of  bv)nding  length  on  maximum  static 
torque  iransmissK>n  capability,  320 
foreunn  cajnfiguraUon,  315 
joint  cixnponenls  of  comptisiic  arm  and 
huitow'  drive  shafts,  320 
mass  distributions  of  forearm.  316 
mechanical  model  of  forearm,  3)6 
mtxlcl  of  forearm.  3)7 
m«xlel  of  n>b(>t  arm,  317 
specifications.  314 
Artificial  damage  techniques 

cwpanssm  with  real  damage,  119-20 
low  velocity  impact,  113-20 
mapping  function  of  implants,  1 19 
residua!  strengths  of  damaged  specimens,  119 
review  of  past  methods,  113  -16 
AmficiaJ  delammaiion 
materials  tested,  114-15 
techniques.  114 
test  results.  1 14-1  5 

Austrah;m  ('ivil  Aviation  Authonty  f(‘AA). 

201-7 

Beatl  stiffened  panels,  469-76 


Bending 

derivation  of  complete  soluticMi  by 
superposition,  515-16 

dcrivaticm  of  local  bending  solution,  514-15 
sandwich  plates.  5U-20 
parametric  effects,  518-19 
T-beams,  579-86 

BemoulU-Eulcr  beam  functions,  357 
Biaxial  strengths,  comparison  with  other  pre¬ 
dictions,  13-17 

Biaxial  stresses  in  failure  theories,  !3-'20 
Biaxial  test  specimen 
defective,  10 

demonstrating  identical  biaxial  strengths  of 
0^'A70'  and  ±45^  laminates,  1 1 
Biaxial  testing  in  failure  mechanisms,  7 
BIACKART  computer  code,  17 
Bolted  joints 

design  diagrams,  573 
design  methods,  567-78 

including  solution  of  contact  problem, 

572-3 

simple  analytically  based.  571-2 
failure  criteria,  571-2,  573 
failure  prediction,  575-7 
load  dislnbuiion  analysi.s,  568 
numerical  results,  573-5 
orihotropic  composite  plates  under  uniform 
loading,  209-15 
strength  analysis,  212-13 
stfcs.s  analysis.  210-12,  568-71,  572 
Bonded  joints.  See  Adhesive  bcwiding 
Boundary  element  method.  210,  213 
Roundars  fixations,  eigen  analysis  of  laminated 
plates.  521-S 

Boundary  layer  pn>blem  in  dclaminalion  analy¬ 
sis,  550—1 
Buckling 

cruical  load  vr.  bead  flexural  ngidiiy,  474 
determination  of  effective  flat  plate  size,  473 
finite  element  mcihotls.  462 
general  partial  edge  loading  buckling  mexJe, 
491 

general  shear  buckling  mode,  490 
influence  of  prc-huckling  slrcss-ricld  on  cril 
ical  loads  of  inhomogeneous  composite 
laminates.  363-9 

local  partial  edge  loading  nuckling  mode,  491 
local  .shear  Isuckling  mcHlc,  490 
of  anisoin)pic  simply  su|?ported  curved  plates 
under  shear  loading,  359-60 
of  isotropic  flat  square  plates,  359 
of  opcn-scciion  bead-stiffened  ctwnpositc 
panels,  469-76 
analysis  results,  473  -4 
closcd-fomi  solutions.  471-3 
of  p^r-shaped  cylinders  with  diaphragm  ends 
under  axial  loading,  360-1 
of  plain  and  discretely  stiffened  composite 

axisymmcinc  shell  panels  shells,  459-67 
of  spherical  shells,  2‘» 
of  wiffened  plates 

effect  on  loading  conliguraiion,  485  -94 
effects  of  fibre  smcnialion,  485-94 
of  thin  laminated  composite,  pnsmauc  shell 
structures,  353-62 
optimum  design  for,  459-67 
optimum  lay  up.  462 


Budding — co/ad. 

posibiickling  behaviour  of  metal  mamx  com¬ 
posites  (MMC),  241-8 
postbuckiing  response  of  SiCTl’i  metal  matrix 
laminated  panels,  244 
prc-buckling  stress  analysis.  364-5 
prc-buckling  stress  fields,  363-9 
prc-buckling  stresses  resulting  from  partial 
edge  loading,  491 

shear  buckling  capacity  of  single  transverse 
stiffener  arrangement,  492 
shear  buckling  strengths  of  .M.MC  sandwich 
panels.  235,  237,239 
thermal,  345-52 

uniaxial  behaviour  of  uxnfxjsilc  laminates, 
363-9 

Buckling  analysis 

combined  compressive  and  shear,  of  meia! 

matrix  composite  sandwich  plates,  227 
inhomogeneous  composite  laminates,  365 
numerical  results,  232 
see  also  Postbuckiing  analysis 
Buckling  equation,  combincd-U>ad.  229 
Buckling  inicraciion  curves,  232,  233 
Buckling  inlcracii  m  surfaces,  237,  238 
Buckling  load  factors,  rank  ordered  list  of.  463-6 
Buckling  loads,  experimental  verification  of, 
474-5 

Buckling  strengths  of  honeyc«nb-corc  sandwich 
panels.  234 

Cantilever  beams,  exjuations  of  motion,  373-<> 
Cantilever  plate 

cylindrical  bending  of,  32 
failure  probability  of,  510 
Cantilevered  curved  a>mposiic  panels,  89-93 
Cartxxi  composite  materials,  nrpair  of  fatigue 
failures,  557-65 

CartxMi  fibre  ccjmpc^sites,  artificial  damage  tech¬ 
niques  for  low  velocity  impact,  1 1 3-20 
Cartxni  fibre 'cptwy  composites 
anthropomorphic  robot,  313-24 
prc^riic.s  of,  3 IS 
C'arlxm/epo.xy  laminates 

mechanical  properties  of,  289 
tensile  strength  of,  287-3B3 
Carbon-resin  laminates,  dclaminalion  iinalysis, 
547-35 

remem-based  a>mpi.)sitcs 

af^licalion  of  mulii-cnlcna  optimization  to 
design,  54 

examples  of  material  opUinizaiion,  54-9 
material  optimization,  51-3 
mulii-cniena  oplimi/aUon,  51-60,  53 
CI  RP  laminates 

clastic  properties  of  uni-dirccuooaJ  lamina, 

534 

finite  element  model,  407-17 
interlaminar  mvxlclling,  408-9 
mteriammar  stress  distnbiiurm,  407-17 
numerical  analysis  of  inlerlcavcd,  41415 
slacking  sequence  of  inicricavcd,  414 
strength  ratios  of  uni  directkml  lamina,  535 
tensile  impact  feslmg,  427-38 
ihcmial  and  mechanical  lalignc  analysis, 
339-44 

thrtre  dimensional  analytical  mvxlcl,  410-12 
with  transverse  crack,  407-17 


596 

CimptAMit!  Strui tort  s  (2$)  fl‘/>3)  -  C)  1W3  Hiscvicr  Scicitcc  Publishers  ltd,  l-ng!and.  Printed  in  (rtcai  Hniain 


Subject  index 


597 


CFRP  plates.  6i-7 

elastic  flexural  analysis.  530 
initial  failure  response,  533 
Characteristic  Damage  Slate  (CDS),  325 
Qamped  spherical  cap  under  external  pressure, 

463 

Classical  beam  theory,  581 
Classical  lamination  theory  (CL7*),  29,  61,  289, 
420,  451,454-6 
Classical  plate  theory  (CPT),  77 
Classical  sandwich  iheo^  (CS7),  519 
Complementary  energy  in  laminated  composites, 
330-1 

Composite  crush  cylinders,  failure  mode  of, 

37-43 

Composite  laminates.  See  Laminated  composites 
Compression  after  impact  (CAl)  behaviours  of 
large  structures,  268 

Compression  test  monitoring  by  acoustic 
emission,  123-^8 

Compressional  behaviour  of  composite  lamin¬ 
ates,  427-38 

Compressive  buckling  analysis.  See  Buckling 
analysis 

Compressive  buckling  strengths  of  .VLMC 

sandwich  panels,  234,  235,  236,  239 
Concrete  beams 

comparison  between  short  and  long  term 
behaviour  of  fibre  reinforced  and 
unreinforced,  45-9 
control  test  data,  45-6 
crack  width  development,  48 
deflection  rates,  49 
long  term  static  loading,  47-9 
mix  details,  45 

short  term  static  loading,  46-7 
test  details,  46 

Concreie-iike  composites.  See  Ccmcni-bascd 
composites 

Conditional  reliability,  507 
Conical  sandw'ich  panel  without  and  with  hoop 
stiffeners,  466-7 

Continuum  damage  mechanics  (COM).  420 
Crack  opening  displacement  (COD),  422-3 
Cracks 

in  Cf=KP  laminates.  407-17 
sharp  crack  in  infinite  plate,  144-8 
iran.sversc,  modelling  of,  409-10 
transverse  matrix,  191 

Ocep  pri^crtics  of  bonded  beam  assemblies, 
392-4 

C.’ro.ss-piy  laminates.  See  l..amjnaied  composites 
('unng  process 

of  gUss/erpoxy,  384 

optimal  Icrnpenilufc  path  and  residual  stress, 
104-6 

Curved  wmpositc  panels,  89-93 
Cyclic  symmetnc  method,  spur  gears,  541-6 
Cylindneal  bending  of  cantilever  plate,  32 
Cybndncal  pressure  vessels 

design  for  ma.ximum  internal  pressure,  306-8 
design  for  minimum  weight,  3()8“1] 
four-layered  constant  thickness,  310 
four-layered  variable  thickness,  310 
optimal  design  problem,  3f)9 
optimal  fibre  angles  and  minimum  weight, 

310 

single  layered  constant  thickness,  310 
single- layered  vanable  thickness.  310 
Cylindrical  shells 

ring  and  stringer  stiffened,  477-84 
unified  formulation  of  laminated  composite, 
shear  deformable,  fivc-dcgrccs-t^f 
freedom  theories,  165-71 
vibration  of.  477-84 

see  also  Ring  and  stringer  stiffened  cylindneal 
shells:  Stresses  m  rotating  compr>site 
cylindneal  shells 

Darruge  dependem  Jynamic  response  of  lami 
niucd  composite  structures.  69-75 


Damage  evolution 

in  composite  laminates.  419 
model,  423—4 

Damage  mechanics,  dclaminaiic^  analysis, 

547-55 

Damage  stale,  representation  of,  420 
Damage-tolerant  txmded  joints,  designing  for, 
201-7 
DCB  test,  552 
Deformation 

analysis  of  laminated  spherical  shells.  297-9 
in  integrally  stiffened  layered  composite 
panels,  131 

in  laminated  composite  plates  and  shells, 
173-85 
Dclamination 

in  composite  laminates,  407 
in  cross-ply  laminates  due  to  sj^crical 
indenier,  257-65 

in  integrally  stiffened  layered  composite 
panels,  133 

initialed  by  free  edge  stresses.  287 
predicted  growth  sequence 

w  ith  surface  matrix  crack,  263 
without  surface  matrix  crack,  262 
size  as  funcUon  of  impact  vek>ciiy,  251 
size  predicted  and  measured  with  respeci  to 
quasi -impact  energy.  263 
strain  emergy  release  rates  of  Moites  I,  13,  and 
in.  264 

strain  energy  release  with  or  without  surface 
matrix  crack,  262 

typical  contact  zone  with  inicmal  crack  and/or 
surf  ace  matrix  crack,  263 
Dclammation  analysis 

boundary  layer  problem  in,  550-1 
damage  mechanics  method,  547-55 
fracture  mechanics  in.  549-50 
free  edge  of  specimen  under  tension  or  com¬ 
pression,  553 

laminate  modelling  for,  548-9 
multi  layer  method.  552 
numerical  sunuiaiions,  552-4 
Riks-likc  method  for.  551 
Design 

bolted  /dims  in  aircraft  structures,  .567-78 
buckling  of  axisymmcinc  shell  panels/shells. 
459-67 

damage-tolerant  bonded  joints.  201  -7 
Diffusion  atefficicnis,  graphiic/cpoxy  composite, 
104 

Discrete  model  validation,  282 
Dispersion  curves  of  Rayleigh-I-amb  waves,  454 
Dispersive  waves  in  composites.  449-57 
Displacement-based  single-layer  theories,  22-3 
Displacement  cominuily  constraints,  441 
Displacement  evaluation  in  spur  gears,  542-3 
Dynamic  Rcla.xation  (DR)  algorithm,  532-3 
Dynamic  Rda.xation  (UR)  technique.  529-39 

l:DA  finite  clement  program,  552,  554 
fidgc  conditions 

clfccis  of  in  plane,  361^9 

for  laminated  Mindliii  plates,  532 

for  simply  .supporred  and  clamped  plates,  534 

see  also  i"rcc  edge 

iidge  ctfeas,  soluuon  for  highcr-oidcr  laminated 
piaic  theory,  495-502 

1'ffeciive  moduli  of  fibrous  composites,  187-92 
I'-gUss  polyester  unidirectional  composite 
lamina,  clastic  moduli  i>F.  523 
liigcn  analysis  of  fibrc-rcmforccd  axmposiie 
plates,  521  -8 
V.igcnvMacs 

measurement  of,  523-4 
soluucos,  23(k-] 

Eigenvectors,  measurement  of.  523-4 
Elastic  foundation  model,  512-14 
I'.lastic  resptinse  of  inhomogeneous  €Mthoirop>  ’ 
beams  with  general  cnxss-scction  and 
subject  to  unifonn  uxsicai,  587-94 


fuiergy  absorption 

effect  of  iaminaic  lay-up.  41 
effect  of  trigger  configurauon,  42-3 
Environmental  humidity.  See  Humidity  effect 
j-qiiations  of  mouvn 
cantilever  beams,  373-6 
hi^-order  laminate  theoiy,  442-4 
in  terms  of  disfdaccmcnis,  478-9 
reduced,  71-2 
soluutMi  of,  479-8() 
unredutted,  70 

Equilibrium  equations,  in-plane  and  oui-of  planc, 
531 

Kquivalcnt-singlc-laycr  (ESL)  laminate  theories, 
23-4 

Eulci-Bemoulli  beam  model,  381 


Eailurc  analysis 

angle-ply  laminated  plates,  529-39 
first-ply.  See  I*irsi-ply  failure  analysis 
in  integrally  suffened  layered  composite 
panels,  135-6 

large  dcllcclion  iniuaJ,  529-39 
'fsai’s  first -and  last-ply,  14,  15 
Failure  characicfisiics  for  fibres  and  matrix,  5 
Failure  CTiicria 

and  Hill's  work  on  plasticity.  5-7 
Black's.  9 

bolted  joints,  571-2,  573 
generalized  ma.ximum -.shear  stress,  7 
inicgralJy  siiffenc'd  layered  composite  ixmels, 
132 

'i'-bcams,  5H2-3 

with  multiple  eharacicnzations,  8 
Failure  envelopes 

based  on  TcTi-i^crccni  Rule,  12 

for  quasi-isoiropic  cartx>n-epoxy  laminates, 

13.  14 

Failure  mechanisms,  biaxial  testing  in.  7 
Failure  modes 

characicn/auon  of,  4 
combined,  6 

compc^siie  crush  cylinders,  37-43 
multilayered  laminated  sphcncal  shells, 
295-300 
splaying,  40 

Failure  prediction  for  bolted  joints,  575-7 
Failure  probability 
canulcvcr  plate,  5\U 
simply -supported  plate,  509 
Failure  strength  of  laminate  under  m-pianc 
stresses,  214-15 

Failure  surface  for  mildly  arusotnipic  maierials.  6 
Failure  theories 

biaxial  stresses  in,  3-20 
laminate,  11 

major  inconsistency  in,  17-18 
validation.  7 

Fatigue  analysis  of  CI-KE  laminates.  339-44 
F'aiigue  failures,  carbon  u)mpositc  repairs, 

557-65 

Fibre  breaks  in  plate  siTCctmais,  252-3 
Fibre  compt^silcs,  impact  damage  scaling  from 
laboratory  specimens  to  stmaurcs, 
249-55  ' 

Fibre  failure  enterion,  8 
l-ibre  oncntabori 

effect  in  single  longitudinal  suffencr  arrange- 
mcnl,  493 

eigen  analysis  of  laminated  plates,  521-8 
Fibrc  rcinforcctf  armpositc  plates 
F.igcn  analysi.s  of.  521-8 
laminated  rectangular,  77-87 
vibration,  521-8 
F'lbixxis  composites 

effective  rTKxluli  of,  187-92 
rnicm-mcchanical  damage  in,  187-92 
micro-mechanic*  model  for.  188-9 
Finite  element  meth^^s  (14!.M) 

adhesive  bonded  structures,  218-20 
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Finite  element  methods  (FEM) — conid. 
buckling,  462 

buckling  of  stiffened  panels,  470-1 
CFRP  laminates  with  transverse  crack, 
AOl-M 

comparison  with  theoretical  results,  148-52 
damage-dependent  lesposise  d  laminated 
composite  structures,  69-75 
fibre-ieinforced  composite  plates,  522 
free  edge  stresses,  129-37 
local  bending  effects  in  sandwich  plates, 
516-18 

local  suess  analysis,  572-3 
mesh  supeiposition  tedmique,  26-8 
sandwich  plates,  397-405 
spur  gears,  541-6 

stress  field  around  holes  in  orthotropic  com¬ 
posite  plates  under  in-plane  conditions, 
148-52 

stress  redistribution,  270-1 
T-beams,  583 

thermal  buckling  of  bim'idular  sandwich 
beams,  345-8 

three-dimensional,  495-502,  541-6 
Finite  element  models,  279 

integrally  stiffened  layered  composite  panels, 
130 

Finite  strip  method  (FSM) 
applications,  358-61 

buckling  and  free  vibration  of  prismatic  shell 
structures,  353 

buckling  of  suffcned  plates,  485-94 
general  application,  354 
shell  equations.  354-5 
soluUon  procedure,  357-8 
strip  displacement  field,  356-7 
strip  matrices,  357 
superstrips,  357 
First -order  plate  theory,  22 
First-order  shear  deformauon  theory  (FSDT), 
29-30,  452,  455,  456,  495.  587 
First-ply  failure  analysis  (FPF),  17-18,  296,  299, 
302 

cnieria,  296,  301,  303 
limit  loads,  302 
pressures,  300 
resistance,  300 
Flanges 

curved  flange  failuie  repair,  562-3 
tapered  flange  failure  repair,  563^ 

Flugge's  theory  of  shells,  305 
Mutter  analysis  of  cantilevered  curved  composite 
panels,  89-93 

Force  evaluation,  spur  gears,  542-3 
i'raaure  behaviour 

interleaved  CFRP  laminates,  416 
laminates,  40-1 

quasi-isoiropic  CFRP  laminate,  413 
Fracture  development 

interleaved  CFRP  laminates,  416 
resin  layers,  412 

Fracture  mechanics,  in  delamination  analysis, 
549-.50 

Fraaure  toughness,  free  edge,  287 
l  iagmcntation  failure  mode,  40 
Free  edge 

delamination,  553 

effects  m  integrally  suffened  layered  com¬ 
posite  panels,  1 29-37 
fracture  loudness,  287 

Free  edge  finishing,  effect  on  tensile  strength  of 
carbon/epoxy  laminates,  287-303 
Free  edge  problem,  description  of,  340 
Free  edge  stresses,  30-1 
delamination  initialed  by.  287 
finite  element  methods,  1 29-37 
Frequency  (Mrameter,  83,  84,  85,  86 
Frequency  response  function,  522 
Frequency  response  spectrum  (FRS),  523 
Friction,  effect  of  motion  parameters  on  final 
temperature  of,  198 


Fiicuon  coefficient,  effect  of  moaon  parameters, 
196 

Gaussian  quadrature,  279 
GFRP 

tensile  impact  testing,  427-38 
use  of  panels  in  wet  environment,  95-100 
GFRP  panels,  degradation  behaviour  immersed 
in  hot  water,  95 

GFRP  plates,  elastic  flexural  analysis,  530 
Giass/epoxy 

curing  process  of,  384 
in-plane  shear  modulus,  190 
stiffness  loss  in  laminates,  424 
stiffness  reduction,  191 
stress-strain  curves,  425 
Global  finite  difference  (GFD)  approximation, 
282 

Global-local  analysis,  with  variable  kinematic 
elements,  30-1 

Global-local  finite  element  analysis,  26 
Global-local  solutian  efficiency,  27 
Global-local  strategies,  25-6 
Graphite/epoxy  composite,  101-11 
diffusion  coefficients.  104 
in-plane  shear  modulus,  190 
linear  elastic  analysis,  103 
longitudinal  elastic  modulus,  189 
numerical  analysis,  106-7 
swelling  coefficients.  104 
thermal  expansion  coefficients,  104 
transverse  elastic  modulus,  1 89 
transverse  Poisson’s  ratio,  190 
transverse  shear  modulus,  190 
viscoelastic  analysis,  103-4 
viscoelastic  properties,  104 
Graphite/epoxy  laminates 
stiffness  toss,  424 
stress-strain  curves,  424 

Hasofer-Lind  method,  507 
Flelicopters,  carbon  composite  repairs  of  metallic 
primary'  stiuclurcs,  551-65 
Higher-order  shear  dcfoimation  theory,  495 
Holes 

circular,  cllipucal  hole  in  infinite  plate,  144-8 
see  also  Stress  field  around  holes  in 

orthotropic  composite  plates  under  in- 
plane  conditions 

Homogeneous  plate,  surface  impedance  tensor 
of,  450-1 

Hoop  stiffeners,  466-7 
Humidity  effect 

on  optimal  temperature  path.  101-11 
theoretical  analysis,  103 
HYSOL  EA  9309.2  NA  adhesive,  320 

IBEAS  code,  261 
Image  analysis,  post-impact,  123 
Impact  damage 
creation  of.  1 16 

evaluauon  on  advanced  suiched  composites, 
121-8 

examination  of,  116-17 
in  fibre  composites,  scaling  from  laboratory 
specimens  to  structures.  249-55 
modcUing.  269-70 
residual  strength,  267-75 
scaling  of,  251-4 
stiffness,  267-75 
X-ray  results,  117-19 
see  also  Spherical  indenter 
Impact  tests 

measured  delamination  size  as  funcuon  of 
plate  size  in  scaled  dynamic  tests,  Z51 
stitched  composites,  122-3 
Inhomc^eneous  laminates,  efficiency  of,  366 
In-plane  shear  modulus 
glass/epoxy,  190 
graphtu7epoxy,  190 


In-plane  stresses 

in  sandwich  plates,  501 

see  also  Stress  field  around  holes  in 

orthotropic  composite  plates  under  in¬ 
plane  conditions 

In-stresses,  failure  strength  of  laminate  under, 
214-15 

Interface  shearing  stress  in  laminated  oonqxssiies, 
328 

Interlaminar  normal  stress  distribution,  31-2 
Interlaminar  shear  stress  distribution,  3 1-2 
Interlaminar  stresses,  23 
continuity  of,  168-70 
in  integrally  stiffened  layered  composite 
panels,  130-1 

Internal  state  variables  (ISV),  69-71,  419-23 
Isouopc  plates,  stress  and  strength  analysis,  213 

Kirchhoff-Love  theory,  495-502 
Koiler-Sandere  thin  shell  Uweny,  354 

Lagrange  imerpolauon  functions,  24 
Laminar  coordinate  system,  278 
Laminate  lay-up,  37-43 

effect  on  specific  energy  absotption,  41 
Laminate  modelling  for  delamination  analysis, 
548-9 

Laminate  theories,  21-35 
Laminated  beams 
cross-ply,  371-9 
dynamic  behaviour,  371-9 
rectangular  multi-layered  cross-section, 

589-91 

torsional  response  of  inhomogeneous  and 
multi-layered.  587-94 
wilh  piczoclectncal  layers  as  open-loop 
control  system,  376 
Laminauxl  composites 
axial  stiffness  loss,  332-3 
clamped  supports,  365 
complementary  energy  in,  33(1-1 
cross-ply,  257-65 

maximum  stresses  and  displacement  in,  446 
simply  supported.  444-5 
stiffness  loss  in,  419-25 
damage  dependent  dynamic  response  o(', 

69-75 

failure  theories,  II 

gcomeiiy,  local  coordinate  system  and  loading 
condition  of  three-layer,  447 
high-order  deformable  theory,  439-48 
high  strain  rale  compressional  behaviour, 
427-38 

influence  of  pre-buckling  stress-field  on  criti¬ 
cal  loads,  363-9 
interface  shearing  stress  in.  328 
material  properties  of  plate  specimens,  277-85 
matrix  cracking  m,  325-37 
nonlinear  higher-order  theory  for  plates  and 
sheUs,  173-85 

prismatic  shell  slraaurcs,  353-62 
shearing  stress  distribution  in,  326-8 
simply  supported,  365 
stacking  sequence  effect  on  tensile  fracture 
stress  of.  290 

statically  admissible  stress  field  in,  328-30 
stitched  and  unstitiched,  427-38 
stress  distribution  in,  331-2 
tensile  and  compressive  auasi-slatic  properties, 
430 

tensile  damage  analysis  method  for,  61-7 
with  moulded  edges,  288 
I-aminaied  cylindrical  panels.  See  .Metal  matrix 
composites  (.MMC) 

Laminated  cylindrical  pressure  vessels, 
optimization  <rf,  305-12 
l,aminatcd  plates 

adhesive  interface  element  for  bonding, 

217-25 

angic-ply,  529-39 
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centre  d^ection  of  damped  {»tched,  under 
uniform  transverse  load,  224 
edge  solution  for  higher-oider  laninated  plate 
theoiy,  495-502 
limit  state  equation  for,  506 
Rayleigh-Lamb  wave  dispersion  s{>ecuvim  of. 
449-57 

reliability  analysis,  503-10 
see  also  Nonlinear  analysis  of  laminated  com¬ 
posite  plates  and  shells 

Laminat^  pressure  vessels,  optimization  td,  305 
Laminated  spherical  shells,  deformation  analysis 

of,  297-9 

Last-ply  failures  (LPF),  17-18,  299 
Layetwise  theory,  24-5 
accuracy  of,  28-30 
Lightening  hole  failure  repair,  557-62 
Limit  load  carrying  ca{)acity  (LLCC)  for  spheri¬ 
cal  laminated  shells  under  estemal  {MBs- 
sute,  295-303 

Limit  stale  equation  for  laminated  {dales,  506 
Linear  elastic  analysis  of  graphite/eposy  com¬ 
posite,  103 

Love-Kirchhoff  hypothesis,  22,  296 

Material  properties 

identification  examples,  282-4 
plate  s{jecimens,  277-85 
MATHEMATICA  program,  495,  498 
Matrix  cracking 

in  cross-ply  laminates  due  to  S()herical 
indenter,  257-65 

in  integrally  stiffened  layered  com{>osite 
panels,  135 

in  laminated  composites,  325-37 
Matrix  failures,  8-9 
.Maximum  strain  failure  model,  12 
for  fibre-polymer  comftosites,  9 
.Maximum  stresses  and  dis{)laccmenl 
in  cross-fdy  laminates,  446 
in  simply  supi>oticd  square  sandwich  plates, 
448 

.Mechanical  pro|x:nies 

carbon/etioxy  pte-impregnaled  material.  289 
identification  oplirriLtatioo  problem,  280-1 
plate  s[jecimens,  277-85 
unidirectional  laminates,  383 
.Meridional  stiffener  element  (MSE),  459,  467 
Meial  matrix  composites  (MMC) 
constitutive  equations,  242 
imperfection  sensitivity  of  laminated  cylin¬ 
drical  panels,  241 
macromechanical  analysis,  242-4 
material  prtpetties  of  laminated  face  sheets, 
232 

micTomechanical  analysis,  242 
postbuckling  behaviour  of,  241-8 
response  of  elaslic-viscoplaslic  cylindrical 
panel  to  axial  loading,  242—4 
sandwich  panels,  227-39 
Micro-mechanical  damage  in  fibrous  composites, 

187- 92 

Micro-mechanics,  4 

.Micro-mcchanics  model  for  fibrous  composites, 

188- 9 

Mindlin  laminated  plate,  DR  solution  of  gtivem- 
ing  equations,  532-3 

.MiivUin  large  deflection  plate  equations,  530-2 
Mindlin  plate  model,  278 
.M.MHG  EXTREN  500/525  scries,  388 
M.MKi  scries  500/325  flat  sheet,  389 
M.MFG  series  500/525  structural  shapes,  389 
.Moisture  content,  equilibrium,  102-3 
Moisture  diffusion,  governing  equation,  101-2 
Moisture  diffusion  coefficient,  102-3 
Moisture  sorption,  swelling  strain  due  to,  102 
Mouon  parameters,  effect  on  tribological  behav¬ 
iour  erf  Fl  f-Tl-hased  composites,  1 93-9 
.Moulded  edges,  laminates  with,  288 
MSC/NASIKAN.  270 
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.Multi-layered  composite  {date,  surface  im¬ 
pedance  tensor  of.  451 

Newmaik  integration  operator,  70,  71 
Ncnlinear  analysis  of  laminated  composite  plates 
and  shells,  173-85 

derivation  of  kinenulic  hy{X)lheses,  173-80 
higher-order  theory,  180-2 
numerical  results,  182-4 
Normal  deformation,  effecu  in  laminated  com- 
{xtsite  plates  and  shells.  173-85 

Ottholro|)ic  composite  {dates 

bolted  joints  under  uniform  loading,  209 
stress  and  strength  analysis,  213 
see  also  Stress  field  around  holes  in 

orthotropic  composite  plates  under  in¬ 
plane  condiitons 

Parallel  circle  stiffener  element  (PCSE),  459,  467 
PATRAN  finiie  element  code,  470,  474 
Penetrant  enhanced  deply,  1 17 
Penetrant  enhanced  radiography,  1 17 
Piezoelectric  layer  as  open-loop  control  system, 
376 

Piezoelectric  materials 

electro-mechanical  property  of,  383 
tip  response  excited  l^,  386 
vibration  of  aeros{)aoe  composite  structures 
with,  381-6 

Piola-Kirchhoff  stress  vector.  504 
Plasticity,  Hill’s  theory  of,  5 
Ply  angle,  509-10 
Ply  cracks 

techniques  for  insetting,  115 
test  results,  115-16 
Ply  failure 

analysis  for  ihin-walled  smictures,  296-7 
in  integrally  stiffened  layered  comtxisite 
panels,  134-5 
Poisson's  effca,  61 
Poisson’s  ratio,  70.  190,  508 
Polyietrafluoroethylenc.  See  PTEE 
Postbuckling.  See  Buckling 
Post-cure  optimal  cool-down  palh,  101-11 
Pre  buckling.  See  Buckling 
Pressure  vessels 

o{Ximizaiion  of,  305-12 
see  also  Cylindrical  pressure  vessels 
Primary  Adhesively  Bonded  Simclurc  Technol¬ 
ogy  (PABST)  {Kc^ram,  201-7 
Pmi-based  composite,  effect  of  motion  {ara- 
mclcrs  on  tribological  behaviour.  193-9 
Pulirudcd  beam  assembUes,  adhesive  bonding, 
387-95 

Quadratic  failure  criterion,  130 
Quadratic  isofiaramciric  elements,  213 
Quadratic  stress  criterion,  133 
Quadrilateral  shell  finiie  clement.  90 
Quasi-isolropic  cart)on-e|x)xy  laminates,  failure 
envelope  for,  13,  14 
Quasi-isoiro()ic  CFRP  plates,  62 
Quasi-lhrec-tlimcnsiooal  model,  62 
basic  concept,  62 
example  of.  62 
lop  figure  of,  62 

Radial  constraint,  effect  on  dynamic  properties 
of  ooin{X>sitc  laminates,  427-3S 
Rayleigh-ljmb  waves 
dispersion  curves,  454 
dispersion  spectrum  of  laminated  plates, 
449-57 

Rayleigh-Ritz  method,  77-87.  227 
afsplications,  82-5 

Reddy's  refined  ihini-ordcr  theory  (RSDT),  452, 
455,  456 

Reissner-Mindlin  theory,  495,  587 
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Reliability  analysis  of  laminated  composite  plate 
structures  subject  to  large  defiecuocts 
under  random  static  loads,  503-10 
Repairs  of  helicopter  metallic  primary  smictures, 
557-65 

Repealed  sublaminale  construction,  460-1 
Residual  life  characterization  by  acoustic 
emission,  125-8 
Residual  strength 

damaged  specimens,  119 
effect  of  test  (wnel  size/configuration,  268 
impact  damaged  cam{)Osites,  267-75 
Riks-like  method  for  delaminaiion  analysis.  551 
Ring  and  stringer  stiffened  cyliitdrical  shells, 
463-6 

reduction  to  smeared  case,  480 
vibration  of,  477-84 
Ritz  vectors,  69,  72, 73 
Robots.  See  Amhro()omotphic  robot 
Rotating  cylindrical  shells.  See  Stresses  in  rotat¬ 
ing  comfwsiie  cylindrical  shells 

St  Venani  problem,  587 
Sandwich  beams 
bimodular,  345 
clam()ed  at  both  ends,  350-1 
hinged  at  both  ends,  348-50 
iheimal  buckling  of  bimodular  three-layer, 
345-52 

Sandwich  panels,  metal  matrix  composites, 
227-39 
Sandwich  plates 

bending  effects  in,  511-20 
clamped  edge,  495-502 
edge  solulion  for  higher-order  laminated  plate 
iheoiy,  495-502 

elastically  supponed,  specially  onhoiropic 
face,  512 
end  effects,  497 

finite  element  formulanon,  399—100 
finiie  element  methods,  397-405 
geometrical  and  material  ptoperttes,  498 
high-order  deformable  theory,  439-48 
in-plane  stresses  in,  501 
simply  supported,  495-502 
simply  supported  square,  448 
theory,  397-9 

transverse  dis(daccmcnt  in,  500 
transverse  shear  stresses  in,  501 
with  otthoiropic  face  layers  subjected  to  local¬ 
ized  loads,  511-20 

Scaling  effects  on  residual  strength  of  impact 
damaged  com{X>sitcs,  267,  268-9 
SCARA  robot  arm,  314 
Sensitivity  analwis,  281-2 
Shear  bulling.  See  Buckling;  Buckling  analysis 
Shear  correction  factors,  22 
Shear  deformation  plate  theory  (SDPT),  77,  79 
Shear  stresses 

distribution  in  laminated  composites,  326-8 
distribution  through  thickness  of  laminated 
plate,  447 

effects  in  laminated  com{XKite  plates  and 
sheUs,  173-85 
Shell  siruauics 

axisymmclric,  459-67 
thin  laminated  prismatic,  353-62 
see  also  Nonlinear  analysis  of  laminalcd  com¬ 
posite  plates  and  shells 
SiCTTi  metal  matrix  laminalcd  panels,  post¬ 
buckling  response  of,  244 
Single-layer  plate  theories,  21 
Smait  structures,  381-6 
C-scan  plot,  384 
modal  testing,  385 
natural  frequency,  385 
specimen  geometry  and  cross-scoion.  383 
static  and  vibration  test.  383-5 
Smeared  case  for  closely  spaced  stiffeners,  480 
S(>herical  indenter,  delaminaiion  growth  due  to, 
257 
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Sf^ericai  shells 
buckling  of,  299 
displacement  of,  298 

limit  load  canying  capacity  under  external 
pressure,  295-303 
Splaying  failure  mode,  40 
SpUl  llopkinson  pressure  bar  (SHPB)  apparatus 
427 

Spur  gears 

cyclic  symmetric  method,  541-6 
displacement  evaluatitxi,  542-3 
finite  dement  methods,  541-6 
force  evaluation,  542-3 
static  stress  analysis,  solution  procedure,  543 
stiffness  description,  542 
stress  analysis  of,  541-6 
Slacking  sequence  effea,  278 

eigen  analysis  of  laminated  plates,  521-8 
interleaved  CFRP  laminates,  414 
tensile  fracture  stress  of  laminates,  290 
with  woven  fabrics,  292 
Statically  admissible  stress  field  in  laminated 
ccmiposiies,  328-30 
Stiffened  panels,  buckling  of,  469-76 
Stiffness,  Impact  damaged  composites,  267-75 
Stiffness  description,  spur  gears,  542 
SiUfness  loss 

axial,  in  laminated  composites,  332-3 
in  cross-ply  composite  laminates,  419-25 
Stitched  composites 

compression  load  v,j.  impact  energy,  127 
canpression  lest  monitoring  by  acoustic 
emission,  123-8 

impact  damage  evaluation,  121-8 
impact  tests,  122-3 

residual  life  cha^acleri^alion  by  acoustic 
emission,  125-8 

Strain-displacement  rclaiktnships,  440 
Strum  rate,  effect  on  dMvamic  pr^vpenics  of  cxim- 
pf.isiie  laminates.  427-38 
Sircngih  analysis  of  Kilted  joints,  212-13 
Strength  charactcnzaiion,  meas'irancr.is  needed 
for.  4 
Stress  analysis 

adhcsivc-bondcd  siruciures,  217 
boiled  jomis.  210-12.  568-72 
spur  gears,  541-6 

using  fixed  contact  stress  distribution,  571 
Stress  cc»ncentraUon  factor 

and  impact  damage  residual  strength,  271 
around  circular  hole  in  inlinile  composite 
plate.  274 

for  centre-hole  plate  with  Al-ring  patch,  224 
tor  centre  hole  plate  with  boron-ring  patch, 
224 

parameinc  study,  274 

Stress  ci^cenlration  vs.  percentage  of  stiffness 
retained  impact  damage  area,  273 
Stress  conditions,  in-pianc  See  Stress  field 

around  holes  in  orthoiropic  composite 
plates  under  in-planc  conditions 
Stress  distnbution 

four-stnngcr  panel,  273 
m  laminated  composites,  331-2 
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